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ABSTRACT

We consider the problem of compact routing with slack in
networks of low doubling dimension. Namely, we seek name-
independent routing schemes with (1 + €) stretch and poly-
logarithmic storage at each node: since existing lower bound
precludes such a scheme, we relax our guarantees to allow for
(i) a small fraction of nodes to have large storage, say size of
O(nlogn) bits, or (ii) a small fraction of source-destination
pairs to have larger, but still constant, stretch.

In this paper, given any constant ¢ € (0,1), any ¢ €
O(1/ polylog n) and any connected edge-weighted undirected
graph G with doubling dimension o € O(loglogn) and ar-
bitrary node names, we present

1. a (14 ¢)-stretch name-independent routing scheme for
G with polylogarithmic packet header size, and with
(1 —8)n nodes storing polylogarithmic size routing ta-
bles each and the remaining én nodes storing O(n log n)-
bit routing tables each.

2. a name-independent routing scheme for G with poly-
logarithmic storage and packet header size, and with
stretch (14 ¢) for (1 —&)n source nodes and (9 +¢€) for
the remaining dn source nodes.

These results are to be contrasted with our lower bound from
PODC 2006, where we showed that stretch 9 is asymptoti-
cally optimal for name-independent compact routing schemes
in networks of constant doubling dimension.
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1. INTRODUCTION

A routing scheme is a distributed algorithm that allows
any source node to deliver packets to any destination node
in a network. In this paper, we model a network as an
undirected graph with arbitrary given node names and edge
weights. A name-independent routing scheme uses only the
given node names to route, while a name-dependent (or la-
beled) routing scheme allows the designer to label (or re-
name) the nodes to embed additional information that will
aid in routing, such as topological information.

One of the fundamental trade-offs in routing is between
stretch and space. The stretch of a routing scheme is the
maximum ratio of the length of a routing path between a
pair of nodes s and t according to the scheme, to the length
of a shortest s-t path, over all pairs s,t. The space require-
ment of a scheme refers to the size of routing tables main-
tained at each node and the size of the packet headers used
by the scheme. A routing scheme is compact if the routing
table at each node and every packet header have size at most
a polylogarithmic function of the number of nodes.

Compact routing schemes are desirable for scalability. For
general graphs, however, any (name-independent or name-
dependent) routing scheme with O(n'/*)'-bit routing ta-
bles requires Q(k) stretch [16, 19, 5], and hence no com-

1O() denotes complexity similar to O() up to polylog factors.



pact routing scheme of constant stretch exists for general
graphs. Moreover, every name-independent routing scheme
with less than (n/(9k))** bits of space requirement per
node has average stretch at least ©(k) [5]. On the other
hand, optimal (9 + €)-stretch compact name-independent
routing schemes exist for networks of low doubling dimen-
sion [14]. In fact, we showed that stretch 9 is asymptotically
optimal for name-independent compact routing in networks
with constant doubling dimension [13]. The doubling dimen-
sion of a network is the least value « such that any ball of
radius r can be covered by at most 2% balls of radius r/2
(the ball of radius r centered at c¢ is the set of nodes within
distance at most r of c).

In this paper, we consider the problem of achieving (1+e€)-
stretch name-independent compact routing schemes for net-
works of low doubling dimension if we are allowed slightly
relazed guarantees either in memory or in stretch—i.e., we ei-
ther allow a 1/ polylogn fraction of the nodes to have larger
than polylogarithmic storage size, or allow the stretch be-
tween a 1/ polylog n fraction of all pairs of nodes to be larger
than (14 €) (albeit still constant). If we compare our results
with the lower bound of 9 for stretch in networks of con-
stant doubling dimension, we have managed to improve the
stretch of our scheme considerably by allowing a small relax-
ation of the guarantees. Relaxed guarantees have also been
recently considered in the context of metric embeddings [12,
1, 2, 3]. Our main results are described in the following two
theorems:

Theorem 1.1 Given any § € ©(1/polylogn), any con-
stant € € (0,1), and an edge-weighted undirected graph G
with n nodes and doubling dimension o € O(loglogn), we
present a (1 + €)-stretch name-independent routing scheme
for G with packet headers of O(log® n/loglogn) bits, where

(1 —d)n nodes store (10g2 n/e?@(1/6 + log n)) -bit routing

tables each, and the remaining dn nodes store O (nlogmn)-bit
routing tables each.

Theorem 1.2 Given any § € ©(1/ polylogn), any constant
e € (0,1), and an edge-weighted undirected graph G with n
nodes and doubling dimension o € O(loglogn), we present a
name-independent compact routing scheme for G with rout-

ing tables at each node of <log4 n/(660<°‘))) bits, and packet

header size of O(log® n/ loglogn) bits, and with stretch (1+¢)
for (1 — 0)n source nodes, and (9 + €) for the remaining dn
source nodes.

1.1 Other related work

In recent years, there has been a great amount of work on
efficient network routing schemes. For a general review of
this topic, we refer to the book of Peleg [15] and the surveys
by Gavoille [9] and Gavoille and Peleg [10]. More recent
references can be found in [14].

In particular, there has been a lot of recent progress in
designing compact routing schemes for networks of low dou-
bling dimension. Abraham et al. [4] achieved a compact
routing scheme with (large) constant stretch and storage
polylogarithmic in n, while Konjevod et al. [13] obtained an
asymptotically optimal (9 + €)-stretch routing scheme with
storage of size polylogarithmic in n and the normalized net-
work diameter. In [14], Konjevod et al. closed the gap left

by the previous two papers and presented a compact rout-
ing scheme with (9 + €)-stretch and polylogarithmic storage
that is scale-free (independent of the normalized network
diameter).

There are several lower bound results on compact rout-
ing schemes [16, 19, 5, 13]. The strongest lower bound re-
sult for name-independent compact routing schemes in net-
works of low doubling dimension [13] shows that any name-

independent scheme with o(n(e/ 60)2)—bit storage has stretch
at least 9 — e for a tree with doubling dimension no more
than 6 — loge and normalized diameter O(2'/“n), for any
e € (0,8).

2. OVERVIEW

In this section, we give a brief overview of our compact
name-independent routing schemes with slack.

