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In this paper, we explore the structure of pre-images of invariant sets of a discrete-time
two-species competition model with singularity at the origin. We first show that this
competition model is persistent with respect to the total population of two species,
i.e. all initial conditions in [Ri\{(O7 0)} are attracted to a compact set which is bounded
away from the origin. Then we study the properties of pre-images of this system and
give the explicit structure of all pre-images of invariant sets for this system under
certain parameter range. These results are analogous to the one-dimensional discrete
system. Our study is the first step to explore the structure of the basins of attractions of
interior attractors of a general discrete-time two-species model (e.g. the locally
asymptotically stable interior period-2 orbit). Finally, we discuss how our results give
useful insights on the future study for coexistence of the species and list some open
problems related to our system.

Keywords: basins of attraction; competition models; critical curves; invariant sets;
persistent; rank-k pre-images

AMS 2000 Subject Classifications: Primary 37B25; 39A11; 54H20; Secondary
92D25

1. Introduction

It is common that ecosystems have multiple attractors, in which the final densities of
species, or even the persistence of species, depend on their initial densities [8,12]. The
basins of attractions of attractors can measure the resilience of ecosystems and the possible
initial conditions allowing the coexistence of species. Thus, understanding the structure of
the basins of attractions of their attractors can provide important information on the
strategies for the sustainable management of such ecosystems [12]. Discrete-time
ecological models are known to exhibit multiple attractors including periodic and chaotic
attractors. However, except for a few exceptions (e.g. Elaydi and Sacker [4]), the
qualitative studies of the structure of the basins of attraction of these periodic and chaotic
attractors are rare. Since pre-images of invariant sets can define the boundaries of the
basins of attractions of attractors, we explore the structure of pre-images of invariant sets
of a discrete-time two-species competition model in this paper by using the properties of
critical curves of non-invertible maps. This novel approach can also be extended to general
discrete-time two-species interaction models.

Let x,, and y,, denote the population sizes of two competing species x and y at generation
n, respectively. Suppose that species x suffers from the extremes of contest intra-specific
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competitive interaction and species y suffers from the extremes of scramble intra-specific
competitive interactions [11], then a model of resource-mediated competition between
species x and y can be described as follows in the model (1), (2) [1,5,6]

' Xn

_ 1
a—+x, + y, M

Xn+1 =

Vps1 = ype'? —(xn +yn)’ 2)

where all parameters 7y, 7, and a are strictly positive. Franke and Yakubu [5,6] studied
global dynamics of general two-species competition models including system (1), (2).
In particular, they (1991b) established an exclusion principle for discrete competition
models where the density-dependent growth functions are either all exponential or all
rational, and gave an example that such exclusion principle fails where two species can
coexist through a locally stable period-2 orbit. This phenomenon of coexistence has been
observed in other competition models [2,3,13,14] as well as in system (3), (4) which is the
case when a = 0 for system (1), (2)

r'iXp
Xpt] = , 3
n+1 X, +yn ( )
Yna1 = yp€ 0, “)

It is easy to check that for any a =0 and r; # r;, system (1), (2) has only two
equilibrium points (ry,0) and (0, r,) (i.e. no interior equilibrium point) with the following
property: one of them is transversally stable (i.e. the external Lyapunov exponent
evaluated at this equilibrium point is less than 1) and the other one is transversally unstable
(i.e. the external Lyapunov exponent evaluated at this equilibrium point is greater than 1).
The simulation suggests that under certain parameter range, system (1), (2) has locally
asymptotically stable interior periodic-2 orbits with heteroclinic orbits connecting two
boundary equilibria points. In addition, the basins of attractions of these interior periodic-2
orbits attract all interior points except all the pre-images of heteroclinic orbits. In order to
show this phenomenon observed from simulations, we need to understand the structure of
all pre-images of heteroclinic orbits first. However, it is very challenging to show this for
the general case rigorously. Thus, we focus on system (3), (4) which is the special case of
system (1), (2). We will extend the work to more general case a > 0 and other more
general models in the future study.

The structure of the rest of this paper is as follows. In Section 2, we give the basic
terminologies used in the paper and introduce the concept of critical curves. In addition,
we show that there exists a compact positively invariant set that attracts all points in Ri
(Theorem 6). In Section 3, we study the properties of the rank-1 pre-image of system
(3), (4) and give the explicit structure of all rank pre-images of any invariant set (Theorem
9). This result is analogous to Theorem 4.2 by [4]. In Section 4, we summarize the results
of our study and discuss how to apply these results to obtain the structure of the basins of
attraction for the interior attractors of system (3), (4). In the Appendix, we derive a major
technical lemma which will be used in proving the main results.

2. Definitions and compact positively invariant set

Let X be a metric space and H be a two-dimensional discrete system on X that is described
by (3), (4). Then H : X — X is a discrete semi-dynamical system, where H(&) = & =
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(x0,y0) and H"(&) = &, = (xn, yu),n € Z . Note that system (3), (4) has singularity at the
origin (0, 0); thus, its state space X can be defined as X = {(x,y) S Ri 0<x+y< 00}.
The local dynamics of (3), (4) can be summarized as follows:

LEmMA 1 [LocaL DyNawmics oF (3), (4)].

1. If ry # ry, then system (3), (4) has only two equilibria & = (r1,0) and 7" = (0, ry).
If r\ > 1y, then & is locally asymptotically stable and 1" is transversally unstable;
if r1 < ry, then £ is transversally unstable and " is transversally stable.

2. If ry = rp = r, then all points in the line {(x,y) S [R{i x+y= r} are equilibria
of system (3), (4).

3. If system (3), (4) has an interior periodic-2 orbit Py = {(x},y}), (x},5)}, then it
can be explicitly found as

=8 _ —
i _si(s1€ 7 = 50) i si(s2 — )
sienTs — ’ ! sienTs — ’
: rlxi ; ; _
i _ 1 I 0 S
n=""> N=Ne
S

where
si=xXi 4y, =r—\/r3—r1 and s;=xb4+y,=r+\/r3—r.

