
Models, Complexity and Algorithms
for the Design of Multifiber WDM Networks
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Abstract—In this paper, we study multifiber optical net-
works with Wavelength Division Multiplexing ( WDM ). As-
suming that the lightpaths use the same wavelength from
source to destination, we extend the definition of the well-
known Wavelength Assignment Problem (WAP), to the
case where there arek fibers per link, and w wavelengths
per fiber are available: This generalization is called the
(k, w)-WAP. We develop a new model for the(k, w)-WAP,
based onconflict hypergraphs: Conflict hypergraphs more
accurately capture the lightpath interdependencies, gener-
alizing the conflict graphs used for single-fiber networks.
By relating the (k, w)-WAP with the hypergraph coloring
problem, we prove that the former isNP-complete, and
present further results with respect to the complexity of
that problem. We consider the two natural optimization
problems that arise from the (k, w)-WAP: the problem of
minimizing k given w, and that of minimizing w given k.
We develop and analyze the practical performances of two
methodologies based on hypergraph coloring, one for each
of the two optimization problems, on existing backbone
networks in Europe and in the USA. The first methodology
relies on two heuristics based on a randomized approx-
imation algorithm and the second consists on an integer
programming formulation.

Index Terms— optical networks, wavelength division
multiplexing, network design, wavelength assignment
problem, hypergraph coloring, integer programming,
heuristics.

I. I NTRODUCTION

Wavelength Division Multiplexing (WDM) is cur-
rently the most promising existing optical network tech-
nology, since it allows for efficient use of the high band-
width offered by optical networks. UnderWDM, wave-
lengths are used to implement fixed end-to-end connec-
tions — called lightpaths in this context — in the net-
work. The major constraint imposed by this technology
is that different lightpaths cannot share the same wave-
length over the same link.

Our work focuses on studyingWDM networks in real-
life scenarios, from both theoretical and practical per-
spectives. From the telecommunications operator view-
point, one of the largest costs incurred while deploy-
ing an optical network stems from physically trench-
digging to bury the optical fibers. Hence, it is usual to
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have many fibers deployed between any two points of
the network, giving rise tomultifiberWDM networks(or
MWNs for short).

Minimizing the cost of such a network leads to the
design problem known as thewavelength assignment
problem(WAP) [1–4]. The off-line version of theWAP

can be define as follows: Given aWDM networkN
and a set of lightpaths satisfying traffic requests, assign
wavelengths to the lightpaths so that any two paths that
cross the same link are assigned different wavelengths.

Unfortunately, the existing work on single-fiber net-
work design cannot be extended toMWNs in a straight-
forward manner. For instance, the model used for the
WAP on single-fiber networks fails to fully capture the
benefits of having more fibers per link when minimizing
the total number of wavelengths used in the network in
MWNs. The addition of multiple fibers to the network
incur an extra degree of freedom in choosing the path
wavelengths which was not present in single-fiber net-
works. Note that usingk fibers per link immediately
allows for reducing the number of wavelengths by a fac-
tor of k. In fact, multifibers may reduce the number of
wavelengths required even further. For example, adding
just one fiber to a single-fiber network can decrease the
number of wavelengths required to routen lightpaths
from n to 1 [5, 6]. Unfortunately, results of this flavor,
which specifically determine the impact of having mul-
tifibers either hold for very specific networks (as in [5,
6]) or are very preliminary as far as modeling is con-
cerned [7–9].

In this paper, we generalize theWAP to the case where
there arek fibers per link, andw wavelengths per fiber
are available — this generalization is called the(k,w)-
WAP. Two optimization problems naturally arise from
the(k, w)-WAP: the problem of minimizing the number
of wavelengths used, givenk, and that of minimizing
the number of fibersk if we are givenw.

