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Abstract

The notion of maintenance often appears in the Al literature in the context of agent behavior and
planning. In this paper, we argue that earlier characterizations of the notion of maintenance are not
intuitive to characterize the maintenance behavior of certain agents in a dynamic environment. We
propose a different characterization of maintenance and distinguish it from earlier notions such as
stabilizability. Our notion of maintenance is more sensitive to a good-natured agent which struggles
with an “adversary” environment, which hinders her by unforeseeable events to reach her goals (not
in principle, butin case). It has a parametereferring to the length of non-interference (from exoge-
nous events) needed to maintain a goal; we refer to this notibmaaintainability We demonstrate
the notion on examples, and address the important but non-trivial issue of efficient construction of
maintainability control functions. We present an algorithm which in polynomial time constructs a
k-maintainable control function, if one exists, or tells that no such control is possible. Our algorithm
is based on SAT Solving, and employs a suitable formulation of the existeriemafntainable con-
trol in a fragment of SAT which is tractable. For smal{bounded by a constant), our algorithm is
linear time. We then give a logic programming implementation of our algorithm and use it to give a
standard procedural algorithm, and analyze the complexity of constructingintainable controls,
under different assumptions such/as 1, and states described by variables. On the one hand, our
work provides new concepts and algorithms for maintenance in dynamic environment, and on the
other hand, a very fruitful application of computational logic tools.

*A preliminary version of the formulation part, entitled “A formal characterization of maintenance goals,” has been pre-
sented at AAAI'00, and a preliminary version of the algorithm part entitled “A polynomial time algorithm for constructing
k-maintainable policies” has been presented at ICAPS’'04. The current version revises and combines both of them with addi-
tional elaborations, examples, results, and proofs. The major part of the algorithms was done when Chitta Baral was visiting
Vienna University of Technology during May 2003. Marcu&ijland carried out the major part of his work while he was with
the Department of Computer and Information Science of Linkoping University.



1 Introduction and Motivation

For an agent situated in a static environment, the goal is often to reach one out of several states where
certain conditions are satisfied. Such a goal is usually expressed by a formula in propositional or first-
order logic. Sometimes the goal requires constraining the path taken to reach one of the states. In that
case, the goal can be expressed by a formula in temporal logic [1, 41, 4].

Our concern in this paper is about agents in a dynamic environment. In that case, things are more complex
since the state of the world can change through both actions of the agent and of the environment. The
agent’s goal in a dynamic environment is then often more than just achieving a desired state, as after
the agent has successfully acted to reach a desired state, the environment may change that state. In such
a case, a common goal of an agent is to ‘maintain’ rather than just ‘achieve’ certain conditions. The
goal of maintaining certain conditions (or a set of states that satisfy these conditions) is referred to as
maintenance goaldvlaintenance goals are well-known in the Al literature, e.g., [52, 30, 1, 42], and have
counterparts in other areas such as in stability theory of discrete event dynamic systems [43, 45, 47, 46,
51] and in active databases [10, 38]. However, as we argue in this paper, earlier characterizations of
maintenance goals are not adequate under all circumstances.

To see what is wrong with earlier definition of maintenance goals, suppose an agent’s goal is to maintain
afluentf, i.e., the propositiorf should be true. A straightforward atterhpd express it using temporal
operators is the formula f, whereO is the temporal operatoAlways and O f means thayf is true

in all the future states of the world. This is too strong a condition, as maintaining inherently means
that things go out of shape and they have to be maintained back to shape. A better temporal logic
representation of this goal is thus the formal& f, where < is the temporal operatorEventually’
Intuitively, the formulanD< f is satisfied by an infinite trajectory of states of the fofgmsy, so, . . ., if

at any stage > 0, there exists some stage> ¢ such thatf is true ins;. An agent’s control is said to
satisfyd< f if all trajectories that characterize the evolution of the world due to the environment and the
agent’s control satisfyg< f. At first glance the formul&a< f seems to express the goal of maintaining
f,asitencodes that jf becomegfalse in any state in the trajectory then it becontese in a later state.

We considerd< f to be also too strong a specification—in many situations—to express the intuitive
notion of ‘maintainingy”, if we take on a more refined view of the (sometimes nasty) part which the
environment might play, which we illustrate by some examples. Suppaenotes the condition that

the Inbox of a customer service department be empty. Here the environment frialsesby adding new
requests to the Inbox while the agent tries to m#keue by processing the messages in the Inbox and
removing them from it. If the agent is diligent in processing the message in the Inbox and makes it empty
every chance the agent gets, we would then like to say that agent maintains the Inbox empty. But such
a control does not satisfy the formula®> f under all circumstances, because there will be trajectories
where the agent is overwhelmed by the environment (flooding the Inboxj) asder becomesg-ue.

Another example in support of our intuition behind maintainability is the notion of maintaining the
consistency of a database [10, 38, 53]. When direct updates are made to a database, maintaining the
consistency of the database entails the triggering of additional updates that may bring about additional
changes to the database so that in the final state (after the triggering is done) the database reaches a
consistent state. This does not mean that the database will reach consistency if continuous updates are
made to it and it is not given a chance to recover. In fact, if continuous update requests are made we
may have something similar to denial service of attacks. In this case we can not fault the triggers saying
that they do not maintain the consistency of the database. They do. It is just that they need to be given a

LAll through the paper we consider the evaluation of linear temporal formulas with respect to all ‘valid’ trajectories. An
alternative approach would be to use a variation of the branching time quaAtifserch as the operatéx,. from [6], before
the linear temporal formulas.



window of opportunityr a respite from continuous harassment from the environment to bring about the
additional changes which are necessary to restore database consistency. The same holds for maintaining
a room clean; we can not fault the cleaning person if he or she is continually sent away because the room
is being continuously used.

Another example is a mobile robot [8, 35] which is asked to ‘maintain’ a state where there are no ob-
stacles in front of it. Here, if there is a belligerent adversary that keeps on putting an obstacle in front
of the robot, there is no way for the robot to reach a state with no obstacle in front of it. But often we
will be satisfied if the robot avoids obstacles in its front when it is not continually harassed. Of course,
we would rather have the robot take a path that does not have such an adversary, but in the absence of
such a path, it would be acceptable if it takes an available path and ‘maintains’ states where there are no
obstacles in front.

The inadequacy of the expressior> f in expressing our intuition about ‘maintaining is because
O< f is defined on trajectories which do not distinguish between transitions due to agent actions and
environment actions. Thus we can not distinguish the cases

() where the agent does its best to maintéitand is sometimes thwarted by the environment) and
can indeed makg true in some (sayk) steps if there is no interference from the environment
during those steps; and

(i7) where the agent really does not even try.

We refer to () as k-maintainabilityin this paper. The expressian f can not express the idea of a
window of opportunityor window of non-interferengeduring which an agent can perform the actions
necessary for maintaining. In fact, none of the standard notions of temporal logics [12, 36], which are
defined on trajectories that do not distinguish between the cause behind the transitions (whether they are
due to agent’s actions or due to the environment), can express the idea behaidtainability.

The main contributions of this paper can be summarized as follows.

1. We introduce and formally define the notion /oimaintainability, and distinguish it from earlier
notions of maintainability, in particular the specificatior® f and the similar notion of stabiliz-
ability from discrete event dynamic systems.

2. We provide polynomial time algorithms that can construehaintainable control policies, if one
exists. (In the rest of the paper we will refer to ‘control policy’ simply by ‘control’.) Our algorithm
is based on SAT Solving, and employs a suitable formulation of the existericenaintainable
control in a tractable fragment of SAT. We then give a logic programming implementation of this
method, and finally distill from it a standard procedural algorithm.

3. We analyze the computational complexity of constructingaintainable controls, under different
settings of the environment and the windows of opportunity open to the agent, as well as under
different forms of representation. We show that the problem is compleRHME in the standard
setting, where the possible states are enumerated, and complEXHBIME in a STRIPS-style
setting where states are given by value assignments to fluents. Furthermore, we elucidate the
impact of the different factors and show, by our proofs of the hardness results, that the full problem
complexity is inherent already to certain restricted cases.

Overall, our work not only provides new concepts and algorithms for realizing maintenance of an agent
in dynamic environment, but also illustrates a very fruitful application of computational logic tools.
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The rest of this paper is organized as follows. In Section 2 we present the background definitions of a
system with an agent in an environment and define the notions of stability and stabilizability. In Section 3
we describe a running example of a system with two buffers. We use this example for illustrating the
concepts of stabilizability ané-maintainability, which is formally defined in Section 4. In Section 5

we present our algorithms for constructihgmaintaining controls, based on SAT Solving as well as

a genuine algorithm extracted from it. In Section 6 we present an encoding for computing a control
function using a logic programming engine and devote Section 7 to complexity analysis. Finally, in
Section 8 we conclude, mention related work and outline some future directions.

2 Background: Systems, Goals, Control, Stability and Stabilizability

In this paper, we are concerned with goal-directed agents in a dynamic world. Such agents can perform
actions that change the state of the world. Because of the dynamic nature of the world, certain changes
can happen to the state of the world beyond the control of an agent. The agent’s job is thus to make the
world evolve in a way coherent with a goal assigned to it. As for the agent control, we adopt here that
an agent follows a Markovian control policy to do its job; that is, its control is a function from the set of
states to the set of actions, detailed as follows.

Definition 1 (System)A systenis a quadrupled = (S, A, @, poss), where

e Sisthe set of system states;

e A is the set of actions, which is the union of the set of agents actidps..;, and the set of
environmental actions4.,.;

e &:Sx A — 2%isanon-deterministic transition function that specifies how the state of the world
changes in response to actions; and

e poss : S — 24 is a function that describes which actions are possible to take in which states.

The above notion of system is used in the discrete event dynamic systems community, for instance in
[43, 45, 47, 46, 51]. In practice, the functiosandposs are required to be effectively (and efficiently)
computable, and they may often be specified in a representation language such as in [25, 23, 48]. The
possibility of an action has different meaning depending on whether it is an agent’s action or whether it

is an environmental action. In case of an agent’s action, it is often dictated by the policy followed by the
agent. For environmental actions, it encodes the various possibilities that are being accounted for in the
model. We tacitly assume here that possible actions lead always to some successor state, i.e., the axiom
that® (s, a) # () whenever € poss(s) holds for any state and actior, is satisfied by any system.

An example of a system = (S, A, ®, poss), whereS = {b,c, d, f,g,h}, A = { a &, e}, and the
transition function® is shown in Figure 1, wher€ € ®(s,a) iff an arcs — s’ labeled witha is present
andposs(s) are all actions that label arcs leaviagNotice that in this example?(s, a) is deterministi¢
i.e.,®(s,a) is a singleton if nonempty.

The evolution of the world with respect to a system is characterized by the following definition.
Definition 2 (Trajectory) Given asysteml = (S, A, ®, poss), an alternating infinite sequence of states

and actionssg, ai, 1, a2, . . ., Sk, Gg+1, Sk+1, - - - 1S Said to be drajectory consistent withd, if s;,1 €
O (sg,art1), andag41 € poss(sk). O
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Figure 1: Transition diagram of system

A common restriction on how the world evolves is defined using the notiatadiility. The following
definition of stability is adapted from [43] and has its origin in control theory and discrete event dynamic
systems [43, 45, 47, 46].

Definition 3 (Stable state 1)Given a systemd = (S, A, @, poss) and a set of statel, a states is said
to bestablein A w.r.t. E if all trajectories consistent witi and starting frons go through a state iv

in a finite number of transitions and they vigitinfinitely often afterwards. A set of statésis stable
with respect tav if all states inS are stable with respect 6.

We sayA = (S, A, @, poss) is astable systemif all states inS are stable iM with respect taF. O

Although the above definition of stability is with respect to a set of staAtascan be easily adapted to a
formulay that can be evaluated at the states of systerin that casel = {s € S | 4, s |= ¢}, i.e., it
is the set of statesat whichy is true.

An alternative approach to characterize the evolution of states is through temporal operators. Some of
the important temporal operators talking about the future are (cf. [36, 21]): Nex&lways ([O), Even-

tually (), and Until {/). Their meaning with respect a trajectary= sg, a1, 1, - - - , Sk, Qk+1, Skt1- - -

is defined as follows.

Let (7, ), for j > 0, denote the remainder ofstarting ats;; then
e (7,7) E=piff pistrueins;, for any propositiorp;
o (1,)) EO¢iff (1,5 +1) | ¢
e (1,7) =DQoiff (1,k) = ¢, forallk > j.
(7,)
(7,9)

o (1,7) | ©oiff (1,k) = ¢, for somek > j.

o (7,7) = ¢1 U ¢ iff there existsk > j such thai(r, k) = ¢2 and for alli, j < i < k, (7,7) = ¢1.

The standard Boolean connectivesy, and— are defined as usual. An alternative definition of stability
can then be given as follows:

Definition 4 (Stable state 2)Given a systemd = (S, A, ®, poss) and an objective formula (i.e.,
without temporal operators), ¢, = {s € S | ¢ is true ins}. A states is then said to bstablein A
w.rt. E if for all trajectoriesr of the formt = s, a1, s1, ..., Sk, Gg+1, Sk+1, - - - CONSiStent withA, it
holds that(r,0) = OCp. O



In fact, this definition is equivalent to Definition 3. The advantage of using temporal operators, as in the
above definition, instead of Definition 3 is that the former allows us to specify a larger class of goals and
build on top of the notion of stability. For example, a notion similar to stability, referred toespanse
property[36], is of the formO(p — <q).