The proof of Lemma 1 can be obtained from straight algebraic calculations; thus, we
omit the details. Lemma 1 indicates that system (3)—(4) is not permanent since it has no
interior steady state (Theorem 6.3, Hutson and Schmitt [7]). In the case that r; # r,, the
system always has one boundary steady state that is transversally stable. However, it can
have a locally asymptotically stable interior period-2 orbit Pé for certain ry, r, values as
observed in other models [2,3,6,13,14]. For instance, when r; = 2, r, = 2.2, system (3),
(4) has a locally asymptotically stable interior periodic-2 orbit

Py = {(x}, ), (0, y5) } = {(0.1536,2.9629), (0.0986, 1.1849)}

at which the eigenvalues of the product of the Jacobian matrix along these orbits are 0.91
and 0.26.

Denote B (P’z) as the basins of attractions of P. The interesting question is: What is the
structure of B (P’z) ? This question has been posed as an open problem for a discrete
competition model studied by [2]. As we know for planar maps, the basins of attraction of
omega limit sets can have very complicated structures. Instead of studying the structure of
B(Pg) directly, we study the pre-images of invariant sets instead. Now, we give some
important definitions.

DEFINITION 2 [PRE-IMAGES OF A POINT]. For a given point & € X, we say ¢ € X is a rank-
k pre-image of & if H(&) = &. The collection of rank-k (k = 1) pre-images of &, is
defined as

H &) ={¢éeX H' =6}
and the collection of all pre-images of & (including k = 0) is defined as

EFg = (UH"‘(@)) U t&).

k=1
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DEFINITION 3 [INVARIANT/POSITIVELY INVARIANT SET]. We say M C X is an invariant
set of Hif HM) = M. And M C X is a positively invariant set of H if HM) C M.

Note. If M is an invariant set of H, then M includes both positively invariant orbits and
negatively invariant orbits but not all negatively invariant orbits.

DEFINITION 4 [PRE-IMAGES OF AN INVARIANT SET]. Let M be an invariant set for system
(3), (4), then H'(M) = H(M) = M. The collection of rank-k pre-images of M (k = 1) is
defined as

Hon = | J (€ X\M - H 9 = &)

&HEM

and the collection of all pre-images of M (including k = 0) is defined as

EFy = | JH (M) = lU( U (e x\m: H ¢ = go}ﬂ Um.

k=0 k=1 \&HEM

Note. If M is an invariant set of H, then H (M) should not contain points in M for all
k=1.

If r, > rq, then from Lemma 1 we know that 0™ is transversally stable. Let W*(n™) be
the stable manifold associated with this transversal direction. Then EFyy s+, contains all
pre-images of W*(n™), which is invariant and does not belong to B(P’z). The simulation
(Figure 4) also suggests that all interior points of IR%r are attracted to P} except EFyys(y-).
In order to show this rigorously, we investigate the structure of pre-images of invariant sets
for system (3), (4), which includes EFy sy in this paper.

Note that while species x is absent, system (3), (4) reduces to the following well known
Ricker’s map

Vgl = ype2 5)

According to Theorem 4.2 (Elaydi and Sacker [4]), single species system (5) has a stable 2-
cycle {y1,y2} when 2 < r, < 2.52 with its basins of attraction being {y € R, : y > 0}\
EF, where EF is a set of all pre-images of y = r, (EF) is called the set of eventually fixed
points by [4]). Moreover, they gave the explicit structure of EF), as follows:

EF,=Q | J{g-n:n=2)
where

1. O (y) = {y—, : n = 1} is a full negative orbit with y, — 0 monotonically.
2. For each n = 2, there exists a unique monotonically increasing sequence of rank-n
pre-image ¢g—, such that

limg_, = o and ¢_,isrank-1 pre-imageof y_, ;.

n—oo

Our study in this paper can answer the interesting question such as whether pre-images of
the invariant sets of (3), (4), e.g. EFy(y+), have the similar structure as E|. To continue our
study, we define the critical curves of (3), (4) in the next subsection.
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2.1 Critical curves

Notice that the system H, i.e. (3), (4), is a two-dimensional non-invertible map. As the
point & = (xp,yo) varies in its state space X, the number of rank-1 pre-images of &,
changes. Real pre-images appear or disappear as the point &, crosses the boundary
separating regions for which the points have a different number of rank-1 pre-images.
Such boundaries, called rank-1 critical curve and denoted by LC, are generally
characterized by the presence of multiple coincident (merging) pre-images. The locus of
these coincident first rank pre-images is called rank-1 curve of merging pre-images and
denoted by LC ;.

The critical curve of rank-1 LC is the two-dimensional generalization of the notion of
critical value (local minimum or maximum value) of a one-dimensional map (for the
Ricker’s map A(y) = ye™ ™, ithas LC = e~ 1), LC_, is the generalization of the notion of
critical point (the image of local extremum point, e.g. the Ricker’s map 4 has its extreme
point as LC—; = 1). Arcs of LC separate the plane into regions characterized by a different
number of real pre-images. For convenience, H*(LC_), k = 1 are called critical curves.

For a two-dimensional continuous map H, the set LC_ is included in the set of points,
denoted by J¢, through which det(J)(x,y) (i.e. the determinant of Jacobian matrix)
changes sign. From the geometric action of the foliation of the Riemann plane, we can also
say that the critical set LC_; must belong to J, i.e. LC_; C J¢. In fact, a plane region U
which intersects LC_ is ‘folded” along LC to the side with more pre-images, and the two
folded images have opposite orientation [10]. This implies that the map has the Jacobian
matrix with a different sign in the two portions of U separated by LC_,. Our map H is
smooth in X; thus, the sign of det(J) occurs when it vanishes and LC = H(LC—-;)
constitutes the boundary lines which separate regions Z; characterized by a k number
of rank-1 pre-images (for system (3), (4), k=0,1,2,00, which we demonstrate in
Lemma 7).