First, our compact name-independent routing schemes use
a (1 4 €)-stretch compact name-dependent routing scheme
as their underlying labeled routing scheme. Thus given the
name of the destination, a source node first retrieves the la-
bel of the destination according to its name, and then routes
to the destination using the labeled routing scheme. Hence
the main merit of our name-independent routing schemes is
an efficient method for distributed storage and retrieval of
node labels from their names.

Second, we maintain a hierarchy of r-nets (see Section 3
for the formal definition), which has been widely used in
context of compact routing schemes [7, 17, 4, 13]. For our
schemes, in order to achieve 1 + € stretch, a natural idea is
that, for any node u in the 2°-net, a search tree is maintained
on the ball B,(2f) to store routing information of nodes
in the ball B,(2"f/¢), where f can be any fixed constant
and By(r) denotes the set of nodes within r distance to
the center u. By using a typical search tree technique, we
provide a search procedure on ball B, (2¢f) with cost 21! f
to either retrieve the routing label of a given node if the
node is in the ball B,(2f/¢), or report error if it is not
in the ball B, (2°f/¢). Thus the routing algorithm starts
at the source node and repeatedly applies search procedure
from level ¢ = 0 until the routing label of the destination is
founded. Then it uses the underlying labeled routing scheme
to route the message to the destination. The overall stretch
is 1 + O(e), since the cost for the retrieval of the routing
label is at most O(e) times the source-destination distance.

However, the ball B, (2" f/¢) might contain so many nodes
that the search tree on B, (2°f) with polylog-size storage
per node cannot store the routing information of all nodes
in B,(2"f/¢). We present a novel counting lemma (See
Lemma 4.2) to deal with the case of too many nodes in
B.(2'f/€). The counting lemma guarantees the number of
2"-net nodes u with |B,(2'f/€*) \ Bc(2"7%)|/|Bu(2'f)| =
Q(polylogn) is limited, where ¢ is a center node of the
nearest packing ball to u (see Section 3 for a formal defi-
nition of ball packings); in some sense, B.(2"7?) is a local
dense area within 2°f/e distance to u , and |B,(2'f/€%) \
B.(27)|/|Bu(2'f)] = Q(polylogn) implies that there is
more than one dense area in the ball B, (2"f/¢?). For those
r-net nodes u with more than one dense area in B, (2°f/€?),
we just relax guarantees either on storage or on stretch.
On the other hand,if |B,(2°f/€*) \ B.(2772)|/|Bu(2'f)| =
O(polylogn), let the search tree on B, (2'f) store the rout-
ing information of nodes in B.(2'f/€®) \ B.(2""%). Thus



if the search procedure on B, (2" f) cannot find the destina-
tion’s label, the routing algorithm will go to node c to search
the routing information in the local dense area of B.(2"7%).
In that case, the 1+ O(e) stretch is still guaranteed, since
the distance between u and c is basically at most 2°f/e,
and since the destination is either in the local area of c, i.e.
B.(2"7%), or outside of B, (2" f/€?).

Finally the counting lemma relies on the combination of
hierarchical r-nets and ball packings together with a novel
entropy analysis. We believe that this novel data structure
and technique may be of independent interest. In addition,
for the routing scheme with slack on stretch, we use the
techniques of our previous work in [14] to guarantee (i) 9 +
e stretch for all source-destination pairs and (ii) scale-free
storage (independent of the normalized network diameter).

3. PRELIMINARIES

Let G = (V,E) be a connected, edge-weighted, undi-
rected graph with n nodes, shortest-path metric d, dou-
bling dimension o € O(loglogn), arbitrary logn-bit node
id (name), and arbitrary normalized diameter A, i.e. A =
max d(u,v)/ minyz, d(u,v). W.lo.g., assume that the mini-
mum weight of an edge is normalized to be one, and assume
that both n and A are some power of 2. Otherwise just let
n (and A) be the least power of 2 that is at least n (and A),
and the results of Theorem 1.1 and 1.2 still hold.

3.1 Labeled routing

Our name-independent routing schemes for G will use the
labeled routing scheme of [14] as the effective underlying la-
beled routing scheme. For reference, we list the main results
achieved by this labeled routing scheme:

Lemma 3.1 (Labeled Routing [14]) Given any weighted
undirected graph with n nodes, and doubling dimension «,
for any € € (0,1), there exists a (1 + €)-stretch labeled rout-

ing scheme with [logn|-bit routing labels, ((%)O(o‘) log® n) .

bit storage at each node and O(log®n/loglogn)-bit packet
header.

For any u € V, let id(u) denote the arbitrary original node
id of u, and let {(u) denote the label assigned to u by the
underlying labeled routing scheme. When a node u wants
to send a message to another node v in the network, it will
initiate a route request for id(v). The routing algorithm uses
id(u) to retrieve the label [(v) and then routes to v using
l(v) via the underlying labeled scheme. Hence the main
merit of our name-independent routing scheme is to present
an efficient distributed method for storing and retrieving
the label of a node given its id. Since (1 + €)(1 4+ O(¢)) =
1+ O(e) for e < 1, we will omit the (1 + €) stretch caused
by the underlying labeled routing when analyzing our name-
independent schemes. Moreover, for simplicity, we will prove
Theorem 1.1 and 1.2 with stretch in terms of big-O of ¢, i.e.
with stretch 1+ O(€) or 9+ O(e).

3.2 r-netsand ball packing.

We now introduce two hierarchical data structures that
will be used in our routing schemes: r-nets and ball pack-
ings. R-nets have been widely used in the context of routing
schemes and metric embeddings [18, 7, 17, 4, 13, 14], while
ball packings were used in the context of routing schemes [14,
8] and metric embeddings [6].

Definition 3.2 (r-net) An r-net of a metric space (V,d) is
a subsetY C V such that any point in 'V is within distance at
most r from'Y | and any two points in'Y are within distance
at least r.