2.1 Stabilizability

The notion of stability is defined with respect to a system and the evolution of the world consistent
with the system. When we focus on an agent and its ability to make a system stable, we need a notion
of stabilizability which intuitively means that there exists a control policy which the agent can use to
fashion a stable system.

Given a system = (S, A, ®, poss), when discussing stabilizability of the system, we need to consider
the following additional aspects:
e the set of actionsl,.,; Which the agent is capable of executing in principle (whég.,.; C A);

¢ the set ofexogenous actiorthiat may occur in the state beyond the agent’s control, modeled by
a functionezo : S — 24env, whereezo(s) C poss(s) for each state (recall thatA.,,, are the
environmental actions). We call any suetv anexogenous function

Intuitively, given a systemil = (S, A, ®, poss), Aagent, exo, andE, a states is stabilizable with respect

to F, if we are able to find a policy arontrol functionsuch that the agent picks an action it can de,in

we have stability if all other agent actionsdrand the other states that are reached are disabled, and no
state is reached fromwhere no further actions are possible.

The last condition is referred to as aliveness. It is formally defined by the following two definitions, the
first of which defines the sét(A, s) of states that can be reached frenm the system.

Definition 5 Given a systemdl = (S, A, ®, poss) and a state, R(A, s) C S is the smallest set of states
that satisfying the following conditions:

1. se€ R(A,s),
2. If 8 € R(A,s), anda € poss(s'), then®(s’,a) C R(A, s). O

Definition 6 (Aliveness)Given a systemi=(S, A, ®, poss) and a state, we says is aliveif poss(s’) #
(), forall s’ € R(A,s). We sayA=(S, A, @, poss) is alive if all states inS are alive. O

The notion of control function is formally defined as follows.

Definition 7 (Control) Given a systemd = (S, A, ®, poss) and a setdqq.,+ C A of agent actions, a
control function forA w.r.t. A,gen¢ is a partial function

K:S§— Aagent7

such thatK (s) € poss(s) wheneverK (s) is defined. O
We are now ready to formally define the notion of stabilizability.
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Definition 8 (Stabilizability) Given a systemd = (S, A, ®, poss), a S€td,qgent C A, a functionezo as
above, and a set of statés we say that € S is stabilizablewith respect taZ, if there exists a control
function K : S — Aggens for A w.rt. Aggen: With the following properties:

1. sis stable with respect th' in the systemA g ¢zo = (S, A, ®, poss ¢ .., ), Where, for any state/,
POSS ¢ oo (8) = {K (')} U ewo(s'); and

2. sisalive inAg ezo-

A set of statesS C § is stabilizable with respect t&, if there is a control functiod” for A w.r.t. A,gent
such that every statee S is stabilizable with respect t& witnessed byx'. O

Having provided this definition, we shall illustrate it on an elaborated example in the next section, where
we describe an intuitive control function for the management of two finite buffers.

Before closing this section, we introduce for later use the notion of a super control.

Definition 9 (Super-control) Given a systemd = (S, A, @, poss) and a setd,4ent C A of agent
actions, a partial functioi : S — 2-4asent such thati'(s) C poss(s) andK (s) # () wheneverk (s) is
defined, is calleduper-controfor A w.r.t. Aygent. O

Informally, a super-control is an envelope for multiple control functions, which result by reffditmg
some arbitrary action itk (s) wheneverK (s) is defined; the notion of stabilizability is defined similar
as for control functions, with the only change thatAg .o, We Setposs k ., (s") = K(s') U exo(s') in
place ofposs i .., (") = {K(s')} U exo(s').

The following proposition is immediate.

Proposition 1 Given a systeml = (S, A, ®, poss), a setAqgn: C A, and a functionezo, a set of
statesS C S is stabilizable with respect to a set of staf8s_ S under a control functiorfs for A w.r.t.
Aqgent iff S is stabilizable with respect tB' under a super-contrak ™ for A w.r.t. Aggen: . Furthermore,
each suchK is a refinement of somi * with this property (i.e., for each, K(s) € K (s) andK(s) is
defined iffk * () is defined), and each refineméftitof K * is a control function witnessing stabilizability
of S with respect taF.

3 Example Scenario: Two Finite Buffers

In this section, we introduce a running example which we will use in illustrating the notion of stabiliz-
ability and also other concepts in the rest of the paper.

We imagine a system with two finite buffets,andb,, where objects are addeditpin an uncontrollable

way. An agent moves objects frdmto b, and processes them there. When an object has been processed,
it is automatically removed fromy. This is a slight modification of a finite buffer example from [45] and
generalizes problems such as ftp agents maintaining a clean ftp area by moving submitted files to other
directories, or robots moving physical objects from one location to another.

In our framework, we shall describe a systdmwhich models this scenario. For simplicity, we assume
that the agent has three control actidvis, that moves an object from to by (if such an object exists),
the opposite actionVl»; that moves an object fromy, to b1, andProc that processes and removes an
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object inb,. There is one exogenous actiding, that inserts an object into buffér. The capacities of
b1 andb, are assumed to be equal.

Let us assume that the control goal of this system is to keempty. Then, the system is not stabilizable,
since objects can be continually inserted before the agent has a chance to empty the buffer. However,
if no insertions are performed for a certain window of non-interference, the agent can always empty
b1. This implies that the system is maintainable but not stabilizable. We now make the above argument
explicit by using a concrete instance 4f.

Example 1 (Running Example)
We assume that the maximum capacity of the buftgerand b, is 3. The components ofi, =
(Sp, Ap, Py, poss,,) are then as follows.

e We model every state by the current number of objects indb,. That is, a state is identified
by a pair of integersi, j) where: denotes the number of objectshinand; the number of objects
in by. With the maximum capacity of 3, the set of stat8g,consists oft x 4 = 16 states and is
given by

Sy =1{0,1,2,3} x {0,1,2,3}.

e The set of actions igl, = {Mj2, Ms1, Proc, Ins}.

e We assume that the transition functi®g is deterministic, i.e.[|®;(s, a)| < 1, defined as follows,
where we writed, (s, a) = s’ for (s, a) = {s'}. For everyi, j € {0,...,3}, let

®p((i,7), Mi2) = (i — 1,5 + 1)
({7, 5), Ma1) = (i + 1,5 — 1),
®y((i, j), Proc) = (i,j — 1),
®y((i, 7). Ins) = (i + 1, 7),

where addition and subtraction are modsj@nd and in all other casé€s,(s,a) = (.

e The enabling functionyoss,, is defined by

M;, € possy((i,j)) iff i>1andj <2
Moy, € possy({i,j)) iff i<2andj>1
Proc € possy((i,j)) iff 7>1

Ins € possy((i,7)) iff <2

It is easy to see that f&§ = {(0,0)} (no objects in the buffers) anfl = {(0,0), (0, 1), (0,2), (0,3)}
(that is, we want to keep; empty) S is not stabilizable w.r.t.E, since the exogenous actidns can
always interfere in the task of bringing the system bacltoFor example, consider the contral,
defined as follows:

Ky((i,7)) = M2 wheni > 1 andj < 3, and
Ky((i,j)) = Procwhen ¢ =0andj > 1) orj = 3.



Figure 2: The transition diagram of the buffer systdgfor the concrete instance (buffer capacity 3).

Intuitively, the above control directs the transfer of objects from buffer 1 to 2 whenever possible, and if
that is not possible it directs processing of objects in buffer 2 if that is possible. In Figure 1, which shows
the transition diagram between states, the transitions by the céfjmle marked wittM 1, andProc.

Consider the following trajectory consistent with the control system.,, = (Sp, Ap, D, oSSy, o)

7 =0,0), Ins, (1,0), Ins, (2,0), M1, (1, 1), Ins, (2, 1), M12, (1,2), Ins, (2,2), M12, (1, 3), Proc.

It consists of a prefix0,0), Ins,...,M12 and a cycle(1,2),...,Proc. In 7, no state inE is ever
reached after the starting stgte 0). Similar trajectories can be found for any control and hesigenot
stabilizable with respect tf.

On the other handS = {(0,0)} is stabilizable w.rtE’ = {0,1,2} x {0,1,2,3} (that is, we want
to have at most two objects i at any time): FollowingK;, we can go from any of the states in
Sy \ E' ={(3,0),(3,1),(3,2), (3,3)} to E” with the execution of at most two control actions, while no
exogenous actions are possible for those states. O

4 Limited Interference and k-Maintainability

As we mentioned in Section 1, our main intuition behind the notion of maintainability is that maintenance
becomes possible only if there is a window of non-interference from the environment during which
maintenance is performed by the agent. In other words, an &gmiaintains a condition if its control

(or its reaction) is such that if we allow it to make the controlling actions without interference from the

environment for at leadt steps, then it gets to a state that satisfiedthin thosek steps.

Our definition of maintainability has the following parameters:

(i) a set of initial state$ that the system may be initially in,
(i) a set of desired statdsthat we want to maintain,

(i) asystemd = (S, A, ®, poss),



iv) asetd,q.nt C A of agent actions,
g g
(v) afunctionezo : S — 24 detailing exogenous actions, such that(s) C poss(s), and

(vi) a control function/’ (mapping a relevant part & to Aggen:) such thati< (s) € poss(s).

The next step is to formulate when the contfolmaintainsE assuming that the system is initially in

one of the states if. The exogenous actions are accounted for by defining the notion of a closure of
S with respect to the systemy c.o = (S, A, ®, possk .,,), denoted byClosure(S, Ak ez0); Where
POSS ¢ e (8) 1S the set{ K'(s)} U exo(s). This closure is the set of states that the system may get into
starting fromS because of< and/orezo. Maintainability is then defined by requiring the control to

be such that if the system is in any state in the closure and is given a window of non-interference from
exogenous actions, then it gets into a desired state during that wir@iosvof the importance of using

the notion of closure is that one can focus only on a possibly smaller state of states, rather than all the
states, thus limiting the possibility of an exponential blow-up - as warned in [26] - of the number of
control rules.

Now a next question might be: Suppose the above condition of maintainability is satisfied, and while
the control is leading the system towards a desired state, an exogenous action happens and takes the
system off that path. What then? The answer is that the state the system will reach after the exogenous
action will be a state from the closure. Thus, if the system is then left alone (without interference from
exogenous actions) it will be again on its way to a desired state. So in our notion of maintainability, the
control is always taking the system towards a desired state, and after any disturbance from an exogenous
action, the control again puts the system back on a path to a desired state.

We now formally define the notions of closure and maintainability.

Definition 10 (Closure)Let A = (S, A, @, poss) be a system and It C S be a set of states. Then the
closure ofA w.r.t. S, denoted byClosure(S, A), is defined byClosure(S, A) = Useg R(A, s). O

Example 2 In the systemd in Figure 1, we have thaR(A,d) = {d,h} andR(A, f) ={f,g,h}, and
thereforeClosure({d, f}, A) ={d, f, g, h}. O

We note some properties 6flosure(S, A), which follow immediately from the definition aR(A, s).

Lemma 2 Let A = (S, A, D, poss) be a system anfl C S be a set of states. Then,

1. Closure(S, A) satisfies the Kuratowski closure axioms [32], i.€losure((, A) = 0, S C
Closure(S, A), Closure(Closure(S,A), A) = Closure(S,A), and Closure(S1 U Sy, A) =
Closure(S1, A) U Closure(S2, A));

2. if s € Closure(S, A), anda € poss(s), then®(s,a) C Closure(S, A). O

Next we define the notion of unfolding a control.

Definition 11 (Unfold, (s, A, K)) Let A=(S, A, @, poss) be a system, letcS, and letK be a control
for A. ThenUnfold, (s, A, K) is the set of all sequences= sy, s1, ..., s; Wwherel<k andsy=s such
that K (s;) is defined for alli<l, s;11€®(s;, K(s;)), and if<k, thenK (s;) is undefined. O
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Intuitively, an element ofUnfold,. (s, A, K) is a sequence of states of length at mbst 1 that the
system may go through if it follows the contré starting from the state. The above definition of
Unfold, (s, A, K) is easily extended to the case whE&nis a super-control, meaning (s) is a set of
actions instead of a single action. In that case, we overbahd for any set of actions*®, define
P(s,a*) = Ugear P(s,0a).

We now define the notion bfmaintainability. This definition can be used to verify the correctness of a
control.

Definition 12 (k-Maintainability) Given asystemi = (S, A, ®, poss), a set of agents actioAggens C
A, and a specification of exogenous action occurrenoewe say that a contrdlK for A w.r.t. Aagent
k-maintainsS C S with respect taf C S, wherek > 0, if for each states € Closure(S, Ak ez0) @and
each sequence = s, s1,. .., s;in Unfold (s, A, K) with sg = s, it holds that{sy, ..., s;} N E # 0.

We say that a set of statésC S (resp.A, if S = S) is k-maintainable k& > 0, with respect to a set
of stateskl C S, if there exists a contrall’ which k-maintainsS w.r.t. £. K is then referred to as the
witnessing control function. Furthermorg,(resp.A) is calledmaintainablew.r.t E, if S (resp.A) is
k-maintainablew.r.t. £ for somek > 0. O

We often will omit explicit mention of4,4,.:, S, andE for control functions and maintainability if they
are clear from the context.

Intuitively, the condition{sg, s1,..., s} N E # () above means that we can get from a stateutside

E to a state inF within at mostk transitions—where each transition is dictated by the coritretif the
world were to unfold as in = sg, s1,...,s. In particular, 0-maintainability means that the agent has
nothing to do: after any exogenous action happening, the system will be in a stat& froherefore, a
trivial control K will do which is undefined on every state.

