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Abstract

We consider the problem of how an agent’s knowledge can be updated. We propose a
formal method of knowledge update on the basis of the semantics of modal logic S5.
In our method, an update is specified according to the minimal change on both the
agent’s actual world and knowledge. We discuss general minimal change properties
of knowledge update and show that our knowledge update operator satisfies all
Katsuno and Mendelzon’s update postulates. We characterize several specific forms
of knowledge update which have important applications in reasoning about change
of agents’ knowledge. We also examine the persistence property of knowledge and
ignorance associated with knowledge update.

We then investigate the computational complexity of model checking for knowledge
update. We first show that in general the model checking for knowledge update
is 25 -complete, which places the problem at the same layer in the polynomial
hierarchy of the traditional model based belief update (e.g. PMA). We then identify
a subclass of knowledge update problems that has polynomial time complexity for
model checking. We point out that some important knowledge update problems
belong to this subclass. We further address another interesting subclass of knowledge
update problems for which the complexity of model checking is NP-complete.

1 This paper is based on the authors’ two conference papers from IJCAI-2001 [1]
and KR-2002 [2].
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1 Introduction and motivation

The well-studied issues of belief updates and belief revision [13] are concerned
with the update and revision aspects of an agent’s belief with respect to new
beliefs. The notion of belief update has been used, and often serves as a guide-
line [12,24], in reasoning about the effect of (world altering) actions on the
state of the world. Thus if ¢ represents the agent’s belief about the world and
the agent performs an action that is supposed to make ¢ true in the resulting
world, then the agent’s belief about the resulting world can be described by
¢ ¢, where ¢ is the update operator of choice.

Now let us consider reasoning about sensing actions [22,23], which in their
pure form, when executed, do not change the world, but change the agent’s
knowledge about the world. Let sense; be a sensing action whose effect is
that after it is executed the agent knows whether f is true or not. This can be
expressed as K f V K—f, where K is the modal operator Knows. The current
theory of belief updates does not tell us how to do updates with respect to
such gain in knowledge due to a sensing action. (Note that we can not just
have ¢ = fV —f and use the the notion of belief update, as f VvV =f is a
tautology). The major goal of this paper is to define a notion of knowledge
update, analogous to belief update, where the original theory (¢) and the
new theory (¢) are in a language that can express knowledge. Such a notion
would not only serve as a guideline to reason about pure and mixed sensing
actions in presence of constraints, but also allow us to reason about actions
corresponding to forgetting and ignorance.

We then investigate the computational complexity of model checking for
knowledge update. We first show that in general the model checking prob-
lem for knowledge update is ¥2-complete, which places the problem at the
same layer of the polynomial hierarchy than the traditional model based belief
update (e.g. PMA) [16]. We further identify a subclass of knowledge update
problems for which model checking can be achieved in polynomial time. We
show that some important knowledge update problems belong to this sub-
class. Finally, we address another interesting subclass of knowledge updates
for which the complexity for model checking is NP-complete.

The structure of the rest of the paper is as follows. In Section 2 we start with
describing the particular modal logic that we plan to use in expressing knowl-
edge, and describe the notion of k-models analogous to ‘models’ in classical
logic. We define closeness between k-models and use it to define a particular
notion of knowledge update. In Section 3 we discuss minimal change properties
of knowledge update. An interesting result shows that our knowledge update
operator satisfies all Katsuno and Mendelzon’s update postulates. In Section
4, we present alternative characterizations of four particular knowledge up-



dates — gaining knowledge, ignorance, sensing, and forgetting, and show their
equivalence to our original notion of knowledge update. Some of these al-
ternative characterizations are based on the formulation of reasoning about
sensing actions, and thus our equivalence results serve as justification of the
intuitiveness of our definition of knowledge update. In Section 5 we explore
sufficiency conditions that guarantee persistence of knowledge (or ignorance)
during a knowledge update. From Section 6 we start to investigate model
checking complexity for knowledge update. In Section 6 we first give general
background on computational complexity. In Section 7, we study the model
checking complexity for the general case of knowledge update. In Section 8, we
define a subclass of knowledge update problems whose model checking can be
achieved in polynomial time. In Section 9, we further address an interesting
intractable subclass of knowledge update problems whose model checking is
lower than the genral case. Finally, in Section 10, we conclude this paper with
some remarks discussions.

2 Closeness between k-models and knowledge update

In this section, we describe formal definitions for knowledge update. Our for-
malization will be based on the semantics of the propositional modal logic S5
with a single agent. In general, under Kripke semantics, a Kripke structure is
a triple (W, R, ), where W is a set of possible worlds, R is an equivalence
relation on W, and 7 is a truth assignment function that assigns a proposi-
tional valuation to each world in W. Given a Kripke structure S = (W, R, ),
a Kripke interpretation is a pair M = (S, w), where w € W is referred to the
actual world of M. The entailment relation = between Kripke interpretations
and formulas is defined to provide semantics for formulas of S5 [4].

In the case of single agent, however, we may restrict ourselves to those S5
structures in which the relation R is universal, i.e. each world is accessible
from every world, and worlds are identified with the set of atoms true at
the worlds [20]. To simplify a comparison between two worlds (e.g. Definition
2), we may view an atom p € w iff w | p. Therefore, in our context a
Kripke structure (W, R, 7) is uniquely characterized by W and we may simplify
a Kripke interpretation as a pair (W, w) which we call a k-model, where w
indicates the actual world of the agent and W presents all possible worlds
that the agent may access. Note that w is in W for any k-model (W, w).

In our following description, we use a, b, ¢, - - - to denote primitive propositional
atoms; ¢, ¥, v, - - - to denote propositional formulas without including modali-
ties (we also call them objective formulas); and «, 3,7, p, - - - to denote formulas
that may contain modal operator K. For convenience, we use T' = a3 A- - - Aay,
to represent a finite set of formulas {a;, -, oy} and call T' a (knowledge) set.



Definition 1 (S5 Semantics) Let P be the set of all primitive propositions
in the language. The entailment relation = under normal S5 semantics is

defined as follows:

(1) ( ) E p iff p is primitive (i.e. p € P) and w = p;
(2) (Wow) E oA B iff (W) = o and (W,w) = 3;
15

(4)

Given a formula 7', M = (W, w) is called a k-model of T"if M = T. We use
Mod(T) to denote the set of all k-models of T'. For an objective formula ¢,
Mod(¢) simply denotes the set of worlds w where w |= ¢. In this case, w is

also called a model of ¢. For a formula «, we say that T entails o, denoted as
T E a, if for every k-model M of T, M = «.

= —a iff it is not the case that (W,w) = «;
E Ko iff (Ww') | a for allw € W.

Now the basic problem of knowledge update that we would like to investigate
is formally described as follows: given a k-model M = (W, w), that is usually
viewed as a knowledge state of an agent, and a formula p - the agent’s new
knowledge that may contain modal operator K, how do we update M to
another k-model M’ = (W' w’) such that M’ = p and M’ is minimally
different from M with respect to some criterion. To approach this problem,
we first need to provide a definition of closeness between two k-models with
respect to a given k-model.

Definition 2 (Closeness between k-models) Let M = (W w), M; =
(Wi,wy) and My = (Ws,ws) be three k-models. We say My is as close to
M as Ms, denoted as My <p; M, if:

(1) (wr \wUw\ w) C (wy\wUw\ wy); or
(2) wy = wy and one of the following conditions holds:
(Z) W1 = WQ,’
(i1) if W C Wy, then (a) there exist some ¢ and ¢ such that M = K¢
and My = K¢ and M [~ K and My = K, or (b) for any ¢ if
M & K¢ and My = Ko, then My = Ko;
(i1i) if Wi, C W, then condition (a) above is satisfied, or (c) for any ¢ if
M W K¢ and My = K¢, then My = K¢;
() if W & Wy and Wy ¢ W, then conditions (b) and (c) above are
satisfied.

We denote My <pr My if My <p; My and My £y M.