The Jacobian matrix of system (3), (4) is represented as

rlyz _ r]x2
(x+y) (x+y)
J = Fp—X— rp—x—y (6)
—ye’ Y —en2 Yy —1)

with its determinant

_nye? Y x+y—1)

det(J) =
et ot )

This gives two critical curves LC_; =LC1,1 ULCz,1 of system (3), (4), where the
determinant of Jacobian det(J) vanishes in X, i.e.

LCL, :y=1—x, 0=x<1, (7

LCE, :y=0, x>0. (8)
The curve LCZ,1 is an invariant manifold of (3),(4) and is mapped to the rank-1 critical
curve LC? = (ry,0) through H, i.e. H(LC* ) = (r{,0). The other critical curve LC' =
H(LC!,) is given by

LC': (rx,(1 —xe”™"), 0=x<1
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which can be simplified as follows:

LCI:g(x)=(1—:—l)e’2_', 0=x<n )

Both LCl_1 cy=1-x0=x<1and LC': gx) = (1 —x/r)e?"!, 0=x<r are
linear decreasing functions with respect to x. Moreover, the curves LC 1,1 JLC!' =
H(LCI,I) do not have intersections if r, > r; > 1 or max{ry, e"rl/rl} < 1, and LCI,I =
H~'(LC") is a one-to-one mapping. In the next subsection, we show that A has a compact
positively invariant set attracting all points in X.

2.2 Compact positively invariant set
Recall that
X:{(X,y)ERi:0<x+y<oo},

we denote

Zow = {(r1,0)} = LC?,

Zo={(x,y) €X:y> g} J{(x,00:x>0,x%# ]},

Zy={(,y) EX:y=g0,0=x<r}=LC,

Zy={(, ) EX:0<y<gx),0=x<r},

Z1,2_’oo =ZIU22 Uzoo, (10)
Za={x, ) EX:0=x=r,0=y =g},

Z,= {(x,y) €EZ: 0<y <f(fe) = (1 - %)ezrzlerzl }

73 ={(x,y) € Z,\Z,},
B={x,y)€E€Z:x+y<1}

where g(x) is given by (9), y.=1— (x/r) and f(y) = ye” /179 These defined
notations are used throughout the rest of this paper.

LEMMA 5 [Z, POSITIVELY INVARIANT]. System H defined by (3), (4) maps X to Z 5 e,
where Z 2.« i positively invariant. Moreover, Zy is also positively invariant and attracts
all points in X.

Proof. Given any point £ = (x,y) € X, we have the following three cases:

1. Iif y =0, then & = H(&) = (r1,0) = Z«;

2. If x=0,then & = H(§) = (0,ye™Y) € Z U Zy;

3. If xy > 0, then y can be represented as kx for some positive number k; thus, we have
rx I

My kU an

_ k _ X1 _
— ry—(k+1)x = =1 _ _ =l _ )
y1 = kxe 1 1e (1 _r1>e g(x1) (12)
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The last two cases imply that for any point £ in the region {(x,y) € X : y > 0}, we
have

§=HO=0L,y) €E{,nEX:0=x<r,0<y=gW)} =2 UZ.

Hence, H maps X to Zj, . Since Zj2 is a subset of X; therefore, Z; ;. is
positively invariant and attracts all points in X.

Note that Z; 5 « is a subset of Z,;; and Z,); is a subset of X; therefore,
H(Zy) CHX) CZip0 CZa
which implies that Z,; is also positively invariant and attracts all points in X. (]
Lemma 5 indicates that the dynamics of (3), (4) can be restricted to a bounded
positively invariant region Z,;;. However, the non-compactness of Z,; is inconvenient for

us to study the global dynamics of (3), (4). The following theorem shows that there exists a
compact positive invariant set that attracts all points in X.

THEOREM 6 [COMPACT POSITIVELY INVARIANT SETS]. Assume that ry 7 ry, then for any €
such that the following inequality holds

. e _
0<e= mln{rl,rz,ezr2 1=e27 ple r‘} =r",
the compact region defined by

D¢ = {(x0,¥0) € Zay : X0 +yo = €}

is positively invariant and attracts all points in X.

Proof. From Lemma 5, we can restrict system (3), (4) to the bounded positively invariant
region Z,;. Assume that a point & = (xp,yo) is in the region defined by
{(x,y) € Za1 : y > 0}, then it can be characterized by two variables m and k where

0<m=xp+yo Smax{rl,e”_' and xo = kyg, 0 =k < 0.

Thus, we have

( )= km m
Y= k1)

According to (3), (4), the first iteration of &, can be represented as

k+1" k+1

k r—m
& =, y1) =H(&) = ( ne e >

Denote the sum of x; and y; as the following new function F(m, k)

rik ~ me? "

k+1+k+1'

F(m, k) = x1 +y1 = 3)
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Then we have

oF  ri —me”™"

— = 14
ok (k+1)* 14)
F (1 —m)e>™™

R C 1
am k+1 1%

Equation (14) indicates that for a given m, if r; < me™ ", then 0F /9k < 0, hence,

bty = joftrm} = i Flm) =

X0
And if ry = me™™™, then 9F /0k = 0, hence,

inf {x; +yi} = inf{Fk,m)} = F(O,m) = me™"".