In order to build a general framework around the
(k, w)-WAP, we propose a new tool for modeling con-
flicts arising in wavelength utilization inMWNs, based
on hypergraphs. Theconflict hypergraph, formally de-
fined in Section III, is a generalization of the popular
conflict graph, used for theWAP on single-fiber net-
works. We validate the concepts proposed in this work
by considering both optimization problems (that of min-
imizing k with fixed c, and that of minimizingw with
fixed c) in two backbone networks: the EuropeanCOST

239 and the pan-american backbone network.
The main contributions of this work can be summa-
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rized as follows:
• We formally define the(k,w)-WAP for MWNs, and

develop a new model with the notion of aconflict
hypergraphwhich generalizes the concept of con-
flict graphs used for single-fiber networks and cap-
tures more accurately the lightpath interdependen-
cies in multifiber networks. With this model, we
build a bridge between coloring results for hyper-
graphs in the literature and the(k, w)-WAP.

• We analyze the complexity of the(k,w)-WAP in
MWNs. In fact, we prove that minimizing the num-
ber of wavelengths isNP-complete, even in the
case where the number of fibers is fixed in advance,
answering the open question with respect to the
exact complexity of this problem. We also prove
some other related results.

• We analyze the practical performances of two
methodologies based on hypergraph coloring on
existing backbone networks in Europe and in the
USA. The first relies on two heuristics based on a
randomized approximation algorithm and the sec-
ond consists on an integer programming formula-
tion. We analyze the feasibility of solving real-
world (k, w)-WAP with existing LP/IP solvers.

The remainder of this paper is organized as follows.
First, we present an overview of related work in Section
II. In Section III, we present the problem formulation
and the proposed hypergraph model. Then, in Section
IV, we prove that the(k,w)-WAP isNP-complete, and
presenting other results with respect to the complexity
of the problems. In Section V, we address the actual
problem of designing a multifiber network, with respect
to the optimization of the number of fibers of wave-
lengths per fiber. Section VI discusses our prototypes
and their performance evaluation. Finally, we conclude
and present some future work in Section VII.

II. RELATED WORK

Motivated by the very large costs of deployingWDM

networks, a large volume of research has targeted design
issues on these networks in the past.

In single-fiber networks, it is usual to assume that two
nodes are connected by one fiber of unlimited capacity
(i.e. able to carry any number of wavelengths). Hence
the(1, w)-WAP (formerly known simply asWAP) is ex-
actly thepath coloring problemin standard graphs[10],
which has been proven equivalent to the general ver-
tex coloring problem. Thus, there exists a fixedδ > 0
such that no approximation withinnδ is possible unless
P = NP [11].

Therefore, a large amount of work concentrated
on specific topologies and line networks, rings, trees,
meshes, and so on. Specific communication patterns
have also been studied like All-to-All and multicast.

The design of multifiber networks has recently been
studied under different models and traffic assumptions
[5–9]. For instance the(1, w)−WAP is NP-complete
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Fig. 1. A ring network and the correspondig conflict hypergraph.

on undirected stars but becomes polynomial and fits the
lower-bound if 2 fibers are available on each link [5, 6].

Dynamic traffic — which means that lightpaths have
to be established and released dynamically — has been
studied in [7], where multifiber networks were shown
to be more efficient than single-fiber networks with the
same capacity1 per link. Using multifiber links has also
been shown to lead to performances equivalent to those
provided by limited wavelength conversion.

In [8], an integer program and heuristics that solve
the static problem are discussed. They consider path
length constrained routing, wavelength assignment,
wavelength conversion, and link failure restoration. The
objective is to minimize the total number of fibers used
in the network. Two meta-heuristic (simulated anneal-
ing and taboo-search) forMWNs design are proposed in
[9]. Both papers show that adding fibers could improve
the network efficiency.

Some theoretical properties ofMWNs have been stud-
ied in [5, 6]. For instance, it was proven that increasing
the number of fibers per link often simplifies the optical
routing problem: For allk andw, there exist a network
and a set of communication requests such that exactlyw
wavelengths are necessary to solve the problem withk
fibers per link while1 wavelength is enough withk + 1
fibers.