In the above definition, condition 1 simply says that the symmetric differences
between w and w; is a proper subset of that between w and w,, while in
condition 2, (ii), (iii) and (iv) express that different preferences are applied
to compare knowledge between M; and M, with respect to M (note that (i)
is just for the case that M; and M, are identical). For convenience, given



a k-model M, if we denote KM = {¢ | for all w € W,w = ¢}, then (a)
is equivalent to KM \ KM, # () and KM, \ KM # (); (b) is equivalent to
KM\ KM, C KM\ KMs,; and (c) is equivalent to KM\ KM C KM\ KM.
Also (b) and (c) together present a difference on both knowledge decrease and
increase between M; and Ms in terms of M.

Note that during the comparison between two k-models, we give preference to
the change of the actual world over the change of knowledge about the world.
(The closeness criterion between actual worlds that we use is the commonly
used criterion [25] based on symmetric difference). For instance, if the actual
world of a k-model M is closer to the actual world of M than the actual world
of another k-model M, we will think M is closer to M and the comparison of
knowledge between M; and M, is ignored. Only when both M; and M, have
the same actual world, we will compare knowledge of M; and M in terms of
M. This seems to be intuitive to us. In fact, the comparison between actual
worlds determines the actual distance between two k-models to the given k-
model M. If M; and M, have the same actual distance to M, the knowledge
distance is then taken into account.

Basically, condition (ii) (or (iii) resp.) in Definition 2 defines a knowledge
preference based on knowledge decrease (or increase resp). That is, if M; only
looses knowledge from M (or only gains some knowledge to M, resp.), then
M; is preferred over those k-models that have both knowledge decrease and
increase from M, i.e. (a), and also preferred over those k-models that only
loose more knowledge from M (or add more knowledge to M, resp.) than M
does, i.e. (b) or (c) respectively. Condition (iv), on the other hand, deals with
the mixed situation that M; has both knowledge decrease and increase from
M. In this case, a combined difference on knowledge decrease and increase is
applied to determine the knowledge distance, i.e. (b) and (c). Conditions (ii),
(iii) and (iv) can be illustrated by the following figures respectively.

KM2

Fig. 1. My <jps My under the condition wy = we and W C Wi: (a) or (b) holds.

Definition 3 (k-model Update) Let M = (W, w) be a k-model and 11 a
formula. A k-model M' = (W', w') is called a possible resulting k-model after
updating M with v if and only if the following conditions hold:

(1) M' = p;
(2) there does not exist another k-model M" = (W", w") such that M" = u
and M" <, M'.



We denote the set of all possible resulting k-models after updating M with
as Res(M, ).

{KM2

Fig. 3. My <jp; M under the condition wy; = we, W ¢ Wy and Wy ¢ W: (b) and
(c) hold.

Example 1 Let T = KcAN—KaAN—-KbA K(aVb) and p = K—c. We denote

wo = {a,b,c}, wy = {a,c}, wy = {b,c},
ws = {c}, wy = {a,b}, ws = {a},
Weg = {b}, W7 = @

Clearly, My = ({wo, w1, wa},wy) is a k-model of T. Consider the update of
My with p. Let My = ({wy, ws, wg}, wy). Now we show that My is a possible
resulting k-model after updating My with p.

Since (wo \ wy Uwy \ wo) = {c}, we first consider any possible k-model M' =
(W', w') such that (wo\w'Uw'\wy) C {c}. Clearly, the only possible w’ would be
wy atself. Let M' = (W' wy), where W' is a subset of {wy,---,w;}. However,
since ¢ € wy, there does not exist any W' such that M' = K—c. Therefore,
from Definition 2, only condition 2 can be used to find a possible M' such
that M' <pr My. So we assume M’ = (W' wy). On the other hand, from M,
and My, it is easy to see that KMy = {c,a V b} and KM, = {-~c,a V b}?.
Then we have KMy \ KM, = {c} and KM, \ KMy = {—c}. Ignoring the
detailed verifications, we can show that there does not exist such M' = (W' wy)

satisfying KMo\ KM' = KM'\ KM, = (.

Based on the k-model update, updating a formula (knowledge set) 7" in terms
of another formula p is then achieved by updating every k-model of T" with p.

2 For simplicity, here we only consider the prime formulas ¢ in KM in the sense
that if ¢ € KM, then there is not another ¢ such that =19 D ¢ and ¢ € KM.



Definition 4 (Knowledge update) Let T and p be two formulas. The
update of T with pu, denoted as T o p, is defined by Mod(T o p) =

UMEMod(T) RGS(M7 :u) :

3 Minimal change of knowledge update

In this section, we investigate minimal change properties of knowledge update.
Specifically, we examine the relationship between knowledge update and the
classical Katsuno and Mendelzon’s update postulates. TiFirstly, the following
proposition presents some useful results about knowledge update.

Proposition 1 Let My = (Wy,wy) and My = (Wa, ws) be two k-models. Then
the following properties hold:

(1) ¢ € KM, iff Wy C Mod(¢);

(2) Wy C Wa iff KMy € KM

(3) KM1 = KMQ ZﬁWl = WQ;

(4) Let M" = (W1 U Wy, w'), then KM' = KM, N KMs;

(5) Let w" € Wy N Wy and M’ = (W, N Wy, w'), then KM, U KMy C KM'.

Proof: (1). (=) From ¢ € KM, we have for all w’ € W, v |= ¢ (note that
¢ is a formula without containing modal operator K'). That is, w’ € Mod(¢).
So W C Mod(¢).

(<) Suppose W C Mod(¢). Then we have for any w’ € W, w’ |= ¢. That is,
be KM,

(2). Let AKM; and \ KM, be the conjunctions of all formulas in KM,
and K M, respectively. Then it is clear that Mod(A KM;) = W; and
Mod(NKM,) = Wiy So we have KM, C KM, iff Mod(AKM;) C
MOd(/\ KMQ) iff Wl g WQ.

(3). In the proof of 2, we stated that Mod(A KM;) = Wy and Mod(A\ K Ms) =
WQ. So KMl = KM2 iff MOd(/\KMl) = MOd(/\KMQ) iff W1 = ng.

(4). According to the definition of M’, we have ¢ € KM’ iff for all w' €
Wy U Wy, w' | ¢ iff for all w' € Wi, w' = ¢ and for all w” € Wy, w” = ¢ iff
Qbe KM, and ¢€ MK, lﬂ‘gbe KM, N KM,.

(5). According to the definition of M’, from ¢ € KM; U KM,, we have
¢ € KMy or ¢ € KMs. So for any w' € Wi N Wy, we have w' = ¢. That

3 This property also indicates that knowledge represented by a k-model M = (W, w)
is independent of the actual world w.



is, pe KM'. =

Given a set of k-models S and a k-model M, let <,; be an ordering on § as
we defined in Definition 2. By Min(S, <js) we mean the set of all elements in
S that are minimal with respect to ordering <j,;. The following proposition
simply shows that <j, is a partial ordering.

Proposition 2 Let M be a k-model. Then <,; defined in Definition 2 is a
partial ordering.

Proof: From Definition 2, it is clear that <j, is reflexive and antisymmet-
ric. Now we prove <, is also transitive. Let M = (W, w), M; = (Wi, wy),
M, = (W, wy) and M3 = (W3, w3) be k-models, and M; <;; M, and
My <pr Ms. Now we prove My <;; Ms.

Case 1. Suppose M; <,; M, is due to condition (1) in Definition 2, i.e.
(wr \wUw\wy) C (we \wUw\wy). Consider My <, Ms. According to Defini-
tion 2, either condition (1) or (2) is satisfied. If condition (1) is satisfied, then
(wo\wUw\ws) C (ws\wUw\ws). This follows (w; \wUw\w;) C (ws\wUw\ws).
So My <j; Mj3. If condition (2) is satisfied, it means wy = ws, it also follows
(wi \wUw\ wy) C (ws\ wUw \ ws), and therefore M; <,; Ms.