Xo+yo=m
Now let m vary from
e min{rl,rz,ezrz_l_eyzfl,rle”_”} to r" = max{ry,e”""'}.
Note that
{Gx0,y0) € Za : " = x0+yo = r™} C {(x0,y0) EX : 1" = xo+yo = rM}.
Thus, if (x,y0) € Zan, then from part 3 of Lemma 11, we have

inf inf {x;+y}= inf Ml%ng{F(k,m)} =

rm=m=rMxo+yo=m =m=rMk= r”énirslrM{rl,me’fm} =r" (16)
Now define
De = {(x0,y0) € Zan : € = xo+yo} and DS = Zy\D,
then
D, C {(xo,yo) EX:e=xo+y = rM}.

If € = r™, then according to (16) and Lemma 5, we can see that if a point (x, yp) is in
D,n, then its first iteration (x;,y;) is still in D, since (x1,y;) € Zy and x; +y; = r’™.
Therefore, D,» is positively invariant.

Let (xo,y0) be a point in the region Dy, then

. —1—en2! —
Xo+yo <r"= mln{rl,mezr2 1=e27 pe2n }

Thus, we have

ri1Xxo ”— )
X = > xo and y; = yoe 0T >y,
Xo + Yo

which indicates that we have the following two situations:
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1. & = (xo,y0) stays in D¢, for all future time. In this case, we have a strictly
increasing sequence {H ’(50)};11 where

Hi(&) € D¢, and H'(&) < HY(&) forall i € 7,

P

where < is the strong usual component-wise order relation. Therefore,
limH (&) = &
1—00

where & = (r1,0)or (0, r2) is a boundary equilibrium of system H and is contained
in Dym.

2. There exists some positive integer k, such that & = H k(&) € Dy, then &, €
D;n C D, for all n = k.

The above argument indicates that D,» attracts all points in Z,;. Since Z,; attracts all
points in X; therefore, D,» attracts all points in X.

If € < r™, then D, is a compact neighbourhood of D, . Since D, attracts all points in
X, any point in X will enter D, in some finite time. By applying the similar arguments (the
above two steps for showing that D,» attracts all points in Z,;;), we can show that any point
in D, will either stay in D, for all future time and converge to one of the two boundary
equilibria or will enter D,» in some finite time and stay in D,» for all future time.
Therefore, D, is positively invariant and attracts all points in X. (]

Theorem 6 indicates that system (3), (4) is persistent with respect to the total population
of species x and y, i.e. if | # ry, then for any initial condition (xg,yy) € X we have

liminf (x, + y,) = r".
n—oo

This result allows us to restrict system (3), (4) to the compact positively invariant region
D,

3. Pre-images of invariant sets

In this section, we explore the properties of all rank pre-images of invariant sets of system
(3), (4). The following two lemmas give us useful information on the properties of pre-
images of points in X, which can help us to find the explicit structure of all rank pre-images
of invariant sets.

LemMMA 7 [Zy — Z; MAP]. Each point in Z;,i = 0,1,2,00 has i rank-1 pre-images. If
& € Zy, then its rank-1 pre-images can be represented as £_,,i = a, b with the following
properties

H_I(g): {ga—];ﬁ]} and fb—l <<"7<<§a—]

where < is the strong usual component-wise order relation and m is a point in LC 1,1.
Moreover, the maps

G",:Z,—B and G, :Z,—X
defined by G'_ (&) = €_,,i = a, b are smooth.
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Proof. Note that H(LC?|) = (r1,0); thus, LC2 \{(r1,0)} has no pre-images and (r, 0)
has infinite many pre-images, i.e. (LC2_]\{(r1,0)}) C Zpand Zs = {(r1,0)}.

Given any point (xo,yo) € X\LC2 |, if it has pre-images (x, y), then the pre-images
should satisfy the following two equations

X
xo= 2 = Y (17)
x+y rr — Xo
yo = ye”? Y. (18)

Now substituting (17) into (18) we get

Yy X0

Yo = yer27r1*X0 = max{ye}?i%} :f(yL) = g(xo) = (1 — _) er271 (19)
y>0 r

where y. = 1 — xo/r; and f(y) = ye'2~(y/n=x0) Therefore, according to the properties of

the Ricker’s map 11 (also see results in [4]), we have the following three situations:

1. If yo > g(xp) > 0, then y, has no pre-image for the Ricker’s map (19); thus, (xo, yo)
has no pre-image for (3), (4). Hence, we have shown that the region Z, defined in
(10) has no pre-images.

2. If yo = g(xp) > 0, then y, has exactly one rank-1 pre-image for the Ricker’s map
Lemma (19); thus, (xo, yo) has exactly one rank-1 pre-image.

3. If 0 < yp < g(xp), then yy has two rank-1 pre-images for the Ricker’s map (19);
thus, (xg, yo) has two rank-1 pre-images.

Therefore, the first part of Lemma 7 holds.
Choose a point & = (xg, o) € Z, its two rank-1 pre-images can be denoted as
H_](é) = {ﬁ]a §h_1} = {(xu_laya—l)7 (xb—layb—1>}
where §"_1 ,i = a, b satisfy (17) and (19).
Denote n = (xo/r1,r1 — xo/r1). Since
ry — Xo

n=(1—-yyiflet y= ;
ri

we can check that the point n € LCl_, by using (7). Note that y = r; — xo/ry is a critical
point of ye">~1¥/"17%) then from (19), we can see that the pre-image

b
Xoy_
¢ = <r1_;0,yb_l)<<n:,le+yb_l<1ng_163

and the pre-image

o xovty ¥ b
&= Yo >m=al 4y, > 1
ry— Xo

Therefore, for each interior point ¢ € Z,, there are two rank-1 pre-images 5’;1 ,i=a,band
apoint n € LC 1,1, such that

& <<,
where & | € B.
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From the inverse function theorem, we can conclude that the maps
G, :Z,—B,G",:Z,— X
defined by G (& = & ,,i = a, b are smooth. O
In the rest of the paper, we use subscript —n to denote a rank-n pre-image and

superscript i = a, b to denote the location of the pre-image, i.e. if i = a, then the pre-image
is above LC! |, otherwise it is below LC" | and, therefore, in the set B.