III. PROBLEM FORMULATION

In this section, we formally define the(k,w)-WAP,
the conflict hypergraph, and some other concepts re-
lated to those. LetN be an instance of aMWN, where
the set of nodes is represented byN and the set of links
by L. Assume, without loss of generality, that every
link in the network contains the same number of fibers,
denoted byk, and that a set of communication pathsP
is given. A solution to the(k,w)-WAP is an assignment
of one out ofw wavelengths to each path, satisfying the
constraints that for every link in the network, no more
thank paths using the link are assigned the same wave-
length. In order to model these constraints, we define
theconflict hypergraphH (N ,P) of the set of pathsP
in N , as follows:

Definition 1: The conflict hypergraphH = (V,E)
of the pathsP in N is the hypergraph with a vertex
v ∈ V for each pathp ∈ P, and an hyperedgee ∈ E
for every link ` ∈ L. An hyperedge ofH contains the
vertices corresponding to all the paths going through the
corresponding link̀.

1The capacity of a link is the sum of the capacities of each fiber in
the link.
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A vertex coloring of the conflict hypergraph induces a
feasible wavelength assignment to the paths if and only
if no hyperedge contains more thank vertices with the
same color. This motivates the following definition.

Definition 2: Given a hypergraphH = (V,E) and a
set of colorsC = {1 . . . c}, a mappingf : V → C is
a (k, c)-coloring if and only if no hyperedge contains
more thank vertices with the same color, that is,∀e ∈
E, ∀q ∈ C, |{v ∈ e : f(v) = q}| ≤ k.

The four main parameters of the hypergraphH =
(V,E) can be expressed in terms ofN andP:

• thenumber of verticesn ≡ |V | = |P|,
• thenumber of hyperedgesm ≡ |E| = |L|,
• therank t ≡ max`∈L |{P ∈ P : ` ∈ P}|,
• themaximum degree∆ ≡ maxv∈V |{e ∈ E : e 3

v}|. Note that∆ ≤ maxp∈P length(p), which is
equal to the diameter of the routing.

Theloadof P is equal to the maximum number of paths
passing through any one edge in the network, and is thus
equal to the rank ofH.

It is easy to see from Definitions 1 and 2, that
there is a one-to-one correspondence between the(k, c)-
colorings of the conflict hypergraph ofP and the feasi-
ble wavelength assignments to these paths. Since we
can build the conflict hypergraphH in polynomial time
on N , there is a polynomial time reduction from the
(k, w)-WAP to the (k, c)-coloring problem. Thus the
(k, c)-coloring problem is at least as difficult as the
(k, w)-WAP. It is not trivial, however, that the converse
is also true, since the hypergraph coloring problem may
seem at first to be a more general (and harder) problem
than theWAP. In fact, we prove the equivalence of these
two problems in the next section. In the sequel, we will
use colors and wavelengths interchangeably.

IV. COMPLEXITY OF WAVELENGTH ASSIGNMENT

IN MWNS

In this section, we prove the equivalence between
the(k,w)-WAP and(k, c)-coloring, by proving that the
(k, w)-WAP is NP-complete even in the case wherek
is fixed, and present a lower bound on the number of
colors needed in a(k, c)-coloring of a (hyper)clique.

Theorem 1:The (k, c)-coloring problem is polyno-
mially equivalent to the(k,w)-WAP on MWNs.

Proof: It is enough to prove that any hypergraph
H is the conflict hypergraph of a set of pathsP on a
networkN , where the sizes of bothP andN are poly-
nomial on the size ofH.

Let H = ({v1, . . . , vn}, {e1, . . . , em}) be a hyper-
graph, whereei = {vji

1
, . . . , vji

ri
}, for all i. Let ri =

|ei|, for all i. For every hyperedgeei, letNi(Vi, Ei) be
the network (depicted in Figure 2) containing

• n nodesxi
j , j = 1 . . . n, andn nodeszi

j , j =
1 . . . n,

• two special nodesYi etY ′
i ,

• an edgeYi → Y ′
i ,

• ∀j ∈ {ji
1, . . . , j

i
ri
},

– an edgexi
j → Yi, and

x1

Yi

z1

xn zn

Y’i

Fig. 2. NetworkNi of Theorem 1.

– an edgeY ′
i → zi

j ,

• ∀j 6∈ {ji
1, . . . , j

i
ri
}, an edgexi

j → zi
j .