Example 3 Reconsider the system in Figure 1. Let us assume thal,g... = { a, & }, thatezo(s)
={e}iff s = f and thatexo(s) = () otherwise. Suppose now that we want a 3-maintainable control
policy for S = {b} w.r.t. E = {h}. Clearly, such a control polic is to takea in b, ¢, andd.
Indeed,Closure({b}, Ak ex0) = {b, ¢, d, h} and Unfolds(b, A, K) = {(b,c,d, h)}, Unfolds(c, A, K) =
{{c,d, h)}, and Unfold;(d, A, K) = {(d, h) }; furthermore, each sequence contdins

Suppose now thab(c,a)={d, f} instead of{d} (i.e., nondeterminism ia). Then, nok-maintainable
control policy forS = {b} w.r.t. E = {h} exists for anyk > 0. Indeed, the agent can always end up in
the dead-end. If, however, in additiond(g,a’) = {f,h} anda’ € poss(g), a 3-maintainable control
policy K is K(s) =afors € {b,c,d, f} andK(g)= 4. O

Example 4 Buffer Example (cont'd)

Earlier we showed that id,, S = {(0,0)} is not stabilizable w.r.tE = {(0,0), (0, 1), (0, 2), (0, 3)}.

Thus, we might ask whethéf is at least maintainable w.r&? The answer is positive: For the worst
case system staté3, 3), a control can move the system & 0) (by three transitions executiri@roc)

without interfering occurrences of exogenous actions. If there then are three further transitions without
interference, the control can appM; three times and effect the staf@, 3). This implies thatS is
6-maintainable w.r.tEl. We can, with a similar argument show théts 9-maintainable w.r.t{(0, 0)}.

A similar argument can be made with respect to the cortiobf Example 1.

2Note that here onlys (s) for s € Closure(S, Ak, ..0) is of relevance. For all othe, K (s) can be arbitrary or undefined.
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However, we have that is not maintainable w.r.t., for examplé{0, 3)} (Since we cannot go from, for
example{(0,0)}, to {(0, 3)} with control actions only). O

As the above example points out, it is possible th& maintainable but not stabilizable with respect to

E. The converse is also possible. In other words, in certain cases we may have a system wherg a given
is stabilizable with respect to a sBt but yet is not maintainable. This happens when every path between
a state inS and a state irF involves at least one exogenous action. In that case the agent, who does
not have control over the exogenous actions, can not on its own make the transition from aState in

a state inF. However, often for each exogenous action there are equivalent (in terms of effects) agent
actions. In that case, any stabilizable system is also maintainable.

We note the following monotonicity property éfmaintainability, which is an easy consequence of the
definition:

Proposition 3 Suppose that for a systed = (S, A, ®, poss), a set of agents actiod,genr C A,
and a specification of exogenous action occurrenige the control functionk k-maintainsS C S
w.rt. E C S. Then, K alsok-maintains any sef’ C Closure(S, Ak ez0) With respect to any set
E' C Closure(S, Ak, ezo) Such thate? C E'. O

4.1 An alternative characterization of k-maintainability

The characterization of stability and stabilizability in Section 2 is based on imposing conditions on
trajectories obtained from the transition graph of a system. Such a characterization has the advantage
that it is amenable to developing temporal operators that can express more general conditions.

In contrast, the definition of maintainability in Definition 12 is not based on trajectories. Nonetheless,
one can give an alternative characterization based on trajectories, which we do next. To bridge from
finite trajectories (which are relevant with respect to maintainability), to infinite ones as in Definition 2,
we consider for each systerh = (S, A, @, poss) an extensionA>, which results by adding a fresh
environmental actiom,,,, such that inA*, for each states we have®(s, a,op) = {s} anda,,, €

poss(s) if poss(s) = 0 in A. Informally, A, adds infinite loops to halting states 4f

Proposition 4 Given a systeml = (S, A, ®, poss), a set of agents actiof, 4., C A, a specification of
exogenous action occurreneen, and a set of statds, a set of state§ is k-maintainablewith respect to
E,k > 0,ifand only if there exists a contré{ for A w.r.t. A,4.,; Such that for each staten S and every
trajectory of formr = so, a1, s1, a2, ..., a;, 85, a;41, ... consistent withd °, - andso = s, it holds that
{ait1, ... aik} C Aggent OF ajsk, = anop fOr somei > 0 implies that{s;, ..., s;1x} N E # 0. O

Proof. For the only if direction, suppose thé&tis k-maintainable w.rtE, witnessed by the control
function K. Lets € S andt = sg,a1,s1,a9,...,4a4,55,a;+1,... be consistent witmgf’m such
that sy = s and {aj41,...,0i1x} € Aagent OF Giyk = Gnop, fOr some: > 0. Then, we have
s; € Closure(S, A;g?m). If & = 0, then sinceK is a witnessing control, we haw < E, and
thus {s;, siy1,...,si4x} N E # 0 holds. Consider thug > 0. If a4 € Aggent (Which im-
plies{ait1,...,airk} € Aqgent), then the sequencs, sit1, ..., s;+r belongs toUnfold, (s;, A, K).
Since K is a witnessing control function, we again ha\sg, s;+1,...,s;1x} N E # (. Otherwise, if
ait+k = Qnop, 1611 > 1 be the least index such that = a,,. By definition ofA;gfm, we have that

K(s;—1) is undefined. Hence, the sequence= s;_; belongs toUnfold; (s;-1, A, K). SinceK is a
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control, it follows thats;_; € E. Sinces; = s;—; for eachj > [, and in particulars; ., = 5,1, it

follows again thafs;, s;+1, ..., s;1x} N E # 0. This proves the only if direction.

Conversely, suppos& is a control forA w.r.t. A,4.n: Such that for eack € S and trajectoryr =
80,01, 81,02, - - -, 45, Sj, Aj+1, . . . cONsistent withA 2°,  andsy = s, it holds that{a;41,...,a;,41} C
Aggent OF @iy, = anop fOr somei > 0 implies that{s;, si11,...,si1x} N E # (0. We claim

that K witnessesk-maintainability of S w.rt. £. Towards a contradiction, suppose the contrary.
Hence, it follows from the definition ofdg°,,,, that there is some state € S and trajectory

T = S0,Q1,51,Q2,...,0;,5),0j4+1, ... consistent withA;(’f’m andsy = s, such that for somg > 0
we haves; € Closure(S, AgS,,,) ands;, sji1, ..., s is in Unfold,(s;, A, K), wherel < k, but
Eﬂ{Sj,...,Sj_H} = (.

By definition of Unfold,,(s;, A, K'), we have tha{a;;1,...,aj1-1} C Aagens and thata; 1 = aji41

= .- = ajir = Gpop. BY hypothesisE N {s;,...,s;4x} # 0 holds. Thus, we conclude th#t N
{sjti+1,---,8j4x} # 0 must hold, and hende< k. However, by definition of(s, a,.,) we haves;;

= Sj4i41 = = sj4k. Thisimplies that N {s;,...,s;j1} # 0, which is a contradiction. This proves
that K witnesses-maintainability ofS w.r.t. F. O

While this result shows that we could equally well have developed our notiéanadintainability on

the basis of trajectories, in the rest of this paper we shall stick to the setting which uses closure and
unfolding. We find the latter more intuitive, as well as more convenient for designing algorithms and
for proofs. Furthermore, this setting requires no special handling of possible finite trajectories, which
complicates matters as becomes apparent from Proposition 4.

5 Polynomial Time Methods to Constructk-Maintainable Controls

Now that we have defined the notion ffmaintainability, our next step is to show how sorke
maintainable control can be constructed in an automated way. We start with some historical background.
There has been extensive use of situation control rules [17] and reactive control in the literature. But
there have been far fewer efforts [30] to define correctness of such contrd), mmesto automatically
construct correct control rules. In [31], it is suggested that in a control rule of the form: “if condition

is satisfied then do actioa’, the actiona is the action thateads tothe goal from any state where the
conditionc is satisfied. In [5] a formal meaning of “leads to” is given as: for all statésat satisfy

¢, a is the first action of a minimal cost plan frogto the goal. Using this definition, an algorithm is
presented in [39] to construgtmaintainable controls. This algorithm is sound but not complete, in the
sense that it generates correct controls only, but there is no guarantee that it will find always a control
if one exists. The difficulty in developing a complete algorithm — also recognized in [29] in a slightly
different context — can be explained as follows. Suppose one were to do forward search from &state in
Now suppose there are multiple actions from this state that ‘leafl’ ©eciding on which of the actions

or which subsets one needs to chose is a nondeterministic choice necessitating backtracking if one were
to discover that a particular choice leads to a state (due to exogenous actions) fromiatearenot

be reached. Same happens in backward searchndbis paper we overcome the problems one faces

in following the straightforward approaches and give a sound and complete algorithm for constructing
k-maintainable control policies.

We provide it in two sets: First we consider the case when the transition furki®deterministic, and

3Here we exclude the works related to MDPs as it is not known how to express the kind of goal we are interested in — such
ask maintenance goals — using reward functions.
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then we generalize to the case whérenay be non-deterministic. In each case, we present different
methods, which illustrates our discovery process and also gives a better grasp of the final algorithm.
We first present an encoding of our problem as a propositional theory and appeal to propositional SAT
solvers to construct the control. As it turns out, this encoding is in a tractable fragment of SAT, for which
specialized solvers (in particular, Horn SAT solvers) can be used easily. Finally, we present a direct
algorithm distilled from the previous methods.

The reasoning behind this line of presentation is the following:

() Itillustrates the methodology of using SAT and Horn SAT encodings to solve problems;
(i) the encodings allow us to quickly implement and test algorithms;
(iii) the proof of correctness mimics the encodings; and

(iv) we can exploit known complexity results for Horn SAT to determine the complexity of our algo-
rithm, and in particularly to establish tractability.

As for (ii), we can make use of Answer Set Solvers such as DLV [20, 33] or Smodels [40, 50] which
extend Horn logic programs by nonmonotonic negation. These solvers allow efficient computation of
the least model and some maximal models of a Horn theory, and can be exploited to construct robust or
“small” controls, respectively.

The problem we want to solve, which we refer tokaB AINTAIN , has the following input and output:

Input: Aninput! is a systemd = (S, A, @, poss), sets of state& C S andS C S, asetdygent C A,
a functionezo, and an integek > 0.

Output: A control K such thatS is k-maintainable with respect t& (using the controK), if such a
control exists. Otherwise the output is the answer that no such control exists.

We assume here that the functiopsss(s) and exzo(s) can be efficiently evaluated; e.g., when both
functions are given by their graphs (i.e., in a table).

5.1 Deterministic transition function ®(s, a)

We start with the case of deterministic transitions, s, a) is a singleton sefs’} whenever nonempty.
In abuse of notation, we simply will writ@ (s, a) = s in this case.

Our first algorithm to solvé:--MAINTAIN will be based on a reduction to propositional SAT solving.
Given an inputl for k-MAINTAIN, we construct a SAT instanct (/) in polynomial time such that
sat(I) is satisfiable if and only if the input allows for ak-maintainable control, and that the satisfying
assignments fasat (/) encode possible such controls.

In our encoding, we shall use for each state S propositional variablesy, s, ..., si. Intuitively, s;
will denote that there is a path from statéo some state iy using only agent actions and at mosif
them, to which we refer agtere is an a-path from to F of length at most.”

The encodingat(I) contains the following formulas:

(0) Foralls € S, and forallj, 0 < j < k:

S5 = Sj+1
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(1) Foralls e EN S:
50

(2) For any two states, s’ € S such that®(a, s) = s’ for some actior € exo(s):
Sk = S

(3) Forany state €« S\ Fandalli, 1 <i < k:
si = Vyeps(s) Si—1, Where
PS(s) ={s' €S| 3Ja € Augent N poss(s) : s’ = ®(a,s)};

(4)Foralls e S\ E:
Sk

(5) Foralls € S\ E:

—\30

The intuition behind the above encoding is as follows. The clauses in (0) state that if there is an a-path
from s to E of length at mos}j then, logically, there is also an a-path of length at medt. Next, the
clauses in (1) say that for stateén S N E, there is an a-path of length O frogno E. Next, (4) states

that for any starting statein .S outsideF, there is an a-path fromto E of length at mosk, and (5)

states that for any stateoutsideF, there is no a-path fromto £ of length 0. The clauses in (3) state
that if, for any states, there is an a-path fromto E of length at most, then for some possible agent
actiona and successor staté = ®(a, s), there is an a-path from to E of length at most-1. When
looking for k-maintainable controls the clauses in (2) take into account the possibility that be in

the closure. If indeed is in the closure and there is an a-path freto £ of length at most;, then the

same must be true with respect to the statesachable frons using exogenous actions. When looking

for super-control they play a role in computing maximal super-controls. The role of each of the above
clauses become more clear when relating the models#of ) with controls that-maintain.

Given any modelM/ of sat(I), we can extract a desired contt@l from it by defining K (s) = « for all

s outsideFE with s true in M, wherea is a possible agent action insuch thats’ = ®(s,a) ands’ is
closer toF thans is. In case of multiple possible ands’, onea can be arbitrarily picked. Otherwise,
K (s) is left undefined.

In particular, fork = 0, only the clauses from (1), (2), (4) and (5) do exist. As easily seeii/) is
satisfiable in this case if and only$f C £ and no exogenous action leads outsitia.e., the closure of

S under exogenous actions is containedinThis means that no actions of the agent are required at any
point in time, and we thus obtain the trivial 0-contéglwhich is undefined on all states, as desired.