LEMMA 8 [LOCATION OF PRE-IMAGES]. Let (x',y" ,),i = a,b be rank-k pre-images of a
point (xg,yo) € Z, and (ui,k, ui,k) ,i = a,b be rank-k pre-images of a point (uy,vo) € Z»
where k = 1,2. Then

L (x%,)")) < (x0,y0) if 0 < xo +yo = min{ry, r2}.
2. (x‘il,y‘il € Zyifr, >r; > 1and (xo,y9) € Zé. Moreover, we have

(275, 97,) < (& ,3%)) and y* | <y“,.

30 (xbyyn) < (ub g vh ) if ra > 1 and (xo,y0) < (g, vo).

Proof. It (x9,y0) € Z, then 0 < xyp + yo = min{ry,r,} implies that 0 < yy = r; — xp.
Thus, according to (17), we have

b b
o= 2 ST 20)
= Xo Yo
On the other hand, according to (19), the following equality holds
Bt
yo =y @n

The condition 0 < x¢ + yo = min{r, r,} implies that if r, = r;, then

0<x0+y05r2:>0<@+y—°s1:0<’ﬂ+y—°sl:>y0<y*=r2<1—@).
. rn ry. r r

Similarly, if r, = ry, then

Xi X *
0<xo+y=rn=0<240<150< 0015, <y :rz(l—x—o).
rnon . n r

Thus, according to Lemma 11 (also see results in [4]), we have 0 < yb_ . <o. Hence,
according to (20), we can conclude that

b
Xoy_
= L < X0
Yo

b
X1
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Therefore, the first part of Lemma 8 holds, i.e.
(x4, 971 < (x0,30) if 0 < x9+yo = min{ry,r}.

The condition r, > ry > 1 1ndlcates that (e~ 1/rl) >land B C Zl If (x0,y0) € Zz,
then 0 < yo < (1 — xo/ r)e¥>717¢*" Therefore, according to Lemma 11 (also see results
in [4]) and the inequality (e”>~!/r;) > 1, we have

¥, > (1 - "°>er21. 22)
r
From (17) and (22), we have
a r—1
X =0 ST 23)
rr — Xo r

This indicates that

X L x* _
¥ > (1 ——O)e’2 P> (1 ——1>e’2 g
r r

Therefore, (x YL ) € Zy.
From the proof of the first part of Lemma 8, we can see that

('xbl’y )<<(x0»)’0)3<x l,y ) EBCZI

Thus, by applying the first part of Lemma 8, we have (x”,,y”,) < (2, ) directly.
Note that ye™~19/17%) js a decreasing function with respect to x. Thus,

a
y
_ 1'—2 Bt

27=2

ey r
— A N2 b __ .a r r=y
Yo =yl T >yt = yte T >y e T

Since r, > r; > 1, the fixed point y* = ry — (rpx/ry) is strictly greater than the critical
point y. = 1 — (x/ry) for the Ricker’s map ye21/n=9 where x = xo or x = x” . Let
u' ,i=a,b be rank-1 pre- 1mages of ¥, for the Ricker’s map ye™~ (ny/ri=%) - Since
ye'2~ iv/ri—x0) > ye»~/n =) we have u® | < y,. Recall that

uilerz—(rlll‘i]/rl—xo) — y}il <y = yﬂilerz—(rly“,l/rl—xo);
therefore, we have y?, <u?,. Hence, y*, <y?, (see Figure 1(a) for graphic
representations). Therefore, the second part of Lemma 8 holds.
Since (xo,y0) < (g, vo), we have x* | = xoy”,/(r1 — x0) < uoy’,/(r1 — up). The
condition r, > 1 implies that
yb_lerz*(l‘lyh_l/l‘lfuo) <yp= yb_]erz*(l‘lyh_l/rl ) <y = Vb_lerz*(rlv'il/rlfuo)

< VgIGVZ_(VIV}iI/Vl —x)_

Then from Figure 1(b), we can obtain that 2 | < v |- Therefore,

b b
XoV_ uopy_
o= 0Y -1 < 0Y-1 <

b
Upv_, b
1= =u
ry — Xo ry — Up ry — Up

Therefore, the third part of Lemma 8 holds. OJ
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Part 3 of Lemma 8 indicates that the rank-1 pre-images have monotonic properties.

THEOREM 9 [STRUCTURE OF PRE-IMAGES OF INVARIANT SETS]. Assume that
r > r > 172F2 -1 —e’rl >0

and M is an invariant set of system (3), (4) such that (r1,0) & M. Then

1. M is contained in Z%. Moreover, the rank-1 pre-images of M can be represented as
H (M) =M",, where M* | = {& = (x>, »*,) €B:H(& ) = ¢ M}.
2. The collection of all rank pre-images of & | € M | can be represented as

Ep =i "@p= U &= U (L)

n=0 n=0,i=a,b n=1,i=a,b
where
H'(&,)={&, &, }&,€eB &, <&, foral n=1with
fimé, = 0.0
and

& € Zy,yt, <y, | forall n=1 with lli_{gy% = 00,

Moreover, H ' (& ) =H *(&,_,,,) forany l =k =n.
3. The collection of all rank pre-images of M can be represented as

EFy =M <UH"(M)) =M M | J(Uiz2znizasM’,)
n=1

where

Mlin—l = U {geBH”(é’)ng_l EMb_]},

& emt

M, = |J {é€ezy:H"H=2, €M},

& em,
H "My = {M*,_ ,M",_ } M, CZy,M", , CB, forall | =n
and

lim M* = (0,0).

