Knowledge updates: Semantics and

complexity issues^⋆

Chitta Baral

Department of Computer Science and Engineering Arizona State University Tempe, AZ 85233, USA chitta@asu.edu

Yan Zhang^1

School of Computing & Information Technology University of Western Sydney Penrith South DC, NSW 1797, Australia yan@cit.uws.edu.au

Abstract

We consider the problem of updating of an agent’s knowledge. We propose a formal method of knowledge update on the basis of the semantics of modal logic S5. In our method, an update is specified according to the minimal change on both the agent’s actual world and knowledge. We discuss general minimal change properties of knowledge update and show that our knowledge update operator satisfies all the update postulates of Katsuno and Mendelzon. We characterize several specific forms of knowledge update which have important applications in reasoning about change of agents’ knowledge. We also examine the persistence property of knowledge and ignorance associated with knowledge update.

We then investigate the computational complexity of model checking for knowledge update. We first show that in general the model checking for knowledge update is Σ^P_2 -complete, which places the problem in the same layer of the polynomial hierarchy as the traditional model based belief update (e.g. PMA). We then identify a subclass of knowledge update problems that has polynomial time complexity for model checking. We point out that some important knowledge update problems belong to this subclass. We further address another interesting subclass of knowledge update problems for which the complexity of model checking is NP-complete.

Keywords: belief revision and update, complexity, knowledge representation, knowledge update, Kripke structures, S5 modal logic

1 The corresponding author.

Preprint submitted to Elsevier Science 5 October 2004

1 Introduction

1.1 Motivation

The well-studied issues of belief update and belief revision [16] are concerned with the update and revision aspects of an agent’s belief with respect to new beliefs. The notion of belief update has been used, and often serves as a guideline [15,30], in reasoning about the effect of (world altering) actions on the state of the world. Thus if ϕ represents the agent’s belief about the world and the agent performs an action that is supposed to make ψ true in the resulting world, then the agent’s belief about the resulting world can be described by ϕ ⋄ ψ, where ⋄ is the update operator of choice.

Now let us consider reasoning about sensing actions [26,28], which in their pure form, when executed, do not change the world, but change the agent’s knowledge about the world. Let sense_f be a sensing action whose effect is that after it is executed the agent knows whether f is true or not. This can be expressed as Kf ∨ K¬f, where K is the modal operator Knows. The current theory of belief updates does not tell us how to do updates with respect to such gain in knowledge due to a sensing action. In this regard note that we can not just have f ∨ ¬f and use the the notion of belief update, as f ∨ ¬f is a tautology.

A theory of knowledge update as targeted here will allow a reasoner to verify the correctness of a plan with both physical and sensing actions. The reasoner, different from the agent who will be executing the plan including sensing as prescribed by the plan, will be able to verify if the updating of a formula representing the initial state of the world (both physically and in terms of what the agent knows about it) by the effect of the actions in the plan will lead to a desired state of the world.

In the recent past there has also been some research in dynamic epistemic logics, e.g. [3,4,9–12,29,34,35] where the changes in information states (of agents) is the main focus but changes in the real world are usually not modeled.

The main goal of this paper is to define a notion of knowledge update, analogous to belief update, where the original theory (say α) and the new theory (say β) are in a language that can express knowledge, and changes are allowed in both the real world and the agent’s knowledge about the world. Such a notion would not only serve as a guideline to reason about pure and mixed sensing actions in the presence of constraints, but also allow us to reason about actions

⋆ This paper is based on the authors’ two conference papers from IJCAI-2001 [1] and KR-2002 [2].

corresponding to forgetting and ignorance.

In this paper we investigate the model theoretic semantics and the associated reasoning and complexity properties of such knowledge update. This not only provides the theoretical foundation to enhance the current robotic planning paradigm, as has been observed by other researchers, e.g. [20,26–28], but can also be viewed as another approach for modeling knowledge dynamics.

1.2 Our work vs the research in dynamic epistemic logic – a brief overview

Since most of the research in dynamic epistemic logic has been reported outside Artificial Intelligence avenues, in this subsection we give a brief overview of that direction of research and how it compares to our goals.

While research on reasoning about knowledge has made significant progress in the last decade, e.g. [6,13,17,21,25], the problem of modeling the dynamics of knowledge has only received attention in recent years from different perspectives. One of the major motivations of studying knowledge dynamics is for the purpose of modeling the dynamics of distributed systems. In this regard Fagin et al. [6] studied the relationship between knowledge and time from an axiomatization viewpoint where change in knowledge is caused by executing the distributed system’s actions. Following this work, van der Meyden [33] also studied the computational aspect of knowledge modeling in distributed environments where the issue of knowledge update was discussed. Although van der Meyden showed that his knowledge update presented a generalization of certain aspects of standard knowledge base update, he only used it for the purpose of efficiently implementing model checking and did not explore knowledge update from a more semantical perspective.

Fagin et al’s work on knowledge has recently motivated a stream of interesting investigations on dynamic epistemic logics, e.g. [3,4,9–12,29,34,35]. Changes in information states (of agents), represented by a collection of possible worlds, has been widely studied in these logics. Most of these works differ from our approach in that they usually do not model changes in the real world. The following quote from page 4 of [10] gives a feel of research in these studies:

In this section we will define operations on possibilities that correspond to changes in the information states of the agents. The kind of information change we want to model is that of agents getting new information and learning that the information state of some other agent has changed in a certain way. I will introduce ‘programs’ in the object language that describe such changes. Changes in the ‘real world’ will not be modeled, and I will ignore other operations of information change such as belief contraction or ‘belief revision’.

From our discussions above, we can see that knowledge dynamics have been studied by many researchers in recent years. This paper can be viewed as a further study on knowledge dynamics but from a different perspective. Our focus is on the model theoretic semantics of knowledge update. This has direct applications in the field of reasoning about agents’ knowledge related actions, particularly in the construction and verification of plans with sensing actions. We also explore the computational properties of various knowledge update forms so as to provide guidelines for future implementations.

Most of the previous work on knowledge dynamics and dynamic epistemic logics focus on the development of formal axiomatic systems that are able to deal with the dynamics of epistemic states and actions. Although these logics have significant applications in various multi agent environments, they seem not quite applicable for our purpose mentioned earlier. Also, the computational properties of these logics remain unexplored.

1.3 Summary of contributions of this paper

The main contributions of this paper can be summarized as follows.

(1) We define a model theoretic semantics for knowledge update based on the single agent S5 modal logic. This knowledge update semantics presents a generalization of traditional model based belief update by allowing for modalities in the base language. That is, in our framework changes on both the actual world and the knowledge state of the agent are allowable. Our underlying knowledge update operator can be characterized by an explicit minimal change principle and satisfies Katsuno and Mendelzon’s classical belief update postulates [16].

(2) We characterize various forms of knowledge update such as gaining knowledge update, ignorance update, sensing update and forgetting update. Each of these update forms has its specific meaning in reasoning about agent’s knowledge related actions. Furthermore, we also investigate the persistence of knowledge and ignorance during a knowledge update. Our results provide restricted monotonicity properties that may be used to simplify the underlying inference problem in knowledge update.

(3) We investigate the computational complexity of model checking for knowledge update. We show that in general the model checking problem for knowledge update is Σ^P_2 -complete, which places the problem in the same layer of the polynomial hierarchy as the traditional model based belief update (e.g. PMA) [19]. We then identify a subclass of knowledge update problems for which model checking can be achieved in polynomial time. We observe that some important knowledge update problems belong to this subclass. We further address another interesting middle class of knowledge update problem for which the complexity for model checking is NP-complete.

1.4 Structure of the reminder of the paper

The structure of the rest of the paper is as follows. In Section 2 we start with describing the particular modal logic that we plan to use in expressing knowledge, and describe the notion of k-models analogous to ‘models’ in classical logic. We define closeness between k-models and use it to define a particular notion of knowledge update. In Section 3 we discuss minimal change properties of knowledge update. An interesting result shows that our knowledge update operator satisfies all of the Katsuno and Mendelzon’s update postulates [16]. In Section 4 we present alternative characterizations of four particular knowledge updates – gaining knowledge, ignorance, sensing, and forgetting, and show their equivalence to our original notion of knowledge update. Some of these alternative characterizations are based on the formulation of reasoning about sensing actions, and thus our equivalence results can serve as suitable justifications of the intuitiveness of our definition of knowledge update. In Section 5 we explore sufficiency conditions that guarantee persistence of knowledge (or ignorance) during a knowledge update. From Section 6 we start to investigate model checking complexity for knowledge update. In Section 6 we first give general background on computational complexity. In Section 7 we study the model checking complexity for the general case of knowledge update. In Section 8 we define a subclass of knowledge update problems whose model checking can be achieved in polynomial time. In Section 9 we further address an interesting intractable subclass of knowledge update problems whose model checking is lower than the general case. Finally, in Section 10 we conclude this paper with some remarks. We present proofs of all major results in an appendix.

2 Closeness between k-models and knowledge update

In this section, we describe formal definitions for knowledge update. Our formalization will be based on the semantics of the propositional modal logic S5 with a single agent. In general, under Kripke semantics, a Kripke structure is a triple (W, R, π), where W is a set of possible worlds, R is an equivalence relation on W , and π is a truth assignment function that assigns a propositional valuation to each world in W . Given a Kripke structure S = (W, R, π), a Kripke interpretation is a pair (S, w), where w ∈ W is referred to as the actual world of (S, w). To characterize S5 formulas (which we henceforth refer to simply as ‘formulas’) we follow [6] in defining an entailment relation |= between Kripke interpretations and formulas.

In the case of a single agent, however, we restrict ourselves to those S5 structures in which the relation R is universal, i.e. each world is accessible from every world, and worlds are identified with the set of atoms true at the worlds (see page 28 in [23]). To simplify a comparison between two worlds (e.g. Definition 2), we view an atom p to be in a world w (denoted by p ∈ w) iff p is mapped to true in the world w (denoted by w |= p). Therefore, in our context a Kripke structure (W, R, π) is uniquely characterized by W and we define a k-model as a pair M = (W, w), where w indicates the actual world of the agent and W presents all possible worlds that the agent may access. Note that since we assume R to be universal, w is in W for any k-model M = (W, w).

In the rest of this paper we assume our language to have a finite number of propositions. Thus we will be dealing with a finite propositional S5 modal logic. Although, this may seem restrictive, we make this assumption to keep our focus on the main issue of the paper – investigation of knowledge updates from a viewpoint of reasoning about an agent’s knowledge related actions and the associated complexity problems. Our work can be viewed as an extension of traditional propositional belief update where usually a finite language is also employed, for example in [16].

We use a, b, c, · · ·, p, q, · · · to denote propositional atoms; ϕ, ψ, υ, · · · to denote propositional formulas without including modalities (we also call them objective formulas); and α, β, γ, μ, · · · to denote formulas that may contain modal operator K. For convenience, we use T ≡ α_1 ∧ · · · ∧ α_k to represent a finite set of formulas {α_1, · · · , α_k} and call T a knowledge set.

Definition 1 Let P be the set of all atomic propositions in the language. The entailment relation |= under S5 semantics is defined as follows:

(1) (W, w) |= p iff p is an atomic proposition (i.e. p ∈ P) and w |= p; (2) (W, w) |= α ∧ β iff (W, w) |= α and (W, w) |= β; (3) (W, w) |= ¬α iff it is not the case that (W, w) |= α; (4) (W, w) |= Kα iff (W, w^′) |= α for all w^′ ∈ W .

We use notations and terminologies similar to the ones used in propositional logic. Following is a list of our definitions and terminologies:

• Given a formula T , (W, w) is called a k-model of T if (W, w) |= T . (Our notion of k-models is analogous to ‘models’ in propositional logic.)

• We use Mod(T ) to denote the set of all k-models of T .

For an objective formula ϕ, Mod(ϕ) simply denotes the set of worlds w where w |= ϕ. In this case, w is also called a model of ϕ.

• For a formula α, we say that T entails α, denoted as T |= α, iff for every k-model (W, w) of T , (W, w) |= α.

Note that in the rest of the paper, we may also use M to denote a kmodel, i.e. M = (W, w), and in this case we simply write M |= α if α is true in (W, w).

• We say a formula is satisfiable if it has a k-model. (This is analogous to the ‘satisfiability’ of propositional theories.)

• We say two formulas T and α are equivalent, denoted by T ≡ α, iff T |= α and α |= T .

The basic problem of knowledge update that we would like to investigate is formally described as follows: given a k-model M = (W, w), that is usually viewed as a state of an agent, and a formula μ - the agent’s new knowledge that may contain modal operator K, how do we update M to another k-model M^′ = (W^′, w^′) such that M^′ |= μ and M^′ is minimally different from M with respect to some criterion? To define such a minimal difference (or more often called minimal change principle) on k-model update, we first study a concept of closeness between two k-models with respect to a given k-model.

A widely used definition of closeness [37] between simple worlds is based on the notion of symmetric difference. According to this definition a world w_1 is as close to the world w as w_2 is (denoted by w_1 ≤_w w_2) if (w_1 \ w ∪ w \ w_1) ⊆ (w_2 \ w ∪ w \ w_2). When defining closeness of k-models we give first preference to the comparison between the actual worlds. Hence, if two k-models M_1 = (W_1, w_1) and M_2 = (W_2, w_2) have different actual worlds then we define their closeness with respect to a reference k-model M = (W, w) by simply comparing the symmetric difference between w_1 and w, and w_2 and w. When w_1 = w_2 we need additional comparisons. A straightforward approach would be to compare the knowledge encoded in each of the k-models. For that we have the following notation.