The next result states that the SAT encoding works properly in general.

Proposition 5 Let I consist of a syste = (S, A, ®, poss) where® is deterministic, a setlgent

A, sets of state& C S andS C S, an exogenous functiofco, and an integek. For any modelM of

sat(I),letCy = {s € S | M = s}, and for any state € C), let £,,(s) denote the smallest index
suchthatV! |= s; (i.e.,so, 51,...,5j+—1 are false ands- is true), which we call thdevelof s w.r.t. M.

Then,

(i) Sis k-maintainable w.r.tE iff sat(I) is satisfiable.
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(if) Given any modeM of sat(I), the partial functionky, : S — 2-4asent defined onCy, \ E such that

K]—\Z(S) ={a€ Aagent N poss(s) | ®(s,a) = s,
s € Cu, (') < lar(s)},

is a valid super-control fod w.r.t. Aggent;

(i) any controlK which refinesk {; for some model of sat(I) k-maintainsS w.r.t. E. O

Proof. Since the if direction of (i) follows from (ii) and (iii), it is sufficient to show the only if direction
of (i), and then (ii) and (iii).

As for the only if direction of (i), suppos# is k-maintainable w.r.tE. Then there exists a contrél
such that for each statec Closure(S, Ak cz0), and for each sequenee= s s ... s where
500 = sin Unfold,(s, A, K), {s©,...,s0} N E # (). We now construct an interpretatidvl for
sat(I) as follows. Sinceb is deterministic, for eachin Closure(S, Ak cs0) there is a unique sequence
50 (=s), sM, ..., s in Unfold,(s, A, K). Leti (> 0) be the smallest index such that) ¢ E. We
assignfalse to sg, s1,..., s;—1 and assigrirue to s;, s;+1,-.., S,. All other propositions are assigned
false. We now argue that/ is a model ofsat(1).

It is straightforward to see that/ satisfies the formulas generated by (0), (1), (4) and (5). Now consider
the formulas generated in (2). 4f; is true, thens € Closure(S, Ak e0) DY construction. In this case,

in order tok-maintainS w.r.t. £, for anys’ = ®(a, s) of an exogenous actiom, one of the states in
Unfold,(s', A, K') must be inE. Hence,s, has been assigned true M. Now let us consider the
formulas generated in (3). ¥ is true for some < k, then there must be an a-path frerto £ of length

at mosti, emerging from possible agent actions only (via conffl Let s’ be the next state in this path.
Obviously, there must be an a-path frafiio E of length at mosi—1 (via K). Hence,s;_; must be true

in M. Thus,M is a model ofsat (1), which means thatat(]) is satisfiable.

To show (ii), let us assume thatt(7) has a modelM and consider the partial functiokiy, : S —
2Aagent which is defined orCyy \ E by Kii;(s) = {a € Aagent N poss(s) | ®(s,a) = s, 5" € Cy
and/y(s') < £x(s)}; and for any otheg, K (s) is undefined. Fok;; to be a valid super-control it
must satisfy the following conditions: (&,;(s) C poss(s), and (b)K3,(s) # 0 wheneverK;,(s) is
defined. Condition (a) is true by virtue of the constructiorkgf;. Condition (b) is true becaud€;, (s)
is defined whes € C),\ E which meansV/ |= s, for somek > 0, which in turn means thdt,(s) > 0,
thus makingK 7, (s) # 0.

Now to show (iii), letK” be any control which refinek’;, for some modeM of sat(I). Let the distance
dk (s, S) of a states from the set of stateS be the minimum number of transitions — through exogenous
actions and/or control actions dictated by the conffo} needed to reachfrom any state irb.

We will show, by using induction od(s, S) > 0, that for every state € Closure(S, Ak, cz0) and every
sequencer = 50 s s with s = 5O in Unfold, (s, A, K), the set{s(? ... s} intersects
with £ and thatM = s; (i.e.,s € Cy). This proves the claim.

The base casé(s, S) = 0, is about states € S. From the formulas in (0), (1), and (4) we haVe |= s
for every such state. Then from the construction df, above and the formulas in (3), it follows that
for any such state and for every sequenee= s, sV . . s with s = 5O in Unfold, (s, A, K),
the set{s(®),... s} intersects withE. Indeed, by taking the actiof (s)) (€ K}, (s®)) in s,

a states( D) = &(s, K (s(11)) is reached, such thd, (s(+t1)) < £y,(s®). If I = k, then clearly
( (D) = 0; otherwise, ifl < k, thenK (s()) must be undefined, which again implieg (s®) = 0.
Thus,s() € E, which means thags, ..., sO} N E # 0.
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Thus the statement holds in the base case. Now for the induction step, let us assume that it holds
for every states € Closure(S, Ak, ez0) at distanced > 0 from S. Let us now consider a state

s € Closure(S, Ak ez0) at distancel+1 from S. Then there is a stat€ at distancel from S such

thats = ®(a, s’) and either (iJa € exo(s’) or (ii) a = K(s'). In both cases, we have by the induction
hypothesis thal/ = s, and using (2), (3), and (1) we can conclutle |= s;; Furthermore, by con-
struction of K and the formulas in (3), we have by similar arguments as above that for each sequence
o =590 sOwith s = s in Unfold, (s, A, K), {s©,...,sOYNE # (.

This proves our claim. Now each contil as in (ii) is a refinement on\} This completes the prodf.

5.1.1 Horn SAT encoding

While sat(I) is constructible in polynomial time froni, we can not automatically infer that solving
k-MAINTAIN is polynomial, since SAT is a canonical NP-hard problem. However, a closer look at the
structure of the clauses #ut(1) reveals that this instance is solvable in polynomial time. Indeed, itis a
reverse Horrtheory; i.e., by reversing the propositions, we obtain a Horn theory. Let us use propositions
5; whose intuitive meaning is converse of the meaning;ofThen the Horn theory corresponding to
sat(I), denotedsat(1), is as follows:

(0) For allseS andj, 0<j<k:
5j+1 = 5.
(1) Foralls e ENS:
50 = L.
(2) For any states, s’ € S such thats’=®(a, s) for some actiome exo(s):
S), = Sk
(3) For any state is \ E, and for alli, 1 <i < k:
(/\s’EPS(s) E) = Sis where
PS(s)={s'eS|3acAygentNposs(s): s =P(a, s)}.
(4) Foralls € S\ E:
5= L.
(5) Foralls € S\ E:

S0.

Here, L denotes falsity. We then obtain a result similar to Proposition 5, and the mbfielssat ()
lead to k-maintainable controls, which we can construct similarly; just replace in par€’'{ii)with
Cu = {s € S| M |~ s }. Notice thatC'y, coincides with the set of stat&%;; for the modelM of
sat(I) such thath/ = piff M [~ p, for each atonp.

We now illustrate the above Horn encoding with respect to an example.
Example 5 Consider the systerd = (S, A, @, poss), whereS = {b,¢,d, f,g,h}, A= {a &, e}, and

the (deterministic) transition functioh was shown in Figure 1, wher®(s,a) = s’ iffanarcs — s’
labeled witha is present angoss(s) are all actions that label arcs leaving
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ForA = {a & }andezo(s) = { e} iff s = f andexo(s) = 0 otherwise, this leads fof = {b},
E = {h}, andk = 3 to the following Horn encodingat(I):

(From 0)
bi=b.  b=b. by=b G n G0 G0
d1:>d0. d2:>d1. d3:>d2. f712>f70 fi:>f;1 f73:>f2
g1 = go- 92 = J1- g3 = §2. h1 = hg. hoy = hq. hs = ho.
(From 1)
(From 2)
3’ = fs.
(From 3)
@ A fo = by. eI A f1 = ba. @ A fo = bs.
dy = ¢7. d; = &. dy = C3.
h:O:>£ h:1:>§ h:2:>d:3
ho = f1. h1 = fo. he = f3.
g1 g2. g3.
(From 4)
by = L.

(From 5)
%. Co- dp. fo- go-

This theory has the least model

hence,Cy; = {b,¢c,d, h}, which gives rise to the super-contrAl™ such thatK *(s) = {a} for s €
{b,c,d} andK*(s) is undefined fos € {f, g, h}. In this case, there is a single contflrefining K *,
which hasK(s) = afor s € {b,c,d} and is undefined otherwise. This is intuitive: The agent must
reachh, and has to avoid taking in b since then it might arrive at the no-good stateThus, she has

to takeain b and, as the only choice, in the subsequent stasg®ld. Also, we might not add any state
apart fromb, ¢, andd without losing3-maintainability. In this particular casé/ is also maximal on the
propositionsss, wheres € S\ E = {b, ¢, d, f, g}: By (4), we can not adél;, and by (0) and the clauses
@2 A fa = bz andd; = & in (3) then also neithafs nor ds. Thus, the above contrdl is also smallest
and, in fact, the only one possible for 3-maintainability. O

As computing a model of a Horn theory is a well-known polynomial problem [16], we thus obtain the
following result.

Theorem 6 Under deterministic state transitions, problérMAINTAIN is solvable in polynomial
time. O
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An interesting aspect of the above is that, as well-known, each satisfiable Horn théay the least
model, M, which is given by the intersection of all its models. Moreover, the least model is computable
in linear time, cf. [16, 37]. This model not only leads tdcamaintainable control, but also leads to

a maximalcontrol, in the sense that the control is defined on a greatest set of states éutsidieng

all possiblek-maintainable controls fof” w.r.t. E such thatS C S’. This gives a clear picture of
which other states may be addedSavhile k-maintainability is preserved; namely, any state€iy,..
Furthermore, any contrak” computed fromM applying the method in Proposition 5 (usifg,.)
works for such an extension 6fas well.

On the other hand, intuitively &maintainable control constructed from some maximal modehof7)

with respect to the propositions; is undefined to a largest extent, and works merely for a smallest
extension. We may generate, starting frafir, such a maximal model &f by trying to flip first, step

by step all propositions;, which arefalse to true, as well as other propositions entailed. In this way,
we can generate a maximal modelTobn {s; | s € S\ E} in polynomial time, from which a “lean”
control can also be computed in polynomial time.

5.2 Non-deterministic transition function ®(s, a)

We now generalize our method for constructirgnaintainable controls to the case in which transitions
due to® may be non-deterministic. As before, we first present a general propositional SAT encoding,
and then rewrite to a propositional Horn SAT encoding. To explain some of the notations, we need the
following definition, which generalizes the notion of an a-path to the non-deterministic setting.

Definition 13 (a-path) We say that there exists an a-path of length at most0 from a states to a set
of statesY’, if eithers € S, ors ¢ S, k > 0 and there is some actiane A, gen: N poss(s) such that
for everys’ € ®(s,a) there exists an a-path of length at mbst 1 from s’ to S’. O

In the following encoding of an instandeof problemk-MAINTAIN to SAT, referred to asat’(I), s;
will again intuitively denote that there is an a-path frerto £ of length at most. The propositiors_a;,
i > 0, will denote that for suck there is an a-path fromto E of length at most starting with actioru
(€ poss(s)). The encodingat’(I) has again groups (0)—(5) of clauses as follows:

(0), (1), (4) and (5) are the same assirt(1).

(2) For any state € S ands’ such that’ € ®(a, s) for some actior € ezo(s):
Sk = S,
(3) For every state € S\ F and foralli, 1 < < k:
(31) S; = \/aEAagentﬁposs(s) S_aq,
(3.2) for everya € AgygeniNposs(s) ands'e®(s, a):
s.a; = Si_q;
(3.3) for everya € Aggent N poss(s), if i < k:

S_a; = S_j41-

Group (2) above is very similar to group (2) &it(I) in the previous subsection. The only change is
that we now have’ € ®(a, s) instead ofs’ = ®(a, s). The main difference is in group (3). We now
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explain those clauses. The clauses in (3.1) and (3.2) together state that if there is an a-pattofrom
E of length at most, then there is some possible actiofor the agent, such that for each state¢hat
potentially results by taking in s, there must be an a-path frophto E of length at most-1. The
clausess_a; = s_a;+1 in (3.3) say that on a longer a-path fronthe agent must be able to piekalso.
Notice that there are no formulas éat’(1) which forbid to pick different actions anda’ in the same
states, and thus we have a super-control; however, we can always refine it easily to a control.

Proposition 7 Let I consist of asysterd = (S, A, ®, poss), a setdqgent C A, Sets of state8, S C S,
an exogenous functiogxo, and an integek. For any modelM of sat’(I),letCy = {s € S | M | sy},
and for any state € C) \ E let ¢y, (s) denote the smallest indgxsuch thatV/ |= s_a; for some action
a € Aggent N poss(s), which we call thea-levelof s w.r.t. M. Then,

(i) S isk-maintainable w.r.tE iff sat’(I) is satisfiable;

(i) given any modeM of sat’(I), the partial functionk’y, : S — 24agent which is defined o’y \ F
by
Kfi(s) ={a| M = s-ag,, (s}

is a valid super-control; and

(iif) any controlK which refinesKAj for some modelV/ of sat’(I) k-maintainsS w.r.t. E.

Proof. The proof follows the line of argumentation in the proof of Proposition 5. It is sufficient to show
the only if direction of (i) and both (ii) and (iii).

As for the only if direction of (i), suppos# is k-maintainable w.r.tE. Then there exists a control
K such that for each state € Closure(S, Af cz0), and for each sequenee= s, s ... 50 in
Unfold,,(s, A, K) wheres(® = s, {5 ... s} N E # (). We now construct an interpretatidd for
sat’(I) as follows.