Case 2. Now suppose M; <j; M is due to condition (2) in Definition 2, i.e.
wy = wy and one of conditions (i), (ii), (iii), or (iv) is satisfied. If My <,y M;
is due to condition (1) in Definition 2, i.e. (we \ wUw \ wy) C (w3 \ wUw \ w3),
it follows that M; <,; M3 because w; = wy. Suppose My <;; Ms is due to
condition (2) in Definition 2, that is, wy = w3 and one of conditions (i), (ii),
(iii) or (iv) is satisfied. Here we only consider the following three cases, while
all other cases can be proved in a similar way.

Case 2.1. Both My <j;; My and My <,; Mj are due to condition (2) and (ii) in
Definition 2. Under this case, we can only have (a) KM; C KMy C KM, C
KM; or (b) KMy € KM, © KM but KM\ KM, # 0 and KM, \ KM # 0.
Clearly, in either case, we have My <,; Ms.

Case 2.2. My <p; Ms is due to condition (2) and (ii) and My <,; M3 are due
to condition (2) and (iii) in Definition 2. By analyzing Definition 2, it con-
cludes that this situation will never occur. This is because from M; <;; Mo,
we can only have either KMy C KM or KM\ KM, # () and KMy \ KM # (),
and from My <;; M3, we can only have KM C K Ms;. Obviously, these two
cases conflict with each other.

Case 2.3. My <j; M, is due to condition (2) and (ii) and My <p; M3 are due
to condition (2) and (iv) in Definition 2. In this case, we will have KM; € KM
and KMy \ KM # () and KM \ KM, # (). This implies M; <p;y M3. m

Theorem 1 Let T and p be two formulas. Then Mod(T o p) =
UMEMod(T) MZH(MOd(#’)) SM)



Proof: To prove the result, we only need to show that for each k-model
M of T, Res(M,un) = Min(Mod(p),<pu). Let M’ € Res(M,u). Since
M' = p, M'" € Mod(p). On the other hand, according to Definition 3, for
any M" € Mod(u), we have M" £y M'. That is, M’ € Min(Mod(p), <pr).
So Res(M, i) € Min(Mod(u), <pr). Similarly, we can show Min(Mod(u), <us
) C Res(M,j1). m

The above theorem provides an important characterization on knowledge up-
date in terms of a particular minimal change criterion. Now the question we are
interested in is whether our knowledge update operator satisfies some classi-
cal properties of belief (knowledge base) update. In recent years, belief update
has been extensively studied by many researchers and its difference from belief
revision is well understood [9,18,27]. From the observation of semantic differ-
ence between belief update and revision, Katsuno and Mendelzon argued that
the original revision postulates proposed by Gardenfors el al. [5] are not quite
suitable for update, and ignoring such difference may lead to unreasonable so-
lutions [13]. Instead, Katsuno and Mendelzon proposed alternative postulates
for any update operator ¢ as follows.

(Ul) T o p implies p.

(U2) If T implies p then Topu=T.

(U3) If both T and pu are satisfiable then T ¢ 1 is also satisfiable.

(U4) Ty =Ty and pg = po then T o py = To © 1o,

(Ub) (T'ou) A aimplies T o (pu A «).

(U6) If T'o py implies pg and T ¢ py implies py then T'o g = T 0 puo.

(U7) If T is complete then (T o 1) A (T © pg) implies T o (1 V pio).

(U8) (hVTy)opu= (Tyou)V (Tyopun).

Under the context of S5 modal logic, we may think all formulas occurring in
the above postulates are S5 formulas. The following theorem shows that our
knowledge update operator satisfies all these postulates.

Theorem 2 Knowledge update operator o defined in Definition 4 satisfies
Katsuno and Mendelzon’s update postulates (U1)-(US).

Proof: From Definitions 3 and 4, it is easy to verify ¢ satisfies postulates (U1)-
(U4). Now we prove ¢ satisfies (U5). To prove that (T°o u) A v implies T'o (1 A
«), it is sufficient to prove that for each k-model of T, say M, Res(M, ) N
Mod(a) € Res(M,u A «). In particular, we need to show for any M’ €
Res(M,pu) N Mod(a), M' € Res(M,u A «). Suppose M’ & Res(M,pu A «).
According Definition 3, we have (1) M & A a; or (2) there exists another
k-model M" such that M" = uAa and M” <, M'. If it is case (1), it follows
that M’ & Res(M, ) N Mod(a). Then the result holds. If it is case (2), it also
implies that M" |= p and M"” <,y M'. That means, M’ ¢ Res(M, p) from



Defintion 3. The result still holds.

Now we prove ¢ satisfies (U6). Similarly, to prove ¢ satisfies (U6), we only
need to prove for any k-model of T, say M, if Res(M,u1) C Mod(us)
and Res(M, pu2) € Mod(p), then Res(M, puy) = Res(M, uy). We first prove
Res(M, 1) € Res(M, ps). Let M" € Res(M, py). Then M' |= ps. Suppose
M'" & Res(M, j12). This follows that there exists another M” € Res(M, i)
such that M" <3y M'. Also note that M” |= uy. This contradicts the fact that
M' & Res(M, o). This proves Res(M, 1) € Res(M, pz). Similarly, we can
prove Res(M, us) € Res(M, uy).

Now we prove ¢ satisfies (U7). Since T is complete, it follows that 7" has a
unique k-model M. So we only need to prove Res(M, ) N Res(M, ) C
Res(M,py V ps). Let M' € Res(M,u) N Res(M, uy). Suppose M' &
Res(M, py V p2). Then there exists a k-model M"” € Res(M, uy V pg) such
that M"” <,; M’. Note that M" |= py V po. If M” = py, it will follow that
M’ ¢ Res(Mu, ), otherwise, M’ ¢ Res(Mu,ps). In either case, we have
M’ & Res(M, py) N Res(M, uiy). This proves the result.

Finally, the fact that ¢ satisfies (U8) is obtained straightforward from Defini-
tions 3 and 4. m

4 Characterizing specific knowledge updates

While the previous section studies general minimal change properties of our
knowledge update, alternative characterizations of knowledge update can be
described for several specific forms. These specific forms present important
features of knowledge update, and their alternative characterizations are con-
venient when the use of the notion of knowledge update becomes an overkill.
For example, the alternative characterization of sensing update below is a
much simpler characterization that is used in reasoning about sensing actions
[22,23].

4.1  Gaining knowledge update

We first introduce a notation that will be useful in our following discussions.
Let W be a set of worlds and w € W. By W) we denote the set {w' | w' €

W and w' = ¢ iff w = ¢}.

Proposition 3 Given T and K¢ where ¢ is objective and T = ¢. Then
M = (W' w') is a k-model of T o K¢ if and only if there exists a k-model

10



M = (W,w) of T such that w = w' and W' = Ww:?),

Proof: Since T |= ¢, we have W) = {w' | w' € W and w' | ¢}. Let
M' = (W®® ). Firstly, from the condition 1 of Definition 2, it is easy to
see that for any M"” = (W” w") where w” # w, M’ <;; M". Therefore, from
Theorem 1, to prove the result, it is sufficient to prove that for any k-model
M" = (W" w) where W" # W) M' <, M". We consider the following
possible cases.

Case 1. W" c W®®)  Since W9 C W, from Proposition 1, we have
KM C KM' C KM", and hence KM'\ KM C KM" \ KM. From Defi-
nition 2, it follows M’ <,; M".

Case 2. W) < W" (proper set inclusion). Without loss of generality, we
assume W” = W9 U {w;}, where w; = ¢. Clearly, w; € W otherwise we
will have w; € W) and then W” = W9 Since W’ ¢ W and W € W",
from Proposition 1, we have KM & KM" and KM’ € K M. Then it must be
the case that KM \ KM" # () and KM” \ KM # (). From Definition 2 (i.e.
(iii) in condition 2), we know that M’ <;, M".

Case 3. W@ ¢ W" and W” ¢ W9 Without loss of generality, we can
assume that W’ = W®@9 U {w;} \ {w;}, where w; € W), Since we require
that M” = K¢, it follows that w; = ¢. Also, from the construction of W),
we know that w; ¢ W otherwise it reduces to the case that W” C W),
Therefore, W” W and W € W”. From the above discussion, it follows that
KM\ KM" # () and KM"\ KM # (). So from Definition 2, we know that
M <,y M". m

The above proposition reveals an important property about knowledge up-
date: to know some fact, the agent only needs to restrict the current possible
worlds in each of her k-models, if this fact itself is already entailed by her cur-
rent knowledge set. We call this kind of knowledge update gaining knowledge
update.