• For a k-model M = (W, w), by KM we denote the set {ϕ | ϕ is an objective formula and for all w^′ ∈ W we have that w^′ |= ϕ} (here note that w is also in W ).

A simple comparison between the knowledge encoded in M_1 and M_2 with respect to M can be done by comparing the symmetric difference between KM_1 and KM and KM_2 and KM. We use this comparison but in addition consider two special cases when the symmetric differences may be incomparable but yet there is reason to consider one k-model to be closer (to M) than the other. These two special cases are when M_1 only loses knowledge with respect to M, and when M_1 only gains knowledge with respect to M.

Consider the case when M_1 only loses knowledge with respect to M. In that case if M_2 both loses and gains knowledge with respect to M then we consider

M_1 to be closer to M than M_2 is to M. Also, if M_2 (like M_1) only loses knowledge with respect to M, but loses more than M_1 does then we consider M_1 to be closer to M than M_2 is to M. This is illustrated in Figure 1.

Fig. 1. M_1 ≤_M M_2 under the condition w_1 = w_2 and W ⊂ W_1.

Similarly, consider the case when M_1 only gains knowledge with respect to M. In that case if M_2 both loses and gains knowledge with respect to M then we consider M_1 to be more closer to M than M_2. Also, if M_2 (like M_1) only gains knowledge with respect to M, but gains more than M_1 does then we consider M_1 to be closer to M than M_2. This is illustrated in the following figure.

Fig. 2. M_1 ≤_M M_2 under the condition w_1 = w_2 and W_1 ⊂ W .

Note that classifying knowledge change as two special cases of only increasing (gaining) knowledge and only losing (decreasing) knowledge respectively is important in our formalization. As we will show later, several interesting knowledge update forms belong to these two types of updates. Also, the computational complexity of these two types of updates, to be discussed in Sections 8 and 9, are different. We now formally define the closeness between k-models.

Definition 2 (Closeness between k-models) Let M = (W, w), M_1 = (W_1, w_1) and M_2 = (W_2, w_2) be three k-models. We say M_1 is closer or as close to M as M_2, denoted as M_1 ≤_M M_2, if:

(1) (w_1 \ w ∪ w \ w_1) ⊂ (w_2 \ w ∪ w \ w_2); or (2) w_1 = w_2 and one of the following conditions holds:

(i) W_1 = W_2;

(ii) W_1 ≠ W_2 and if W ⊂ W_1, then (a) there exist some ϕ and ψ such that M |= Kϕ and M_2 |̸= Kϕ and M |̸= Kψ and M_2 |= Kψ, or (b) for any ϕ if M |= Kϕ and M_1 |̸= Kϕ, then M_2 |̸= Kϕ;

(iii) W_1 ≠ W_2 and if W_1 ⊂ W , then condition (a) above is satisfied, or (c) for any ϕ if M |̸= Kϕ and M_1 |= Kϕ, then M_2 |= Kϕ;

(iv) W_1 ≠ W_2 and if W ⊄ W_1 and W_1 ⊄ W , then conditions (b) and (c) above are satisfied;

(v) W_1 ≠ W_2 and W_1 = W .

We denote M_1 <_M M_2 if M_1 ≤_M M_2 and M_2 ≰_M M_1.

Note that Fig 1 and Fig 2 given earlier illustrate the conditions (2) (ii) and (2) (iii) of the above definition respectively. The following figure illustrates the condition (2) (iv) of the above definition. The meaning of condition (2) (v), on the other hand, is quite obvious.

Fig. 3. M_1 ≤_M M_2 under the condition w_1 = w_2, W ⊄ W_1 and W_1 ⊄ W .

One may argue that Definition 2 above is too strong in terms of knowledge comparison, particularly the cases in condition (2)(ii) and (2)(iii) as illustrated by the first diagrams of Figure 1 and Figure 2. For instance, let W = {w_1, w_2, · · · , w_{99}, w_{100}}, W_1 = {w_1} and W_2 = {w_1, w_2, · · · , w_{99}, w_{101}}, and M = (W, w_1), M_1 = (W_1, w_1) and M_2 = (W_2, w_1). According to Definition 2, we have M_1 <_M M_2. However, it is observed that W_1 only has one world w_1 in common with W while W_2 has 99 worlds in common with W , yet it is viewed that M_1 is closer to M than M_2. Although such argument seems plausible in some sense, our motivation here is based on the agent’s knowledge instead of just counting the number of common worlds between two k-models. Let us take a closer look at condition (2) (iii) which defines M_1 <_M M_2 in our example here. This condition actually says that (a) M_1 has all the knowledge that M has (i.e. W_1 ⊂ W ); (b) there exists some knowledge that M has but M_2 does not, and M does not have but M_2 has; and (c) for any knowledge that M_1 has but M does not, M_2 also has. From statements (a), (b) and (c), it seems reasonable to us to conclude that M and M_1 are closer than M and M_2 do. Another way to justify our formulation is to notice that M_1 can be obtained from M by just performing a pure sensing action, while to obtain M_2 from M one has to perform a more complicated action. Similarly, M can be obtained from M_1 by a forgetting action while to obtain M from M_2 one has to perform a more complicated action. (We discuss different kinds of actions and the corresponding knowledge update in greater detail in Section 4.)

On the other hand, in Definition 2, we give higher priority to difference between actual worlds to difference between the knowledge about the worlds. This is a design decision that we made. The possibilities were to treat them equally, or treat one more important than the other. We consider changes in the real world to be harder (needs a physical action) than changes only in the knowledge. Consider three models M_1, M_2 and M. Suppose M_1 and M have the same physical part but different knowledge part; and M_2 and M have different physical parts but the same knowledge part. In this case our definition will say that M_1 is closer to M than M_2. Again, the intuition is that it is harder to change the real world through physical actions (say to break an object) than to change the knowledge (to lie and say that the object was broken). Moreover, by giving a higher priority of the real world change, our revised definition of knowledge update is consistent with updates involving only actual worlds as well as updates involving only epistemic states.

Now using the notion of closeness between k-models we define k-model update. Our definition is similar to the definition of belief updates, which is defined using closeness between worlds.

Definition 3 (k-model Update) Let M = (W, w) be a k-model and μ a formula. A k-model M^′ = (W^′, w^′) is called a possible resulting k-model after updating M with μ if and only if the following conditions hold:

(1) M^′ |= μ;

(2) there does not exist another k-model M^{′′} = (W^{′′}, w^{′′}) such that M^{′′} |= μ and M^{′′} <_M M^′.

We denote the set of all possible resulting k-models after updating M with μ as Res(M, μ).

Example 1 Let T ≡ Kc ∧ ¬Ka ∧ ¬Kb ∧ K(a ∨ b) and μ ≡ K¬c. We denote

w_0 = {a, b, c}, w_1 = {a, c}, w_2 = {b, c}, w_3 = {c}, w_4 = {a, b}, w_5 = {a}, w_6 = {b}, w_7 = ∅.

Clearly, M_0 = ({w_0, w_1, w_2}, w_0) is a k-model of T . Consider the update of M_0 with μ. Let M_1 = ({w_4, w_5, w_6}, w_4). Now we show that M_1 is a possible resulting k-model after updating M_0 with μ.

Since (w_0 \ w_4 ∪ w_4 \ w_0) = {c}, we first consider any possible k-model M^′ = (W^′, w^′) such that (w_0\w^′∪w^′\w_0) ⊂ {c}. Clearly, the only possible w^′ would be w_0 itself. Let M^′ = (W^′, w_0), where W^′ is a subset of {w_0, · · · , w_7}. However, since c ∈ w_0, there does not exist any W^′ such that M^′ |= K¬c. Therefore, from Definition 2, only condition 2 can be used to find a possible M^′ such that M^′ <_M M_1. So we assume M^′ = (W^′, w_4). On the other hand, from M_0 and M_1, it is easy to see that KM_0 = {c, a ∨ b} and KM_1 = {¬c, a ∨ b}^2 .

2 For simplicity, here we only consider the prime formulas ϕ in KM in the sense that if ϕ ∈ KM, then there is not another ψ such that |= ψ ⊃ ϕ and ψ ∈ KM.

Then we have KM_0 \ KM_1 = {c} and KM_1 \ KM_0 = {¬c}. Ignoring the detailed verifications, we can show that there does not exist such M^′ = (W^′, w_4) satisfying KM_0 \ KM^′ = KM^′ \ KM_0 = ∅.

Example 2 Let T = a ∧ b ∧ c, and μ = a ∧ b ∧ ¬c. As in the previous example, let us assume a, b and c are the only propositions in our world. In that case we have eight possible worlds; w_0, . . . , w_7, as given in the previous example.

Now let us compute the various k-models of T . They will be of the form (W, w_0), where W is any subset of {w_0, . . . , w_7} containing w_0. There are 2^7 = 128 such W s and hence T has 128 k-models. Let M be one of these k-models, say M = ({w_0, . . . , w_7}, w_0). Let us now compute Res(M, μ). Res(M, μ) consists of the unique k-model M^′ = ({w_0, . . . , w_7}, w_4); as w_4 is the closest physical world to w_0 that satisfies μ, and among all other k-models of the form (W^′, w_4), M^′ is the closest to M. Note that this update does not result in any change in knowledge. Indeed, since this update does not involve K operator, the knowledge update is then reduced to the classical PMA update [37].

Using the notion of k-model update we now define the updating of a formula T by another formula μ as the union of updating every k-model of T with μ. This is similar to the way belief update is defined in the literature.

Definition 4 (Knowledge update) Let T and μ be two formulas. The update of T with μ, denoted as T ⋄ μ, is defined by Mod(T ⋄ μ) = ⋃ M∈Mod(T ) Res(M, μ).

Example 3 Let T_1 = a, and T_2 = Ka. Let w_0 = {a}, w_1 = ∅.

Let W_0 = ∅, W_1 = {w_0}, W_2 = {w_1}, and W_3 = {w_0, w_1}.

The k-models of T_1 are (W_1, w_0) and (W_3, w_0). (W_0, w_0) and (W_2, w_0) are not k-models of T_1 as neither W_0, nor W_2 contains w_0.

The only k-model of T_2 is (W_1, w_0).

Thus the only k-model of T_1 ⋄ T_2 is (W_1, w_0).

Clearly, Definition 4 is a generalized form of Winslett’s PMA update [37]. It should be noted that we would not be able to define knowledge update in such a way as in Definition 4 if we allow the underlying language to be infinite, because this would require that the set of k-models ⋃ M∈Mod(T ) Res(M, μ) be

finitely axiomatized and this is usually not possible for infinite models. On the other hand, we may think that the update operator ⋄ as a function that takes formulas T and μ as parameters and nondeterministically returns a formula whose models are characterized by the set ⋃ M∈Mod(T ) Res(M, μ). In practice,

it is not feasible to obtain such a specific formula as there may be infinite number of formulas whose models are represented by ⋃ M∈Mod(T ) Res(M, μ).

Nevertheless, since our interest here is to capture the semantics of knowledge update, we actually do not need to know this particular formula. Instead, our operations on knowledge will focus on the models, similar to the approach taken in defining belief updates, e.g. [37].

3 Minimal change of knowledge update

In this section, we investigate minimal change properties of knowledge update. Specifically, we examine the relationship between knowledge update and the classical Katsuno and Mendelzon’s update postulates [16]. We start with some useful results about knowledge update.

Proposition 1 Let M_1 = (W_1, w_1) and M_2 = (W_2, w_2) be two k-models. Then the following properties hold:

(1) ϕ ∈ KM_1 iff W_1 ⊆ Mod(ϕ); (2) W_1 ⊆ W_2 iff KM_2 ⊆ KM_1; (3) KM_1 = KM_2 iff W_1 = W_2;

(4) Let M^′ = (W_1 ∪ W_2, w), then KM^′ = KM_1 ∩ KM_2;

(5) Let w^′ ∈ W_1 ∩ W_2 and M^′ = (W_1 ∩ W_2, w^′), then KM_1 ∪ KM_2 ⊆ KM^′.

Readers are reminded that we may flexibly use Proposition 1 to move between sets of possible worlds and sets of formulas.

Given a set of k-models S and a k-model M, let ≤_M be an ordering on S as we defined in Definition 2. By Min(S, ≤_M ) we mean the set of all elements in S that are minimal with respect to ordering ≤_M . The following proposition simply shows that ≤_M is a partial ordering.

Proposition 2 Let M be a k-model. Then ≤_M defined in Definition 2 is a partial ordering.

The following proposition follows from Definitions 3 and 4.

Proposition 3 Let T and μ be two formulas. Then Mod(T ⋄ μ) = ⋃ M∈Mod(T ) Min(Mod(μ), ≤M ).

Proof: To prove the result, we only need to show that for each k-model M of T , Res(M, μ) = Min(Mod(μ), ≤_M ). Let M^′ ∈ Res(M, μ). Since M^′ |= μ, M^′ ∈ Mod(μ). On the other hand, according to Definition 3, for any M^{′′} ∈ Mod(μ), we have M^{′′} ≮_M M^′. That is, M^′ ∈ Min(Mod(μ), ≤_M ). So Res(M, μ) ⊆ Min(Mod(μ), ≤_M ). Similarly, we can show

Min(Mod(μ), ≤_M ) ⊆ Res(M, μ).