For example, V is a 1-net, and a single node v is a A-
net. Note that for any finite metric such an r-net exists
and can be constructed greedily. Let B, (r) be the closed
ball of radius r around node w in G, i.e. By(r) = {z €
V | d(u,z) < r}, for any v € V and r > 0. Then the
following is a well-known result about the number of r-net
nodes in a ball:

Lemma 3.3 ([11]) Let Y be an r-net of (V,d). For any

uw €V and r' > r, we have |By(r") ﬁY|<( )

We now construct 2-nets Y; for all i € [log A]' as follows:

1. The A-net Yiog a is a singleton consisting of an arbi-
trary node in V.

2. The 2%-net Y; is constructed recursively by greedily
expanding Y;+1 with nodes to obtain a 2'-net, for ¢ =
logA —1,logA —2,...,0.

Following this construction, we have
}/logAgYiogA—lg"‘gYO:Vv (1)

For any node u € V, we define its zooming sequence as
follows: (i) Let w(0) = w; (ii) recursively define u(i) be the
nearest node to u(i—1) in Y; for i from 1 to log A (if there are
several such nearest nodes, use some arbitrary tie-breaking
mechanism, e.g., the least node id). By the definition of
r-net, for any v € V and any ¢ € [log A], we have

i

> d(u(k -

)< > 2k <2t (2)

k=1 k=1

We can now form a tree T of V' by building a path along
the zooming sequence (u(0),u(1),---,u(logA)), for each
node u € V. For each virtual edge (u(4), u(i+1)) of the tree
T with u(i) # u(i + 1), let u(z) store the label of u(i + 1).
By Eqn. (1) and the fact that u(i) # u(i + 1), we have that

u(i) € Yy for all k < and u(i) ¢ Yy for all k > i. Thus the
node u(i) stores only one zooming sequence label, namely
that of its parent u(i + 1) in the tree T. Each node u € V
can now route packets along its zooming sequence by using
the underlying labeled routing scheme.

We next introduce the concept of ball packing. Let r.(s)
denote the radius of the ball centered at u with size s, i.e.
|Bu(ru(s))| = s. The following lemma is proved in [14]:

Lemma 3.4 (Ball Packing [14]) For any positive integer
s < n, there exists an s-size ball packing B of G, i.e. a
(mazimal) set of non-intersecting balls, such that

1. For any ball B € B, |B| = s.

2. For any node u, there exists a ball B € B centered
at ¢ such that the radius of B is at most ry(s) (i.e.,
re(s) < ru(s)) and d(u,c) < 2ry(s).

'For any integer > 0, let [z] denote the set {0,1,--- ,z}.



Let B, be a 27-size ball packing, for all j € [logn], and €;
be the set of centers of all balls in B;. For each node u € V'
and j € [logn], let B(u,j) denote the nearest ball in B; to
u, i.e. Max,cp(u,j) d(u,v) is minimized; let c(u,j) denote
the center of ball B(u, j). Node u maintains a link to ¢(u, j)
by storing its routing label, for all j € [logn]. In addition,
the following lemma states that there is a packing ball near
a node.

Lemma 3.5 For any u € V, any real numbers v’ > r >
0, and any positive integer j < log (‘fr’j'y”)(l ,there exists a
packing ball B € B; of radius at most r and such that B C

Bu(r" +3r). Moreover B(u,j) C Bu(r' + 3r).

Proof: Let Y be an r-net of B,(r'). By the definition of
r-net, the union of balls B, (r) for all z € Y covers the ball
B.(r"). By Lemma 3.3, we have |B,(r') NY| < (47" /r)“.
Thus by the pigeonhole principle, there exists a ball B, (r),
for some = € Y, such that | By (r)| > |Bu(r")|/(4r' /r)*. Thus

by Lemma 3.4, for any j < log (‘fﬁ%;)(l, there exists a ball

B € B, with center ¢ such that d(x,c) < 2r and the radius
of B is no more than 7. Since d(u,z) < r’, we have B C
By (" + 3r). Moreover since B(u, j) is the nearest ball to u
in B; , we have B(u,j) C Bu(r' + 3r). [ |

3.3 Search tree.

Finally we give the definition of a search tree on any fixed
ball, used to store and retrieve information.

Definition 3.6 (Search Tree) For any e € (0,1) and any
ball Be(r), let Xo = {c}, and for 1 < i < log(er) let X; be
an (er/2%)-net of Be(r) \ Uo<j<i Xi- Then the search tree
on Be(r), denoted by T(c,r), is formed by connecting each
node v € X; to its closest node in X;_1 for 0 < i < log(er),
and defining the weight on each edge (u,v) to be d(u,v).

From the definition of r-net, the height of the search tree
T(c,r) is at most

log(er)

rt Y 2T < (14 (3)
=1

Let the two endpoints of each virtual edge in the search
tree keep each other’s routing label, so that they can com-
municate using the underlying labeled scheme. Note that
{X;} is a partition of B.(r), and by Lemma 3.3 the root has

«@
the maximum degree in the tree, (thgéﬁ) = (%)O(M.

Hence each node keeps (%)O(a> labels for the search tree.

With typical search tree techniques, we can use our search
tree to store a collection of (key, data) pairs evenly in the
nodes of the tree, and provide a search procedure that starts
from and reports back to the root to search the data by
the given key with cost 2(1 + €)r. For simplicity, we use
SearchTree(key, B.(r)) denote the search procedure if there
is a search tree on B.(r). For detailed description of the
store and search procedures in search trees, please refer to
our previous paper [14].

For our name-independent schemes we take the node id
as the key and the node label as the data.

4. COUNTING LEMMA

In this section we present a counting lemma that combines
the properties of both r-nets and ball packings and is used to
limit number of nodes with slack on either storage or stretch.
To prove the counting lemma, we need the following result
whose proof is in the Appendix.

Lemma 4.1 Let (V,d) be an n-point metric space with min-
imum distance 1, and G = (V, E) be an undirected graph on
V. If for every node x € V' and every integer i > 0, the num-
ber of edges (x,y) € E incident to x with 2° < d(z,y) < 2!
is no more than c, then we have |E| < 3cnlogn.

Lemma 4.2 (Counting) For any j € [logn] and any i €
[log Al, let D; ; be the set of nodes u € Y; with |Bu(2°f) \
Be(272)| > (4f)*27, where f > 1 is a constant and ¢ =
c(u,j). We have

log A

> 1Dy
1=0

= (0(f))** - (nlogn/2’).