Example 2 Let T'= aN—KaAKb. Suppose wy = {a, b}, w; = {a}, we = {b}
and ws = (). Then T has one k-model M = ({wo, ws},wy). Updating M with
Ka, according to our k-model update definition, we have a unique resulting

k-model M' = ({wo},wy). Indeed, this result is also obtained from Proposition
3.

4.2 Ignorance update

As a contrary case to the gaining knowledge update, we now character-
ize an agent ignoring a fact from her knowledge set which we call ig-
norance update, i.e. updating T with =K ¢. From Definition 1, it is easy

11



to see that T' o =¢ = —K¢. However, it should be noted that updating
T ¢ =¢ can not be used to achieve T ¢ =K ¢. Consider a k-model M =
({{a,b},{a}},{a,b}). Updating M with —Ka we have a possible resulting
k-model M’ = ({{a,b}, {a},{b}},{a,b}), while updating M with —a will lead
to a possible result M” = ({{a, b}, {a},{b}}, {b}). Note that both M" and M"”
entail =Ka, but M’ <5; M" according to Definition 2.

Proposition 4 Given T' and pn = ~K¢ where ¢ is objective. M' = (W' w')
is a k-model of T o =K ¢ if and only if there exists a k-model M = (W, w) of
T such that

(1) if M |= K¢, then w' = w and W' = W U {w*}, where w* = —¢;
(i1) otherwise, w' = w and W' =W.

Proof: Let y = - K¢ and M = (W, w) be a k-model of T. Then it is easy
to see that for two k-models M' = (W' w') and M" = (W",w") such that
M E pand M” = p, and w' = w and w” # w, M’ <y M”. So M" can not
be a k-model of T"¢ p. In other words, a k-model of T"¢ x must have a form
M = (W' w).

From Theorem 1, to prove the result, we only need to show that for any
k-model M" = (W” w) such that M" = p and W # W U {w*} where
w* = —phi, M <,y M".

Suppose M = K¢. Let M' = (W U {w*},w), where w* = =¢. We first show
that for any k-model M” = (W” w) such that M" = K¢ and W” does not
have a form of W U {w;}, M" <,y M".

Case 1. Suppose W' C W”. This implies that KM" C KM' C KM from
Proposition 1. So M’ <,; M" according to Definition 2 (condition (b)).

Case 2. Suppose W’ C W’. Without loss of generality, we assume that W =
W U{w*}\ {w;} where w; € W. This follows that W ¢ W” and W"” ¢ W. So
it is the case that KM \ KM" # () and KM"” \ KM # (). On the other hand,
we have W C W', from Definition 2 (i.e. condition (a)), we have M’ <, M".
Case 3. Suppose W"” ¢ W' and W' ¢ W”. Without loss of generality, we can
assume that W” = W U {w*,w;} \ {w;}, where w; € W and w*,w; ¢ W.
Again, this results to the situation that W ¢ W” and W” ¢ W. From the
above discussion, it implies that M’ <, M".

Now we show that for any k-model M” that is of the form M" = (W U{w;}, w)
and w; is any world such that w; = —¢ (note M = K¢), M' £y M" and
M" Ly M'. Suppose M' <p; M". Since W C W U {w*}, then according to
Definition 2, condition (a) or (b) should be satisfied. As W C W U {w;}, con-
dition (a) can not be satisfied. So condition (b) must be satisfied. That is, for
any 1 such that M = K¢ and M’ £ K¢, M" = K. However, this implies
that KM\ KM' C KM\ KM", and also KM NKM"C KM N KM'. From
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Proposition 1 (Results 2 and 4), it follows that W U W’ C W U W” that is,
Wu{w*} € WU{w;}. Obviously, this is not true. Similarly, we can show that
M" £y M'. That means, both M" and M" are in Res(M, ;). This completes
our proof. m

Example 3 Suppose T = —Ka N =Kb A K(a V b) AN Kc and the agent
wants to ignore c. Let wy = {a,b,c}, wy = {a,c}, wy = {b,c}, wy =
{c}, wy = {a,b}, ws = {a}, wg = {b}, wy = 0. Clearly, T has three
k-models: My = ({wg, w1, wa},wg), My = ({wo,wy,ws},wy), and My =
({wo, w1, wa},ws). From Proposition 3, T' o =Kc has the following twelve k-
models: ({wo, wy, wa, w; }, w;), where i =4,5,6,7 and j = 0,1, 2.

4.8 Sensing update

Now we consider the case when p is of the form K¢V K—¢ where ¢ is objective.
Updating T" with this type of u is particularly useful in reasoning about sensing
actions [22,23] where K¢V K —¢ represents the effect of a sensing action after
its execution, the agent will know either ¢ or its negation. We refer to such
an update as a sensing update. The following proposition characterizes the
update of 7" with a formula of the form K¢ vV K—¢. It is interesting to note
that the sufficient and necessary condition for a k-model of T'¢ (K¢ V K—¢)
is similar to the one presented in Proposition 3.

Proposition 5 Given T and p = K¢ V K—¢ where ¢ is objective. M' =
(W' w') is a k-model of T o (K¢ V K=¢) if and only if there exists a k-
model M = (W,w) of T such that w = w' and W' = W@ or w = w' and
W' = Ww~9)

Proof: Let 4 = K¢V K—¢ and M’ = (W®%) ). From the definition of
W) it is easy to see that M’ |= . Consider any M” = (W" w") where
M" = pand w” # w. According to the condition 1 of Definition 2, M’ <,; M".
So M" can not be a k-model of T ¢ p. In other words, each k-model of T ¢
must have a form of M” = (W” w). Then from Theorem 1, to prove the re-
sult, it is sufficient to prove for k-model M” = (W" w) where W" # W(w:9)
or W £ Ww=9) M’ <;; M". This can be shown in the same way as in the
proof of Proposition 3. m

Example 4 Suppose T'= Kb N -Ka N —~K—a represents the current knowl-
edge of an agent. Note that T implies that the agent does not have any knowl-
edge about a. Consider the update of T with p = Ka V K—a which can be
thought of as the agent trying to reason — in the planning or plan verifica-
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tion stage — about a sensing action*® that will give her the knowledge about
a. Let wy = {a,b},w; = {b},ws = {a} and ws = 0. It is easy to see that
My = ({wo, w1}, wo) and My = ({wo, w1}, w1) are two k-models of T. Then
according to the above proposition, it is obtained that M} = ({wo},wo) and
M = ({w1},w1) are the two k-models of T o p.

4.4 Forgetting update

As another important type of knowledge update, we consider the update of
T with p = =K¢ N =K—¢. This update can be thought of as the result of
an agent forgetting her knowledge about the fact ¢. We will refer to such an
update as a forgetting update. The following proposition shows that in order
to forget ¢ from T, for each k-model of the current knowledge set, the agent
only needs to expand the set of possible worlds of this model with exactly one
specific world.

Proposition 6 Given T and p = ~K¢ N —~K—¢ where ¢ is objective. M' =
(W' w') is a k-model of T'o u if and only if there ezists a k-model M = (W, w)
of T such that

(1) if M = K¢, then w' = w and W' = W U {w*}, where w* = —¢;
(i1) if M = K—=¢, then w' = w and W' =W U {w*}, where w* |= ¢;
(111) otherwise, w' =w and W' =W.

Proof: The proof is similar to the proof of Proposition 4. Let u = -K¢ A
-~ K-¢ and M = (W,w) be a k-model of 7. Then it is easy to see that for two
k-models M' = (W’ w') and M" = (W" w") such that M’ |= p and M" = p,
and w' = w and w” # w, M" <pr M"”. So M" can not be a k-model of T' ¢ p.
In other words, a k-model of T'¢  must have a form M’ = (W', w).