Let N be the network composed of the union of
the subnetworksNi connected by the edgeszi

j →
xi+1

j , ∀i = 1 . . . n − 1, ∀j = 1 . . . n. Clearly, the
size ofN is O(nm) andH is the conflict hypergraph of
the set of the unique shortest paths betweenx1

j andzn
j ,

for all j, inN .
The(k, c)-coloring problem is clearlyNP-complete

for an arbitraryk, since it generalizes the graph coloring
decision problem whenk = 1. Therefore,

Corollary 1: The (k,w)-WAP on a MWNs is NP-
complete for an arbitraryk.

Moreover —and not too surprisingly— it can be
proved that the problem remains difficult even whenk
is fixed. The proof is included in the full version of this
extended abstract.

Theorem 2:The (k, c)-coloring problem isNP-
complete for any fixedk. Therefore, the(k, w)-WAP

on aMWNs isNP-complete for any fixedk.

A lower bound

Extending the notion of cliques in graphs, we can
give a lower bound on the number of colors needed in a
(k, c)-coloring, by using (hyper)cliques, as follows. Re-
call thatKn,t is a hypergraph withn nodes that contains
all the possible hyperedges of rankt. The following
holds.

Lemma 1:A (k, c)-coloring ofKn,t is feasible if and
only if

c ≥
{

dn
k e if t > k,

1 otherwise.
Proof: The case wheret ≤ k is trivial because the

hyperedges do not impose any restriction on the col-
oring and therefore one color is enough. For the case
wheret > k, supposeKn,t can be colored withc colors.
Then, since the hypergraph is symmetric, every color
will be repeateddn

c e or bn
c c times in some hyperedge.

Since we assumed thatc colors were feasible, we must
have thatdn

c e ≤ k. The minimum number of colors that
satisfies that condition isdn

k e and it is easy to see that
any permutation of the colors is feasible.

The lemma above bounds the number of colors re-
quired to color any hypergraph that containsKn,t,
yielding the following generalization of the fact that the
chromatic number of a graph is larger than the size of
its maximum clique (just maket = 2 andk = 1).
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Corollary 2: Let H be a hypergraph containing
Kn,t. If H can be(k, c)-colored, withk < t, then
c ≥ dn/ke.

V. TOOLS FOR DESIGNING MWNS

In this section, we will present two scenarios in the
design of multifiber networks. The equivalence between
solving theWAP for P and computing(k, c)-colorings
of H allows us to concentrate on the latter. For instance,
the problems we consider are the problems of finding
the minimumk (respectively,c) such that there is a fea-
sible(k, c)-coloring ofH with c (respectively,k) given.
We address these two problems in Section V-A and V-B,
respectively.

A. Minimizing the number of fibers

We consider first the problem of minimizing the num-
ber of fibers when the number of colors is given. This
problem can be formulated as a Minimax Integer Pro-
gram [12]. For instance, we define(0, 1)-integer vari-
ablesxij , for all i ∈ V and1 ≤ j ≤ c, such thatxij = 1
if and only if nodei is colored with colorj andxij = 0
otherwise. The variablek is a common upper bound for
the constraints defined by each hyperedge. The optimal
number of fibers can be found by solving the following
IP.

Integer Program 1:

minimize k (minimize # of fibers)

s.t.
∑

c

xic = 1 ∀ nodei∑
i∈H

xic ≤ k ∀ color c, ∀ hyperedgeH

k ≥ 0, xic ∈ {0, 1} ∀ color c, ∀ nodei.

Srinivasan showed that if the optimal solution of the
LP relaxation is rounded randomly, with positive prob-
ability, a solution that is feasible and not too large can
be encountered [12]. A simple randomized algorithm,
discussed by Lu [13], computes a solution within an
approximation ratio not too far from the one given by
Srinivasan. This algorithm proceeds by successive re-
coloring phases.

Another algorithm, recently published by Leighton et
al. [14], which is based on a specific kind of randomized
rounding and recoloring techniques proposed in Lu’s al-
gorithm [13]. This algorithm achieves the same theoret-
ical approximation ratio than the best known existential
result [12]. Furthermore, we shall show in Section VI
that the recoloring techniques are not used in practical
situations since the randomized rounding yields solu-
tions that are close to optimality.