The above proposition provides an important characterization on knowledge update in terms of a particular minimal change criterion. Now the question we are interested in is whether our knowledge update operator satisfies some classical properties of belief (knowledge base) update. In the last decade, belief update has been extensively studied by many researchers and its difference from belief revision is well understood [14,22,39]. From the observation of semantic difference between belief update and revision, Katsuno and Mendelzon [16] argued that the original revision postulates proposed by Gardenfors el al. [7] are not quite suitable for update, and ignoring such difference may lead to unreasonable solutions [16]. Instead, Katsuno and Mendelzon [16] proposed alternative postulates for any update operator ⋄ as follows.

(U1) T ⋄ μ |= μ.

(U2) If T |= μ then T ⋄ μ ≡ T .

(U3) If both T and μ are satisfiable then T ⋄ μ is also satisfiable. (U4) If T_1 ≡ T_2 and μ_1 ≡ μ_2 then T ⋄ μ_1 ≡ T_2 ⋄ μ_2. (U5) (T ⋄ μ) ∧ α |= T ⋄ (μ ∧ α).

(U6) If T ⋄ μ_1 |= μ_2 and T ⋄ μ_2 |= μ_1 then T ⋄ μ_1 ≡ T ⋄ μ_2. (U7) If T is complete (i.e., has a unique k-model) then (T ⋄ μ_1) ∧ (T ⋄ μ_2) |= T ⋄ (μ_1 ∨ μ_2).

(U8) (T_1 ∨ T_2) ⋄ μ ≡ (T_1 ⋄ μ) ∨ (T_2 ⋄ μ).

Under the context of S5 modal logic, we assume all the formulas occurring in the above postulates are S5 formulas. The following theorem shows that our knowledge update operator satisfies all these postulates.

Theorem 1 Knowledge update operator ⋄ defined in Definition 4 satisfies Katsuno and Mendelzon’s update postulates (U1)-(U8).

It is worth mentioning that in [16] Katsuno and Mendelzon relate their update postulates for belief updates to the ordering used in defining the updates. We can not use their result directly for the proof of the above theorem as their result pertains to propositional theories and ordering between propositional interpretations.

4 Characterizing specific knowledge updates

While the previous section studies general minimal change properties of our knowledge update, alternative characterizations of knowledge update can be described for several specific forms. These specific forms present important features of knowledge update, and their alternative characterizations are convenient when the use of the notion of knowledge update becomes an overkill. For example, the alternative characterization of sensing update below is a much simpler characterization that is used in reasoning about sensing actions [26,28].

4.1 Gaining knowledge update

We first introduce a notation that will be useful in our following discussions. Let W be a set of worlds and w ∈ W . By W^{(w,ϕ)}, we denote the set {w^′ | w^′ ∈ W and (w^′ |= ϕ iff w |= ϕ) }.

Proposition 4 Consider T and Kϕ where ϕ is objective and T |= ϕ. Then

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ Kϕ, then there exists a k-model M = (W, w) of T such that w = w^′ and W^′ = W^{(w,ϕ)};

(2) If M = (W, w) is a k-model of T , then M^′ = (W^{(w,ϕ)}, w) is a k-model of T ⋄ Kϕ.

The above proposition reveals an important property about knowledge update as observed by a reasoner^3 : to know some fact, the agent only needs to restrict the current possible worlds in each of her k-models, if this fact itself is already entailed by her current knowledge set. We call this kind of knowledge update gaining knowledge update.

Corollary 1 For an objective formula ϕ, if T |= ϕ then T ⋄ Kϕ |= ϕ.

Example 4 Let T ≡ a∧¬Ka∧Kb. Suppose w_0 = {a, b}, w_1 = {a}, w_2 = {b} and w_3 = ∅. Then T has one k-model M = ({w_0, w_2}, w_0). Updating M with Ka, according to our k-model update definition, we have a unique resulting

3 Note that the update T ⋄μ is done by a third party; not the agent. For example, in the domain of an agent that needs to use a plan with sensing action (which will give him new knowledge), the planner or plan verifier is the third party which constructs the plan or verifies if the plan will indeed achieve the goal. In that case T expresses the state of the world from the third party’s view point. For example if T_1 = a, then it means that a is true in the real world but our agent does not know it. On the other hand if T_2 = Ka, then it means that a is true in the real world and our agent knows it. Similarly, if μ = Ka ∨ K¬a is the effect of a sensing action, then the third party reasons that after executing that action (or after updating the initial theory by μ) the agent would know the value of a. In this case updating of T_1 with μ will result in T_2, and the third party will known that after the sensing action the agent would know that a is true; while the agent did not know that before the sensing action. We discuss this further in a later section.

k-model M^′ = ({w_0}, w_0). Indeed, this result is also obtained from Proposition 4.

4.2 Ignorance update

As a contrary case to the gaining knowledge update, we now characterize an agent ignoring a fact from her knowledge set which we call ignorance update, i.e. updating T with ¬Kϕ. From Definitions 3 and 4, it is easy to see that T ⋄ ¬ϕ |= ¬Kϕ. However, it should be noted that T ⋄ ¬ϕ can not be used to achieve T ⋄ ¬Kϕ. Consider a k-model M = ({{a, b}, {a}}, {a, b}). Updating M with ¬Ka we have a possible resulting k-model M^′ = ({{a, b}, {a}, {b}}, {a, b}), while updating M with ¬a will lead to a possible result M^{′′} = ({{a, b}, {a}, {b}}, {b}). Note that both M^′ and M^{′′} entail ¬Ka, but M^′ <_M M^{′′} according to Definition 2.

Proposition 5 Consider T and ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ ¬Kϕ, then there exists a k-model M = (W, w) of T such that (i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ, (ii) otherwise, w^′ = w and W^′ = W ;

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w^′) is a k-model of T ⋄ ¬Kϕ, where (i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ, (ii) otherwise, w^′ = w and W^′ = W .

Example 5 Suppose T ≡ ¬Ka ∧ ¬Kb ∧ K(a ∨ b) ∧ Kc and the agent wants to ignore c. Let w_0 = {a, b, c}, w_1 = {a, c}, w_2 = {b, c}, w_3 = {c}, w_4 = {a, b}, w_5 = {a}, w_6 = {b}, w_7 = ∅. Clearly, T has three k-models: M_0 = ({w_0, w_1, w_2}, w_0), M_1 = ({w_0, w_1, w_2}, w_1), and M_2 = ({w_0, w_1, w_2}, w_2). From Proposition 4, T ⋄ ¬Kc has the following twelve kmodels: ({w_0, w_1, w_2, w_i}, w_j), where i = 4, 5, 6, 7 and j = 0, 1, 2.

4.3 Sensing update

Now we consider the case when μ is of the form Kϕ∨K¬ϕ where ϕ is objective. Updating T with this type of μ is particularly useful in reasoning about sensing actions [26,28] where Kϕ ∨ K¬ϕ represents the effect of a sensing action that senses ϕ. After the execution of such a sensing action an agent will know either ϕ or ¬ϕ. We refer to such an update as a sensing update. The following proposition characterizes the update of T with a formula of the form Kϕ ∨

K¬ϕ. It is interesting to note that the sufficient and necessary condition for a k-model of T ⋄ (Kϕ ∨ K¬ϕ) is similar to the one presented in Proposition 4.

Proposition 6 Consider T and μ ≡ Kϕ ∨ K¬ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ (Kϕ ∨ K¬ϕ), then there exists a k-model M = (W, w) of T such that w = w^′ and W^′ = W^{(w,ϕ)}, or w = w^′ and W^′ = W^{(w,¬ϕ)};

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w^′) is a k-model of T ⋄ (Kϕ ∨ K¬ϕ), where w^′ = w and W^′ = W^{(w,ϕ)}, or w^′ = w and W^′ = W^{(w,¬ϕ)}.

The following corollary says that if ϕ is true in the real world then after sensing ϕ (i.e., doing an update with Kϕ ∨ K¬ϕ) an agent will know that ϕ is true.

Corollary 2 For objective formulas ϕ, if T |= ϕ then T ⋄ (Kϕ ∨ K¬ϕ) |= Kϕ.

Example 6 Suppose T ≡ Kb ∧ ¬Ka ∧ ¬K¬a represents the current knowledge of an agent. Note that T implies that the agent does not have any knowledge about a. Consider the update of T with μ ≡ Ka ∨ K¬a which can be thought of as the agent trying to reason – in the planning or plan verification stage – about a sensing action^4 that will give her the knowledge about a. Let w_0 = {a, b}, w_1 = {b}, w_2 = {a} and w_3 = ∅. It is easy to see that M_0 = ({w_0, w_1}, w_0) and M_1 = ({w_0, w_1}, w_1) are two k-models of T . Then according to the above proposition, it is obtained that M^′_0 = ({w_0}, w_0) and M^′_1 = ({w_1}, w_1) are the two k-models of T ⋄ μ.

4.4 Forgetting update

We now consider another important type of knowledge update, the update of T with μ ≡ ¬Kϕ ∧ ¬K¬ϕ. This update can be thought of as the result of an agent forgetting her knowledge about the fact ϕ. We will refer to such an update as a forgetting update. The following proposition shows that in order to forget ϕ from T , for each k-model of the current knowledge set, the agent only needs to expand the set of possible worlds of this model with exactly one specific world.

Proposition 7 Consider T and μ ≡ ¬Kϕ ∧ ¬K¬ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ μ, then there exists a k-model M = (W, w) of T such that

4 Such reasoning is necessary in creating plans with sensing actions or verifying such plans. On the other hand after the execution of a sensing action the agent exactly knows either a or ¬a, and can simply use the notion of belief update.

(i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ; (ii) if M |= K¬ϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ϕ; (iii) otherwise, w^′ = w and W^′ = W .

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w) is a k-model of T ⋄ μ where (i) if M |= Kϕ, then W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ; (ii) if M |= K¬ϕ, then W^′ = W ∪ {w^∗}, where w^∗ |= ϕ; (iii) otherwise, W^′ = W .

Example 7 Suppose T ≡ Kb ∧ (Ka ∨ K¬a) represents the current knowledge of an agent. After executing a forgetting action the agent now would like to update her knowledge with μ ≡ ¬Ka ∧ ¬K¬a. Let w_0 = {a, b}, w_1 = {b}, w_2 = {a}, w_3 = ∅. It is easy to see that M_0 = ({w_0}, w_0) and M_1 = ({w_1}, w_1) are the two k-models of T . Then using Proposition 7, we conclude that M^′_0 = ({w_0, w_1}, w_0), M^′_1 = ({w_0, w_3}, w_0), M^′_2 = ({w_1, w_0}, w_1), and M^′_3 = ({w_1, w_2}, w_1) are the four k-models of T ⋄ μ. Note that ({w_0, w_2}, w_0) cannot be a k-model of T ⋄ μ according to Proposition 7.

5 Persistence of knowledge and ignorance

Like most systems that do dynamic modeling, knowledge update discussed previously is non-monotonic in the sense that while adding new knowledge into a knowledge set, some previous knowledge in the set might be lost. However, it is important to investigate classes of formulas that are persistent with respect to an update, as this may partially simplify the underlying inference problem [38]. Furthermore, characterizing persistence is also an important issue in nonmonotonic epistemic logic reasoning because it plays an essential role in the way of how different states of agent’s knowledge can be compared [5,31,32].

Given T and μ, a formula α is said to be persistent with respect to the update of T with μ, if T |= α implies T ⋄ μ |= α. If α is of the form Kϕ, we call this persistence as knowledge persistence, while if α is of the form ¬Kϕ, we call it ignorance persistence. The question that we address now is that under what conditions, a formula α is persistent with respect to the update of T with μ.

As the update of T with μ is achieved based on the update of every k-model of T with μ, our task reduces to the study of persistence with respect to a k-model update. This is defined in the following definition.

Definition 5 (Persistence with respect to k-model update) Let μ and α be two formulas and M be a k-model. α is persistent with respect to the update of M with μ if for any M^′ ∈ Res(M, μ), M |= α implies M^′ |= α.

Clearly a formula α is persistent with respect to the update of T with μ if and only if for each k-model M of T , α is persistent with respect to the update of M with μ. To characterize the persistence property with respect to k-model updates, we first define a preference ordering on k-models in terms of a formula.

Definition 6 (Formula closeness) Let μ be a formula and M_1 and M_2 be two k-models. We say that M_1 is as close to μ as M_2, denoted as M_1 ≤_μ M_2, if one of the following conditions holds:

(1) M_1 ∈ Mod(μ);

(2) M_1, M_2 ∉ Mod(μ), and for any M ∈ Mod(μ), M_1 ≤_M M_2.

We denote M_1 <_μ M_2 if M_1 ≤_μ M_2 and M_2 ≰_μ M_1.

Intuitively, the above definition specifies a partial ordering to measure the closeness between two k-models to a formula. In particular, if M_1 is a k-model of μ, then M_1 is closer to μ than all other k-models (i.e. condition 1). If neither M_1 nor M_2 is a k-model of μ, then the comparison between M_1 and M_2 with respect to μ is defined based on the k-model preference ordering ≤_M for each k-model M of μ (i.e. condition 2). Note that if both M_1 and M_2 are k-models of μ, we have M_1 ≤_μ M_2 and M_2 ≤_μ M_1, and both of them are equally close to μ.