From Theorem 1, to prove the result, we only need to show that for any

k-model M" = (W”, w) such that M" }= pand W"” #£ W U{w*}, M' <y M".

Let M' = (W U {w*},w), where w* = —¢ if M = K¢ and w* | ¢ if
M = K-¢. We first prove that for any k-model M"” = (W” w) such that
M" |= o and W” does not have a form of W U {w;}, M’ <, M".

Suppose M = K¢. Clearly M’ = p.
Case 1. Consider a k-model M" = (W" w) where W = W U {w*} C W".
Note that M” | u as well. However, from Proposition 1, we have KM" C

4 Such reasoning is necessary in creating plans with sensing actions or verifying
such plans. On the other hand after the execution of a sensing action the agent
exactly knows either a or —a, and can simply use the notion of belief update.
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KM C KM. So M’ <)y M" according to Definition 2 (i.e. condition (b)).
Case 2. Suppose W’ c W'. Without loss of generality, we assume that W =
W uU{w*} \ {w;} where w; € W. This follows that W ¢ W” and W"” ¢ W. So
it is the case that KM \ KM" # () and KM"” \ KM # (). On the other hand,
we have W C W', from Definition 2 (i.e. condition (a)), we have M’ <, M".
Case 3. Now suppose W” ¢ W' and W' ¢ W’'. Without loss of generality, we
can assume that W” = W U {w*, w; } \ {w;}, where w; € W and w*,w; ¢ W.
Again, this results to the situation that W ¢ W” and W” ¢ W. From the
above discussion, it implies that M’ <;; M".

Following the same way as above, we can prove that under the condition
that M = K—¢ and M’ = (W U {w*},w) where w* |= ¢, for any k-model
M" = (W" w) such that M" |= o and W” does not have a form of W U {w;}
M <u M.

Now we show that for any k-model M” that is of the form M" = (W U{w;}, w)
and w; is any world such that w; = —¢ if M = K¢ or w; = ¢ if M |= K-,
M Ly M" and M" £y M'. Suppose M' <,y M". Since W C W U {w*},
then according to Definition 2, condition (a) or (b) should be satisfied. As
W c W U {w,;}, condition (a) can not be satisfied. So condition (b) must
be satisfied. That is, for any ¢ such that M | K¢ and M’ [ Ku,
M" & K. However, this implies that KM \ KM' C KM \ KM", and also
KMNKM"C KMNKM'. From Proposition 1 (Results 2 and 4), it follows
that WU W' C W UW” that is, W U {w*} C W U {w;}. Obviously, this is
not true. Similarly, we can show that M” £, M'. That means, both M’ and
M" are in Res(M, ). This completes our proof. m

Example 5 Suppose T = Kb A (Ka V K—a) represents the current knowl-
edge of an agent. After executing a forgetting action the agent now would
like to update her knowledge with u = ~Ka A ~K-a. Let wy = {a,b},w; =
{b},wy = {a}, w3 = 0. It is easy to see that My = ({wo},wo) and M; =
({w1},wy) are the two k-models of T. Then using Proposition 6, we conclude
that M = ({wo, w1}, wo), M{ = ({wo, ws},wo), My = ({wi,we}, w1), and
M} = ({wy,we},wy) are the four k-models of T ¢ p. Note that ({wq, ws}, wp)
cannot be a k-model of T ¢y according to Proposition 6.

5 Persistence of knowledge and ignorance

Like most systems that do dynamic modeling, the knowledge update discussed
previously is non-monotonic in the sense that while adding new knowledge into
a knowledge set, some previous knowledge in the set might be lost. However, it
is important to investigate classes of formulas that are persistent with respect
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to an update, as this may partially simplify the underlying inference problem
[26]. Furthermore, characterizing persistence is also an important issue in non-
monotonic epistemic logic reasoning because it plays an essential role in the
way of how different states of agent’s knowledge can be compared [3,10,11].

Given T and u, a formula « is said to be persistent with respect to the update
of T with p, if T = o implies T' o 4 = . If « is of the form K¢, we call this
persistence as knowledge persistence, while if « is of the form =K ¢, we call it
1gnorance persistence. The question that we address now is that under what
conditions, a formula « is persistent with respect to the update of T' with pu.

As the update of T" with p is achieved based on the update of every k-model
of T" with u, our task reduces to the study of persistence with respect to a
k-model update. This is defined in the following definition.

Definition 5 (Persistence with respect to k-model update) Let p and
a be two formulas and M be a k-model. « is persistent with respect to the
update of M with p if for any M' € Res(M, ), M = « implies M' = «.

Clearly a formula « is persistent with respect to the update of T with u
if and only if for each k-model M of T, a is persistent with respect to the
update of M with u. To characterize the persistence property with respect to
k-model updates, we first define a preference ordering on k-models in terms
of a formula.

Definition 6 (Formula closeness) Let i be a formula and My and My be
two k-models. We say M, is as close to p as M, denoted as My <, My, if
one of the following conditions holds:

(1) My € Mod(y);
(2) if My, My & Mod(p), then for any M € Mod(u), My <pr M.

We denote My <, My if My <,, My and My £, M.

Intuitively, the above definition specifies a partial ordering to measure the
closeness between two k-models to a formula. In particular, if M; is a k-model
of u, then M; is closer to p than all other k-models (i.e. condition 1). If neither
M nor M, is a k-model of p, then the comparison between M; and M, with
respect to u is defined based on the k-model preference ordering <, for each
k-model M of p (i.e. condition 2). Note that if both M; and M, are k-models
of u, we have M, <, My and My <, M, and both of them are equally close
to p.

Example 6 Let u= Ka A Kb, wy = {a,b}, w; = {b}, wy = {a} and ws = 0.

Clearly, v has one k-model M = ({wo},wy). Consider two k-models M; =
({wo, w1 },wo) and My = ({wy,wse},wy). Now let us compare which one of
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them is closer to p. Since neither My nor My is a k-model of i, we can use
condition 2 in Definition 6 to compare My and Ms. According to Definition 2,
it is easy to see that My <pr My as wo \ wy Uw; \ wo = {a} # 0. Therefore,
we conclude My <, M. Furthermore, we also have My <, M.

Proposition 7 Let u be a formula. For any two k-models My and M, if
M, <, My, then My |= p implies My = pu.

Proof: Suppose M, = p. Then My € Mod(u). From Definition 6, we know
that for any other k-model M', My <, M'. So M, <, M. But we have
M, <,, M,. This implies that both M; and M, are equally close to ;. Hence,

My Ep o

Given a formula g and a sequence of k-models My, -- -, My, if the relation
M, <, My <,, --- <, My, holds, then it means that M; is closer to p than Mj;,
where ¢ < 7. Now under this condition, if there is another formula a which
satisfies the property that M; = a implies M; = a whenever i < j, we say
that formula « is persistent with respect to formula p. In other words, when
k-models move closer to u, a’s truth value is preserved in these k-models. The
following definition formalizes this idea.

Definition 7 (<,-persistence) Let o, p be two formulas. We say that « is
<,-persistent if for any two k-models M; and M,y, My = a and M; <, M,
implies M; = .

Now we have the following important relationship between <,-persistence and
k-model update persistence.

Theorem 3 Let a and p be two formulas and M be a k-model. a is persistent
with respect to the update of M with p if o s <,-persistent.

Proof: Let M’ be a k-model in Res(M, p). Then we have M’ € Mod(u). So
for any k-model M"”, we have M' <, M". So M’ <, M. Now suppose « is
p-persistent. It follows that M |= « implies M’ = «. As M’ is an arbitrary
k-model in Res(M, ), we can conclude that « is persistent with respect to
the update of M with y. m

From Theorem 2, we have that <,-persistence is a sufficient condition to
guarantee a formula persistence with respect to a k-model update. As will be
shown next, we can provide a unique characterization for p-persistence. We
first define the notion of ordering preservation as follows.

Definition 8 (Ordering Preservation) Given two formulas a and 5. We
say that ordering <, preserves ordering <g if for any two k-models M; and
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Mg, M1 Sa M2 Zmplzes M1 Sg MQ.