Proof: By Lemma 3.5 with ' = 2°f, 7 = 2% and | B, (2" f)\
B.(27%?)| > (4f)*27, there exists a packing ball B’ € B;
with center ¢’ such that B’ C B, (2'(f + 3)), the radius of
B’ is no more than 2°, and B(u,5) C B.(2'(f + 3)). Thus
we have

d(e,d) < d(u,c) + d(u, ) < 27 (f + 3). (4)

Moreover, since we applied Lemma 3.5 while excluding the
nodes of B.(2"7?), by a more careful argument, we have

d(c,c) > 2% —2.2" = 2"+, (5)

Fix any such ¢’ € €;, and denote it by ¢(u, 7).

Let B’ = {(c(u, 1), d(,9)) | Yu € Dy ¥i € [logAl},
and define a graph G' = (€;, E’). We now show that G’
satisfies the condition of Lemma 4.1, i.e. for any node
x € @;, the number of edges (z,y) € E’ incident on x
with 2% < d(z,y) < 28T, for every integer k > 0, is a
constant O(log f)O(f)*. First for a fixed k, the number
of indices ¢ € [logA] such that there exists u € Y; with
2% < d(c(u,7), p(u,5)) < 2¥** is a constant O(log f), since
2 < d(e(u, §), (u, 5)) < 2"F1(f + 3) by Eqn. (4) and (5).
Second, for a fixed z € C; and a fixed 7 € [log A], the number
of u € Y; with either c¢(u, j) = x or ¢(u,j) = x is a constant
O(f)*, by Lemma 3.3 with Eqn. (4) and u € Y;. Hence
the number of edges (z,y) € E’ incident on z with 2% <
d(z,y) < 28 is a constant O(log f)(O(f))®. Therefore, by
Lemma 4.1 we have |E’| = O(log f)(O(f))%|C;|log|C;].

Furthermore, by a similar argument, one can show that
for a fixed edge (z,y) € E’, the number of u € /%62 D, ;
with (c(u,j), ¢(u,j)) = (z,y) is at most O(log f)(O(f))".
Thus we obtain

log A

> 1Disl < Olog F)(O()E'| < (O(f))**|€;]log|€;]-

1=0

Finally, since B; is a 2’-size packing, we have |€;| = |B,| =
n/2’. The lemma then follows. ]



5. ROUTING SCHEME WITH SLACK ON
STORAGE

In this section, we present our name-independent routing
scheme with relaxed storage guarantees.

5.1 Datastructure

First, as defined in Section 3, we have Y;, a 2'-net, for
i € [logA], and each node u can route packets along its
zooming sequence.

Second, let jo = log(logn/(0e°*%)), for a constant ¢1 = 7,
and only maintain the jo-th level of ball packings Bj,; for
simplicity, denote B = Bj,, € = Cj,, and c(u) = c(u, jo)
for all w € V. Let each node in € have large memory and
store the (id, label) pairs of all the nodes in V. Since B is a
(logn/(de°1®))-size ball packing, we have

|B| = |€] < nde**/logn. (6)

Third, let each node u € V store the (id,label) pairs of
nodes in the ball By (ry), where 7, is the radius of the ball
By (ry) with size logn/(de“??) for a constant co =9, i.e. 1y
is an abbreviation of 7, (logn/(6e°2%)).

Finally, for any node v € V and ¢ = log(ery), if u €
Y;, let u store the (id,label) pairs of nodes in B, (2"/¢?) \
B.)(2"%?). Let D; j, as defined in Lemma 4.2 with f =
1/é%, i.e. Dy j, is the set of nodes u € Y; with | B, (2°/¢?) \
Beu)(2772)] > (4/€*)*logn/(6e1). Let D = Y182 D, 5.
By Lemma 4.2, we have

|D| = (0(1/62))30‘ -nlogn/2j0 <én/2, (7)

where the last inequality follows for jo = log(logn/(6€°*%))
and cp = 7.

Lemma 5.1 (Storage) In the above scheme, there are dn
nodes with O (nlogn)-bit storage each, and (1 — §)n nodes

with <log2 n/e?®(1/6 + log n)) -bit storage each.

Proof: There are two kinds of nodes with large storage:
the nodes in € storing the (id, label) pairs of all nodes in the
network, and the nodes u € D storing the (id, label) pairs of
more than logn/(6e®) nodes. By Eqn. (6) and (7), the
number of nodes in € U D is no more than Jn.

All the remaining nodes, the nodes in V' \ (€ U D), store
at most logn/(6¢°(®)) pairs (id, label) each.

Since both the node id and label have size logn bits, we
have én nodes with O (nlogn)-bit storage each, and (1 —

d)n nodes with (log2 n/(560<a))>-bit storage each. Thus

together with the storage requirement in Lemma 3.1, the
lemma follows. |

5.2 Routing algorithm

Now we present our routing algorithm in full. Assume
that a source node u wants to send a packet to a destination
node v, given the id id(v) of v.

The routing procedure is described in Algorithm 1. The
algorithm searches for the label [(v) according to the id id(v)
along the zooming sequence of u, until it finds the label I(v)
of v stored at the current node u(i) or ¢ > log(ery(;). In
the latter case, the algorithm goes to c¢(u(i)), which stores
the (id, label) pairs of all nodes in the network, and then it
goes to v from c(u(i)) using the underlying labeled routing
scheme, and terminates.

Algorithm 1 Name-independent routing with relaxed guar-
antees on storage

1: set <0

2: if u(¢) has the routing label [(v) of v then

3:  go to v from u(7) using the underlying labeled routing
scheme, and terminate

4: end if

if i > log(ery(;)) then

6:  go to c(u(i)) from wu(z) using the underlying labeled
routing scheme

7:  get the label I(v) at c(u(i)) according to the id id(v)

8:  gotowv from c(u(?)) using the underlying labeled rout-
ing scheme, and terminate

9: end if

10: go to u(¢ + 1) from w(¢) using the underlying labeled

routing scheme
11: increase ¢ by one, and go back to Step 2

o

Lemma 5.2 (Stretch) For any source node u and any des-
tination nmode v in G, the total routing cost of Algorithm 1
is no more than (1 + O(e))d(u,v).