Moreover, Mlin N Mlik =0 for any two distinct positive integers and M, N
M<, =0 for any two distinct positive integers n,k = 2.
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Proof. The condition r, > r; > 1 and 2r, — 1 — ™! > 0 indicates that
"= min{rl,r27e2’27173r271,rle’r"‘} = min{rl,ezrrlferrl} > 1.
Recall that B = {(x,y) € Z, : x+y < 1} and LCI_1 = {(x,y) € Z, : x+y= 1}, then

D,»NB=0 and D NLC', =0.

According to Theorem 6, all points in X are attracted to the compact positively
invariant set D,»; therefore,
MCD,n and (MNBULCL))=0.
The fact that

HM)=M and H '(Z))=LC!,

indicates that (M N Z;) = 0.
Since all points in X are also attracted to Z 5 . by Lemma 5, M C Z, 5 . Therefore,

M C (Din N Zinw).
Note that
Zo=(r,00 &M and (M NZ)=0;

therefore, M C (Drm ﬂ Zz).
Now suppose that there exists a point § € M N Z%. Then according to Lemmas 7 and
8, & has two rank-1 pre-images &_,,i = a,b where &, € Z; and §b,1 € B. Since

(MNB)=0 and M C Zs,

the point & has no pre-images in M. This contradicts to the fact that M is invariant.
Therefore, M N Zé = (). This indicates that M should be contained in ZZ\Z% = Z%.

Let £ = (x,y) be any point in M, then according to Lemma 7, £ has two pre-images
S;l = (x", " y’;l) ,i = a,b. Since M is invariant and strictly above LC 1,1; therefore, & | €
M is strictly above LC! | and € | € B is strictly below LCL,.

Denote

M= J{&g, €z H(g,)=¢ and M> = | J{&,€B:H(,) = ¢}

sEM &M

Then the invariant property of M and M N B =0 implies that M = M¢ . Therefore,
according to Definition 4, we have H (M) = M” |- Hence, the first part of Lemma holds.
Recall that

zZ) = {(x,y) €EZ,:0<y< (1 - 1)e2’2“‘e’“ }
r
then we have B C Zé. Let f’;k, i = a, b be the rank k pre-image of & where £ = (x,y) € M
and k € Z.. Note that §b_| = (x’i, ,yb_l) is in B; therefore,

b
) X7 l—en
xb,l -I—yb,1 < 1 <min{ry,r,} and ylil < (1 —r—11>e2r2 1—en
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Then according to Lemma 8, we have

Hﬁl(gb—l) = {§l’_2,§-‘12} = {(xb—Zayb—z)v (x"_z,y‘iz)}
where
gb—z € vib—z < §b—17 é"a—z € ZOaH(é‘ﬂ—z) = gli] and ya—l < ya—2~
Since
&,EBCZ) and &, € Z,

we can repeat the above argument to get

Hﬁz(gil) = Hﬁl(fb—z) = {fb—%fﬁa} = {(xb—3ayl7—3)v (x‘i3,y“_3)}

where

&,€BE& <&, ¢,€Z,H(ES)=¢, and y*, <y*,.

Apply the same above argument repeatedly, then for any n =1 and 1 = k = n, we
have

H7W(E,) =H " (H () ={€,.8,)
= {(thnfhy}in*l)’ (xa*nfbyafn*l)}

where {§b_ n}:o:l is a strictly monotone decreasing sequence converging to (0, 0) and
@ 00_ is a strictly monotone increasing sequence converging to infinity. Moreover,
A y g seq gimng y

H(&,) = & . foralln = 2. Thus, the collection of all rank pre-images of & | € M, is

U @={&. ) U

n=1

Therefore, the second part of Theorem 9 holds.
Denote

MY, = U (¢, €2 H"(&, ) =28}

& en’,

and

M, = U {(¢,..eB:-H" (&, )=&}

& emt
Since H~'(M) = M" | C B, therefore,

M= |J &, EZ:H" (&, ) =€}

& em’,

=&, €21 (g, )= ¢

=10
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and

M, = U {ghﬂrl EB: Hn(flinﬂ) = fhﬂ}

¢,

= U{éh—n—l EB:HnH(gin—l) = f}.

M

Then according to the proof of the second part of Theorem 9 and the definition of rank-k
pre-images of an invariant set 4, we have

UM

H™"" ' (M) = M* b on=1

n—1

Since lim,—«¢&”, = (0,0), thus
lim M, = (0,0).
Note that M, _, € Zy and M* ,_| € B for any n = 1, thus

H™ "'\ ={M*,_,,M", |} forany n= 1.

1-n>

Therefore, the collection of all rank pre-images of M is

EFM:MUMh1U<UH"(M)>:MUMh1U< U Mi,,>.

n=2 n=2i=a,b

Now assume that there is n € B and two distinct positive integers k, n such that
n € M, N M",. Without loss of generality, let k <n, then H" !(n) = £€ M"
and H*" !(q) = ¢ € M" . Since { € M, then H'({) € M for any i = 1. Therefore,
H"¥({) € M. However, this contradicts to the fact that H" " '(n) = H" * (kal(n)) =
H" k) =¢&e M, and M N M> | = 0. Similarly, we can show that M*, N M, =0
for any distinct positive integers n,k = 2. Therefore, the third part of Theorem 9
holds. O

Theorem 9 is an analogous result to Theorem 4.2 by [4]. Moreover, it indicates that
(M, }:0: | is a monotone decreasing sequence that converges to (0, 0). See Figure 2 for the
structure of E ¢, and EF);. In the case that M is a smooth curve, we have the following
corollary:

COROLLARY 10 [SMOOTH INVARIANT CURVE]. Assume that all the conditions in Theorem 9
hold and notations are the same. Let M be an invariant smooth curve of system (3), (4) that
does not contain (ry,0), then

EFy =M J{M" }" | J{m, )7,

where M* , | C Z, Mb_n C B are smooth curves. Let C be any compact subset of X, then
my(EFy N C) = 0 where m, is nature Lebesgue measure in R
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@ &, eB (b) Mc 7}

Mc 72
M*, C Z
M, C P
£ € 2 My C Zy
v “« L "
¢, en &€ 2 M, cB Me, C Zy

Figure 2. The structure of all rank pre-images of a point in M? | and an invariant set M. (a) The
structure of all rank preimages of a point & | in MP 1 (b) The structure of all rank pre-images of an
invariant set M.