The intuition behind ordering preservation is clear. That is, if <, preserves
<g, then for any two k-models M; and M,, whenever M; is closer to a than
My, My will be closer to  than M, as well. Finally, we have the following
important result to characterize p-persistence.

Theorem 4 Given two formulas o and p, o is <,-persistent if and only if
<p preserves <,.

Proof: (=) Suppose a is <,-persistent. That is, for any two k-models M,
and My, My <, M, and M, = « implies M; = a. So under the constraint
that o is p-persistent, whenever M; <, M,, we have M, <, M. That means,
<, preserves <.

(<) Suppose <, preserves <,. From Definition 8, we have that for any two
k-models M, and My, My <, My implies M; <, M. Now suppose M; <, M.
So we have M; <, M,. From Proposition 6, we have that M, = « implies
M; = «. From this it follows that « is < u-persistent. m

6 Background on computational complexity

In the rest of this paper, we consider complexity issues of knowledge update. In
particular, we investigate the computational complexity of model checking for
knowledge update. For this purpose, we will restrict the underlying language
to be finite.

We first introduce basic notions from complexity theory and refer to [7] for fur-
ther details. Two important complexity classes are P and N P. The class of P
includes those decision problems solvable by a polynomial-time deterministic
Turing machine. The class of N P, on the other hand, consists of those decision
problems solvable by a polynomial-time nondeterministic Turing machine.

Let C be a class of decision problems. The class P consists of the problems
solvable by a polynomial-time deterministic Truing machine with an oracle for
a problem from C, while the class NP¢ includes the problems solvable by a
nondeterministic Turing machine with an oracle for a problem in C. By co-C
we mean the class consisting of the complements of the problems in C.

The classes X2 and IIE of the polynomial hierarchy are defined as follows:

P =15 = P, and
P = NPY TP =co-3f for all k > 1.
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It is easy to see that NP = X" and co-NP = III". A problem A is complete
for a class C if A € C and for every problem B in C there is a polynomial
transformation of B to A.

The prototypical XF-complete and II}-complete problems are deciding the
validity of quantified Boolean formulas (QBF's) of the form:

1 X1Q2 X QpXipE k> 1, (1)

where F is a Boolean expression using propositional atoms over alphabets
X1, Xo, -+, and Xy, and the @);’s are alternating qualifiers from {V,3} (1 <
i < k). If Q; = 3, then deciding the validity of (1) is X -complete, while
deciding the validity of (1) is IIf -complete if Q; = V.

Let X and Y be two finite set of propositional atoms where X and Y have
the same cardinality, i.e. | X| = |Y'|. For convenience, we use notion X =Y
to stand for formula (z1 = y1) A (2 = y2) A -+ A (T, = Ym). Consequently,
X = Y stands for formula (z1 = —y1)A (22 = —y2) A+ A (T = ~Ym). We
also use =X to denote the set {—z; | x; € X} (or formula A, cx —x;), and use
notion V =X to stand for formula V. cx —2;. For a given formula o, we use
|a| to denote the length of .

The problem of model checking for knowledge update is described as follows:
Given a knowledge set 7', a formula p, and a k-model M, deciding whether
M € Mod(T o ). It is well known that the model checking problem for tradi-
tional belief revision and update is located at the lower end of the polynomial
hierarchy from P to ¥% depending on specific revision/update operators and
additional restrictions (if any) [16].

7 Complexity of model checking: General case

In this section, we investigate the complexity of model checking for the general
case of knowledge update.

Lemma 1 Let M = (w,W),M; = (wy,W1) and My = (wq, Ws) be three
k-models.

(1) Deciding whether KM \ KMy # () and
KMy \ KM # 0 has time complexity
O(IW] x [Wal).

(2) Deciding whether K M\ KM, C KM\ KM, has time complezity O(|W;|x
(W] + [Ws])).
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(3) Deciding whether K MGZ\KM C KMy\KM has time complexity O(|W;|x
(W [Wa).

Proof: Result 1 is equivalently to deciding whether W ¢ Wy and Wy, ¢ W
(proper set inclusion). Obviously, this can be verified in O(|W| x |W3|) time.

Now we prove Result 2. From set inclusion and intersection properties, it is
easy to see that KM \ KM; C KM\ KM, iff KMonN KM C KMy N KM.
Then from Proposition 1 (Results 2 and 4) of [1], it follows that KMy N
KM C KMy KM it Wy UW C W, U W. Obviously, checking whether
Wi UW C Wy UW can be done in O(|W;| x (JW|+ [W3|)) time.

Finally we prove Result 3. We first prove the following result:

KM, & KMy U KM if and only if for some w € W and ws € W5, such that
wy = (Aw) A =(Awsp)?® for all wy, € Wi.

Firstly, if for all wy € Wy we have wy = —(Aw) A =(Aws). Then let ¢ =
—(Aw) A ~(Aws). Clearly, ¢ € KMy, but ¢ ¢ KM and ¢ ¢ KM,. That is,
KM, ¢ KMy U KM

Now we suppose KMy € KMy U KM. Then there exists some ¢ € KM; but
¢ & KM and ¢ ¢ K M,. We first show that in this case, ¢ = (A w) A—=(Aws)
for some w € W and wy € W, respectively. Since ¢ ¢ KM, there exists some
w € W such that w = —¢, and so ¢ = —(A w). Similarly, from ¢ & K M,, there
exists some wy € Wy such that we = —¢. That is ¢ = =(A we). Combine these
two cases, we have ¢ = =(Aw) A=(Aws). On the other hand, since ¢ € K M;,
we have that for all wy € Wy, wy = ¢ and then wy = =(Aw) A = (Aw,).

From the above result, it observed that to decide whether KM; & K MsUK M,
we only need to check whether there exist some w € W and wy € W5 such
that for all wy € Wy, wy = —~(Aw) A =(Aws). Obviously, we need to check at
most || x |W3| formulas for each w; € Wj. So all checks can be done in time

O(IWh] x [W] x [Wy). m

Lemma 2 Let M, My and My be three k-models. Deciding whether My <,
My can be achieved in polynomial time.

Proof: According to Definition 2, if wy # wy, then My <p; My iff (w; \ w U
w\ wy) C (wy \ wUw \ wy). Clearly, this can be verified in polynomial time.

® Note that we use notion A w to denote the conjunction of all propositional atoms
that occur in w. If an atom is not in w, its negation will be in A w. For instance, if
w = {a, c}, then A w = aA=bAc considering that a, b and c are the only propositional
atoms in the language.
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If w; = wsy, then we need to check the following conditions: (i) If W C W7,
then M; <,; M, iff condition (a) or (b) in Definition 2 is satisfied. From
Lemma 1, we know that deciding whether (a) and (b) to be true can be done
in polynomial time. (ii) If Wy C W, then M; <;; M, iff condition (a) or (c)
in Definition 2 is satisfied. From Lemma 1, deciding whether (c) to be true is
in P. (iii) f W ¢ Wy and Wy ¢ W, then M; <j; M; iff conditions (b) and
(c) should be satisfied. Again, deciding whether condition (c¢) to be true is in
polynomial time. So, the problem is in P. m

Lemma 3 Let M, M’ be two k-models and . a S5 formula. Deciding whether
M’ € Res(M, 1) is in co-NP.

Proof: According to Theorem 1, if M’ & Res(M, 1), there must exist another
k-model M" such that M"” <,; M’. A guess of a k-model M"” can be done in
polynomial time. From Lemma 2, deciding whether M"” <,; M’ is in P. Since
M" <y M"ifft M" <p; M and M’ £,; M", this follows that checking whether
M" <3 M’ can be decided in polynomial time. So the problem is in co-NP. m

Theorem 5 Model checking for knowledge update is in XL

Proof: From Definition 4, M € Mod(T ¢ p) iff for some M’ € Mod(T),
M € Res(M',u). A guess of M’ and check whether M’ € Mod(T), i.e.
M’ = T, can be achieved in polynomial time. According to Lemma 3, de-
ciding whether M € Res(M’, i) can be solved with one call to a co-NP oracle.
So the problem is in ¥4 m

7.1 Knowledge gradual update

To prove the hardness, we consider a special form of knowledge update and
prove its model checking complexity is ¥2-hard.