Example 8 Let μ ≡ Ka ∧ Kb, w_0 = {a, b}, w_1 = {b}, w_2 = {a} and w_3 = ∅. Clearly, μ has one k-model M = ({w_0}, w_0). Consider two k-models M_1 = ({w_0, w_1}, w_0) and M_2 = ({w_1, w_2}, w_1). Now let us compare which one of them is closer to μ. Since neither M_1 nor M_2 is a k-model of μ, we can use condition 2 in Definition 6 to compare M_1 and M_2. According to Definition 2, it is easy to see that M_1 ≤_M M_2 as w_0 \ w_1 ∪ w_1 \ w_0 = {a} ≠ ∅. Therefore, we conclude M_1 ≤_μ M_2. Furthermore, we also have M_1 <_μ M_2.

Proposition 8 Let μ be a formula. For any two k-models M_1 and M_2, if M_1 ≤_μ M_2, then M_2 |= μ implies M_1 |= μ.

Proof: Suppose M_2 |= μ. Then M_2 ∈ Mod(μ). From Definition 6, we know that for any other k-model M^′, M_2 ≤_μ M^′. So M_2 ≤_μ M_1. But we have M_1 ≤_μ M_2. This implies that both M_1 and M_2 are equally close to μ. Hence, M_1 |= μ.

Given a formula μ and a sequence of k-models M_1, · · · , M_k, if the relation M_1 ≤_μ M_2 ≤_μ · · · ≤_μ M_k holds, then it means that M_i is closer to μ than M_j , where i < j. Now under this condition, if there is another formula α which satisfies the property that M_j |= α implies M_i |= α whenever i < j, we say that formula α is persistent with respect to formula μ. In other words, when k-models move closer to μ, α’s truth value is preserved in these k-models. The following definition formalizes this idea.

Definition 7 (≤_μ-persistence) Let α, μ be two formulas. We say that α is ≤_μ-persistent if for any two k-models M_1 and M_2, M_2 |= α and M_1 ≤_μ M_2 implies M_1 |= α.

Now we have the following important relationship between ≤_μ-persistence and k-model update persistence.

Theorem 2 Let α and μ be two formulas and M be a k-model. α is persistent with respect to the update of M with μ if α is ≤_μ-persistent.

Proof: Let M^′ be a k-model in Res(M, μ). Then we have M^′ ∈ Mod(μ). So for any k-model M^{′′}, we have M^′ ≤_μ M^{′′}. So M^′ ≤_μ M. Now suppose α is μ-persistent. It follows that M |= α implies M^′ |= α. As M^′ is an arbitrary k-model in Res(M, μ), we can conclude that α is persistent with respect to the update of M with μ.

From Theorem 2, we have that ≤_μ-persistence is a sufficient condition to guarantee a formula’s persistence with respect to a k-model update. As will be shown next, we can provide a unique characterization for μ-persistence. We first define the notion of ordering preservation as follows.

Definition 8 (Ordering Preservation) Given two formulas α and β. We say that ordering ≤_α preserves ordering ≤_β if for any two k-models M_1 and M_2, M_1 ≤_α M_2 implies M_1 ≤_β M_2.

The intuition behind ordering preservation is clear. That is, if ≤_α preserves ≤_β , then for any two k-models M_1 and M_2, whenever M_1 is closer to α than M_2, M_1 will be closer to β than M_2 as well. Finally, we have the following important result to characterize μ-persistence.

Theorem 3 Given two formulas α and μ, α is ≤_μ-persistent if and only if ≤_μ preserves ≤_α.

Proof: (⇒) Suppose α is ≤_μ-persistent. That is, for any two k-models M_1 and M_2, M_1 ≤_μ M_2 and M_2 |= α implies M_1 |= α. So under the constraint that α is μ-persistent, whenever M_1 ≤_μ M_2, we have M_1 ≤_α M_2. That means, ≤_μ preserves ≤_α.

(⇐) Suppose ≤_μ preserves ≤_α. From Definition 8, we have that for any two k-models M_1 and M_2, M_1 ≤_μ M_2 implies M_1 ≤_α M_2. Now suppose M_1 ≤_μ M_2. So we have M_1 ≤_α M_2. From Proposition 7, we have that M_2 |= α implies M_1 |= α. From this it follows that α is ≤_μ-persistent.

6 Background on computational complexity

In the rest of this paper, we consider complexity issues of knowledge update. In particular, we investigate the computational complexity of model checking for knowledge update.

We first introduce basic notions from complexity theory and refer to [8] for further details. Two important complexity classes are P and NP . The class of P includes those decision problems solvable by a polynomial-time deterministic Turing machine. The class of NP , on the other hand, consists of those decision problems solvable by a polynomial-time nondeterministic Turing machine.

Let C be a class of decision problems. The class P^C consists of the problems solvable by a polynomial-time deterministic Truing machine with an oracle for a problem from C, while the class NP^C includes the problems solvable by a nondeterministic Turing machine with an oracle for a problem in C. By co-C we mean the class consisting of the complements of the problems in C.

The classes Σ^P_k and Π^P_k of the polynomial hierarchy are defined as follows:

Σ^P_0 = Π^P_0 = P , and Σ^P_k = NP^{ΣPk−1} , Π^P_k =co-Σ^P_k for all k > 1.

It is easy to see that NP = Σ^P_1 and co-NP = Π^P_1 . A problem A is complete for a class C if A ∈ C and for every problem B in C there is a polynomial transformation of B to A.

The prototypical Σ^P_k -complete and Π^P_k -complete problems are deciding the validity of quantified Boolean formulas (QBFs) of the form:

Q_1X_1Q_2X_2 · · · Q_kX_kE, k ≥ 1, (1)

where E is a Boolean expression using propositional atoms over alphabets X_1, X_2, · · ·, and X_k, and the Q_i’s are alternating qualifiers from {∀, ∃} (1 ≤ i ≤ k). If Q_1 = ∃, then deciding the validity of (1) is Σ^P_k -complete, while deciding the validity of (1) is Π^P_k -complete if Q_1 = ∀.

Let X and Y be two finite set of propositional atoms where X and Y have the same cardinality, i.e. |X| = |Y |. For convenience, we use notions X ≡ Y to stand for formula (x_1 ≡ y_1) ∧ (x_2 ≡ y_2) ∧ · · · ∧ (x_m ≡ y_m). Consequently, X ≡ ¬Y stands for formula (x_1 ≡ ¬y_1)∧ (x_2 ≡ ¬y_2) ∧ · · · ∧ (x_m ≡ ¬y_m). We also use ¬X to denote the set {¬x_i | x_i ∈ X} (or formula ⋀ x_i∈X ¬xi), and use

notion ⋁ ¬X to stand for formula ⋁ x_i∈X ¬xi. For a given formula α, we use

|α| to denote the length of α.

The problem of model checking for knowledge update is described as follows: Given a knowledge set T , a formula μ, and a k-model M, deciding whether M ∈ Mod(T ⋄ μ). It is well known that the model checking problem for traditional belief revision and update is located at the lower end of the polynomial hierarchy from P to Σ^P_2 depending on specific revision/update operators and additional restrictions (if any) [19].

7 Complexity of model checking: General case

In this section, we investigate the complexity of model checking for the general case of knowledge update. When we say complexity of model checking we mean the complexity of checking whether M ∈ Mod(T ⋄ μ) with respect to the size of M, T and μ. In this we assume that the representation of k-model M is such that all k-models need the same (or at most polynomial in the size of M) number of bits for representation.

Lemma 1 Let M = (W, w), M_1 = (W_1, w_1) and M_2 = (W_2, w_2) be three kmodels.

(1) Deciding whether KM \ KM_2 ≠ ∅ and KM_2 \ KM ≠ ∅ has time complexity O(|W | × |W_2|).

(2) Deciding whether KM \ KM_1 ⊆ KM \ KM_2 has time complexity O(|W_1| × (|W | + |W_2|)).

(3) Deciding whether KM_1 \ KM ⊆ KM_2 \ KM has time complexity O(|W_1| × |W | × |W_2|).

Lemma 2 Let M, M_1 and M_2 be three k-models. Deciding whether M_1 ≤_M M_2 can be achieved in polynomial time in the size of the input: M, M_1 and M_2.

Proof: According to Definition 2, if w_1 ≠ w_2, then M_1 ≤_M M_2 iff (w_1 \ w ∪ w \ w_1) ⊆ (w_2 \ w ∪ w \ w_2). Clearly, this can be verified in polynomial time. If w_1 = w_2, then we need to check the following conditions: (i) If W ⊆ W_1, then M_1 ≤_M M_2 iff condition (a) or (b) in Definition 2 is satisfied. From Lemma 1, we know that deciding whether (a) and (b) to be true can be done in polynomial time. (ii) If W_1 ⊆ W , then M_1 ≤_M M_2 iff condition (a) or (c) in Definition 2 is satisfied. From Lemma 1, deciding whether (c) to be true is in P. (iii) If W ⊄ W_1 and W_1 ⊄ W , then M_1 ≤_M M_2 iff conditions (b) and (c) should be satisfied. Again, deciding whether condition (c) to be true is in polynomial time. So, the problem is in P.

Lemma 3 Let M, M^′ be two k-models and μ a S5 formula. Deciding whether M^′ ∈ Res(M, μ) is in co-NP (in terms of the size of M, M^′ and μ).

Proof: According to Proposition 3, if M^′ ∉ Res(M, μ), there must exist another k-model M^{′′} such that M^{′′} <_M M^′. A guess of a k-model M^{′′} can be done in polynomial time. From Lemma 2, deciding whether M^{′′} ≤_M M^′ is in P (with respect to the size of M, M^′ and M^{′′}). Since M^{′′} <_M M^′ iff M^{′′} ≤_M M^′ and M^′ ≰_M M^{′′}, and since we assume that in our representation of k-models, all k-models need same number of bits for representation, it follows that checking whether M^{′′} <_M M^′ can be decided in polynomial time. So the problem is in co-NP.

Theorem 4 Model checking for knowledge update is in Σ^P_2 .

Proof: From Definition 4, M ∈ Mod(T ⋄ μ) iff for some M^′ ∈ Mod(T ), M ∈ Res(M^′, μ). A guess of M^′ and check whether M^′ ∈ Mod(T ), i.e. M^′ |= T , can be achieved in polynomial time. According to Lemma 3, deciding whether M ∈ Res(M^′, μ) can be solved with one call to a co-NP oracle. So the problem is in Σ^P_2 .

7.1 Knowledge gradual update

The hardness can be simply proved by reducing model checking for Winslett’s update operator [37] to our knowledge update operator, then following Liberatore and Schaerf’s result [19], the hardness follows.

However, here we will present a different hardness proof because our proof gives rise a new subclass of knowledge update problems (yet different from Winslett’s belief update) which can be viewed as a lower bound for knowledge update problems that are Σ^P_2 -complete for model checking (see sections 8 and 9 for other subclasses of knowledge update problems).

Given T and μ, we say the update of T with μ is knowledge gradual if for any k-model M^′ = (W^′, w^′) of T ⋄ μ, there exists a k-model M = (W, w) of T such that either W ⊆ W^′ or W^′ ⊆ W . Note that, after performing a knowledge gradual update, the agent’s knowledge may be decreased or increased (or without change), and the agent’s actual world may be changed as well.

Example 9 Let T = a ∧ ¬Ka and μ = K¬a. Obviously, T has a unique k-model M = ({{a}, ∅}, {a}). Then updating M with μ generates a unique k-model of T ⋄ μ: M^′ = ({∅}, ∅). Obviously, M^′ has increased knowledge from M and the actual world of M^′ is also different from M’s.

Theorem 5 Model checking for knowledge update is Σ^P_2 -complete. The hardness holds even if the update is knowledge gradual.

8 A tractable subclass - knowledge decreased update

In this section, we identify a subclass of knowledge update problems for which model checking can be achieved in polynomial time. We first introduce a useful notation. Let α be a S5 formula and ϕ^α be an objective formula (i.e. no K occurs in it) occurring in α. We then say ϕ^α is an objective sub-formula of α. We denote the set of all objective sub-formulas of α as Sub^o(α). For instance, given α = Ka ∨ K¬b, Sub^o(α) = {a, b, ¬b}.

Definition 9 Given S5 formulas T and μ, updating T with μ is called knowledge decreased if for any k-model M^′ = (W^′, w^′) of T ⋄ μ, there exists a k-model M = (W, w) of T such that (i) W ⊆ W^′ and w = w^′; and (ii) there exists some ϕ^μ ∈ Sub^o(μ), such that W = {w^∗ | w^∗ ∈ W^′ and w^∗ |= ϕ^μ} or W = {w^∗ | w^∗ ∈ W^′ and w^∗ |= ¬ϕ^μ}.

From the above definition, it is easy to see that if an update is knowledge decreased, then the actual world of the agent’s state will not change, and the agent’s knowledge can only be decreased. Furthermore, the set of possible worlds in the agent’s original state can be specifically computed from her resulting state. This feature leads to a tractable result on the model checking for knowledge decreased update.

Theorem 6 Model checking for knowledge decreased update can be achieved in polynomial time.

Proof: Given T , μ and a k-mode M^′ = (W^′, w^′). Suppose T ⋄ μ be knowledge decreased. To check whether M^′ ∈ Mod(T ⋄ μ), we need to do the following things:

(1) Check whether M^′ |= μ, (2) Compute a subset W of W^′ such that for any w^∗ ∈ W^′, w^∗ ∈ W iff w^∗ |= ϕ^μ or w^∗ |= ¬ϕ^μ for some ϕ^μ ∈ Sub^o(μ), (3) Check whether (W, w) |= T .

Clearly, Steps 1 and 3 can be done in polynomial time. As |Sub^o(μ)| ≤ |μ|, it follows that Step 2 can be also done in polynomial time.