For eachs € Closure(S, Ak ex0), letin each sequenee= s, s ... 5" in Unfold, (s, A, K) with
s = s, the numbefi,, (> 0) be the smallest indeksuch thats() € E, and leti* be the maximum
over alli,, for s. Intuitively, i* is the length of the longest path in the tree with re@there each node
not in E is sprouted by taking the control actidt(n) and adding each state #(n, K (n)) as a child.
Then, we assigtrue t0 s;+, Six41,. .., Sk and, ifi* > 0, to s_a;+, s_a;*41, - . . .s_ag, whereK(s) = a.
All other propositions are assigngd!lse in M. We now argue that/ is a model ofsat(I).

It is straightforward to see that/ satisfies the formulas generated by (0), (1), (4) and (5). Now consider
the formulass;, = s, generated in (2). I§; is true, thens € Closure(S, Ak, eq0) Dy construction. In
this case, for any’ € ®(a, s) of an exogenous actian we haves’ € Closure(S, Ak, eq0), and sincex’
k-maintainsS w.r.t. E, s} istrue in M for somei < k which implies, by construction, tha is assigned
true in M. Let us finally consider the formulas generated in (3)s;Jfwheres € S\ E, is assigned
true in M for somei € {1 < i < k}, thens € Closure(S, A, K¢z,) holds by construction af/. Since
K is ak-maintaining control and ¢ E, we must haves (s) defined and thus, by construction bf,
we haves_K (s); assigned true id/. SinceK (s) € Aqgent N poss(s), the clause (3.1) is thus satisfied.
Furthermore, each clause in (3.2) is satisfied whe#a K (s), since thers,, is assignedfalse in M.
Fora = K(s), propositions,, is true in M and thus, by construction, alsa SincekK is k-maintaining
control, every state’ € ®(s,a) belongs toClosure(S, A, K.s,). Let, for each sequencé = s,
s, ..., s in Unfold, (s, A, K) such thats(®) = ', the sequenc®(c) = s, s(1), ... s() be the
shortest prefix ot such thats() € E (notice thati < k). Then, the sequence P(o) is a prefix of
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some sequence itinfold(s, A, K). Hence, it follows that in the construction &f, the numbei* for s
is larger than the one fof. Thus, by construction a¥Z, it follows thats,_, is assigned true id/. This
means that the formulas in (3.2) are satisfieddn Finally, the clauses (3.3) are clearly satisfiedvin
by construction of\/. Thus,M is a model ofsat’(I), which means thatat' (1) is satisfiable.

To show (ii), let us assume thatt’(I) has a model, and consider the partial functidd;, : S —
2Aagent which is defined orCy, \ E by Ki,(s) = {a | M | s-ay,,(s)}- We thus have to show that
Ki;(s) C poss(s) andK,(s) # 0 whenK,(s) is defined. By clause (3.1), and the definition(tf;,
), and K, this is immediate.

To show (jii), let K be any control which refine&’;; for some modelM of sat’(I). Let the distance
dk (s, S) of a states from the set of state§ be as in the proof of Proposition 5. i.e., the minimum
number of transitions — through exogenous actions and/or control actions dictated by the Eontrol
needed to reachfrom any state irt.

We will show, by using induction ot(s, S) > 0, that for every state € Closure(S, Ak cz0) and every
sequencer = 50 s s with s = 5 in Unfold,(s, A, K), the set{s(? ..., s} intersects
with E and thatM |= s (i.e.,s € Cyps). This proves thaf{ k-maintainsS w.r.t. E.

The base casel(s,S) = 0, is about states € S. From the formulas in (0), (1), and (4) we have
M |= s;, for every such state. Consider any sequenee= 50, s(1) .. s() in Unfold, (s, A, K) such
thats = s(. If s € E, then we must have= 0, and{s(),... sV} N E # (. Otherwise, M |= s,,
wherea = K (s). We then have)) € ®(s,a), and thus by our construction & and the clauses in
(3.2) we have thal/ |= 3,2121. Repeating this argument, we can infer thgf, 853_)1, ...,sgll are all
assignedrue in M. If k = [, it follows from the clauses in (5) that) e E. Otherwise, ifl < k, thenk
must be undefined or!); by the clauses (1), this again meafis ¢ E. Hence{s?, ... sO}nE # 0.

Thus the statement holds in the base case. Now for the induction step, let us assume that it holds for
every states € Closure(S, Ak ex0) at distancei(s,S) = d > 0 from S. Let us now consider a state

s € Closure(S, Ak, eq0) at distanced(s’,S) = d + 1 from S. Then there is a stat€ at distance

d(s,S) = d from S such thats € ®(a, s") and either (iJa € exo(s’) or (ii) a € K(s'). In both cases,

we have by the induction hypothesis thidt = s, and we can conclud®/ = s; from the clausesin (2)

in case (i) and from our construction &f and the clauses in (3.2), (1), and (0) in case (ii), respectively.
Furthermore, by similar argumentation as in the case 0 above, we obtain that for each sequence

o =50 s . sOin Unfold, (s, A, K) with s = s it holds that{s(® ... s} N E # (. This
concludes the induction and the proof of (iii). O

One advantage of the encodiag’(I) over the encodingat(I) for deterministic transition functiod®

above is that it directly gives us the possibility to read off a suitable control frora_thgropositions,

a € poss(s), which are true in any modél/ that we have computed, without looking at the transition
function ®(s,a) again. On the other hand, the encoding is more involved, and uses a larger set of
propositions. Nonetheless, the structure of the formulagif{I) is benign for computation and allows

us to compute a model, and from ikamaintainable control in polynomial time.

5.2.1 Horn SAT encoding (general case)
The encodingsat’(I) is, like sat(I), a reverse Horn theory. We thus can rewrite’(I) similarly to

a Horn theorysat (I) by reversing the propositions, where the intuitive meaning; @nds_a; is the
converse of the meaning ef ands_a; respectively. The encodingi' (1) is as follows:
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(0), (1), (4) and (5) are as isut(I)
(2) For every states, s’ € S such thats’ € ®(a, s) for some actior € ezxo(s): s, = 5.

(3) For every state ¢ S\ F and foralli, 1 <i < k:

(3.1) (/\aE.Aagentﬂposs(S) m) =35,
(3.2) for everya € AggentNposs(s) ands'c®(s, a):

si_y = 5_ai
(3.3) for everya € Aggent N poss(s), if i < k:
g

S_;+1 = S-a;.
We obtain from Proposition 7 easily the following result, which is the main result of this section so far.

Theorem 8 Let I consist of a system = (S, A, ®, poss), a setA,gent C A, Sets of state®, S C S,
an exogenous functioezo, and an integek. Let, for any model\ of sat'(I), Cay = {s | M W 55},
and letlys(s) = min{j | M F 52aj, a € Aggent N poss(s)} for everys € S. Then,

(i) S is k-maintainable w.r.tE iff the Horn SAT instanceat (I) is satisfiable;

(i) Given any model\/ of sat'(I), every controlK such thatK (s) is defined iffs € Cj; \ E and
satisfies -
K(s) € {a € Aagent N poss(s) | M [ 52a5,j = €y (s)},

k-maintainsS w.r.t. . O

Corollary 9 Problemk-MAINTAIN is solvable in polynomial time. More precisely, it is solvable in time
O(k| I|)), where| I|| denotes the size of input |

Proof. A straightforward analysis yields that the sizesaf (1), measured by the number of atoms in it,

is O(k(|S| + |®] + |poss|)), if Aagent, S, E, ®, poss andezo are stored in a standard way as bitmaps,
i.e., a (multi-dimensional) array with value ranf@1} (thus,| || = O(|S|?|A| + log k)). Furthermore,

the clauses isat' (1) can be easily generated within the same time bound. Since the least model of any
Horn theoryT is computable in time(|T'|) where|T'| is the number of atoms in it [16, 37], deciding
satisfiability and computing some model of sat'(I) is feasible inO(k||I||) time. Furthermore(
and{(s,?y(s)) | s € S} are computable fromd/ in linear time in the number of atoms, using suitable
data structures, and from this a contfolas in Theorem 8.(ii) in the same time. Hencé-maintaining
control for S w.r.t. E is computable irO (k|| I]|) time.

Note that a more economic representation stofeB, Aqqe.: as sets (i.e., lists) andl, poss, andezo

by their graphs in tables, i.e., sets of tuplés, a, ®(s,a)) | s € S,a € A}, {(s,poss(s)) | s € S},
and{(s, exo(s)) | s € S}. Also under this representation, and if moreover tuples wkerea)=0
(resp.,poss(s)=0 andezxo(s)=0) are not stored (which is of the same order as storing the sets of tuples
{(s,a,s") | s € ®(a,s)}, {(s,a) | a € poss(s)}, {(s,a) | a € exo(s)}), theO(k||I||) time bound
holds. Indeed, arrays storirfy F, and.A,4en: for lookup inO(1) time are constructible in tim@(|S| +

|A[). Then,poss,gen: = {(s,a) € poss | a € Augent} StOring.Aggent N poss(s) for all s is constructible

in O(|poss|) time. From this, all clauses @t (1) except (2) and (3.2) can be readily generated in time
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O(k(|S| + |poss,gent]))- The clauses (2) and (3.2) can be easily constructed iom = {(s,a,s’) €
Q| a € ero(s)} and@ppss = {(s,a,5) € ® | a € poss(s)} in time O(|Peyo|) aNd O(k|P poss|),
respectively. The sets.,, and®,,,s can be generated frod andezo in time O(|®| + |ezo| + poss|),
using an auxiliary arrayux[.A, S] to enable random access®da, s); notice thatauz[a, s| needs not
be defined if®(a, s) = 0. In total, sat (1) is constructible irO(|A| + |ezo| + k(|S| + |®| + |poss|)) =
O(k|/I]) time. O

Thus in particular, finding a maintaining control under a small window of opportuniyraintaining
control fork bounded by a constant, is feasibldimear timein the size of the input.

Similar as in Section 5.1.1, the least model of the theory giverddy(I), M- Sat (1) leads to amax-
imal control in the sense that the pre-imagefofoutsideF, i.e., the states outside in which K is
defined, is greatest among all possiblenaintaining controls which includg. Furthermore, a smallest
k-maintaining control can be similarly computed from any maximal mod§&fo’(1) with respect to the
propositionss; wheres is outsideFE, which can be generated froMﬁ/(I) by stepwise maximization.
Again, both maximal and smallest controls can be computed in polynomial time.

Example 6 Reconsider the syster = (S, A, ®, poss) from Example 5. Let us modify the transition
function @ such that®(c,a) = {d, f} instead of®(c,a) = {d}. Then, for the respective modified
instancel of 3-MAINTAIN, denoted/, the encodingat'(h) looks as follows.

(0), (1), (2), (4), and (5) are as wat(1;) in Example 5;

(3.1): baj; Aba) = b;. b_ay A b_al, = bs. b.asz A b_ g = bs.
d.a; = d;. d_as = ds. 3 = ds.
f,al = fl. f,ag = f2. f 3 = f .
(3.2): ho=da;. hy=day hy=da3. ho=fa. hi=fa. hy= fas.
dy = caj. dy = cay. dy=ca3. fo=>ca. fi=ca.  [,= ca3.
o = b.aj. cGi=bay. @=bas fo=bal. fi=ba, fo=ba).
(3.3): d.as = d_aj. d_ag = d_as. fas = f_aj. fas = f_as. c_,ag = c_aj.
c_az3 = c-_as. @ = H b_as = b_as. b _as = b _a. V_asg = b _as.

It turns out thakat (1) has no models: Fromg, the clausgz = f3 in (2), and clauses in (0), we obtain
that f;, i € {0,...,3}, is true in every modeM of sat (I;). Hence, by the clausg = b_as in (3.2),
alsob_aj is true inM. On the other hand, from the formufa = a3 in (3.2), we obtain that-a; must

be true inM, and thus by the clausesa; = ¢ in (3.1) andcz = b_az in (3.2) thatb_ag is true in M.
The clause_a; A b_aj = bs thus implies thabs is true in M. However, by the formula; = 1 in (4),

b3 must be false inV/. Thus, no modeM of sat' (I;) can exist, which by Theorem 8 means that there
is no3-maintaining control folS = {b} w.r.t E = {h}. Indeed, regardless of whether a control function
K selectsa or @ in stateb, within at most 2 steps frortithe statef might be reached, from which the
exogenous function might move the system to the no-good gtate

Suppose now again thét(c,a) = {d, f} and that the agent can takein g, which results in eitheh or
f (i.e.,®(g,a’) = {f,h} anda’ € poss(g)). Then the Horn encoding:t' (I;) changes as follows:

In (3.1), the factgy;, i € {1,2,3}, are replaced by-a; = g;;
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In (3.2.), the clauses f& andf, h are added; € {1, 2, 3}:
fo=g-al. f1 = gal. fo = g-al. ho = g-a). hy = g-a. hy = g-aj.

In (3.3), the clauses f@& andg are added:

g-ah, = g.aj. g-ah = g._al.

In this encodingsat’ (1) of the modified instancé,, we now longer have a fagg in (3.1.) and thus the
above derivation of a contradiction for the truth valuéoin any model ofﬁ'(b) is not applicable. In
fact, sat (1) is satisfiable, and its least model is

M = {%7 co, %%7 %7 bfalv c.aj, bfa/p .gfa,la Ea c1, ﬁz b,ag}.

