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This note provides certain technical steps omitted from the main text. The reader is asked to
consult the main text for notation.

Lemma S1 For each m:
(1) Zgy1 =25 x Iy P (Z3);
(i) P&y (2¢,17) = (2¢,07(t9), ..., 0% (t4)).
Proof. For m = 1, both parts are immediate. Assume that the result holds for m > 2. Then
w2 = Zna xP(Z4)
= Zi < [Insa P (Z7) X P (Zgia) -
Also,

p7c’n+2 (xcvtd) = (p;+1(xcatd)75gz+l(td))

= (xc) 5(11(td)7 R 5i(td)) 6g1+1(td))7
establishing the result. m

Lemma S2 Let Q be metrizable and ® be Polish. If f : Q — ® is measurable (resp. continuous),
then f: P (Q) — P (®) is measurable (resp. continuous).

Proof. The case where f is continuous is found in Aliprantis-Border [1, 1999; Theorem 14.14]. We
treat the case where f is measurable.
First, note that, since ® is Polish, B (P (®)) is generated by all the sets of the form {v € P (®) : v (E) € K},
ranging over E Borel in ® and K measurable in [0, 1] (see Kechris [2, 1995; Theorem 17.24]). It suf-
fices to show that each set ifl({l/ €P(®):v(E)e K})isin B(P(2)). Ifso, then f is measurable.
(See Aliprantis-Border [1, 1999; Corollary 4.23].)



Note that

(v eP(®):v(E) € K})

{heP@): f(n)(B) € K}
{beP©):pu(ft(E) K},

Since f is measurable, f~1 (E) is Borel in 2. Now, by Aliprantis-Border [1, 1999; Lemma 14.16],
F'{reP(®):v(BE)e K})isin B(P(Q)). =

Lemma S3 Let I be (at most) a countable collection of integers 1,2,.... Let Q be a topological

space and, for each i € I, let ®; be a Polish space. Fix measurable (resp. continuous) maps
fi : Q@ —= ®; and define f : Q — [[, ®; so that

f(w):(fl(w)af2(w)a"')

for allw € Q. Then, f is measurable (resp. continuous).

Proof. Theorem 8.5 in Chapter 2 of Munkres [3, 1975] establishes the case where each f; is continu-
ous. Suppose each f; is measurable. Let E be a Borel set on [[, ®;. Then, f~* (E) =, f; ' (E).
Each f; ! (E) is measurable, so that f~!(E) is measurable. m

Lemma S4 The maps p&, and d;, are measurable. Moreover, if the structure is continuous, the

maps pS, and 0, are continuous.

Proof. First, note that p§ = projy., and so is certainly continuous. So, by Lemma S2, 2
is continuous. Also using this Lemma, we have that §] is measurable (and continuous if ¢ is
continuous).

Now, assume that the result holds for m. By the induction hypothesis and Lemma S3, p5, ,
is measurable. (When p¢,,d% are continuous, Lemma S3 says that p¢, 41 is continuous.) Now,
by Lemma 52, p* L8 measurable (resp. continuous when p¢ ., is continuous). So, each 0y, is

measurable (and continuous when 3° is continuous). m
Lemma S5 The map 0° is measurable. Moreover, ¢ is continuous if the structure is continuous.

Proof. Immediate from Lemmas S3 and S4. =
Proof of Lemma 3.1. By induction on m.

m = 1: Since 7§ is the identity map, n§ (u$) = p§, as required. Now note that that since Cf is
the identity map, so is g, and so g =nf. This establishes that ¢5 (=, uf) = (¢§ (§) ,g (1f)), as
required.

m > 2: Assume that the result holds for m. It is immediate from the induction hypothesis that



Wi (5 b1) = (5. €5 (5) - oy (HEsn))- Now,

Covpo (25,0, pd ) = (@) e (i, i, ndhin))
= (G5 @) i (i) € ()

(Cfn-ﬁ-l (‘7’€7 /1’(117 s 7/1'21) 7£fn+1 (ll’:ln-‘rl)) )

where the second line follows from the fact that ng, 1 (1§, . .-, pi1) = (15, 5 (45) 5 - - - o (i),

already established. =

Lemma S6 Let I ={1,2,...} be (at most) a countable set of integers. For each i, let f; : Q; — ®;

be an embedding.  Define f : [[;c; QU — [l;cr @i so that f(wi,wa,...) = (fi(w1), f2(w2)...).
Then, f is also an embedding.

Proof. Let g; : Q; — f; (€) be such that g; (w;) = fi (w;). We have that each g; is a homeomor-
phism. Define f as in the statement of the Lemma and g : [[, @ — f (I[; ®:) so that g (w) = f (w)
for all w € T[], ;. We will show that g is also a homeomorphism. The injectivity of g is immediate
from the injectivity of each of the maps g;. The surjectivity of g is immediate.