It is worthwhile to mention specific forms of knowledge decreased update which, as we have presented earlier, have important applications in practical domains.

Theorem 7 Ignorance and forgetting updates are knowledge decreased.

Proof: The proof directly follows from Propositions 5 and 7 respectively.

Corollary 3 Model checking for ignorance and forgetting updates can be achieved in polynomial time.

9 An intractable subclass - Knowledge increased update

In this section, we address another subclass of knowledge update problems whose model checking complexity are intractable but lower than the general case. Such investigation will be useful for us to design efficient model checking algorithms for these subclasses of update problems.

As a contrary case to the knowledge decreased update, the knowledge increased update is defined as follows.

Definition 10 Given T and μ, updating T with μ is called knowledge increased if for any k-model M^′ = (W^′, w^′) of T ⋄ μ, there exists a k-model M = (W, w) of T such that (i) W^′ ⊆ W , and w = w^′; and (ii) there exists some ϕ^μ ∈ Sub^o(μ), such that W^′ = {w^∗ | w^∗ ∈ W and w^∗ |= ϕ^μ} or W^′ = {w^∗ | w^∗ ∈ W and w^∗ |= ¬ϕ^μ}.

It is clear that if a knowledge increased update is performed to an agent’s knowledge set, it only increases the agent’s knowledge and does not change the agent’s actual world. Unfortunately, different from the knowledge decreased update, the model checking problem for knowledge increased update is not tractable.

Theorem 8 Model checking for knowledge increased update is NP-complete.

It is interesting to note that some specific forms of knowledge update we discussed earlier such as gaining knowledge and sensing updates are knowledge increased.

Theorem 9 Gaining knowledge and sensing updates are knowledge increased.

Proof: The proof directly follows from Propositions 4 and 6 respectively.

Corollary 4 Model checking for gaining knowledge and sensing updates are NP-complete.

10 Conclusions

In this paper we developed an explicit notion of knowledge update as an analogous notion to belief update and illustrated its usefulness in characterizing the knowledge change of an agent in presence of new knowledge. In our formulation, knowledge update is particularly relevant in reasoning about actions and plan verifications when there are sensing or forgetting actions. We presented simpler alternative characterization of knowledge update for particular cases, and showed its equivalence to the original characterization. We discussed when particular knowledge (or ignorance) persists with respect to a knowledge update. We also undertook a further study about the complexity issue of knowledge update. In particular, we analyzed the complexity of model checking for knowledge update in the general case and in special cases. We identify special subcases where the model checking is either tractable or its complexity is lower than the general case. We expect that these results will be useful for designing more optimal model checking algorithms in the implementation of knowledge update.

We believe our work here to be a starting point on knowledge update, and as evident from the research in belief update and revision in the past decade, a lot needs to be done in knowledge update. For example, issues such as multiagent knowledge update, iterative knowledge update, abductive knowledge update, minimal knowledge in knowledge update, etc. remain to be explored. Similarly, in regards to reasoning about actions, additional specific cases of knowledge update need to be identified and simpler alternative characterization for them need to be developed. On the other hand, as our knowledge update is developed based on Kripke models, it may be integrated into model checking formalism so that a unified system of model checking and model updating can be used not only for automatic system verification but also for automatic system modification.

Acknowledgement

The authors thank Norman Foo and Abhaya Nayak for useful discussions on this topic. The research of the first author was supported by NSF under grants IRI 9501577 and 0070463, and part of this research was performed while he was visiting the University of Western Sydney. The research of the second author was supported in part by Australian Research Council under grant

A49803542. The authors thank the anonymous reviewers for their insightful comments and criticisms which were very valuable in revising and improving the paper. In particular, we appreciate the scenario suggested by one of the referees which we discuss in the paragraphs before Definition 3.

References

[1] C. Baral and Y. Zhang, On the semantics of knowledge update. In Proceedings of the 17th International Joint Conference on Artificial Intelligence (IJCAI-01), pp 97-102. Morgan Kaufmann Publishers, Inc., 2001.

[2] C. Baral and Y. Zhang, The complexity of model checking for knowledge update.

In Proceedings of the 8th International Conference on Principles of Knowledge Representation and Reasoning (KR-02), pp 82-93 82-93. Morgan Kaufmann Publishers, Inc., 2002.

[3] A. Baltag, A logic for suspicious players: Epistemic actions and belief updates in games. Bulletin of Economic Research 54 (1) (2002) 1-45.

[4] A. Baltag, L.S. Moss and S. Solecki, The logic of public announcements, common knowledge and private suspicions. In Proceedings of the Seventh Conference on Theoretical Aspects of Rationality and Knowledge (TARK’98), pp 43-56. Morgan Kaufmann Publishers, 1998.

[5] J Engelfriet, Monotonicity and persistence in preferential logics. Journal of Artificial Intelligence Research, 8:1-12, 1998.

[6] R. Fagin, J. Halpern, Y. Moses, and M. Vardi. Reasoning about Knowledge.

MIT press, 1995.

[7] P. Gardenfors, Knowledge in Flux. MIT Press, 1988.

[8] M. Garey and D. Johnson, Computers and Intractability, Freeman, San Franciso, 1979.

[9] J.D. Gerbrandy and W. Groeneveld, Reasoning about information change.

Journal of Logic, Language and Information 6 (1997) 147-169.

[10] J.D. Gerbrandy, Dynamic epistemic logic. In the Proceedings of STASS Workshops on Logic, Language and Computation, London, 1997.

[11] J.D. Gerbrandy, Bisimulations on planet Kripke. ILLC Dissertation Series DS- 1999-01. University of Amsterdam, 1999.

[12] W. Groeneveld, Logical Investigations into Dynamic Semantics, PhD Thesis, Universiteit van Amsterdam, 1995.

[13] J.Y. Halpern and Y. Moses, A guide to completeness and complexity for modal logics of knowledge and belief. Artificial Intelligence 54 (1992) 311-379.

[14] A. Herzigi and O. Rifi, Propositional belief base update and minimal change.

Artificial Intelligence 115 107-138, 1999.

[15] G. Kartha and V. Lifschitz. Actions with indirect effects: Preliminary report.

In KR 94, pages 341–350, 1994.

[16] H. Katsuno and A. Mendelzon. On the difference between updating a knowledge base and revising it. In Proc. of KR 91, pages 387–394, 1991.

[17] H. Levesque, All I know: A study in autoepistemic logic. Artificial Intelligence 42 (1990) 263-309.

[18] P. Liberatore, The complexity of belief update. Artificial Intelligence 119 (2000) 141-190.

[19] P. Liberatore and M. Schaerf, Belief revision and update: complexity of model checking. Journal of Computer and System Sciences 62 (2001) 43-72.

[20] J. Lobo and G. Mendez and S.R. Taylor, Knowledge and the action description language A. Theory and Practice of Logic Programming 1 (2001) 129-184.

[21] A. Lomuscio and M. Ryan, Ideal agents sharing (some!) knowledge. In Proceedings of ECAI-98, pp 557-561, 1998.

[22] P. Marquis, Possible models approach via independency. In Proceedings of the 11th European Conference on Artificial Intelligence (ECAI’94), pp 336-340, 1994.

[23] J-J. Meyer and W. van der Hoek. Epistemic Logics for Computer Science and Artificial Intelligence. Cambridge Tracts in Theoretical Computer Science, 41, Cambridge University Press, 1995.

[24] J.A. Plaza, Logic of public communications. In Proceedings of the 4th International Symposium on Methodologies for Intelligent Systems (ISMIS-89), pp 201-216, 1989.

[25] G. Schwarz and M. Truszczyński, Minimal knowledge problem: A new approach.

Artificial Intelligence 67 (1994) 193-215.

[26] R. Scherl and H. Levesque, The frame problem and knowledge producing actions. In AAAI 93, pages 689-695, 1993.

[27] R. Scherl and H. Levesque, Knowledge, action, and the frame problem. Artificial Intelligence 144 (2003) 1-39.

[28] T. Son and C. Baral, Formalizing sensing actions: a transition function based approach. Artificial Intelligence 125, 19-91, 2001.

[29] B. ten Cate, Internalizing epistemic actions. In Proceedings of the NASSLLI- 2002, Stanford University, 2002.

[30] H. Turner, Representing actions in logic programs and default theories. Journal of Logic Programming 31(1-3), 245-298, 1997.

[31] W. van der Hoek, J. Jaspars and E. Thijsse, Persistence and minimality in epistemic logic. Annals of Mathematics and Artificial Intelligence 27 (1999) 25-47.

[32] W. van der Hoek and E. Thijsse, A general approach to multi-agent minimal knowledge: With tools and samples. Studia Logica 72(1) (2002) 61-84.

[33] R. van der Meyden, Common knowledge and update in finite environment.

Information and Computation 140 (1998) 115-157.

[34] H.P. van Ditmarsch, Knowledge Games. PhD Thesis, University of Groningen, 2000.

[35] H.P. van Ditmarsch, W. van der Hoek and B. Kooi, Concurrent dynamic epistemic logic. In Proceedings of Autonomous Agents and Multi Agent Systems (AAMAS03). 2003.

[36] F. Veltman, Defaults in update semantics. Journal of Philosophical Logic 25 (1996) 221-261.

[37] M. Winslett, Reasoning about action using a possible models approach. In Proceedings of the 7th National Conference on Artificial Intelligence (AAAI- 88), pages 89-93, 1988.

[38] Y. Zhang, Monotonicity in rule based update. In Proceedings of the 1999 International Conference on Logic Programming (ICLP’99), pages 471-485. MIT Press, 1999.

[39] Y. Zhang and N.Y. Foo, Updates with disjunctive information: From syntactical and semantical perspectives. Computational Intelligence 16 (2000) 29-52.

[40] Y. Zhang, The complexity of logic program updates. In Proceedings of Australian Joint Conference on Artificial Intelligence (AI-2001). Lecture Notes in Artificial Intelligence, Vol. 2256, pp 631-642, 2001.

[41] Y. Zhang, Minimal change and maximal coherence for epistemic logic program updates. In proceedings of the 18th International Joint Conference on Artificial Intelligence (IJCAI-03), pp 112-117. Morgan Kaufmann Publishers, Inc., 2003

Appendix: Proofs

Proposition 1 Let M_1 = (W_1, w_1) and M_2 = (W_2, w_2) be two k-models. Then the following properties hold:

(1) ϕ ∈ KM_1 iff W_1 ⊆ Mod(ϕ); (2) W_1 ⊆ W_2 iff KM_2 ⊆ KM_1; (3) KM_1 = KM_2 iff W_1 = W_2;

(4) Let M^′ = (W_1 ∪ W_2, w), then KM^′ = KM_1 ∩ KM_2;

(5) Let w^′ ∈ W_1 ∩ W_2 and M^′ = (W_1 ∩ W_2, w^′), then KM_1 ∪ KM_2 ⊆ KM^′.

Note that under the finite model restriction, the above results are simply those statements presented in Exercise 3.1.7.1, Exercise 3.1.7.2 and Exercise 3.1.6.2 of [23]. For readers’ convenience, here we still present our complete proof as follows.

Proof: (1). (⇒) From ϕ ∈ KM_1, we have for all w^′ ∈ W_1, w^′ |= ϕ (note that ϕ is a formula without containing modal operator K). That is, w^′ ∈ Mod(ϕ). So W_1 ⊆ Mod(ϕ).

(⇐) Suppose W_1 ⊆ Mod(ϕ). Then we have for any w^′ ∈ W_1, w^′ |= ϕ. That is, ϕ ∈ KM_1.

(2). Let ⋀ KM_1 and ⋀ KM_2 be the conjunctions of all prime formulas in KM_1 and KM_2 respectively. Then it is clear that Mod( ⋀ KM_1) = W_1 and Mod( ⋀ KM_2) = W_2. So we have KM_2 ⊆ KM_1 iff Mod( ⋀ KM_1) ⊆ Mod( ⋀ KM_2) iff W_1 ⊆ W_2.

(3). In the proof of 2, we stated that Mod( ⋀ KM_1) = W_1 and Mod( ⋀ KM_2) = W_2. So KM_1 = KM_2 iff Mod( ⋀ KM_1) = Mod( ⋀ KM_2) iff W_1 = W_2.

(4). According to the definition of M^′, we have ϕ ∈ KM^′ iff for all w^′ ∈ W_1 ∪ W_2, w^′ |= ϕ iff for all w^′ ∈ W_1, w^′ |= ϕ and for all w^{′′} ∈ W_2, w^{′′} |= ϕ iff ϕ ∈ KM_1 and ϕ ∈ MK_2 iff ϕ ∈ KM_1 ∩ KM_2.

(5). If ϕ ∈ KM_1 ∪ KM_2, we have ϕ ∈ KM_1 or ϕ ∈ KM_2. So either for all w_1 ∈ W_1, we have w_1 |= ϕ or for all w_2 ∈ W_2, we have w_2 |= ϕ. In either case, for any w^′ ∈ W_1 ∩ W_2, we have w^′ |= ϕ. That is, ϕ ∈ KM^′.

Proposition 2 Let M be a k-model. Then ≤_M defined in Definition 2 is a partial ordering.

Proof: From Definition 2, it is clear that ≤_M is reflexive and antisymmetric. Now we prove ≤_M is also transitive. Let M = (W, w), M_1 = (W_1, w_1),

M_2 = (W_2, w_2) and M_3 = (W_3, w_3) be k-models, and M_1 ≤_M M_2 and M_2 ≤_M M_3. Now we prove M_1 ≤_M M_3.