Then, we havey; = {b,c,d, f,g,h}, {ar(b) = Crr(c) = ar(g) = 2 andlpy(d) = Cpr(f) = 1, which
leads to a single 3-maintaining contdglsuch thatk'(s) = afor s € {b,¢,d, f} andK (g)=4&. Note that
sinceK is defined on every state excéptit 3-maintains every sef w.r.t. everyF which includesh. As
for S = {b}, K(c) and K (d) could remain undefined, since they are not in the closute(ahich can
be easily detected) at the price of losing robustness with respect to enl&rgifigere is an alternative
solution in whichK (b) = @ instead ofK (b) = a. Here K (s) can not be made undefined on any 1.0

5.3 Genuine algorithm

From the encoding to Horn SAT above, we can distill a direct algorithm to constridehaintainable
control, if one exists. The algorithm mimics the steps which a SAT solver might take in order to solve
sat'(I). It uses counters[s] andc[s_a] for each states € S and possible agent actianin states,

which range ove{—1,0,...,k} and{0,1,..., k}, respectively. Intuitively, valué of counterc|s] (at

a particular step in the computation) represents that s@gfar. ., 5; are assigned true; in particular,

i = —1 represents that ng is assigned true yet. Similarly, valddor c[s_a] (at a particular step in the
computation) represents that so fafi1, . . . , 5_a; are assigned true (and in particulat: 0 that nos_a;

is assigned true yet).

Starting from an initialization, the algorithm updates by demand of the clauses’{ii) the counters
(i.e., sets propositions true) using a commapd(c, i) which is short for “ifc < i thenc := 4,” towards

a fixpoint. If a counter violation is detected, corresponding to violation of a clause 1 fors € SNE

in (1) orsg — L fors € S\ Ein (4), then no control is possible. Otherwise, a control is constructed
from the counters.

In detail, the algorithm is as follows:

Algorithm k-CONTROL

Input: A systemA = (S, A, @, poss), a setd,qent C A Of agent actions, sets of statesS C S, an
exogenous functioazo, and an integek > 0.

Output: A control K which k-maintainsS with respect toF, if any such control exists. Otherwise,
output that no such control exists.

(Step 1) Initialization
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(i) Setd .y, = {(s,a,5') | s €S, a € exo(s),s' € B(s,a)}, PE . = {(s,a,5) | s € S\E, a €

pOSs

poss(s),s’ € ®(s,a)}, and for everys € S, poss,,(s) = Aagent N poss(s).
(i) For everys in E, setc[s] := —1.
(iii) For everys in S\ E, setc[s] := k if s € S andposs,,(s) = 0; otherwise, set[s] := 0.
(iv) Foreverys in S\ E anda € poss,(s), sete[s_a] := 0.

(Step 2) Repeat the following steps until there is no changgspek for somes € S\ E or ¢[s]>0 for
somes € SN E:

(i) For any(s, a, s’y € ®.,, such that[s'|=k do upd(c[s], k).
(i) For any (s, a, s') € @Ess such that[s'|=i and0 < i < k do upd(c[s_a],i + 1).

(i) For any states € S\ E such thatposs,,(s) # 0 andi= min(c[s_a] | a € poss,,(s))
do upd(c[s], ).

(Step 3) Ifc[s|=k for somes € S\ E or ¢[s]>0 for somes € S N E, then output thatS is not
k-maintainable w.r.tE’ and halt.

(Step 4) Output any contrdt : S\ E — Aygen: defined on all states € S\ E with ¢[s] < k and
such thati (s) € {a € poss,y(s) | c[s-a] = minyeposs, (s) c[s-b] < k}. O

The above algorithm is easily modifiable if we simply want to output a super-control such that each of its
refinements is &-maintainable control, leaving a choice about the refinement to the user. Alternatively,
we can implement in Step 4 such a choice based on preference information.

The following proposition states that the algorithm works correctly and runs in polynomial time.

Proposition 10 Algorithm k-CONTROL solves problent-MAINTAIN , and terminates for any inpitin
polynomial time. Furthermore, it can be implemented to ru@ik||||) time.

Proof. The correctness of the algorithms follows from Theorem 8 and the factt8aiNTROL mimics,

starting from facts in (5) and (3.1), the computation of the least modEﬁé(fI ) by a standard fix-point
computation. As for the polynomial time complexity, since counters are only increased, and the loop in
Step 2 is reentered only if at least one counter has increased in the latest run, it follows that the number
of iterations is polynomially bounded. Since the body of Step 2 and each other step is polynomial, it
follows thatk-CoONTROL runs in polynomial time.

For the more detailed account, note that bitmapsSfoE’ and A (if not available in the input) can be
generated in time&(|S| + |A|). In (i) of Step 1, the set$.,, and ‘I’foss can be constructed in time
O(|®| + |ezxo|) and O(|®| + |poss| + |S|), respectively, using an auxiliary array for random access
to ®(a, s) in case if the functions are given by their graphs (cf. proof of Corollary 9). Constructing

poss ., (s) for all s€S takesO(|poss|) time, and (ii)—(iv) of Step 1 is feasible in tin@(|S| + [poss|).

Using flags to signal changes to countefs|, c[s,], and auxiliary counters fomin(c[s_a] | a €
poss,4(s)), the number of calls ofipd in Step 2 iSO (k(|Pexo| + [Pposs| + |S])), and each call takes
O(1) time. The loop condition can be checked(xm) time wherem is the number of changes in the
loop. Hence, the total time for Step 245 k||1]|). Step 3isO(1) if a flag is set in Step 2 indicating the
reason for the loop exit. Finally, in Step 4, a contfdlcan be easily output in tim@(|poss|). In total,
the time isO(k||1]|) O
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Thus, fork bounded by a constanit; CONTROL can be implemented to run in linear time. We remark
that further improvements are possible. For example, states may be eliminated beforehand which will
not be reachable from any stateSnunder any control that is eventually constructed. This can be done
efficiently by computing an upper bound 6fosure (S, K 4. ¢.,) in which all possible actions at any state

are merged into a single action. We leave a detailed discussion of this and further refinements for future
work.

6 Encoding Maintainability for an Answer Set Solver

In this section, we use the results of the previous section to show how compuétimgeatainable control

can be encoded as finding answer sets of a non-monotonic logic program. More precisely, we describe an
encoding to non-monotonic logic programs under the Answer Set Semantics [24], which can be executed
on one of the available Answer Set Solvers such as DLV [20, 33] or Smodels [40, 50]. These solvers
support the computation of answer sets (models) of a given program, from which solutions (in our case,
k-maintaining controls) can be extracted.

The encoding is generic, i.e., given bfixed programwhich is evaluated over the instanEespresented
by input factsF'(I). It makes use of the fact that non-monotonic logic programs can have multiple
models, which correspond to different solutions, i.e., diffekemaintainable controls.

In the following, we first describe how a system is represented in a logic program, and then we develop
the logic programs for both deterministic and general, nondeterministic domains. We shall follow here
the syntax of the DLV system; the changes needed to adapt the programs to other Answer Set Solvers
such as Smodels are very minor.

6.1 Input representation

The input! of problemk-MAINTAIN, can be represented by fadt$) as follows.

e The systemd = (S, A, ®, poss) can be represented using predicatiate , transition ,and
poss by the following facts:

— state( s), for eachs € S;

— action( a), foreacha € A;

— transition( s, a, §') , foreachs, s’ € S anda € A such that’ € ®(s, a);
— poss( s, a), for eachs € S anda € A such thau € poss(s).

e the setA, ..t CA of agent actions is represented using a prediagent by factsagent( a),
for eachac Aggent;

e the set of state§ is represented by using a predicatart by factsstart( ), for eachs € S;
o the set of statef’ is represented by using a predicgtels by factsgoal( s), for eachs € E;

e the exogenous functioero is represented by using a predicat® by factsexo( s, a) for each
seS andacezo(s).

e finally, the integelk is represented using a predictiteit by the factimit( %) .
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Example 7 Coming back to Example 3, the inplis represented as follows:

state(b). state(c). state(d). state(f). state(g). state(h).

action(a). action(al). action(e).

trans(b,a,c). trans(b,al,f). trans(c,a,d). trans(d,a,h).

trans(f,a,h). trans(f,e,q).

poss(b,a). poss(b,al). poss(f,a). poss(fe).

poss(c,a). poss(d,a).

agent(a). agent(al).

start(b). goal(h).

exo(f,e).

limit(3). O

6.2 Deterministic transition function ®

The following is a program, executable on the DLV engine, for deciding the existencé-obatrol.
In addition to the predicates for the input fadt§l), it employs a predicate_path(X,I) , which
intuitively corresponds t& 7, and further auxiliary predicates.

% Define range of 0,1,..., k for stages.
range(l) :- #int(l), | <= K, limit(K).

% Rule for (0).
n_path(X,l) :- state(X), range(l), limit(K), I<K, n_path(X,J), J = I+1.

% Rule for (1).
- n_path(X,0), goal(X), start(X).

% Rule for (2)
n_path(X,K) :- trans(X,A)Y), exo(X,A), n_path(Y,K), limit(K).

% Rules for (3)
n_path(X,l) :- state(X), not goal(X), range(l), 1>0, not some_pass(X,l).
some_pass(X,l) :- range(l), 1>0, trans(X,A,Y), agent(A),

poss(X,A), not n_path(Y,J), 1=J+1.

% Rule for (4)
- n_path(X,K), limit(K), start(X), not goal(X).

% Rule for (5)
n_path(X,0) :- state(X), not goal(X).

The predicatgange(l)  specifies the index range frofnto k, given by the inputimit (k). The

rules encoding the clause groups (0) — (2) and (4), (5) are straightforward and self explanatory. For
(3), we need to encode rules with bodies of different size depending on the transition fulctitirch

itself is part of the input. We use that the antecedent of any implication (3) is true if it is not falsified,

26



where falsification means that some atem,, s’ € PS(s), is false; to assess this, we use the auxiliary
predicatesome_pass(X,I)

To compute the super-contral ™, we may add the rule:

% Define C_M
cbar(X) :- state(X), not n_path(X,K), limit(K).

%Define state level L
level(X,l) :- cbar(X), not n_path(X,l), I > 0, n_path(X,J), 1=J+1.

level(X,0) :- cbar(X), not n_path(X,0).

% Define super-control k_plus
k_plus(X,A) :- agent(A), trans(X,AY), poss(X,A), level(X,l),
level(Y,J), J<I, not goal(X).

In char(X) , we compute the states @,,, and inlevel(X,I) the level/;(s) of each state ¢
C (=Cy7 for the corresponding modeéll of sat(I)). The super-controK ), is then computed in
k_plus(X,A)

Finally, by the following rules we can nondeterministically generate any control which refifies

% Selecting a control from k_plus.
control(X,Y) :- k_plus(X,Y), not exclude k plus(X,Y).

exclude_k_plus(X,Y) :- k_plus(X,Y), control(X,Z), Y<>Z.

The first rule enforces that any possible choice&drs) must be taken unless it is excluded, which by
the second rule is the case if some other choice has been made. In combination the two rules effect that
one and only one element frofi,; (s) is chosen forK (s).

Example 8 If the input representation of Example 5 is in a fdga3.dlv  and the above program,
denoted byl,,, in a filedet.dlv , the DLV engine can be invoked e.g. by

dlv exa3.dlv det.dlv -N=3 -filter=control

which outputs the controls; herl=3 sets the range of integers dynamically supported by the engine to
3, and -filter=control effects that the answer sets are clipped to the predigdgtel . Inthe particular
case, the output on the call is (apart from system version information)

control(b,a), control(c,a), control(d,a)

yielding the unique control which exists in this case. If we would add a further agent agtimnthe
action set, and extend the transition function®, as) = ¢, then a call of DLV for the respective
representation would yield

{control(b,a2), control(c,a), control(d,a) }
{control(b,a), control(c,a), control(d,a) }

corresponding to the two alternative controls which emerge, since the agent can take eithex action
actionay in statea.
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6.3 Nondeterministic transition function ¢

As for deciding the existence ofklamaintaining control, the only change in the code for the deterministic
case affects Step (3). The modified code is as follows, wiexpath(X,A,1) intuitively corresponds
to X_Aj.

% Rules for (3); different from above
% (3.1)
n_path(X,l) :- state(X), not goal(X), range(l), 1>0, not some_apass(X,l).

some_apass(X,l) :- range(l), 1>0, agent(A), poss(X,A), not n_apath(X,A,l),
not goal(X).

% (3.2)
n_apath(X,A,l) :- agent(A), trans(X,A,Y), poss(X,A), range(l), 1>0,
n_path(Y,J), 1=J+1, not goal(X).

% (3.3)
n_apath(X,A,l) :- agent(A), poss(X,A), range(l), >0, limit(K), I<K,
n_apath(X,A,J), J=I+1, not goal(X).

Here,some_apass(X,A,l) plays for encoding (3.1) a similar role asme_pass(X,l)  for encod-
ing (3) in the deterministic encoding.

To compute the super-contréll;, we may then add the following rules:

% Define C_M
cbar(X) :- state(X), not n_path(X,K), limit(K).

% Define state action level, alevel (>=1)
alevel(X,l) :- alevel_leq(X,l), 1=J+1, range(J), not level_leq(X,J).

alevel_leq(X,l) :- cbar(X), not goal(X), poss(X,A), agent(A), >0,
range(l), not n_apath(X,A,l).

% Define super-control k_plus
k_plus(X,A) :- agent(A), alevel(X,l), poss(X,A), not n_apath(X,A,l).