Proof. According to Theorem 9, we have

H™'(M)=M" andH " "(M) = {M*“,_,,M",_,} forany n = 1.
Since M is a smooth curve in D,», then from Lemma 7, we know that its rank-1 pre-image
Mlil is also a smooth curve in B. Then apply Lemmas 7 and 8 repeatedly, we know that
Mlin € Band M?, | € Z, are smooth curves for any n = 1.
For any compact set C € X, there are only finite number of M’ i = a,b which
intercept with C or are contained in C. Since m> (M*, ;) = 0 and m,(M" ) = 0 for any

positive integer n = 1; therefore, my (U= H (M) C) = 0.

Remark. If (r,0) € M, let N = M\{(r1,0)}, then N is still an invariant smooth curve.
From Corollary 10, we have

CV] (VERY RV (VRO [VERES
n=1 n=1
=mJ{V 1 UG L U e o € X

Therefore, the result in Corollary 10 still holds, i.e. for any compact set C € X, we have

m (EFM N c) =0

where m is a nature Lebesgue measure in R?.

The simulations (see Figure 3) suggest that there are heteroclinic orbits connecting two
boundary equilibria points. We are able to show the existence of such heteroclinic orbits
when one species goes to extinction for (3), (4). However, it is still an open problem to
show the existence of heteroclinic orbits when there are locally asymptotically stable
interior periodic-2 orbits. Theorem 9 and its Corollary 10 give an explicit structure of all
pre-images of invariant sets including heteroclinic orbits.

4. Discussion

The basins of attractions of attractors of an ecological system can provide important
information on its resilience and initial conditions allowing the coexistence of all species.
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25 A heteroclinic orbit for a discrete-time two-species competition model
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Figure 3. A heteroclinic orbit of system (3), (4) when r| =2,r, =2.2,xy = 2,y9 = 0.001.

Since pre-images of invariant sets of a system can define the boundaries of the basins of
attractions of attractors, we study the properties of all pre-images of invariant sets for a
discrete-time two-species competition model (3), (4) and give the explicit structure of all
pre-images of invariant sets for this system when

r»>r>1 and 2r,—1—¢?"!>0. (24)

Our results combined with simulations suggest that if inequalities (24) hold, then the
basins of attractions of the interior periodic-2 orbits are all interior points in X except the
measure zero sets. These measure zero sets are the pre-images of heteroclinic orbits (see
Figure 4).

If we say that an ecosystem is relatively permanent, then the population of any species
in this system is strictly bounded away from zero for almost all strictly positive initial

Basins of attraction of P}
33

29
25 r=2r,=22
21

=17
13
0.9

05

01!
0 02 04 06 08 1 12 14 16 18 2

%o

Figure 4. The basin of attraction of the interior period-2 orbit is the open quadrant minus the pre-
images of the heteroclinic curve C. The latter partition the quadrant into components which are
coloured according to which of the two periodic points attract points in the component under the
second iterate of the map. Given a point in one of the regions, there is a large number N, such that the
point will be very close to (x},y!) at the iteration 7 and will be very close to (x},y}) at the iteration
t+ 1 forall t > N.
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conditions. Our work in this paper plays an important role in proving this relative
permanence concept for (3), (4). The numerical simulations suggest the following
dynamics of system (3), (4) when

F>r>1 and 2r,—1—¢€?"'>0:

1. There exists a heteroclinic orbit connecting & to * (see Figure 3);
2. The basins of attraction of the interior periodic-2 orbit P are all interior points of
Ri except all the pre-images of heteroclinic orbits (see Figure 4).

Since our system is smooth in X, the closure of all heteroclinic orbits should be a smooth
invariant curve. Then according to Theorem 9 and its Corollary 10, we can show that for
any compact set C € X, there is only Lebesgue measure zero set in C that will converge to
heteroclinic orbits. If both the closure of heteroclinic orbits and the boundary of the system
are repelling, then we are able to show that for any compact subset C of X, all interior
points of C are attracted to the interior attractor except Lebesgue measure zero set, which
is the collection of all pre-images of the closure of the heteroclinic orbits. All the details of
proof are presented in a separate paper by [9].

In addition, our result is analogous to the result for the one-dimensional discrete
system studied by [4] (Theorem 4.2). Partial results obtained in this paper can be applied to
the general competition model (1), (2) while @ > 0. For instance, Lemmas 7 and 8 are still
valid for the general system (1), (2). However, we are not able to extend the analysis
techniques used to prove Theorem 9 to prove the similar results for (1), (2). The reason is
that while a > 0, the critical curve LC_; is unbounded which always intersects with LC.
We will seek additional analysis methods to prove the similar results for (1), (2).

4.1 Open problems

There are many interesting unsolved questions regarding system (1), (2). A partial list of
these open problems is as follows:

1. How can we rigorously prove the existence of heteroclinic orbits in the planar
Kolmogorov-type competition models with parallel isoclines (such as systems (1),
(2) and (3), (4))?