Case 1. Suppose M_1 ≤_M M_2 is due to condition (1) in Definition 2, i.e. (w_1 \w∪w\w_1) ⊂ (w_2 \w∪w\w_2). Consider M_2 ≤_M M_3. According to Definition 2, either condition (1) or (2) is satisfied. If condition (1) is satisfied, then (w_2\w∪w\w_2) ⊂ (w_3\w∪w\w_3). This follows (w_1\w∪w\w_1) ⊂ (w_3\w∪w\w_3). So M_1 ≤_M M_3. If condition (2) is satisfied, it means w_2 = w_3, it also follows (w_1 \ w ∪ w \ w_1) ⊂ (w_3 \ w ∪ w \ w_3), and therefore M_1 ≤_M M_3. Case 2. Now suppose M_1 ≤_M M_2 is due to condition (2) in Definition 2, i.e. w_1 = w_2 and one of conditions (i), (ii), (iii), (iv), or (v) is satisfied. If M_2 ≤_M M_3 is due to condition (1) in Definition 2, i.e. (w_2\w∪w\w_2) ⊂ (w_3\w∪w\w_3), it follows that M_1 ≤_M M_3 because w_1 = w_2. Suppose M_2 ≤_M M_3 is due to condition (2) in Definition 2, that is, w_2 = w_3 and one of conditions (i), (ii), (iii), (iv), or (v) is satisfied. Here we only consider the following three cases, while all other cases can be proved in a similar way.

Case 2.1. Both M_1 ≤_M M_2 and M_2 ≤_M M_3 are due to condition (2) and (ii) in Definition 2. Under this case, we can only have (a) KM_3 ⊂ KM_2 ⊂ KM_1 ⊂ KM; or (b) KM_2 ⊂ KM_1 ⊂ KM but KM \ KM_2 ≠ ∅ and KM_2 \ KM ≠ ∅. Clearly, in either case, we have M_1 ≤_M M_3.

Case 2.2. M_1 ≤_M M_2 is due to condition (2) and (ii) and M_2 ≤_M M_3 are due to condition (2) and (iii) in Definition 2. By analyzing Definition 2, it concludes that this situation will never occur. This is because from M_1 ≤_M M_2, we can only have either KM_2 ⊂ KM or KM \KM_2 ≠ ∅ and KM_2 \KM ≠ ∅, and from M_2 ≤_M M_3, we can only have KM ⊂ KM_2. Obviously, these two cases conflict with each other.

Case 2.3. M_1 ≤_M M_2 is due to condition (2) and (ii) and M_2 ≤_M M_3 are due to condition (2) and (iv) in Definition 2. Using (2)(ii), we will have KM_1 ⊂ KM and KM_2 \ KM ≠ ∅ and KM \ KM_2 ≠ ∅. Using (2)(iv) we have KM_2 \ KM ∪ KM \ KM_2 ⊆ KM_3 \ KM ∪ KM \ KM_3. Thus we have KM_1 ⊂ KM and KM_3 \ KM ≠ ∅ and KM \ KM_3 ≠ ∅. This implies M_1 ≤_M M_3.

Theorem 1 Knowledge update operator ⋄ defined in Definition 4 satisfies Katsuno and Mendelzon’s update postulates (U1)-(U8).

Proof: From Definitions 3 and 4, it is easy to verify ⋄ satisfies postulates (U1)-(U4). For illustration purposes we give the proof of (U1). Let (W, w) be an arbitrary k-model of T ⋄ μ. To show (U1) we need to show that (W, w) |= μ. By Definition 4, there must exist a model M = (W^′, w^′) of T such that (W, w) ∈ Res(M, μ). By Definition 3, for (W, w) to be in Res(M, μ), it must be the case that (W, w) |= μ.

Now we prove ⋄ satisfies (U5). To prove that (T ⋄ μ) ∧ α |= T ⋄ (μ ∧ α), it is sufficient to prove that for each k-model of T , say M, Res(M, μ) ∩ Mod(α) ⊆

Res(M, μ ∧ α). In particular, we need to show for any M^′ ∈ Res(M, μ) ∩ Mod(α), M^′ ∈ Res(M, μ ∧ α). Suppose M^′ ∉ Res(M, μ ∧ α). According to Definition 3, we have (1) M^′ |̸= μ ∧ α; or (2) there exists another k-model M^{′′} such that M^{′′} |= μ ∧ α and M^{′′} <_M M^′. If it is case (1), it follows that M^′ ∉ Res(M, μ) ∩ Mod(α). Then the result holds. If it is case (2), it also implies that M^{′′} |= μ and M^{′′} <_M M^′. That means, M^′ ∉ Res(M, μ) from Definition 3. The result still holds.

Now we prove ⋄ satisfies (U6). Similarly, to prove ⋄ satisfies (U6), we only need to prove for any k-model of T , say M, if Res(M, μ_1) ⊆ Mod(μ_2) and Res(M, μ_2) ⊆ Mod(μ_1), then Res(M, μ_1) = Res(M, μ_2). We first prove Res(M, μ_1) ⊆ Res(M, μ_2). Let M^′ ∈ Res(M, μ_1). Then M^′ |= μ_2. Suppose M^′ ∉ Res(M, μ_2). It follows that there exists another M^{′′} ∈ Res(M, μ_2) such that M^{′′} <_M M^′. Also note that M^{′′} |= μ_1. This contradicts the fact that M^′ ∈ Res(M, μ_1). This proves Res(M, μ_1) ⊆ Res(M, μ_2). Similarly, we can prove Res(M, μ_2) ⊆ Res(M, μ_1).

Now we prove ⋄ satisfies (U7). Since T is complete, it follows that T has a unique k-model M. So we only need to prove Res(M, μ_1) ∩ Res(M, μ_2) ⊆ Res(M, μ_1 ∨ μ_2). Let M^′ ∈ Res(M, μ_1) ∩ Res(M, μ_2). Suppose M^′ ∉ Res(M, μ_1 ∨ μ_2). Then there exists a k-model M^{′′} ∈ Res(M, μ_1 ∨ μ_2) such that M^{′′} <_M M^′. Note that M^{′′} |= μ_1 ∨ μ_2. If M^{′′} |= μ_1, it will follow that M^′ ∉ Res(Mu, μ_1), otherwise, M^′ ∉ Res(Mu, μ_2). In either case, we have M^′ ∉ Res(M, μ_1) ∩ Res(M, μ_2). This proves the result.

Finally, the fact that ⋄ satisfies (U8) is obtained straightforward from Definitions 3 and 4.

Proposition 4 Consider T and ϕ where ϕ is objective and T |= ϕ. Then

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ Kϕ, then there exists a k-model M = (W, w) of T such that w = w^′ and W^′ = W^{(w,ϕ)};

(2) If M = (W, w) is a k-model of T , then M^′ = (W^{(w,ϕ)}, w) is a k-model of T ⋄ Kϕ.

Proof: To prove this proposition, we first prove the following result:

Consider T and Kϕ where ϕ is objective and T |= ϕ. Let M = (W, w) be a k-model of T and M^′ = (W^{(w,ϕ)}, w). For any M^{′′} ∈ Mod(Kϕ) and M^{′′} ≠ M^′, M^′ <_M M^{′′}.

It is easy to see that for any M^{′′} = (W^{′′}, w^{′′}) ∈ Mod(Kϕ), where w^{′′} ≠ w, M^′ <_M M^{′′}. Now let us consider M^{′′} = (W^{′′}, w), where W^{′′} ≠ W^{(w,ϕ)}. We consider the following possible cases.

Case 1. W^{′′} ⊂ W^{(w,ϕ)} (proper set inclusion). Since W^{(w,ϕ)} ⊆ W , from Proposition 3, we have KM ⊆ KM^′ ⊂ KM^{′′}, and hence KM^′ \KM ⊂ KM^{′′} \KM. From Definition 2, it follows M^′ ≤_M M^{′′} and M^{′′} ≰_M M^′, that is, M^′ <_M M^{′′}. Case 2. W^{(w,ϕ)} ⊂ W^{′′} (proper set inclusion). Without loss of generality, we assume W^{′′} = W^{(w,ϕ)} ∪ {w_i}, where w_i |= ϕ. Clearly, w_i ∉ W otherwise we will have w_i ∈ W^{(w,ϕ)} and then W^{′′} = W^{(w,ϕ)}. Since W^{′′} ⊈ W and W ⊈ W^{′′}, from Proposition 3, we have KM ⊈ KM^{′′} and KM^′ ⊈ KM. Then it must be the case that KM \ KM^{′′} ≠ ∅ and KM^{′′} \ KM ≠ ∅. From Definition 2 (i.e. (iii) in condition 2), we know that M^′ ≤_M M^{′′} and M^{′′} ≰_M M^′. Case 3. W^{(w,ϕ)} ⊄ W^{′′} and W^{′′} ⊄ W^{(w,ϕ)}. Without loss of generality, we can assume that W^{′′} = W^{(w,ϕ)} ∪ {w_i} \ {w_j}, where w_j ∈ W^{(w,ϕ)}. Since we require that M^{′′} |= Kϕ, it follows that w_i |= ϕ. Also, from the construction of W^{(w,ϕ)}, we know that w_i ∉ W otherwise it reduces to the case that W^{′′} ⊆ W^{(w,ϕ)}. Therefore, W^{′′} ⊈ W and W ⊈ W^{′′}. From the above discussion, it follows that KM \ KM^{′′} ≠ ∅ and KM^{′′} \ KM ≠ ∅. So from Definition 2, we know that M^′ ≤_M M^{′′} and M^{′′} ≰_M M^′.

Now by using the above result, we prove statements (1) and (2).

Proof of (1). M^′ = (W^′, w^′) is a k-model of T ⋄ Kϕ iff M^′ ∈ Mod(T ⋄ Kϕ) iff there exists a k-model M of T , such that M^′ ∈ Res(M, Kϕ) iff M^′ ∈ Min(Mod(Kϕ), ≤_M ) for some M ∈ Mod(T ). We now argue that this implies W^′ = W^{(w,ϕ)} and w^′ = w. Suppose this is not the case. Then let M^∗ = (W^{(w,ϕ)}, w). By the above result we then have M^∗ <_M M^′. But this contradicts with M^′ ∈ Min(Mod(Kϕ), ≤_M ). Hence our assumption is wrong and W^′ = W^{(w,ϕ)} and w^′ = w.

Proof of (2). Let M = (W, w) be a k-model of T . It is easy to see that M^′ = (W^{(w,ϕ)}, w) is a model of Kϕ. All we need to show is that M^′ ∈ Min(Mod(Kϕ), ≤_M ). This follows from the above result we have proved.

Proposition 5 Consider T and ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ ¬Kϕ, then there exists a k-model M = (W, w) of T such that (i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ, (ii) otherwise, w^′ = w and W^′ = W ;

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w^′) is a k-model of T ⋄ ¬Kϕ, where (i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ, (ii) otherwise, w^′ = w and W^′ = W .

Proof: To prove this proposition, we first prove the following result:

Consider T and ϕ where ϕ is objective. Let M = (W, w) be a k-model of T ,

M |= Kϕ, and M^′ = (W^′, w), where W^′ = W ∪ {w^∗}, w^∗ |= ¬ϕ. Then for any k-model M^{′′} ∈ Mod(¬Kϕ) and M^{′′} ≠ M^′, M^′ <_M M^{′′}.

Since M = (W, w) is a k-model of T it is easy to see that for two k-models M^′ = (W^′, w^′) and M^{′′} = (W^{′′}, w^{′′}) such that M^′ |= μ and M^{′′} |= μ, and w^′ = w and w^{′′} ≠ w, M^′ <_M M^{′′}. So M^{′′} can not be a k-model of T ⋄ μ. In other words, a k-model of T ⋄ μ must have the form M^′ = (W^′, w).

From Proposition 3, to prove the result, we only need to show that for any k-model M^{′′} = (W^{′′}, w) such that M^{′′} ∈ Mod(¬Kϕ) and W^{′′} ≠ W ∪ {w^∗} where w^∗ |= ¬ϕ, M^′ <_M M^{′′}.

Note M |= Kϕ. Let M^′ = (W ∪ {w^∗}, w), where w^∗ |= ¬ϕ. We first show that for any k-model M^{′′} = (W^{′′}, w) such that M^{′′} |= ¬Kϕ and W^{′′} does not have a form of W ∪ {w_i}, M^′ <_M M^{′′}.

Case 1. Suppose W^′ ⊂ W^{′′}. This implies that KM^{′′} ⊆ KM^′ ⊆ KM from Proposition 1. So M^′ <_M M^{′′} according to Definition 2 (condition (b)). Case 2. Suppose W^{′′} ⊂ W^′. Without loss of generality, we assume that W^{′′} = W ∪ {w^∗} \ {w_j} where w_j ∈ W . This follows that W ⊄ W^{′′} and W^{′′} ⊄ W . So it is the case that KM \ KM^{′′} ≠ ∅ and KM^{′′} \ KM ≠ ∅. On the other hand, we have W ⊆ W^′, from Definition 2 (i.e. condition (a)), we have M^′ <_M M^{′′}. Case 3. Suppose W^{′′} ⊄ W^′ and W^′ ⊄ W^{′′}. Without loss of generality, we can assume that W^{′′} = W ∪ {w^∗, w_i} \ {w_j}, where w_j ∈ W and w^∗, w_i ∉ W . Again, this results to the situation that W ⊄ W^{′′} and W^{′′} ⊄ W . From the above discussion, it implies that M^′ <_M M^{′′}.