Here, the value of/y(s) is computed in alevel(X,) , using the auxiliary predicate
alevel _leq(X,l)  which intuitively means thaty, (X) < I.

For computing the controls refining;,, we can add the two rules for selecting a control frlorplus
from the program for the deterministic case.

Example 9 Let us revisit the instancg in Example 6. We get the DLV representationlpfby adding
the facttrans(c,a,f). to the representation fdr. Assuming that it is in a filexa4.dlv  and the
programll, . in a filendet.dlv , a call

dlv exad.dlv ndet.dlv -N=3 -filter=control
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yields no output (apart from some system version print), which is correct. On the other hand, if we
consider the inpuf, for the variant of Example 6 (with agent actiahpossible ing and®(g,a’) =
{f,h}), then the output is

{control(b,al), control(c,a), control(d,a), control(f,a), control(g,al) }
{control(b,a), control(c,a), control(d,a), control(f,a), control(g,al) }

(whereal encodes’). Again, this is the correct result.

6.4 Layered use of negation

An important note at this point is that the progralhg; andIl,,.; do not necessarily have models which
correspond to the least models of the Horn theosig$l) andsat’ (1), respectively. The reason is that

the use of negationot some _pass(X,]) and respnot some _apass(X,l) may lead through
cycles in recursion. Thus, not each control computed is necessarily maximal (even though the maximal
controls will be computed in some models). Furthermore, because of cyclic negation it is not a priori
clear that the part of the program deciding the existence of a control is evaluated by DLV in polynomial
time. However, consistency (i.e., existence of an answer set) is guaranteed w@n(d&mesp.ﬁ’([)

has a model.

It is possible to modifyll;.; such that the use of negation in recursion cycles is eliminated, by using
standard coding methods to evaluate the body of the rule in (3). Namely, introdudg.fa predicate

all _true andreplacenot some _pass(X,I) inthe code for (3) withall _true(X,l) , whichis
defined such thadll _true (s,i) represents that every; 1 € PS(s) is assigned true, which can be
checked using a linear orderinrgon PS(s). However, we refrain from this here.

Notice that in the case whefeS(s) has size bounded by a constanive can use a predicaps of arity
¢+ 1to represenPS(s) = {s™),..., s} by a single facps (s,s), ..., s" ... s¥) wheres® is
reduplicated if < c. Itis then easy to express the clause (3).

We can similarly modifyil,,4.; such that the use of negation in recursion cycles is eliminated, where we
use a linear ordering oA qgent N poss(s) (or simply onAggen:, assuming that there are not many agent
actions overall). Finally, we can also use for the progidgy simply an ordering of4,e.¢, Since the
deterministic transformatio@ (s, a) is a (partial) surjective mapping of onto PS(s), which guarantees
that via.A N poss(s) eachs’ € PS(s) can be accessed through

The modified programs use negation only in a stratified manner, and thus will be evaluated by DLV in
guaranteed polynomial time in the size of the DLV representatica&fl) andsat (I), respectively.

6.5 State descriptions by variables

In many cases, states of a system are described by a vector of values for parameters which are variable
over time. It is easy to incorporate such state descriptions into the LP encoding from above, and to
evaluate them on Answer Set Solvers provided that the variables range over finite domains. In fact, if
any states is given by a (unique) vector= (s',...,s™) m > 0, of valuess’, 1 < i < m, for variables

X; ranging over nonempty domains, then we can represestfactstate( v{,..., ) and use a
vectorXl,...,.Xm of state variables in the DLV code, in place of a single variakl®&o further change

of the programs from above is needed.

Similarly, we can easily accommodate actiart$’ , P, ..., P,,) with parameterd”, ..., P, (which
is important) from a finite set if desired. However, here rule the defiexdude _k_plus(X,Y)
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should be replaced by all rules emerging if the aténx> Z in the body is replaced byi <> Zi ,i
€ {1,...m } (assuming tha¥ andZ are replaced by¥1,....,Ym andZ1l,...Zm ,respectively).

Another possibility to handle state descriptions by variables would be to implement a coding
scheme, which maps each vecter = (s!,...,s™) into an integeri(s), represented by fact
code (i(s), st,...,s™).

Furthermore, we point out that the input need not consist merely of facts, but may also involve rules to
define the predicates of the input representation more compactly. Finally, the faatdifor can be
dropped, since they are not referenced by any rule in progfhmsandIl,, ;.

For illustration, we consider the buffer example from Section 3.

Example 10 Recall that states in the buffer example are given by pairs of intéggfswhere: andj
are the numbers of objects in buffgrandb,, respectively. We thus use variabk$,X2 andY1,Y2 in
place ofX andY, respectively.

For buffer capacity of 35 = {(0,0)}, E = {(0,5) | 1 < j < 3}, andk = 6, the input can be
represented as follows:

state(X1,X2) :- #int(X1), #int(X2), X1 <= 3, X2 <= 3.

start(0,0).

goal(0,X2) :- state(0,X2).

trans(X1,X2,m_12,Y1,Y2) :- state(X1,X2), state(Y1,Y2), X1=Y1+1, Y2=X2+1.
trans(X1,X2,m_21,Y1,Y2) :- state(X1,X2), state(Y1,Y2), Y1=X1+1, X2=Y2+1.
trans(X,X2,proc,X,Y2) :- state(X,X2), state(X,Y2), X2=Y2+1.
trans(X1,X,ins,Y1,X) :- state(X1,X), state(Y1,X), Y1=X1+1.
poss(X1,X2,m_12) :- state(X1,X2), 1 <= X1, X2 <= 2.

poss(X1,X2,m_21) :- state(X1,X2), 1 <= X2, X1 <= 2.

poss(X1,X2,proc) :- state(X1,X2), 1 <= X2.

poss(X1,X2,ins) :- state(X1,X2), X1 <= 2.

agent(m_12). agent(m_21). agent(proc). exo(ins).

limit(6).

Here, equalitiesX1=0 for X1,X2 in the rule defininggoal and X1=Y1 in the definition of
trans(X,X2,proc,X,Y2) etc are pushed through.

Invoking DLV, assuming the representation is stored india-buffer.dlv and the expanded ver-
sion ofIl,; in afiledet2.dlv , with

div exa-buffer.dlv det2.dlv -N=6 -filter=control
yields 13 models, of which encode different controls. Among the maximal controls is

{ control(1,0,m_12), control(1,1,m_12), control(1,2,m_12), control(1,3,proc),
control(2,0,m_12), control(2,1,m_12), control(2,2,proc), control(2,3,proc),
control(3,0,m_12), control(3,1,proc), control(3,2,proc), control(3,3,proc) }
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which is defined on all states outside and thus constitutes @maintaining control for the whole
system.

7 Computational Complexity

In this section, we consider the complexity of constructinmaintainable controls under various as-
sumptions. To this end, we first describe the problems analyzed and give an overview of the complexity
results. After that, the results are established in a separate subsection; the reader who is not interested in
the technical proofs might safely skip it.

7.1 Problems considered and overview of results

Following the common practice, we consider here the decision problem associatédd MRINTAIN ,
which we refer to a&-MAINTAINABILITY : Given a systemd = (S, A, @, poss), a setAygent < A Of
agent actions, sets of statesS C S, an exogenous functiano, and an integek > 0, decide whether
S is k-maintainable with respect 6 in A. Furthermore, we also considefM AINTAINABILITY , which
has the same input excepand asks whethe¥ is maintainable with respect 6 in A.

We consider the problems in two different input settings, in line with the previous sections:

Enumerative representation: The constituents of an instandeare explicitly given, i.e., the sets
(A, S, Aggent, S, and E) in enumerative form and the function$(a, s), poss(s), andezo) by
their graphs in tables.

State variables representation: A system state is represented by a vecter= (vy, ..., v,,) of val-
ues for variableds,. .. .f,, ranging over given finite domain®, ..., D,,, while A and A,gent
are given in enumerative form. We assume that polynomial-time procedures for evaluating the
following predicates are available:

e in_Phi(s,a,s’), in_poss(s,a), and in_exo(s,a) respectively for decidings’ € (s, a),
a € poss(s), anda € exo(s), respectively.

e in_S(s)andin_E(s) for deciding whethes € S ands € E, respectively.

Orthogonal to this, we also consider (1) genérakrsus constarit, in order to highlight the complexity
of small windows of opportunity for maintenance; (2) absence of exogenous actions, to see what cost
intuitively is caused by an adversary; and (3) nondeterministic versus deterministic actions.

The results of the complexity analysis are compactly summarized in Tables 1 and 2, in which unless
stated otherwise, the entries stand for completeness results under logspace reductions. We assume that
the reader is familiar with the class@s(polynomial time),EXP (exponential time)L (logarithmic
workspace),NL (nondeterministic logarithmic work space), bl&? (co-nondeterministic polynomial

time), andPSPACE (polynomial space) appearing in the tables, and refer to [44] and references therein

for further background on complexity. ByH we denote the logarithmic time hierarchy [7, 27], which

is given byLH ={J,;~, Eliog, whereEﬁOg denotes the decision problems solvable on an alternating Turing
machine in logarithmic time with at most-1 alternations between existential and universal states, start-

ing in an existential state. Note thatl is strictly included inL. A more refined complexity assessment

is given in Section 7.2. However, we refrain here from providing a sharp complexity characterization of
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+/- exogenous action k-MAINTAINABILITY w-MAINTAINABILITY

givenk constant > 1
deterministic| P/NL (Th.11/15)| P/inLH (C L) (Th.11/16)| P/NL (Co0.12/Th.15)

nondeterministic P (Th.11/13) P/inLH (C L) (Th.11/16) P (C0.12/Th.13)

Table 1: Complexity of deciding:- and w-MAINTAINABILITY under enumerative representation
(logspace completeness)

+/- exogenous action k-MAINTAINABILITY w-MAINTAINABILITY
givenk constant > 1
deterministic| EXP / PSPACE(Th.18/21) | EXP / co-NP (Th.18/22) | EXP / PSPACE (C0.19/Th.21)
nondeterministic EXP (Th.18/20) EXP / co-NP (Th.18/22) EXP (C0.19/Th.20)

Table 2: Complexity of deciding:- and w-MAINTAINABILITY under state variables representation
(logspace completeness)

the problems classified withinH in terms of completeness under a suitable notion of reduction, since
they are not central to the maintainability issue under an “adversarial” environment.

Under enumerative representation (Tablekt)andw-MAINTAINABILITY have the same complexity as

Horn SAT, which isP-complete [44]. Thus, according to widely believed complexity hypotheses, the
problem is difficult to parallelize and to solve within poly-logarithmic workspace. In fact, this holds also

for the case of constakt= 1 and the restriction that all actions are deterministic and that there is a single
exogenous action. Thus, even in the simplest setting with an adversary according to the dimensions
above, the problem already harbors its full complexity; excluding nondeterministic actions and/or fixing

k does not make the problems simpler. Intuitively, this is because with the help of exogenous actions,
one can simulate nondeterminism and split sequences of agent maintenance actions into small segments.

On the other hand, when exogenous actions are excluded (listed undér &figw-MAINTAINABILITY

are always easier when the actions are deterministic or the window of opportunity is Brisattqn-
stant). In summary, the results show that exogenous actionsatdéxe compiled efficiently away (with
reasonable complexity) to an instance of maintainability under a small window opportunity, and that
nondeterministic actions are indispensable for such a compilation.

The reason is that in absence of exogenous actioMAINTAINABILITY is akin to a graph reach-
ability resp. planning problem (for the latter, see Section 8.1). Indeed, define for a fixed system
A=(S, A, @, poss), a set of agent actioM,4..; C A, and setst/, S C S of states the predicates
ri(s),i >0, ons € S inductively by

ro(s) = s € E,
rit1(s) = s € EV 3a € Augent N poss(s)
Vs' € S(s' € ®(s,a) = ri(s)), fori > 0. (1)
Informally, r;(s) expresses that some stateAncan be reached from within i agent actions, and it
holds thatS is k-maintainable with respect t&, exactly ifr(s) holds for everys in S (as proved in

Lemma 1 below). The predicatg(s) is definable in first-order predicate logic with a suitable relational
vocabulary (using the predicates given for enumerative representation). As well-known, the first-order
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definable properties are those which can be decidedHir{7, 27]. SinceLH is considered to contain
problems which have much lower complexity than hard problenty the effect of exogenous actions
is drastic in complexity terms. Furthermore, problemklh are amenable to parallelization (see [27]).

Under state variables representation (Table 2), the complexity of the problems, with few exceptions
increases by an exponential. This increase is intuitively explained by the fact that state variables permitin
general an exponentially smaller input representation, which must be unpacked for solving the problem.
The exception for constaiitin absence of exogenous functions, where the complexity increases from
within LH to coNP, is intuitively explained by the fact that the quantifiéla‘c Aqgen: N poss(s)” in
equation (1), as opposed tg¢’ € S”, ranges over a polynomial set of values (in the input size), and
thus can be deterministically eliminated.

TheEXP-completeness means that the problems are provably intractable, i.e., have an exponential lower
bound in this setting. Even in the “cheapest” cases under state variable representation, the problems
are intractable. Exogenous actions cannot be compiled efficiently away in the same cases as under
enumerative representation.

7.2 Enumerative representation

We start with the case of enumerative representation. Our first result is the following.

Theorem 11 Problem k-MAINTAINABILITY is P-complete (under logspace reductions). TiRe
hardness holds under the restriction that f(A, S, F) is any function ofA, S, and E' such that
f(A, S, E)>1 (in particular, for fixedk > 1), even if in addition all actions are deterministic and
there is only one exogenous action.