Given T and pu, we say the update of T with p is knowledge gradual if for any
k-model M’ = (W' w') of T'o u, there exists a k-model M = (W, w) of T such
that either W C W' or W’ C W. Note that, after performing a knowledge
gradual update, the agent’s knowledge may be decreased or increased (or
without change), and the agent’s actual world may be changed as well.

Example 7 Let T' = a A =Ka and p = K-a. Obviously, T has a unique
k-model M = ({{a},0},{a}). Then updating M with u generates a unique
k-model of T o u: M' = ({0},0). Obviously, M" has increased knowledge from
M and the actual world of M’ is also different from M ’s.
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Lemma 4 Let X,Y, X Y be sets of propositional atoms and a be a proposi-
tional atom, where | X| = |X|, |Y| = |Y| and any two sets of X,Y,X,Y and
{a} are disjoint. Suppose ¢ is an objective formula formed based on X uy.
Let T and p be the following two S5 formulas respectively:

T = v Vs, where
=(X=X)=¢=an(Y A=Y)A
ﬂKﬁ(a/\X/\ﬂX/\Y/\Y)

Yo = ((X/\—nX)——@—ﬂa)/\Y and

p=KaANXAN-XAYAY)V
K(maAXA-XAN-Y)AY)V
K(-aANXA-XANY AY)S

Then T o u 1s knowledge gradual.

Proof: To prove T ¢ i1 to be knowledge gradual, we need to show that for any
k-model M = (W,w) € Mod(T), it M = (W' ,w') € Res(M, ), then either
W C W' or W C W. From the construction of T, it is easy to see that if
M € Mod(T), then either M |= v, or M = v, but M [~ v1 A .. Based on
this observation, our proof consists of two cases.

Case 1. Let M = (W, w) € Mod(v:). Since M |= 7, we have
w:XlLJXlUYU{a}, where X; UY = ¢ for some X; C X.

Furthermore, since M = —K—(a A X A =X AY AY), there exists a world
w* € W such that

w*=XUY UY U{a}.
Now we specify a k-model of u as follows:
= ({w}, w?).

It is easy to see that M* = K(a/\X/\—'X/\Y/\Y) So M* = u. Furthermore,
M* is the unique k-model of K(a A X A—=X AY AY). We prove M* is the
unique k-model in Res(M, u).

Note Dif f(w,w*) = (X \ X;) U X; UY. Besides M*, 11 has other two types
of k-models:

My = (Wi, wi), where w; = X UY; UY, where Y; CY (Y; #Y), and
M2 = <W27w2), where Wy = XUYUY.

Note that

6 Recall that \/ Y = Vy,ey Y-
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M | K(=aAX A=X AV-Y)AY), and
MyE K(—maANXAN=XAY AY).

Consider
Dif f(w,wy) = (X \ X1) U XU (Y \ Y1) UY U{a},
Dfo(’LU,’LUQ) = (X \ Xl) U Xl uY U {a}

Clearly, we have

Dif f(w,w*) C Dif f(w,w,), and
Dif f(w,w*) C Dif f(w,w).

So Res(M, ) = {M*}. Also observe that
M* = ({w*}, w*), {w*} C W.

Case 2. Let M = (W,w) € Mod(v2). We have
w=XUY,UY, where X UY, = —¢ for some Y; C Y.

If Y1 # Y, then we have
wlkE-aAXA-XAN-Y)AY),

this implies that there exists a subset W7 of W where for each w; € W7y,
w; = (ma A X A=X A (V-Y)AY).

By specifying W; to be the maximal such subset of W it is easy to note that
M, = (Wy,w) is a k-model in Res(M, ).

On the other hand, if Y1 =Y, then we have
wkE (CFaAXA-XAY AY),

this implies that there exists a subset Wy of W where for each w; € W5,
w; = (e AX A-XAY AY).

Similarly, by specifying W5 to be the maximal such subset of W it is easy to
note that My = (W, w) is a k-model in Res(M, p).

Since in both cases, we have W; C W and Wy, C W, this follows that for any

k-model M of T where M = 79, every resulting k-model after updating M
with p only increases the knowledge from M. m
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Theorem 6 Model checking for knowledge update is X5 -complete. The hard-
ness holds even if the update is knowledge gradual.

Proof: We only need to prove the hardness part. This part is based on a vari-
ation of the proof of Lemma 10. We prove the hardness by giving a polynomial
transformation from deciding the validity of AXVY E, where E is a Boolean
expression using propositional atoms over X UY. We construct T,  and a
k-model M* over propositional atoms X UY U X U Y U{a}, where |X| | X |
and |Y| = Y], and any two sets among X, Y, X, Y and {a} are disjoint.

T = v V 7., where
H=(X=X)=E=aA(Y A=Y)A
—|K—|(a/\X/\—|X/\Y/\Y),

Yo =((XA=X)=-E=-a)\Y,

p=KaANXAN-XANYAY)V
K(maAX A=XA(V=Y)AY)V
K(-aANXAN=XAY AY),

M* = (W*, w*), where

W* = {w}, w*=XUYUY U/{al.

Note that
M* = Ka@AXA-XAY AY).

So M~ is a k-model of . Furthermore, it is the unique k-model of K (aNX A
—XAY AY). From Lemma 10, we know that 7o i1 is knowledge gradual. Now
we will show that M* is a k-model of T" ¢ p if and only if IXVY F is valid.

(=) Suppose IXVY E is valid. Then for some X; C X, X; UY = E. We
specify a k-model of v; as follows:

M = (W,w), where w = X; UX; UY U {a}.

Since M = -K—(a AX A=-X AY AY), it is clear that the world w* must be
in W, ie. w* € W. With the same justification as described in the proof of
Lemma 10, we conclude that M* is a k-model of updating M with p.

(<) Suppose IXVY E is not valid. That is, VXIY - F is valid. Then X UY) |
—F for some Y; C Y. In this case, T" has the following type of k-models:

M = (W,w), where w = X UY; UY.
Note that w = (X A =X = =E = —a) AY). That is, M is a k-model of 7.
If Y1 # Y, then we have

wkE (maAX A=X AV-Y)AY).
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We now specify a k-model of p as follows: M; = (W7, w;), where w; = w and
W7 is the maximal subset of W such that for each w; € W7,

w; = (ma A X A-XA(V-Y)AY).
Since

Dif f(w,w*) = (X \ X;)UX, UY, and
Dif f(w,wy) =0 C Dif f(w,w*),

M* is not a k-model in Res(M, ).
If Yy =Y, then we have
whke (~FaAX A=-XAY AY).

Again, we can specify a k-model of p as follows: My = (Ws, wy), where wy = w
and W5 is maximal subset of W such that for each w; € W5,

wi = (maAX A-XAY AY).

Since Dif f(w,wy) =0 C Dif f(w,w*), M* is not a k-model in Res(M, u) in
this case either.

Finally, suppose for some X; C X and Y; C Y, E is evaluated to be true on
X,UYy, ie. X,UY; | E. Without loss of generality, we can assume Y; # Y 7.
This implies that v, does not have a k-model under this situation. Therefore,
if IXVY E is not valid, all k-models of T" must be k-models of 5. m

8 A tractable subclass - knowledge decreased update

In this section, we identify a subclass of knowledge update problems for which
model checking can be achieved in polynomial time. We first introduce a useful
notation. Let a be a S5 formula and ¢* be an objective formula (i.e. no K
occurs in it) occurring in . We then say ¢ is an objective sub-formula of a.
We denote the set of all objective sub-formulas of a as Sub®(«). For instance,
given o = Ka vV K-b, Sub®(a) = {a, b, -b}.

7 Note that this assumption is always feasible. For instance, if X; UY = E, we
can expand Y to be Y’ by adding a new atom 7’ into Y to make Y # Y, i.e.
Y’ = Y U{y'}, and modify F to be E' = E A =y’ such that X; UY = FE’ but
X;uYy’ b& E'.
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Definition 9 Given S5 formulas T and p, updating T with p is called knowl-
edge decreased if for any k-model M' = (W' w') of T ¢ u, there exists a
k-model M = (W,w) of T such that (i) W C W' and w = w'; and (ii) for any
w* e W' w* € W iff either w* |= ¢* or w* = =gt for some ¢" in Sub®().