Proof: Let t be the index of the level at which v’s routing
label I(v) is found either at u(t) in Step 2, or at c(u(t)) in
Step 7.

Since the label of v is not found at the (¢ — 1)-th iter-
ation, we have t — 1 < log(ery—1)); otherwise it would
have been found in Step 7 at Iteration ¢ — 1. Hence by
v & Bu—1)(Tu(t—1)), we have d(u(t — 1),v) > 27" /e. Thus
by Eqn. (2) and the triangle inequality, we have

t—1

d(u,v) > d(u(t —1),v) — Z d(u(i —1),u(i)) -

> 2711 /e — O(1)).

Now consider the routing cost. First, if I(v) is found at
u(t) in Step 2, by Eqn. (2) and the triangle inequality, the
routing cost is at most

t

Z d(u(z - 1)a u(z)) + d(u(t)7 U)

< d(u,v) +2 d(u(i — 1),u(i)) 9)

< d(u,v) + 212
< (14 O(e))d(u,v),

where the last inequality follows from Eqn. (8).

Second, consider the case that I(v) is found at ¢ = c(u(t))
in Step 7. Since the if condition of Step 5 is satisfied, we
have t > 4q, for ig = log(ery(s)). Thus [By ) (27 /€)|/(4/€)* =
logn/(5¢°2*)/(4/€)* > logn/(6e*™) = 290 for ¢y — c1 = 2.
Hence by Lemma 3.5 with r’ = 2i0/e and r = 2 we have

d(u(t),c) < 2°(1/e + 3). (10)

Since I(v) is not found at wu(t) in Step 2, we have v ¢
B 1)(279/€*)\Bc(27°"?). Henceif v € B.(2"0%?), by Eqn. (2)



and t > 10, the routing cost is at most

t

> d(u(i — 1),u(i)) + d(u(t), ¢) + d(c, v)

=1

t
< d(u,v) +2 (Z d(u(i — 1), u(i)) + d(c, v)) (11)
i=1
< d(u,v) +3- 212
< (1+0(e))d(u, v),
where the last inequality follows by Eqn. (8). If v is not in
the ball B,)(2° /€®), by Eqn. (2) and the triangle inequal-
ity, we have

d(u,v) > d(u(t),v) —

> 2% /62 2t F

d(u(i = 1), u(i)) (12)

M-

LN
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Thus by Eqn. (2), (10) and the triangle inequality, the rout-
ing cost is at most

t

> d(u(i — 1), u(i) + d(u(t), ¢) + d(c, v)

i=1

d(u,v) +2 (Zd u(i — 1), u(4)) —|—d(u(t),c)) (13)

< d(u,v) + 2% 4297 (1/e + O(1))
< (14 O(e))d(u,v),

where the last inequality follows from Eqn. (8) and (12).
In conclusion, by Eqn. (9), (11) and (13), the lemma fol-
lows. u

Proof of Theorem 1.1: The bounds on stretch follow
from Lemma 5.2 and the bounds on storage follow from
Lemma 5.1 and 3.1. |

6. ROUTING SCHEME WITH SLACK ON
STRETCH

In this section, we present our name-independent routing
scheme with relaxed guarantees on stretch.

6.1 Datastructure

Let g1 = log®n/(6e1*) and go = log®n/(6e%2*) for con-
stants ¢; = 14 and c2 = 10.

First as defined in Section 3, we have Y;, a 2%-net, for
i € [logA], and each node u can route packets along its
zooming sequence.

Second for each j € [logn], we maintain a search tree on
each ball B € B; with center ¢, storing the (id, label) pairs
of nodes in Bc(rc(ngl)).

Third, for each u € Y;, i € [log A, if there is an index j €
[logn] such that B(u,j) C B.(2'(1/¢+3)) and B, (2"/e*) C
Be(re(27g1)) as illustrated in Fig. 1(a), where ¢ = c(u, j) is
the center of B(u,j), we use the search tree on B(u,j) to
index the routing labels of nodes in B, (2%/¢*), and w.l.o.g.
assume such an index j is minimized, denoted by j(u,) = j.
Otherwise set j(u,i) = null, and as in Fig. 1(b) we main-
tain a search tree on B, (2°/€), storing the (id, label) pairs of
nodes in B, (2°/¢) and nodes in B, (r(u, 1))\ B (2°7%), where
¢ = c(u,j’) for j' = log(|Bu(2%/¢)| - g2), and r(u,4) is the
radius of By(r(u,4)) such that |By(r(u,4)) \ Be(2'7?)| =

|Bu(2'/€)| - g1. A Search procedure at u based on the
SearchTree procedure is described in Algorithm 2. Since

Algorithm 2 Search(id,u,i)
1: if j(u,) # null then
2:  go to c(u,j(u,1)); SearchTree(id, B(u, j(u,i))); and
report back to u
else
SearchTree(id, B, (2'/¢))
end if

B(u,j(u,4)) C Bu(2'(1/e + 3)) if j(u,i) # null, the cost of
the Search procedure is

max(2-2'(1/e+3),2-2/e) =27 (1/e + O(1)).  (14)

Finally, for each ¢ € [log A] and each j € [logn], let D; ;
be as defined in Lemma 4.2 with f = 1/¢®, i.e. D, ; is the
set of nodes u € Y; with | B, (27/€3)\ B.(272)] > (4/€¥)*27
Now we define the set of source nodes that we allow larger
stretch, i.e. 94 O(¢), by D = {u | Fi € [logA] s.t. u(i) €
Dy for ' = og(|Buge(2/€)| - g2)}.

Lemma 6.1 The number of nodes in D is at most on.

Proof: First we have ZlogA\D i < (0(1/€%))?
by Lemma 4.2, for each j.