B. Minimizing the number of wavelengths

Given the number of fibersk, we now would like to
minimize the number of colorsc such that a valid(k, c)-
coloring of the hypergraph exists. We present an IP for-
mulation for this problem below. We define a variable

xic for each node and each color:xic = 1 if node i is
colored with colorc, and 0 otherwise. We have seen that
the number of colors is bounded bydn/ke (this bound
is tight if the graph is a clique).

Integer Program 2:

min
∑

c

yc (minimize # of colors)∑
c

xic = 1 ∀ nodei∑
i∈H

xic ≤ k ∀ color c, hyperedgeH

xic ≤ yc ∀ color c, nodei

xic, yc ∈ {0, 1} ∀ color c, nodei

There areO(n2) variables andO(n2m) constraints
(we could reduce the number of constraints toO(nm)
if the solver generates cuts automatically).

The drawback of this IP formulations is that it is
not symmetric and thus Branch-and-Bound will waste
a lot of time iterating trough similar solutions [15]. The
problem arises because after a variable is constrained by
the algorithm, a permutation of the set of variables may
still give a feasible solution. This issue can be addressed
by automatic pruning techniques, as described in [16].

VI. I MPLEMENTATION AND PERFORMANCE

EVALUATION

To computationally evaluate the problems, we imple-
mented the two integer programs described in Section
V, Lu’s recoloring algorithm [13] and Leighton et al.
randomized rounding based algorithm [14]. This al-
lowed us to evaluate the tradeoff between the perfor-
mance and the running time of the exact version and
the two approximations. We also report our findings in
the experience of solving the problem of minimizingc.
During our tests we realized that the randomized round-
ing performed in Leighton et al. algorithm produces
very good solutions such that the recoloring procedures
of the algorithm are never used. On the other hand, Lu’s
algorithm is always close to its theoretical approxima-
tion ratio.

We ran tests on several instances and will present the
results we had on the pan-european networkCOST 239
[17] and the pan-american network.

COST 239 network interconnects 11 european cap-
itals using 24 multifiber links as depicted in Figure
3. The demand matrix, which was provided to us by
France Telecom [17], is made of 176 requests, which
cover all possible pairs of cities. The maximum load of
the given routing is58, which is also a lower bound for
the number of colors in the single-fiber case.

The pan-american network is bigger and consists of
78 cities, interlinked by 102 arcs (see Figure 4). The de-
mand matrix was generated with the well-known grav-
itational model, where the weights of the cities repre-
sent their importance and are proportional to the dis-
tance to 5 main population areas in the USA. Finally,



DESIGN OF MULTIFIBERWDM NETWORKS

Paris  

Milan   

Zurich

Prague  

Vienne    

Berlin   
Amsterdam

 Luxembourg

Bruxelles    

Londres

Copenhague

Fig. 3. TheCOST239pan-european network.

the demand between every two cities is proportional to
the product of the two weights while keeping the out-
going number of requests from every city equal to the
weight. Using different weights, we generated instances
that were used for the benchmarks. The routing strategy
took into account reliability issues and was computed
through aminimum cost disjoint paths problemfor each
origin-destination pair. For each origin and destination,
the demand was randomly distributed among the dis-
joint paths with the shortest total distance. We report on
a relatively big instance with 2022 requests with load
520.

When solving the exact version of the minimization
of the number of fibers, the solver found feasible solu-
tions reasonably fast when restricted to small instances.
Except for the biggest instances (the pan-american net-
work with many colors), the solver did not have diffi-
culties in proving optimality. It was expected, though,
that when the instances grew bigger, the running time
was going to degrade because the underlying problem
is NP-hard. Nevertheless, this does not seem to be an
issue for the instances generated from real-world net-
works.

Results

Optimal and approximate computations of the re-
quired number of fibers, as a function of the number
of colors available, are depicted in Figure 5 forCOST

239. The worst results are given by Lu’s algorithm,
then comes the randomized rounding wich is optimal up
to an additive factor of 5.IP 1 gives the optimal number
of fibers. The small size of this network allows theIP to
be solved even with a large number of colors. Moreover
both the randomized rounding and Lu’s algorithm are
solved almost immediately. Therefore, running times
are not plotted forCOST239.