From the above definition, it is easy to see that if an update is knowledge
decreased, then the actual world of the agent’s state will not change, and
the agent’s knowledge can only be decreased. Furthermore, the set of posible
worlds in the agent’s resulting state can be specifically computed from her
previous state. We have the following important result on the model checking
for knowledge decreased update.

Theorem 7 Model checking for knowledge decreased update can be achieved
i polynomial time.

Proof: Given T, ;1 and a k-mode M' = (W' w’). Suppose T ¢ i be knowledge
decreased. To check whether M" € Mod(T ¢ 1), we need to do the following
things:

(1) Check whether M’ = u,

(2) Compute a subset W of W’ such that for any w* € W' w* € W iff
w* | ¢t or w* | - for some ¢F € Sub®(p),

(3) Check whether (W, w) = T.

Clearly, Steps 1 and 3 can be done in polynomial time. As |Sub®(p)| < |ul, it
follows that Step 2 can be also done in polynomial time. m

It is worthwhile to mention some concrete forms of knowledge decreased up-
date which, as we have presented earlier, have important applications in prac-
tical domains.

Theorem 8 Ignorance and forgetting updates are knowledge decreased.

Proof: The proof directly follows from Propositions 4 and 6 respectively. m

Corollary 1 Model checking for ignorance and forgetting updates can be
achieved in polynomaial time.

9 An intractable subclass - Knowledge increased update

In this section, we address another subclass of knowledge update problems
whose model checking complexity are intractable but lower than the general
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case. Such investigation will be useful for us to design more optimal model
checking algorithms for these subclasses of update problems.

As a contrary case to the knowledge decreased update, the knowledge increased
update is defined as follows.

Definition 10 Given T and p, updating T with p s called knowledge in-
creased if for any k-model M' = (W' w') of T o u, there exists a k-model
M = (W,w) of T such that (i) W' C W, and w = w'; and (i1) for any
w* e W, w* € W iff either w* |= ¢* or w* = =gt for some ¢" in Sub®(u).

It is clear that if a knowledge increased update is performed to an agent’s
knowledge set, it only increases the agent’s knowledge and does not change the
agent’s actual world. Unfortunately, different from the knowledge decreased
update, the model checking problem for knowledge increased update is not
tractable.

Theorem 9 Model checking for knowledge increased update is NP-complete.

Proof: Membership proof. Given T, p and M’ = (W’ w'). To deciding
whether M € Mod(T o ), we only need to show that for some M € Mod(T),
M’ € Res(M, p). A guess of M = (W, w) and verifying M = T can be done in
polynomial time. Since T'op is knowledge increased, to decide M’ € Res(M, ),
we only need to check: (1) w = w’, and (2) for any w* € W, w* € W' iff
w* | ot or w* | ¢t for some ¢F € Sub’(p). Obviously, both (1) and (2)
can be checked in polynomial time. So the problem is in NP.

Hardness proof. The hardness is proved by transforming the NP-complete
SAT problem to a gaining knowledge update that has been showed to be
knowledge increased. Let E be a CNF on the set of propositional atoms X.
We construct formulas T', ; and a k-model M’ over two disjoint sets X and
X where | X| = |X].

T=(X=X)A-K(X=X),
p=K(X =XV-E), and
M = (W' w'), where

W = {w'}, v =X UX.

Clearly, M = p. We will show that E is satisfiable iff M’ € Mod(T o ). Note
that since T = X = XV -F and p = K(X = X V-F), T o u is a gaining

knowledge update that is knowledge increased according to Theorem 6.

(=) Suppose E is satisfiable. Let X; C X such that X; | E. We specify a
k-model as follows:

M* = (W* w*),
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W* — {’UJ*,U)N}, )
w*=w'=XUX, and R
w” = X7 U Xy, where X7 ={2; | 7; € X and z; & X, }.

Since w” £ X = X, it is easy to see that M* = =K (X = X). Therefore, M*
is a k-model of T. On the other hand, since w” = E and w” £ X = X, it
follows that W’ = {w'} = {w*} = W*®"9) where ¢ = (X = X) vV ~E. From
Lemma 6, M’ € Res(M*, ), so M’ € Mod(T < p).

(<) Now suppose E is not satisfiable. That is, for any X; C X, X; = —F.
Then from Lemma 6, for any k-model of T' of the form M = (W, w),
where w # w', M' & Res(M,u). We consider k-models of T of the form
M = (W,w) where w = w' (note w' € W). Without loss of generality, we
assume that there is one world w* € W such that w* = X = X, otherwise
M E K(X = X) and M cannot be a k-model of T. On the other hand, since
E is not satisfiable, =F must be true in each world in W. So M E K—-FE
and hence M = K(X = X V =E). This implies that W’ # W% where
¢ = (X =X)V-E.So M is not a k-model of T o 1. m

It is interesting to note that some specific forms of knowledge update we
discussed earlier are knowledge increased.

Theorem 10 Gaining knowledge and sensing updates are knowledge in-
creased.

Proof: The proof directly follows from Propositions 3 and 5 respectively. m

Corollary 2 Model checking for gaining knowledge and sensing updates are
NP-complete.

10 Concluding Remarks

While research on reasoning about knowledge has made significant progress
in the last decade, e.g. [4,8,14,17,21], the problem of modeling the dynam-
ics of knowledge has only received attention in recent years and mainly been
motivated from the study of belief revision and update. Van der Meyden re-
cently studied the computational aspect of knowledge modeling in distributed
systems [19] where the issue of knowledge update was discussed. Although
van der Meyden showed that his knowledge update presented a generaliza-
tion of certain aspects of standard knowledge base update, he did not explore
knowledge update from a more semantical perspective because the notion of
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knowledge update was only used for the purpose of efficiently implementing
model checking. On the other hand, the dynamic semantics for epistemic logic
was considered by Groeneveld recently. In [6], updates on Kripke models were
specified. In that update semantics, an update is defined as eliminative or con-
scious and knowledge is represented in a many-order setting under the possible
worlds semantics. Under the eliminative update notion, an agent changes her
knowledge minimally according to the new knowledge, while under the con-
scious update notion, an agent not only changes her knowledge by combining
the new knowledge into the state, but also reflects the new knowledge at
a higher-order level. While Groeneveld’s work provides an initial account of
knowledge update, it, however, did not examine its minimal change charac-
terization in detail and its relationship to the traditional belief update (i.e.
Whether Katsuno and Mendelzon’s update postulates were satisfied). Further-
more, its other semantic and computational properties also remain unclear.

In this paper we developed an explicit notion of knowledge update as an
analogous notion to belief update and illustrated its usefulness in character-
izing the knowledge change of an agent in presence of new knowledge. In our
formulation, knowledge update is particularly relevant in reasoning about ac-
tions and plan verifications when there are sensing or forgetting actions. We
presented simpler alternative characterization of knowledge update for par-
ticular cases, and showed its equivalence to the original characterization. We
discussed when particular knowledge (or ignorance) persists with respect to
a knowledge update. We also undertook a further study about the complex-
ity issue of knowledge update. In particular, we analyzed the complexity of
model checking for knowledge update in the general case and in special cases.
We identify special subcases where the model checking is either tractable or
its complexity is lower than the general case. We expect that these results
would be useful for designing more optimal model checking algorithms in the
implementation of knowledge update.

We believe our work here to be a starting point on knowledge update, and as
evident from the research in belief update and revision in the past decade. A
lot remains to be done in knowledge update. For example, issues such as mul-
tiagent knowledge update, iterative knowledge update, abductive knowledge
update, minimal knowledge in knowledge update, etc. remain to be explored.
Similarly, in regards to reasoning about actions, additional specific cases of
knowledge update need to be identified and simpler alternative characteriza-
tion for them will be needed to be developed.
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