To show that g is continuous, fix closed sets C; in f; (©;) where C; = f; (£;) for all but finitely
many i. Under the product and relative topologies, these sets form a basis for [[,.; fi (©2:). So, it
suffices to show that g—! (Hiel C’i) is closed. Let J be the set of ¢ with C; # f; (£;). Then,

9 ([Lies C) = ey o' (Co)] x [Lier s 9,1 (Cy)]
= [lics [9 1 (CD)] x [Lien s S
Since each g; is continuous, then each g; ' (C;) is closed. It follows that g—* (Hle 7 C’i) is indeed
closed, as required.
To show that g is closed, fix closed sets F; in €2;, where F; = €); for all but finitely many 3.
Again, these sets form a basis for [[,.; €; in the product topology, so that it suffices to show that
g (Hiel E) is closed. Let J be the subset of ¢ with F; # ;. Then

9(Licr Fi) = Tlies9i (Fo) x [Lien 9i (Fi)
= ILics9i (Fi) x HieI\J fi (%),

where the last line follows from the fact that each g; is surjective. Since each g; (F;) is closed, it
follows that g ([T;c; Fi) is closed. m

Proof of Lemma 3.2. By induction on m. For m = 1, the result is immediate since (] and
n§ are the identity maps. Assume that the result holds for m. We will show that it also holds
for m + 1. By the induction hypothesis, ¢ and n¢, are embeddings. Since (¢, 41 is the product
of ¢§ and n¢,, Lemma S6 in Appendix A gives that (¢, 41 is an embedding. Similarly, 75, is the



C
m—+1"
induction hypothesis gives that (7, is an embedding so that ¢° " is an embedding (Kechris [2,

product of n7, and ¢ The former is an embedding by the induction hypothesis. Moreover, the
1995; Exercise 17.28]). Again, by Lemma S6, 7¢,,; is an embedding. m
Proof of Lemma 3.3. First, note that n° is injective since each of the maps 7S, is injective: Fixing
(tys pigy . ..) # (w1, wa,...) in H¢ we can find some initial segment of these sequences that are
distinct, i.e., some m with (g, ..., t,,) # (@1,...,%0m). Then, by Lemma 3.2, 0, (41, .-, thy,) 7
NS, (w1, ...,%m) so that n° (uy, g, ...) # n° (w1, w3, ...).

Now, we turn to showing the continuity of n¢. For each m, fix closed sets C,, in P (Z¢,) with
Cp = P (Z¢,) for all but finitely many m. Since these sets form a basis for the product topology,
it suffices to show that (n¢) " (I1,,, Cm) is closed. Note, there is some M such that

(%) (Tpe1 Cm) = [(m5) ™ (TTmm—y Cr) % Tie_psyr P (Z5)] N HE.

By Lemma 3.2, (n%fl (]—[f;/[:1 Cp) is closed, and by Lemma A3, H€¢ is closed. It follows that
(%) (T125_, Com) is closed.

Next, we show that n° is a closed map. For this, fix closed sets F,, in P (Xg,) with F,, =
P (X¢,) for all but finitely many m. Since these sets form the basis for the product topology for
[, P(XS), it suffices to show that n°(H¢ N ([],_; Fm)) is closed. Note that there exists some

M with
e (H N TIoe_y Fra) = 5 (HS N [Ty Fin) % [Toe_pran P (XS] N HE.

By Lemma A2, Hj; is closed. So, again using Lemmas 3.2 and A3, n$,(H°N[[°_; F,) must be
closed, as required. m
Proof of Lemma 3.5. It suffices to show that, for each m, 4y, (t¢) = d7, (t¢). If so, a standard

inductive argument completes the proof. Fix an event E in Z¢, and notice that

(o) (B N[XE % (87,) 71 (P (Z3)]
(p5) " (B).

(Finin) ™ (B x P (Z3))

From this,

S () (ExP(ZL)) = B0)(Pogr) (B xP(ZL))
B (%) ((p5,) " (B))
= &, () (B),

as required. W
Proof of Lemma 3.8.  Fix some n < m and some event G in Z7. Then (¥ (u,)(G) =

wn((C8)~H@G)).  We know that MAargye flynq1 = fn, SO that



1a((C)7HE) = pa ({1 vimsr) € H g 2 (1, vm) € (C2)THG)Y)
= 1 (Corn) UG XTI P(ZE))
= C;H(Mmﬂ)(G x H;cn;nlﬂ P(Z}))

= margy. gn+1 (Hm+1) (G),

as required. W

References

[1] Aliprantis, C., and K. Border, Infinite Dimensional Analysis: A Hitchhiker’s Guide, Springer,
1999.

[2] Kechris, A., Classical Descriptive Set Theory, Springer-Verlag, 1995.

[3] Munkres, J., Topology: A First Course, Prentice-Hall, 1975.