Fig. 4. The pan-american network.

On the other hand, Figure 6 depicts the running
times of the experiments on the the pan-american net-
work. Lu’s approximate algorithm runs almost in con-
stant time compared to the randomized rounding which
solves the linear relaxation ofIP 1. The time taken
by IP 1 is exponential, as expected. When the num-
ber of colors grows bigger than25, the IP is not solv-
able any more by our computers (PIV 1GHz running
CPLEX v7.5). Comparatively, Figure 7 shows that the
approximate number of fibers given by Lu’s algorithm
is around3 times the optimal, while the randomized
rounding stays close to the optimum up to an additive
factor of 4. Thus, the tradeoff between the quality of
the approximation and the running time is obvious. We
could use the randomized rounding to optimize a static
network during an offline process, where the running
time is not the main issue, while Lu’s algorithm could
be useful when time is an issue, in online optimization
for instance. One can note that when theIP becomes too
large, an exact solution is not computable, not only be-
cause of computation time but also because of memory
requirements for the Branch-and-Bound solver. There-
fore, even if long running times are allowed, approxima-
tion may be required and randomized rounding would
be the good approach.

It is important to notice that in these instances, and
often with real-world networks, the number of colors
equals its lower bound, that is, the load of the network
divided by the number of fibers. It is known that patho-
logical examples can be constructed, although they do
not usually appear in real instances.

The biggest dependency of the running time ofIP 2,
which optimizes the number of colors, is on the number
of variables representing the colors. Initially, we used
as many colors as the number of requests, because that
is an upper bound. Obviously, this did not scale well
when the size of the instances increased to real-world
problems. Instead, we performed a binary search for the
upper bound of the colors. We relied on the observation
that when the bound is too small, the IP solver returns
quickly that no feasible solution exists. On the other
hand, when the upper bound is not tight, it takes too long
to solve the first node of the Branch-and-Bound tree be-
cause there are too many variables. With this strategy
we got IPs of the correct size that could be handled by
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Fig. 5. Experiments onCOST239.
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the solver. As expected though, due to the symmetry in
the formulation (the labeling of the colors can be per-
muted without altering the solution), the enumeration
of the nodes of the Branch-and-Bound tree, could not
be completed in general. In any case, we had a proof of
optimality. Indeed, we found that when using one less
color, the LP relaxation of the problem was already not
feasible. Therefore, showing a feasible solution with
that many colors was enough. Indeed, it would be in-
teresting to characterize the integrality gap of that prob-
lem.

VII. C ONCLUSION

In this paper, we have proposed a framework to
model theWAP in MWNs, reducing it to a coloring prob-
lem on hypergraphs. Practically, the coloring problem
appeared to be tractable when there are few colors, since
its straightforward IP formulation gives optimal solu-
tions reasonably fast. Unfortunately, this is not the case
for real-world instances and the number of available
wavelengths will dramatically increase with futureD-
WDM andUD-WDM networks.

Furthermore, the heuristics that we implemented well
illustrate the tradeoff between the quality of approxi-
mation and their running time. When an exact solution
cannot be computed in reasonable time and space, ran-
domized rounding can be used to produce very good
solutions. When quicker solutions are required, one
would rather follow approaches based on Lu’s algo-
rithm, which runs in quasi constant-time at the cost of a
multiplicative factor of3 on the optimal solution.
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Fig. 7. Experiments on the pan-american network : results.

It is also interesting to note that these hypergraph col-
oring algorithms may be useful in the context ofra-
dio ad-hocnetwork optimization. Indeed, the hyper-
graph structure appears naturally when addressing ca-
pacity constrained radio coverage optimization. Further
work is still required in this direction.

Another interesting research direction is to study the
design ofMWNs in the case where the routing is not
fixed in advance. In such a case the lightpaths are not
given, and one needs to design both the routing and
the wavelength assignment at once. We believe that,
as soon ask is large enough, this problem can be prac-
tically solved to optimality [18].
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