Now we show that for any k-model M^{′′} that is of the form M^{′′} = (W ∪{w_i}, w) and w_i is any world such that w_i |= ¬ϕ (note M |= Kϕ), M^′ ≰_M M^{′′} and M^{′′} ≰_M M^′. Suppose M^′ ≤_M M^{′′}. Since W ⊂ W ∪ {w^∗}, then according to Definition 2, condition (a) or (b) should be satisfied. As W ⊂ W ∪ {w_i}, condition (a) can not be satisfied. So condition (b) must be satisfied. That is, for any ψ such that M |= Kψ and M^′ |̸= Kψ, M^{′′} |= Kψ. However, this implies that KM \ KM^′ ⊆ KM \ KM^{′′}, and also KM ∩ KM^{′′} ⊆ KM ∩ KM^′. From Proposition 1 (Results 2 and 4), it follows that W ∪ W^′ ⊆ W ∪ W^{′′}, that is, W ∪ {w^∗} ⊆ W ∪ {w_i}. Obviously, this is not true. Similarly, we can show that M^{′′} ≰_M M^′. That means, both M^′ and M^{′′} are in Res(M, μ). This completes our proof for the above result.

By using this result, we now prove statements (1) and (2).

proof of (1). M^′ = (W^′, w^′) is a k-model of T ⋄ ¬Kϕ iff M^′ ∈ Mod(T ⋄ ¬Kϕ) iff M^′ ∈ Min(Mod(¬Kϕ), ≤_M ) for some M ∈ Mod(T ). Now we prove that if M |= Kϕ then W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ and w^′ = w; otherwise M^′ = M = (W, w).

First, if M |̸= Kϕ, that means |= ¬Kϕ. In this case, according to Definition 3, Res(M, ¬Kϕ) = {M}, i.e. no any change will be made. So M^′ = M. Now we consider M |= Kϕ. We will show that in this case w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ. Assume that this is not the case. So either w^′ ≠ w or W^′ ≠ W ∪ {w^∗}, where w^∗ |= ¬ϕ. If w^′ ≠ w, it is quite clear that for any M^{′′} = (W^{′′}, w) ∈ Mod(¬Kϕ), M^{′′} <_M M^′, this contradicts with M^′ ∈ Min(Mod(¬Kϕ), ≤_M ). Now assume W^′ ≠ W ∪ {w^∗}, where w^∗ |= ¬ϕ. In this case, from the above result we proved, it follows that there exists a k-model M^∗ = (W^∗, w), where W^∗ = W ∪ {w^∗}, where w^∗ |= ¬ϕ, M∗ <_M M^′. Hence it also contradicts with M^′ ∈ Min(Mod(¬Kϕ), ≤_M ).

Proof of (2). Let M = (W, w) be a k-model of T and M |= Kϕ. It is easy to see that M^′ = (W^′, w), where W^′ = W ∪ {{w^∗} and w^∗ |= ¬ϕ is a k-model of ¬Kϕ. All we need to show it aht M^′ ∈ Min(Mod(¬Kϕ, ≤_M ). This is followed from the above result we have proved. On the other hand, if M |̸= Kϕ, then it is obviously Res(M, ¬Kϕ) = {M} which implies M^′ = M.

Proposition 6 Consider T and μ ≡ Kϕ ∨ K¬ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ (Kϕ ∨ K¬ϕ), then there exists a k-model M = (W, w) of T such that w = w^′ and W^′ = W^{(w,ϕ)}, or w = w^′ and W^′ = W^{(w,¬ϕ)};

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w^′) is a k-model of T ⋄ (Kϕ ∨ K¬ϕ), where w^′ = w and W^′ = W^{(w,ϕ)}, or w^′ = w and W^′ = W^{(w,¬ϕ)}.

Proof: We first prove the following result:

Consider T and μ ≡ Kϕ ∨ K¬ϕ where ϕ is objective. Let M = (W, w) be a k-model of T , and M^′ = (W^{(w,ϕ)}, w) or M^′ = (W^{(w,¬ϕ)}, w). Then for any M^{′′} ∈ Mod(Kϕ ∨ K¬ϕ) and M^{′′} ≠ M^′, M^′ <_M M^{′′}.

This result can be proved in the same way as the proof of the result in the proof of Proposition 4 described earlier.

Now by using this result, we prove statements (1) and (2).

Proof of (1). M^′ = (W^′, w^′) is a k-model of T ⋄ (Kϕ ∨ K¬ϕ) iff M^′ ∈ Mod(T ⋄ (Kϕ ∨ K¬ϕ)) iff M^′ ∈ Min(Mod(Kϕ ∨ K¬ϕ), ≤_M ) for some M ∈ Mod(T ). Now we show that W^′ = W^{(w,ϕ)} and w^′ = w, or W^′ = W^{(w,¬ϕ)} and w^′ = w. Suppose this is not the case. Then let M^∗ = (W^{(w,ϕ)}, w) or M^∗ = (W^{(w,¬ϕ)}, w). But the above result, we have M^∗ <_M M^′. This contradicts with M^′ ∈ Min(Mod(Kϕ ∨ K¬ϕ), ≤_M ). Hence our assumption is wrong and it must be the case W^′ = W^{(w,ϕ)} or W^′ = W^{(w,¬ϕ)}.

proof of (2). Let M = (W, w) be a k-model of T . It is easy to see that M^′ = (W^{(w,ϕ)}, w) or M^′ = (W^{(w,¬ϕ)}, w) is a k-model of Kϕ ∨ K¬ϕ. All we need to show is that M^′ ∈ Min(Mod(Kϕ ∨ K¬ϕ), ≤_M ). This follows from the above result we proved.

Proposition 7 Consider T and μ ≡ ¬Kϕ ∧ ¬K¬ϕ where ϕ is objective.

(1) If M^′ = (W^′, w^′) is a k-model of T ⋄ μ, then there exists a k-model M = (W, w) of T such that (i) if M |= Kϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ; (ii) if M |= K¬ϕ, then w^′ = w and W^′ = W ∪ {w^∗}, where w^∗ |= ϕ; (iii) otherwise, w^′ = w and W^′ = W .

(2) If M = (W, w) is a k-model of T , then M^′ = (W^′, w) is a k-model of T ⋄ μ where (i) if M |= Kϕ, then W^′ = W ∪ {w^∗}, where w^∗ |= ¬ϕ; (ii) if M |= K¬ϕ, then W^′ = W ∪ {w^∗}, where w^∗ |= ϕ; (iii) otherwise, W^′ = W .

Proof: We first prove the following result:

Consider T and μ = ¬Kϕ ∧ ¬K¬ϕ. Let M = (W, w) be a k-model of T , and M^′ = (W^′, w), where W^′ = W ∪ {w^∗} and w^∗ |= ¬ϕ if M |= Kϕ, W^′ = W ∪ {w^∗} and w^∗ |= ϕ if M |= K¬ϕ, and W^′ = W otherwise. Then for any k-model M^{′′} ∈ Mod(¬Kϕ ∧ ¬K¬ϕ) and M^′ ≠ M^′, M^′ <_M M^{′′}.

The proof for this result is similar to the proof of the result in Proposition 5. Let μ = ¬Kϕ ∧ ¬K¬ϕ. Firstly, it is easy to see that for any M^{′′} = (W^{′′}, w^{′′}) ∈ Mod(¬Kϕ ∧ ¬K¬ϕ) where w^{′′} ≠ w, M^′ <_M M^{′′}. So, to prove the result, we only need to show that for any k-model M^{′′} = (W^{′′}, w) ∈ Mod(¬Kϕ ∧ ¬K¬ϕ) and W^{′′} ≠ W ∪ {w^∗}, M^′ <_M M^{′′}.

Let M^′ = (W ∪ {w^∗}, w), where w^∗ |= ¬ϕ if M |= Kϕ and w^∗ |= ϕ if M |= K¬ϕ. We first prove that for any k-model M^{′′} = (W^{′′}, w) such that M^{′′} |= μ and W^{′′} does not have a form of W ∪ {w_i}, M^′ <_M M^{′′}.

Suppose M |= Kϕ. Clearly M^′ |= μ.

Case 1. Consider a k-model M^{′′} = (W^{′′}, w) where W^′ = W ∪ {w^∗} ⊂ W^{′′}. Note that M^{′′} |= μ as well. However, from Proposition 1, we have KM^{′′} ⊂ KM^′ ⊆ KM. So M^′ <_M M^{′′} according to Definition 2 (i.e. condition (b)). Case 2. Suppose W^{′′} ⊂ W^′. Without loss of generality, we assume that W^{′′} = W ∪ {w^∗} \ {w_j} where w_j ∈ W . This follows that W ⊄ W^{′′} and W^{′′} ⊄ W . So it is the case that KM \ KM^{′′} ≠ ∅ and KM^{′′} \ KM ≠ ∅. On the other hand, we have W ⊆ W^′, from Definition 2 (i.e. condition (a)), we have M^′ <_M M^{′′}. Case 3. Now suppose W^{′′} ⊄ W^′ and W^′ ⊄ W^′. Without loss of generality, we can assume that W^{′′} = W ∪ {w^∗, w_i} \ {w_j}, where w_j ∈ W and w^∗, w_i ∉ W .

Again, this results to the situation that W ⊄ W^{′′} and W^{′′} ⊄ W . From the above discussion, it implies M^′ <_M M^{′′}.

Following the same way as above, we can prove that under the condition that M |= K¬ϕ and M^′ = (W ∪ {w^∗}, w) where w^∗ |= ϕ, for any k-model M^{′′} = (W^{′′}, w) such that M^{′′} |= μ and W^{′′} does not have a form of W ∪ {w_j} M^′ <_M M^{′′}.

Now we show that for any k-model M^{′′} that is of the form M^{′′} = (W ∪ {w_i}, w) and w_i is any world such that w_i |= ¬ϕ if M |= Kϕ or w_i |= ϕ if M |= K¬ϕ, M^′ ≰_M M^{′′} and M^{′′} ≰_M M^′. Suppose M^′ ≤_M M^{′′}. Since W ⊂ W ∪ {w^∗}, then according to Definition 2, condition (a) or (b) should be satisfied. As W ⊂ W ∪ {w_i}, condition (a) can not be satisfied. So condition (b) must be satisfied. That is, for any ψ such that M |= Kψ and M^′ |̸= Kψ, M^{′′} |= Kψ. However, this implies that KM \ KM^′ ⊆ KM \ KM^{′′}, and also KM ∩ KM^{′′} ⊆ KM ∩ KM^′. From Proposition 1 (Results 2 and 4), it follows that W ∪ W^′ ⊆ W ∪ W^{′′}, that is, W ∪ {w^∗} ⊆ W ∪ {w_i}. Obviously, this is not true. Similarly, we can show that M^{′′} ≰_M M^′. That means, both M^′ and M^{′′} are in Res(M, μ). This completes our proof for this result.

By uisng the above result, we now prove statements (1) and (2).

Proof of (1). M^′ is a k-model of T ⋄ μ iff M^′ ∈ Min(Mod(μ), ≤_M ) for some M ∈ Mod(T ). We show that M^′ must be of the form as stated in statement (1). Similarly to the proof of Proposition 5 earlier, if M^′ is not of such form, then for a k-model M^∗ which has such form, we have M^∗ <_M M^′ according to the above result.

Proof of (2). Let M = (W, w) ∈ Mod(T ). All we need to show is that for any M^′ that is of the form as stated in (2), M^′ ∈ Min(Mod(μ), ≤_M ). This is indeed the case as showed by the above result.

Lemma 1 Let M = (W, w), M_1 = (W_1, w_1) and M_2 = (W_2, w_2) be three k-models.

(1) Deciding whether KM \ KM_2 ≠ ∅ and KM_2 \ KM ≠ ∅ has time complexity O(|W | × |W_2|).

(2) Deciding whether KM \ KM_1 ⊆ KM \ KM_2 has time complexity O(|W_1| × (|W | + |W_2|)).

(3) Deciding whether KM_1 \ KM ⊆ KM_2 \ KM has time complexity O(|W_1| × |W | × |W_2|).

Proof: Result 1 is equivalent to deciding whether W ⊄ W_2 and W_2 ⊄ W (proper set inclusion). Obviously, this can be verified in O(|W | × |W_2|) time.

Now we prove Result 2. From set inclusion and intersection properties, it is easy to see that KM \KM_1 ⊆ KM \KM_2 iff KM_2 ∩KM ⊆ KM_1 ∩KM. Then from Proposition 1 (Results 2 and 4), it follows that KM_2 ∩KM ⊆ KM_1 ∩KM iff W_1 ∪ W ⊆ W_2 ∪ W . Obviously, checking whether W_1 ∪ W ⊆ W_2 ∪ W can be done in time O(|W_1| × (|W | + |W_2|)).

Finally we prove Result 3. First it is easy to show that KM_1 \ KM ⊆ KM_2 \ KM iff KM_1 ∪ KM ⊆ KM_2 ∪ KM iff KM_1 ⊆ KM_2 ∪ KM. We will now show that

KM_1 ⊈ KM_2 ∪ KM if and only if there exists w ∈ W and w_2 ∈ W_2, such that w, w_2 ∉ W_1.

(⇒) Let ϕ ∈ KM_1 and ϕ ∉ KM_2 ∪KM. This implies ϕ ∉ KM_2 and ϕ ∉ KM. This implies there exists w_2 ∈ W_2 and w ∈ W such that w_2 |̸= ϕ and w |̸= ϕ. These w and w_2 are both not in W_1 as ϕ is true in all worlds of W_1.