2. If systems (1), (2) and (3), (4) have heteroclinic orbits connecting two boundary
equilibria points, then how do the axis dynamics impact these heteroclinic orbits?
Are there any other heteroclinic orbits?

3. How can we rigorously prove or disprove that the basins of attractions of the
interior periodic-2 orbit P} are all interior points of Ri except all the pre-images of
heteroclinic orbits as suggested in Figure 47
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Appendix A: Pre-images of Ricker’s maps

Similar results (Parts 1 and 2 of Lemma 11) can also be found in the paper [4]. For
convenience, we will re-derive their results when the Ricker map has the form of

Yl = yp€lrT /N0,

And in addition, we derive the results of Part 3 in Lemma 11 that has been used in proving
Theorem 6.

LEMMA 11 [PROPERTIES OF RICKER’S MAPS]. Let f(y) = ye> /=) \where
ri>0,0=x0<ry,i=1,2. Then f maps RY 10 [O,(l - xo/rl)erz_']. The critical
point of fis y. = 1 — xo/ry which is mapped to €~ the fixed point is y* = ry(1 — xo/r1).
For any given point yo € (0,(1 — xo/re’> Y, it has two rank-1 pre-images y"_1 S
R*,i=a,b where y*| < yo <y, and f(y") = yo,i = a,b. Moreover, we have the
following two situations depending on the values of r»

1. When 0 < r, = 1, then one of the following inequalities holds

0<y, =y <y <y.<), (25)
or

0<y*<y0<yb_l<yc<y“_]. (26)

In addition, y*, is always greater than (1 — xo/r1)e> L.
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2. If ry > 1, then one of the following inequalities holds

0<y, <y.<y <y, <y 27)
or

0<y | <y.<yo<y“ <y, (28)
or

0<y, <yo<y.<y <), (29)

In addition, if

X C1—ern—l X _
yo < (1 —O>e2’2 17" then y*, > (1 —0)6’2 Y
r r

otherwise if
X0 1 _ar—l X0 _
yo = (1__>62r2 1—e2 then y“_l = (1—_)er2 1.
r r

2ry—1—e27!

3. Let r™ = min{rl,rz,e 7rlerz”‘} and M = max{r],e’z’1 , then

min min{ry,ye”? '} = r".
rn=m=rMy=m

Proof. It is easy to check that if r, = 1, then

Ye =12 1—@ e’rlSy*z 1—@ e !
ry Ty

where equality holds when r, = 1. And if r, > 1, then y* < y.. The detailed proof for
(25)—(29) can be illustrated by the schematic diagrams (Figures 5 and 6).

Now we will show Part 3 of the lemma. First note that the map defined by g(m) =
me" " has the following properties

e g(m)=m for m € [0,r,) and g(m) = m for m € [ry, ).
. L . = rme i, & '
e If r, > 1, map g is positively invariant mr[fierz 1= on 1] while ry = 1, map g
is positively invariant in [0, 2] and [rz’i 21, )
® Ming<,n=y=,n{me>""} = min{r"e”~"" rMer7""}.

. . —1—arm—1 _ —

Since r™ = mind ry,ry,eX2 177yl and ™ = max{r;,e? '}, thus we
b ) ) b)

have

. . — . . — . —m M
min min{r;,ye? ’} = min{ r;, min {me? ™} p = min{r,r"e”? ", rMe2""}
rm=m=rMy=m rn=m=rM

: 2ry—1—en27! r=r 2ry—1—e27! ro—r
zmln{rlarZ;e : yrie’ lag(e : )7g(rlez 1)}

_ min{rm,g(lezflfe"T‘)’g(r]erz*rl)}.



23

Journal of Difference Equations and Applications

P/ — ) > 0> dpue | =U>(

usyM (Q) & >00pue [ =% > () usypm () g0 =10{= ATN\O& AYM [ = W > () uaym A L0 pue ¢‘'v =1 ;ua uoom)aq diysuone[ar ayJ, ¢ In3ig

A

-

o/t

LN 0 £ % R

v

ES

S '

TT0Z AInC %0 £2:80 T [Buey un A] Aq pepeojumoq



P =0{pue | =% >(uaym @) pue £ =0{>’Cpue | =% > (uaym (q) ‘1 3(14/0x — 1) >0 > A« pue | <« uaym () .TcoAC\S\ —D<
uoy} ‘(P S= 04 J1 yey) 99s uBd 9m ‘09 3L U] ‘g ‘D =1 ‘0 = A_\N\O.\. QUM | < U uaym ¢, L0 pue g ‘v =117« usamiaq diysuonerar ayy, -9 am3ig

12— 1)
J\w *\w of 0 J\x 0

Y. Kang

oo R p

24

TT0Z AInC %0 £2:80 T [Buey un A] Aq pepeojumoq



Downloaded by [Yun Kang] at 08:24 04 July 2011

Journal of Difference Equations and Applications

25

Now assume that r, > 1, then gog(e” 1) = g(e¥2~17¢?") € [e2n~1-¢7" enl),

thus

=2l |
g(e2r2 1—e¢ )2€2r2 l—e = ;m.

While if 7, < 1, then gog(e 1) = g(e¥> 1" ") € [r2,e271], thus
g(ezrrl*errl) =y ="

Therefore, minirm,g(ezn_l_erzl),g(rle”_") = min{r™, g(rie” "M}
Suppose that rie” " =r,, then g(re” ") =re? " =r". Otherwise
r1e2~" > p,, then we have r, < rje”2"1 < ¢27! This implies that

o If r» = 1, then g(rie? ") = g(e 1) = e¥2~17¢2" = pm,
o If r, <1, then g(rie? ") =r, = r".

Hence, we have g(rje”2" ") = r™. Therefore,

min min{ry,ye”? "’} = min{r", g(rie”" ")} = r".

rm<=m=rMy=m

if