Second, for each j € [logn], let D; = {u | Jis.t. u(i) €
Di,; for log(|Bu)(2*/€)| - g2) = j}. Since d(u, u(i)) < <2t <
2° /e by Eqn. (2), for any fixed node z € Y;, we have |{u | u(i) =
z}| < |Bx(2'/€)|. Hence |D;| < 27/ga - 32182 |D; ;]. Thus

1D;| <27 /g2 - (O(1/€%))*
< én/logn,

“.nlogn,/27

-nl 27
nlogn/ (15)

where the last inequality follows from go = log®n/(8¢%2*)
and cz = 10.
Since D = Ulog" D,, we have |D| < in. |

Lemma 6.2 For each node v € V, the number of search
trees that contain v is logn /€9,

Proof: First, for each j € [logn], the packing balls in B;
are disjoint, so at most one of them contains v. Thus the
number of search trees for balls in B, for all j, that contain
v is no more than O(logn).

Second, consider the search trees for the ball B, (2"/¢)
that contain v, for v € Y; and j(u,i) = null. Let j be
an integer such that 2/ < B,(2%) < 2/*'. By Lemma 3.4,
there exists a ball B € B; such that B C B, (3 -2). Since
v € By(2"/¢), we have B C B,(2"(1/¢ + 3)), and therefore
B(u,j) C Bu(2'(1/e + 3)). Since we maintain a search tree
for By, (2"/¢), we have B, (2'/€®) ¢ Be(rc 2Jg1)), where ¢ =
c(u, 7). Thus re(27g1) < d(u,c) + 2%/ = 2'(1/2 + O(1/€));
otherwise, B, (2'/¢?) C Be(r.(27g1)). Hence

d(v,c) +1e(27g1) < 2°(1/€* + O(1/e€)), (16)

which implies B.(r¢(29g1)) C B,(2°(1/e>4+0(1/¢))). There-
fore we have

By (2'(1/€® + O(1/)))| o |Be(re(2’g1))]
|Bo(29)] o Bu(2Y)]
> g1/2 (17)

= log® n/(6°).



(a) j(u,1) # null

By (r(u,1))

B (2112)

2i(1/2 + O(1/e€))

(b) j(u,i) = null

Figure 1. (a) Node u uses the search tree on B(u, j) to index the routing information of nodes in B, (2°/€e?), since B(u,j) C

Bu(2’j(1/e +3)) and By(2'/€?) C Be(re(27g1)), where j = j(u,i) and ¢ = c(u, j).
B, (2'/¢) to index the routing information of nodes in By (r(u

| Bu(r(u,i)) \ B (27%)| = |Bu(2'/)|g1.-

By a simple calculation, for a fixed node v, the number of
indices 4 that satisfy the above inequality is at most (1/€? +

0O(1/e)) - 10;?517;2) < O(logn/e®). Furthermore, for a fixed 4,

the number of nodes u € Y; with B, (2"/e) containing v is no
more than (1/€)°(®) by Lemma 3.3. Therefore the number
of search trees on balls B, (2"/€) containing v, for all u € Y;
and all i € [log A], is no more than logn/e?(®). [ |

Lemma 6.3 (Storage) In the above scheme, each node has
a <10g4 n/(6eo<°‘)))-bit routing table.

Proof:  Note that each node in any search tree stores
g1 = log?n/(0e°) pairs (id,label). By Lemma 6.2, the
number of search trees containing a fixed node is log n/eo(“).
Since both the node id and label have size logn bits, each

node stores (log4 n/(éeo(a)))—bi‘c routing information. W

6.2 Routing algorithm

Now we present our routing algorithm in full. Assume
that a source node u wants to send a packet to a destination
node v, given the id id(v) of v.

The routing procedure is described in Algorithm 3 and
illustrated in Fig. 2. The algorithm searches for the label
l(v) according to the id id(v) along the zooming sequence of
u, until it finds the label of v either in Step 3 or in Step 9.
Then it routes the packet to v using the underlying labeled
scheme by [(v).

Lemma 6.4 (Stretch) Algorithm 3 guarantees (1 4 O(e))
stretch for (1 —dn)n source nodes, and (9+ O(¢)) stretch for
the remaining én source nodes.

Proof: First we bound the cost of each step (the Claim is
proved latter):

Claim 6.5 For each iteration i, we have

The cost of Step 3 = 277 (1/e+ 0(1)), (18)
The cost of Step 9 = 0O(2"), (19)
The cost of Step 8 < 2'(1/€* +O(1/e)) (20)
The cost of Step 13 < 2'(1/* + O(1/¢)).  (21)

(b) Node w uses the search tree on

,1)) \ Ber (2072), where ' = log(|B.(2%/¢)|g2), ¢ = c(u, 5'), and

Algorithm 3 Name-independent routing with relaxed guar-
antees on stretch

1: set i « 0 {Initial Step}

2: set £ < 1 {Set the step increment}

3: Search(id(v),u(i),i) {Search at u(i) with cost 2(1/e +

O(1)) as in Fig. 2}

4: if the label [(v) is found then

5. go to v from u(z); and terminate the algorithm

6

7

: end if
cif j(u(i),i) = null and wu(i) ¢ D;, for j° =
log(| Bu(i) (2'/€)| -
8: set c — c(u(i),j
¢ from u(z
9: go to (i) along the zooming sequence of ¢;
Search(id(v),c'(i'),i); and report back to ¢’ {Search
in By (2772) with cost O(2") as in Fig. 2(b)}
10:  if the label [(v) is found then
11: go to v from ¢’; and terminate the algorithm
12:  end if
13:  go back to u(i) from ¢’; and set £ < log(1/¢) + 1 {Set
the step increment to log(l/e) +1}
14: end if
15: go to u(i + ¢) from () along the zooming sequence
16: set i « i + ¢; and repeat Step 2

g2) then
"), and ¢ « i — (log(1/€) — 3); go to

Moreover since (20) 4 (19) +(21) = 2771 (1/2 +O(1/¢)) =
2(Hlos(1/9)+1(1 /¢ 1 O(1)), we can consider the cost for Step 8,
9 and 13 at Iteration ¢ as the cost of Eqn. (18) at Iteration
i + log(1/€), which we skip by setting the step increment
£ =1log(1/e) + 1 in Step 13.

Now let ¢t be the index of the level at which v’s label I(v)
is found. Since I(v) is not found before the t-th iteration,
we have the following claim, whose proof is provided latter.