(⇐) Let ϕ = ¬( ⋀ w)∧¬( ⋀ w_2).^5 It is easy to see that ϕ ∉ KM_2 and ϕ ∉ KM, and ϕ holds in all worlds in W_1. Hence, KM_1 ⊈ KM_2 ∪ KM.

Now to determine if there exists w ∈ W and w_2 ∈ W_2, such that w, w_2 ∉ W_1, we need to go through each worlds in W and W_2 and check if they are in W_1 or not. All these checks can be done in time O(|W_1| × |W | × |W_2|).

To prove Theorem 5, we need to prove the following lemma first.

Lemma 4 Let X, Y, X̂, Ŷ be sets of propositional atoms and a be a propositional atom, where |X| = |X̂|, |Y | = |Ŷ | and any two sets of X, Y, X̂, Ŷ and {a} are disjoint. Suppose ϕ is an objective formula only using letters from set X ∪ Y . Let T and μ be the following two S5 formulas respectively:

T = γ_1 ∨ γ_2, where γ_1 = (((X ≡ X̂) ≡ ϕ) ≡ a) ∧ (Y ∧ ¬Ŷ )∧

¬K¬(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ), γ_2 = (((X ∧ ¬X̂) ≡ ¬ϕ) ≡ ¬a) ∧ Ŷ , and μ = K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ )∨

K(¬a ∧ X ∧ ¬X̂ ∧ ( ⋁ ¬Y ) ∧ Ŷ )∨ K(¬a ∧ X ∧ ¬X̂∧ Y ∧ Ŷ )^6 .

Then T ⋄ μ is knowledge gradual.

5 Note that we use notion ⋀ w to denote the conjunction of all propositional atoms that occur in w. If an atom is not in w, its negation will be in ⋀ w. For instance, if w = {a, c}, then ⋀ w = a ∧ ¬b ∧ c when a, b and c are the only propositional atoms in the language. 6 Recall that ⋁ ¬Y = ⋁ y_i∈Y ¬yi.

Proof: To prove T ⋄ μ to be knowledge gradual, we need to show that for any k-model M = (W, w) ∈ Mod(T ), if M^′ = (W^′, w^′) ∈ Res(M, μ), then either W ⊆ W^′ or W^′ ⊆ W . From the construction of T , it is easy to see that if M ∈ Mod(T ), then either M |= γ_1 or M |= γ_2, but M |̸= γ_1 ∧ γ_2. Based on this observation, our proof consists of two cases. Case 1. Let M = (W, w) ∈ Mod(γ_1). Since M |= γ_1, we have

w = X_1 ∪ X̂_1 ∪ Y ∪ {a}, where X_1 ∪ Y |= ϕ for some X_1 ⊆ X. Furthermore, since M |= ¬K¬(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ), there exists a world w^∗ ∈ W such that

w^∗ = X ∪ Y ∪ Ŷ ∪ {a}.

Now we specify a k-model of μ as follows:

M^∗ = ({w^∗}, w^∗).

It is easy to see that M^∗ |= K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ). So M^∗ |= μ. Furthermore, M^∗ is the unique k-model of K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ). We prove M^∗ is the unique k-model in Res(M, μ).

Note Diff(w, w^∗) = (X \ X_1) ∪ X̂_1 ∪ Ŷ . Besides M^∗, μ has two other types of k-models:

M_1 = (W_1, w_1), where w_1 = X ∪ Y_1 ∪ Ŷ , where Y_1 ⊂ Y (Y_1 ≠ Y ), and M_2 = (W_2, w_2), where w_2 = X ∪ Y ∪ Ŷ .

Note that

M_1 |= K(¬a ∧ X ∧ ¬X̂ ∧( ⋁ ¬Y ) ∧ Ŷ ), and M_2 |= K(¬a ∧ X ∧ ¬X̂∧ Y ∧ Ŷ ).

Consider

Diff(w, w_1) = (X \ X_1) ∪ X̂_1∪ (Y \ Y_1) ∪ Ŷ ∪ {a}, Diff(w, w_2) = (X \ X_1) ∪ X̂_1 ∪ Ŷ ∪ {a}.

Clearly, we have

Diff(w, w^∗) ⊂ Diff(w, w_1), and Diff(w, w^∗) ⊂ Diff(w, w_1).

So Res(M, μ) = {M^∗}. Also observe that M^∗ = ({w^∗}, w^∗), {w^∗} ⊂ W . Case 2. Let M = (W, w) ∈ Mod(γ_2). We have w = X ∪ Y_1 ∪ Ŷ , where X ∪ Y_1 |= ¬ϕ for some Y_1 ⊆ Y .

If Y_1 ≠ Y , then we have

w |= ¬a ∧ X ∧ ¬X̂ ∧ ( ⋁ ¬Y ) ∧ Ŷ ),

this implies that there exists a subset W_1 of W where for each w_i ∈ W_1,

w_i |= (¬a ∧ X ∧ ¬X̂ ∧ ( ⋁ ¬Y ) ∧ Ŷ ).

By specifying W_1 to be the maximal such subset of W , it is easy to note that M_1 = (W_1, w) is a k-model in Res(M, μ).

On the other hand, if Y_1 = Y , then we have

w |= (¬a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ),

this implies that there exists a subset W_2 of W where for each w_i ∈ W_2,

w_i |= (¬a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ).

Similarly, by specifying W_2 to be the maximal such subset of W , it is easy to note that M_2 = (W_2, w) is a k-model in Res(M, μ).

Since in both cases, we have W_1 ⊆ W and W_2 ⊆ W , this follows that for any k-model M of T where M |= γ_2, every resulting k-model after updating M with μ only increases the knowledge from M.

Theorem 5 Model checking for knowledge update is Σ^P_2 -complete. The hardness holds even if the update is knowledge gradual.

Proof: According to Theorem 4, we only need to prove the hardness part. This part is based on a variation of the proof of Lemma 4. We prove the hardness by giving a polynomial transformation from deciding the validity of ∃X∀Y E, where E is a Boolean expression using propositional atoms over X ∪ Y . We construct T , μ and a k-model M^∗ over propositional atoms X ∪Y ∪X̂ ∪Ŷ ∪{a}, where |X̂| = |X| and |Ŷ | = |Y |, and any two sets among X, Y, X̂, Ŷ and {a} are disjoint.

T = γ_1 ∨ γ_2, where γ_1 = (((X ≡ X̂) ≡ E) ≡ a) ∧ (Y ∧ ¬Ŷ )∧

¬K¬(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ), γ_2 = (((X ∧ ¬X̂) ≡ ¬E) ≡ ¬a) ∧ Ŷ , μ = K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ )∨

K(¬a ∧ X ∧ ¬X̂ ∧ ( ⋁ ¬Y ) ∧ Ŷ )∨ K(¬a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ),

M^∗ = (W^∗, w^∗), where W^∗ = {w^∗}, w^∗ = X ∪ Y ∪ Ŷ ∪ {a}.

Note that

M^∗ |= K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ).

So M^∗ is a k-model of μ. Furthermore, it is the unique k-model of K(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ). From Lemma 10, we know that T ⋄ μ is knowledge gradual. Now we will show that M^∗ is a k-model of T ⋄ μ if and only if ∃X∀Y E is valid. (⇒) Suppose ∃X∀Y E is valid. Then for some X_1 ⊆ X, X_1 ∪ Y |= E. We specify a k-model of γ_1 as follows:

M = (W, w), where w = X_1 ∪ X̂_1 ∪ Y ∪ {a}.

Since M |= ¬K¬(a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ), it is clear that the world w^∗ must be in W , i.e. w^∗ ∈ W . With the same justification as described in the proof of Lemma 4, we conclude that M^∗ is a k-model of updating M with μ. (⇐) Suppose ∃X∀Y E is not valid. That is, ∀X∃Y ¬E is valid. Then X ∪ Y_1 |= ¬E for some Y_1 ⊆ Y . In this case, T has the following type of k-models:

M = (W, w), where w = X ∪ Y_1 ∪ Ŷ .

Note that w |= ((X ∧ ¬X̂ ≡ ¬E ≡ ¬a) ∧ Ŷ ). That is, M is a k-model of γ_2. If Y_1 ≠ Y , then we have

w |= (¬a ∧ X ∧ ¬X̂ ∧( ⋁ ¬Y ) ∧ Ŷ ).

We now specify a k-model of μ as follows: M_1 = (W_1, w_1), where w_1 = w and W_1 is the maximal subset of W such that for each w_i ∈ W_1,

w_i |= (¬a ∧ X ∧ ¬X̂ ∧ ( ⋁ ¬Y ) ∧ Ŷ ).

Since

Diff(w, w^∗) = (X \ X_1) ∪ X̂_1 ∪ Ŷ , and Diff(w, w_1) = ∅ ⊂ Diff(w, w^∗), M^∗ is not a k-model in Res(M, μ). If Y_1 = Y , then we have

w |= (¬a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ).

Again, we can specify a k-model of μ as follows: M_2 = (W_2, w_2), where w_2 = w and W_2 is maximal subset of W such that for each w_i ∈ W_2,

w_i |= (¬a ∧ X ∧ ¬X̂ ∧ Y ∧ Ŷ ).

Since Diff(w, w_2) = ∅ ⊂ Diff(w, w^∗), M^∗ is not a k-model in Res(M, μ) in this case either.

Finally, suppose for some X_1 ⊆ X and Y_1 ⊆ Y , E is evaluated to be true on X_1 ∪ Y_1, i.e. X_1 ∪ Y_1 |= E. Without loss of generality, we can assume Y_1 ≠ Y^7 . This implies that γ_1 does not have a k-model under this situation. Therefore, if ∃X∀Y E is not valid, all k-models of T must be k-models of γ_2.

Theorem 8 Model checking for knowledge increased update is NP-complete.

Proof: Membership proof. Given T , μ and M^′ = (W^′, w^′). To deciding whether M^′ ∈ Mod(T ⋄ μ), we only need to show that for some M ∈ Mod(T ), M^′ ∈ Res(M, μ). A guess of M = (W, w) and verifying M |= T can be done in polynomial time. Since T ⋄μ is knowledge increased, to decide M^′ ∈ Res(M, μ), we only need to check: (1) w = w^′, and (2) for any w^∗ ∈ W , w^∗ ∈ W^′ iff w^∗ |= ϕ^μ or w^∗ |= ¬ϕ^μ for some ϕ^μ ∈ Sub^o(μ). Obviously, both (1) and (2) can be checked in polynomial time. So the problem is in NP.

Hardness proof. The hardness is proved by transforming the NP-complete SAT problem to a gaining knowledge update that has been showed to be knowledge increased. Let E be a CNF on the set of propositional atoms X. We construct formulas T , μ and a k-model M^′ over two disjoint sets X and X̂ where |X| = |X̂|.

T = (X ≡ X̂) ∧ ¬K(X ≡ X̂), μ ≡ K(X ≡ X̂ ∨ ¬E), and M^′ = (W^′, w^′), where W^′ = {w^′}, w^′ = X ∪ X̂.

Clearly, M |= μ. We will show that E is satisfiable iff M^′ ∈ Mod(T ⋄ μ). Note that since T |= X ≡ X̂ ∨ ¬E and μ = K(X ≡ X̂ ∨ ¬E), T ⋄ μ is a gaining knowledge update that is knowledge increased according to Theorem 5.

(⇒) Suppose E is satisfiable. Let X_1 ⊆ X such that X_1 |= E. We specify a k-model as follows:

M^∗ = (W^∗, w^∗),

7 Note that this assumption is always feasible. For instance, if X_1 ∪ Y |= E, we can expand Y to be Y^′ by adding a new atom y^′ into Y to make Y ≠ Y^′, i.e. Y^′ = Y ∪ {y^′}, and modify E to be E^′ = E ∧ ¬y^′ such that X_1 ∪ Y |= E^′ but X_1 ∪ Y^′ |̸= E^′.

W^∗ = {w^∗, w^{′′}}, w^∗ = w^′ = X ∪ X̂, and w^{′′} = X_1 ∪ X̂_1, where X̂_1 = {x̂_i | x̂_i ∈ X̂ and x_i ∉ X_1}.

Since w^{′′} |̸= X ≡ X̂, it is easy to see that M^∗ |= ¬K(X ≡ X̂). Therefore, M^∗ is a k-model of T . On the other hand, since w^{′′} |= E and w^{′′} |̸= X ≡ X̂, it follows that W^′ = {w^′} = {w^∗} = W^{∗(w∗,ϕ)}, where ϕ = (X ≡ X̂) ∨ ¬E. From Lemma 6, M^′ ∈ Res(M^∗, μ), so M^′ ∈ Mod(T ⋄ μ).

(⇐) Now suppose E is not satisfiable. That is, for any X_1 ⊆ X, X_1 |= ¬E. Then from Lemma 6, for any k-model of T of the form M = (W, w), where w ≠ w^′, M^′ ∉ Res(M, μ). We consider k-models of T of the form M = (W, w) where w = w^′ (note w^′ ∈ W ). Without loss of generality, we assume that there is one world w^∗ ∈ W such that w^∗ |̸= X ≡ X̂, otherwise M |= K(X ≡ X̂) and M cannot be a k-model of T . On the other hand, since E is not satisfiable, ¬E must be true in each world in W . So M |= K¬E and hence M |= K(X ≡ X̂ ∨ ¬E). This implies that W^′ ≠ W^{(w,ϕ)}, where ϕ = (X ≡ X̂) ∨ ¬E. So M^′ is not a k-model of T ⋄ μ.