Claim 6.6 If the label of v is not found before the t-th iter-
ation, we have

2711/ = 0(1)) ifug D
d(u,v) > { 20711 /e — O(1))  for all w. (22)

Note that the label of v can be found either at u(t) in
Step 3, or at ¢’ in Step 9, where ¢’ = c(u(t),j’) and j' =
log(|Buy) (2'/€)] - g2)-



(a) j(u(i), ) # null

() j(u(i), i) = null

Figure 2. (a) If j(u(i), i) # null, Step O is executed with cost 2°7'(1/¢+ O(1)), where j = j(u(i),4) and ¢ = c(u(i), ). (b) If
j(u(i),) = null, Step O is executed with cost 2°7*(1/e+O(1)). If the label I(v) is not found and u(i) ¢ D, j/, execute Step [
with cost at most 2°(1/¢? 4+ O(1/¢)) and Step O with cost O(2). If the label I(v) is still not found, Step @3 is executed with
cost at most 2'(1/€> + O(1/e)). Here j' = log(|Bu:)(2'/€)| - g2), ¢ = e(u(i),5'), and i’ =i — (log(1/e) — 3).

If I(v) is found in Step 3, by Eqn. (2), (18) and the triangle
inequality, the routing cost is at most

> 271 /e+ O(1)) + d(u(t), v)

< Y27 (1/e+0(1) +d(u,v) + Y d(ui), uli — 1))
1=0 =1

= d(u,v) +2"7*(1/e + O(1)),
(23)

which implies (1 + O(e)) stretch for source nodes u ¢ D
and (9 + O(e)) stretch for the remaining source nodes u by
Claim 6.6.

Consider the case that [(v) is found at ¢’ in Step 9. Since
j(u(t),t) = null and I(v) is not found in Step 3, we have v ¢
By (r(u(t),t)) \ B« (2°1?). If v € B.(2'1?), by Eqn. (2),
(18) and (19), the routing cost is at most

> 2 (1/e+ 0(1)) + d(u(t), ¢') + O(2") + d(c,v)
<272 (1/e+ O(1)) + d(u, v),
(24)

which implies (1 + O(e)) stretch for source nodes u ¢ D
and (9 + O(e)) stretch for the remaining source nodes u by
Claim 6.6. In addition, since i’ = t — (log(1/€) — 3) as in
Step 8, we have d(c, ¢ (i')) + 2% < 2% /e, i.e. Bu(2872) C

Bc/(i/)(Qi//e). Thus if v € B (212), the Search(id(v), ¢/ (i), )

subprocedure in Step 9 returns the label [(v).

Now consider the case of v ¢ By)(r(u(t),t)). Note that
the if condition in Step (7) is satisfied in order to run Step 9.
Thus u(t) ¢ Dy s, i.e. we have |By)(2°/€*)\ By (2'7?)] <
(4/€°)°27" < (4/€°)*|Buy(2'/€)] - g2 < |Bu() (2'/€)] - g1 for
c1 — ¢a = 4, which implies r(u(t),t) > 2°/e*>. Thus by
Egn. (2) and the triangle inequality, we have

d(u,v) > d(u(t),v) — 2!
> r(u(t), t) — 2!
> 21/ —2).

(25)

Hence since d(c’,v) < d(u, v)+2" T +d(u(t), ¢'), by Eqn. (18),

(19), (20) an

d (21), the routing cost is at most

> 2 (1/e+ O1)) + d(u(t), ') + O(2") + d(c,v)
<d(u,v) + 27 (1/€° + O(1/e))
< (1+0(e))d(u,v),
(26)

where the last inequality follows from Eqn. (25).

Since |D| < on by Lemma 6.1, the lemma follows from
Eqn. (23), (24) and (26). ]
Proof of Claim 6.5: The cost of Step 3 follows directly
from Eqn. (14).

By Eqn. (2), (14) and i = ¢ — (log(1/€) — 3) in Step 8, the
cost of Step 9 is at most

zi d(c'(k —1),c' (k) + 2" " (1 /e + O(1)) = O(2%). (27)
k=1

Now consider the cost of Step 8 and 13, i.e. d(u(i),c).
Since the if condition at Step 7 is satisfied, we have j(u(4), )
null, which implies that B,;(2°/€®) is large relative to
Bu(i)(Qi/e). Specifically, by the pigeonhole principle and
a similar argument as in Lemma 3.5, we have

| Bui) (2*/e)]
o T g,

(4/e)

i/ i By (2"/€)|-

Thus 2]. = |Bu(1)(21/€)| * g2 S (4/5)!1A(Z((L1)§€2:_())|(il/€)))a =
|Buiy (2'(1/€® +0(1/)))I/(4(1/€* + O(1/€)))", for c1 —c2 =
4. Hence by applying Lemma 3.5 with ' = 2*(1/¢24+0(1/¢))
and r = 2°, we have B(u(i),j") C By (2'(1/€* + O(1/e))).
Thus it follows Eqn. (20) and (21). ]
Proof of Claim 6.6: First, if the (¢ — 1)-th iteration
is skipped because of setting ¢ = log(1/€) + 1 at Step 13,
the last iteration run before the ¢-th iteration is Iteration
t — (log(1/€) + 1). By Eqn. (25), we have

[ Bu(2'(1/€* + 0(1/€)))| 2 (28)

d(u,v) > 2!~ e/t (173 9y = 2711/ — O(1/€)).
(29)



Second, consider the case where the (¢ — 1)-th iteration
is executed and the label [(v) is not found at this iteration.
If j(u(t — 1),t — 1) # null, the Search procedure in Step 3
guarantees v ¢ B,—1)(2"7"/€?) by running the Step 2 of
Algorithm 2, which implies

d(u,v) > d(u(t —1),v) — 0(2") > 271 (1/€* — O(1)). (30)

If j(u(t — 1),t — 1) = null, the Search procedure in Step 3
guarantees v ¢ By,—1)(2'7'/€) by running the Step 4 of
Algorithm 2, which implies

d(u,v) > d(u(t —1),v) — O(2") > 2" "' (1/e — O(1)). (31)

Note that the if condition in Step 7 is not satisfied; oth-
erwise Step 13 would be executed and Iteration t would
be skipped. Thus if j(u(t — 1),t — 1) = null, we have
u(t —1) € Dy_y ;s for j' = log(|Bu—1)(2"""/€)| - g2), which
implies u € D. Therefore the claim follows from Eqn. (29),
(30) and (31). [ ]

Proof of Theorem 1.2: The bounds on stretch follow
from Lemma 6.4 and the bounds on storage follow from
Lemma 6.3 and 3.1. |

7. FUTURE WORK

Abraham et. al [5] show that any name-independent rout-
ing scheme for general graph with o((n/(9k))'/*)-bit stor-
age at each node has average stretch k/4 + 7/8. Hence,
an interesting question is whether a constant-stretch name-
independent compact routing scheme for general graphs with
relaxed guarantees exists. Furthermore, in the labeled rout-
ing model, it may be interesting to investigate whether we
can achieve a (1 + €)-stretch labeled routing scheme for gen-
eral graphs with relaxed guarantees. The strongest lower
bound result for labeled routing in general graphs states
that a labeled scheme with stretch < 3 requires O(n?)-bit
storage at some nodes [19].
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9. APPENDIX

Proof of Lemma 4.1: Partition E by defining E; =
{(z,y) € E| 2" < d(x,y) <27} for all i > 0. Now either
> i [Esi| > |E|/3, or 32, |Esita| > |E|/3, or 32, |Esite| >
|E|/3. W.lLo.g., assume the first inequality is true.



A partition P of V is a collection of nonempty disjoint sub-
sets of V with (Jgep S = V. We now construct a sequence
of partitions P_1,Po, P1,--- of V, so that the following is
true:

(x) For any P; in the sequence, any S € P;, and any z,y €
S, we have d(z,y) < 280+,
To start with, let Py = {{z} | # € V'}. Given the partition
Pi—1, we construct P; as follows. Set P = P;,_1. Let S € P
be the largest set in P (if there are multiple such sets, choose
an arbitrary one from them as S). Let

N(S)={K € P |3 an edge (z,y) € E3; s.t. z € Sand y € K}.

We define S as the union of S and the sets in N(S), i.e.,
S = .SLU (UKGMS) K), and put S into the set P;. We say
that S € P; is induced by S € P;_1, and the sets in N(5)
together with S are the ancestors of S. We repeat the above
process in the leftover set P = P\ {S}\N(S) until P becomes
empty. At the end of the process, we obtain the set P;. See
Figure 3 for an illustration.

Figure 3. Constructing P; from P;_;. Solid circles repre-
sent sets in P;_1. Regions bounded by dotted curves repre-
sent sets in P;. Line segments represent edges in Fs3;. The
sets in P;_1 that induce sets in P; are shaded.

Clearly, P; is a valid partition of V. It remains to prove
that P; satisfies (x), assuming P;_1 satisfies (x). Let = P,
and z,y € S. We need to show that d(z,y) < 230+D,
Assume S is induced by S € P;_1. There are three simple
cases to consider:

(a) x,y € K for some ancestor K of S. By (x) for P 1,
we have d(z,y) < 2% < 230D,

(b) x € S and y € K for some K € N(S). Let (xo,yo)
be the edge in E3; with o € S and yo € K. Then
d(xvy) < d(m,xo) + d(xo,yo) + d(yo, y) < 2% + 2%+t +
931 < 9301

(¢) z € Ky and y € K, for some K;, K, € N(S). Simi-
larly, let (z1,y1), (z2,y2) be the two edges in E3; with
z1,r2 € S, and y1 € Ki and y2 € Ko respectively.
We have d(z,y) < d(z,y1) + d(y1,z1) + d(z1,22) +
d(z2,y2) 4+ d(y2,y) < 3-2% 4 2. 2%+ < 23041,

Hence we can conclude that P; satisfies (x).

We define the entropy of a partition P as

E(P) =Y I5] - log(n/|S)).
sSe?P

Here all log’s are in base 2. Next we show that the entropy
decreases significantly when we move from P;_; to P;. For

every S c P, let D(g) C P;_1 denote the set of ancestors
of S. We define

A(S)= Y |S|-log(n/|S]) - |S] - log(n/|S]).
SeD(S)
It is easy to verify the following equality:
E(Pi1) — E(Pi) = D A(S). (32)
Se?;

Furthermore, we can write

A(S) = S| log(ISI/IS)+ > |K|-log(|S|/|K])
KEN(S)
> > |K|-log(IS|/IK])
KeN(S)
> Y k|, (33)
KeN(S)

where the last inequality follows from the fact that |§ | >
|S] + |K| > 2|K]| for each K € N(S) as |S| > |K]| by the
choice of S.

Let 03(S) C E3; be the subset of edges in E3; that are
incident to points in UKGN(S> K = §\ S, where S € P;_1
is the set that induces S. Because for any node in V, the
number of edges in Es3; that are incident to it is at most ¢,
we have ¢} oy gy K| 2 |o:(S)|. Combined with (33), we
then obtain

A(S) = |oi(S)| /. (34)

On the other hand, we show that any edge in Fs3; must
be incident to a point in S\ S, for some S € P; induced by
some S € P,_;. That is,

U 0i(S) = Es;. (35)
Se?;
Otherwise, there exists an edge (z,y) € Es3; for which one
of the two cases has to happen:
(a) z,y € S for an S € P;_1 that induces some = P;; or
(b) © € Sy for an S; € P;_1 that induces some S € P,
and y € Ss for an S2 € P;_; that induces some S3 € P;.
The first case cannot happen because otherwise by (x) we
have d(x,y) < 2% contradicting with the fact (z,y) € Es;.

The second case cannot happen either, because otherwise
we will have S1 € N(S2) (in which case Si cannot induce

§1) or Sz € N(S1) (in which case Sz cannot induce §2)
It follows from (32), (34) and (35) that
E(Pi) — E(Pi) > > 0u(S) /e > | Esil Jc.
SeP;
Because £(P_1) = nlogn and &(P) > 0 for any partition

P, summing up the above inequality for all ¢ > 0, we then
obtain

Z |Esi|/c < E(P-1) =nlogn.

Recall that 3, |Ess| > |E|/3. This implies |E| < 3cnlogn,
as desired. |