Proof. The membership af-MAINTAINABILITY in P follows from Corollary 9.

We proveP-hardness under the stated restriction by a reduction from deciding logical entailreent
of a propositional atorg from a propositional Horn logic program (PHLP) which is a set of rules of
the form

b0<_b17"'7bn7 n207 (2)
and each; is a propositional atom from an underlying atom def b, is the head and, ..., b, is the
body of the rule.

As well-known, 7 = ¢ holds iff there is a sequence of ruleg ro, ..., 7r,, m > 1, from = wherer;

is of formb;, < b;,,...,b;,, such thafb;,,...,b;,} C {b1y,...,bi—1,}, foralli € {1,...,m} (thus
in particular,1,, = 0) andb,,, = ¢, called aproof of ¢ from z. Informally, ¢ is derived by successive
application of the rules, .. ., r,,, wherer; “fires” after all previous rules, ..., r;_1 have fired.

A natural idea is to represent backward rule applicatignr,,_1, ..., r; through agent actions; for a
rule r of form (2), there is an agent actienr which applied to a state,, representingy, brings the
agent nondeterministically to any staig representing;, « € {1,...,n}. Given a state, encoding
¢, S = {sq} is maintainable w.r.t. a set of statésencoding the facts im if ¢ has a proof fromr.
However, this does not account for the restriction that f(A, S, E) for any suchf. The key for this is
to establish the result for the extremal case whietel is constant (i.e., for MAINTAINABILITY ) and
then to extend it to the general case.

Using a constrained rule format inand an exogenous action, we can emulate nondeterministic agent
actions and sequences of agent actions with some coding tricks by alternating sequences of deterministic
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agent and exogenous actions, such that provability fodm 7 corresponds td-maintainability of.S
w.r.t. a setl in a systemA constructible in logarithmic workspace frojrand.

Without loss of generality, we assume that each rule has either zero or two atoms in the bady=(i0e.,

orn = 2in (2)). We construct fromr andg a systemA = (S, A, ®, poss), sets of state§ andF, a set
Aagent A, and a functiorezo as follows:

/ a-
arl/ {

L)
=n |
® m‘@

Figure 3: Transition diagram of the system for= {a < b,¢c; b «— ; ¢ <} andq = a (S andE
encircled).

1. S: For each atonf in w and ruler € 7, f9,... f™andr!,...,r™ are states i5. Furthermore, if
the body ofr is u, v then(u, v)?, ..., (u,v)™ ! are states i.

2. A={ar|ren}U{e}.

3. ®: For any ruler € 7 with headf, ®(a_r, f*) = {ri} fori € {1,...,m} and®(a_r, (u,v)?) =
{rt}, for (u,v)* € S, i € {1,...,m — 1}. If moreoverr has bodyu, v, then ®(e,r!) =
{(u,v)i=1}, and®(e, (u,v)""1) = {vi~1},fori € {1,...,m—1}. In all other casesp(a, s) = 0.

4. poss: For each state, poss(s) = {a € A| ®(a,s) # 0}.

5. E={rt,....r™|ren}

6. S={q"}.

7. Aagent = A\ {e}.

8. exo: for all rulesr € m of form f « wu, v, exo(r?) = {e} fori € {1,...,m} andezo((u,v)’) =
{e} forj € {1,...,m — 1}. For all other states, ezo(s) = 0.

The transition diagram for the system constructedifer {a <« b, b <, ¢ <} is shown in Figure 7.2.
Intuitively, the statef? encodes thaf can be derived fromr with a proof of length at most This is
propagated in backward rule application. Each agent aatiogelects a rule to prove an atonf; if the

rule has a body., v, the exogenous action pushes the agent to proved¢ftom (u, v)) andv within
decreased recursion depth.

We claim thatr |= ¢ iff there exists some 1-maintaining contigl for S with respect ta¥ in A.
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Suppose first that = ¢. We then construct a 1-maintaining contigl for S with respect toF' as
follows. LetP = rq, ..., be a proof ofy from 7 such that, without loss of generality, all ruleshave
different heads. Seb = {¢™} and iterate the following untiD remains unchanged: For ea¢hc D

resp.(u,v)’ € D, i > 0, letr; be the rule with head resp.u in P. Define K(f*) = {a_r;} resp.
K((u,v)") = {a_r;}, and add, ifr; has bodyu/, v’ the stategu,v)"~! andv'"~! to D. SinceP is a
proof of g from , the ruler; always exists, and for each staten Closure(S, A ez0) \ E (=D), K (s)

is defined an@ (K (s), s) yields some state il. Hence K is a 1-maintaining control fof with respect
to Ein A.

Conversely, supposE is a 1-maintaining control fof with respect toF' in A. Without loss of gen-
erality, K (s) is undefined for all states € E. An easy induction oni > 1 shows that for each
fi € Closure(S, Ak, ezo) 1€SP.(u,v)! € Closure(S, Ak ez0), it holds thatr = f resp.m = u and
7 = v. Fori=1, suppose firs&(f!) = a_r. Ruler must have formf « ; otherwise, some states
(u,v)?, v° would be inClosure(S, A ez0), Which contradicts thak’ is a 1-maintaining control. Hence,
7 & f. Next supposes ((u,v)!) = a_r. Then, for similar reasons, must be of formu <, hence
7 = u. Furthermorep! € Closure(S, A ¢z0) and as already established= v. Fori > 1, suppose
K(f%) = a_r. Then either is of form f « and thusr = £, or of form f « wu,v. In the latter case,
(u,v)"~1 € Closure(S, Ak ez0) @and hence, by the induction hypothesis= « andw = v. Conse-
quently,7 = f. Similarly, if K((u,v)") = a_r, then either is of formu «— or of formu «— o', v’
and (v, v")"1 € Closure(S, Ak o), Which by the induction hypothesis implies «’ andr | v/,
thusw = u. Sincev’ € Closure(S, Ak exo), @s already established= v. Consequentlyy = f. This
proves the statement for> 1, and concludes the induction. Sing& € Closure(S, Ak, ez0), We have
7 = ¢. This proves our claim.

Notice thatA, S and E can be constructed in logarithmic workspace frenandq. This provesP-
hardness of MAINTAINTABILITY . An easy observation is that every agent action in the system
leads to some state in the détdescribed. Hence§ is 1-maintainable with respect 18 in A iff S is
k-maintainable with respect to in A for any f(A, S, E) such thatf(A, S, E) > 1. Hence P-hardness
under the stated restriction follows. O

The following result is immediate from this result and the fact that maintainability is equivalent to
k-maintainability where: = |S| is the number of states.

Corollary 12 w-MAINTAINABILITY is P-complete. Thd>-hardness holds even if all actions are deter-
ministic and there is only one exogenous action.

The following result states a furthBrcomplete restriction of the above problems.

Theorem 13 k-MAINTAINABILITY and w-MAINTAINABILITY without exogenous actions are-
complete.

Proof. Membership inP was established above. TRehardness follows from Theorem 11 by merging
the (single) exogenous actierinto the agent actions as follows: For each staseich that € exo(s),
redefine every action € poss(s) N Aggent Dy (s, a) := ®(s,a) U P(s,e). Itis easy to see that given
S andE, S is |S|-maintainable w.r.tE in the resulting systerd’ iff S is |S|-maintainable w.r.tE in A.
FurthermoreA’ is computable in logspace frorh. This implies the result. O

The hardness results above are at the border of the hardness frontier, in the sense that in the absence
of exogenous actions and, in casexeMAINTAINABILITY also nondeterminism, the problems are no
longerP-hard. The following lemma gives a useful characterizatiokrofaintainability for this purpose.
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Lemma 14 Given a systemd = (S, A, ®, poss), a set of agents actioA, 4. C A, and a set of states
E, a set of state$ is k-maintainable with respect t& in absence of exogenous actions (i€xg is
void), k > 0, iff r;(s) as in (1) holds for alk € S.

Proof. For the only if direction, consider any 1-maintaining contkolwhich without loss of generality
is undefined on every € E. For every states € Closure(S, Ak, ez0) = Closure(S, Ak), letds be
the distance of from E underK, i.e., the largest such thatr = sg, s1,...,s; € Unfold,(s, A, K)
wheresy = s. By an easy induction od; > 0, we obtain usingK (s) as witness fow in (1), that
ra.(8),7a.+1(8),...,rk(s) must hold fors. Hencey(s) holds for everys € S.

Conversely, let for each € S bei, the least integef such thatr;(s) holds. Ifi; > 0, then define
K(s) := a for some arbitrary action € Aqgen: N poss(s) witnessing (1) fori + 1 = i,, otherwise
(i.e., if iy = 0 or r;(s) does not hold for any > 0) let K (s) undefined. Thenk is a k-maintaining
control for .S with respect ta, since by definition of the relations, for eachs € Closure(S, Ak ), and
o = 80,81,---,8 € Unfold,(s, A, K) such thats; = s it holds thatl < k ands; € E (recall that, as
tacitly assumed®(a, s) # () for eacha € poss(a)). Hence,S is k-maintainable with respect 8. O

We then establish the following result.

Theorem 15 k-MAINTAINABILITY andw-MAINTAINABILITY for systems with only deterministic ac-
tions and no exogenous actions &le-complete.

Proof. In this case, deciding;(s) for givens€ S andi >0 is in NL: If s¢ E, a propera in (1) and
s’ = ®(s,a) can be guessed and, recursively, |(s’) established, maintaining a counter This
is feasible in logarithmic workspace in the representation sizd.ofBy looping through alls € S,
it thus follows from Lemma 14 that deciding whethgris k-maintainable with respect t&, where
k < |S], is nondeterministically feasible in logarithmic workspace. This impNésmembership of
k-MAINTAINABILITY andw-MAINTAINABILITY . The hardness follows from a simple reduction of the
well-knownNL -completeREACHABILITY problem [44] tok- resp.w-MAINTAINABILITY : Given a di-
rected graplG = (V, E) and nodes, ¢t € V, decide whether there is a directed path froeto ¢ in G.
DefineA = (S, A, ®, poss) such thatS = A =V, ®(v,w) = w, andposs(v) = {w | v — w € E}.
Then, forA.gen: = A, S = {s} is|V|-maintainable w.r.tE' = {t} in A iff there is a directed path from
stotin G. Clearly, A is constructible in logarithmic workspace frag This shows thélL -hardnes$)

In case of constarit, equation (1) is decidable by a straightforward deterministic recursive procedure in
logarithmic workspace, even under nondeterminism, since the recursion depth is bounded by a constant
and each recursion level requires only logarithmic work space. H&ARBAINTAINABILITY is decid-

able in logarithmic space. A finer grained analysis that it is within the (f[é%% of the logarithmic time
hierarchy, which is a much better upper bound and makes completeness for logspace (under suitable
reductions) fairly unlikely.

We assume that the inpiitof k-MAINTAINABILITY for fixed &, is a relational structurdA; with uni-
verseU(Mj) = S U A, and relations ovet/ (M) for the predicatesn_Phi(s,a,s’), in_poss(s,a),
in_exo(s,a), in_S(s) andin_E(s) from above, and relations for the additional predicates:ct(a),
in-S(s), andin_A(a) representing membershipe A,4ent, s € S anda € A for eachs,a € U(u),
respectively. The structut®1; is encoded in a standard way by a bit-string [27].

Theorem 16 Problemk-MAINTAINABILITY for systems without exogenous actions mﬁfﬂ (=co-
Swg, 1) if k > 0is constant.
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Proof. Any first-order formulayy vV Qx s resp.iy1 A Qx 1o such that), has no free variables and
Q € {3,V}, is logically equivalent toQz (1)1 V 12) resp.Qx (11 A 12). Exploiting this, 74 (s) in
(1) can be written, using the vocabulary from above, as a first-order forgula) in prenex form
Jr1Vaeodzs - - - Qrap(x1, . .., xx, ©) Wherey(zy, ..., xg, ) is quantifier-free, such that for any ele-
ments € U(M) of an input structureM, the sentencén_S(s) A ¢x(s) is true onM iff r,(s) holds.
Hence, by Lemma 14k-maintainability of S w.r.t. E in A is definable by dl;,; prenex sentence
Vaodry - - Qrrr’(zo, 1, - . ., 1), Wherey' (xo, z1, . .., ) is quantifier-free, on the above vocabu-
lary. Whether a fixed such sentence is false on a given strugttirean be decided by an alternating
Turing machine, starting in an existential state, in logarithmic time uskialjernations [7, 27]. Hence,
the problem is in c&, %, = II5¢ . 0

We remark that the hardness results in this section can be further strengthened to the case where only 2
agent actions are available, but leave a proof of this to the interested reader.

7.3 State variables

The following is an easy lemma, which in combination with the results in the previous subsection implies
most upper bounds in Table 2.

Lemma 17 For any instance of-MAINTAINABILITY resp.,w-MAINTAINABILITY in which states are
represented by variables, the corresponding instance in ordinary (enumerative) form can be generated in
polynomial workspace.

Using this lemma, we then prove the following result.

Theorem 18 Under state representation by variablgesMAINTAINABILITY is EXP-complete. The
EXP-hardness holds under the restriction that (A, S, F) is any function of4, S, andE such that
f(A, S, E)>1 (in particular, for fixedk > 1), even if in addition all actions are deterministic and there
is only one exogenous action.

Proof. Membership inEXP follows easily from Lemma 17 and Theorem 11. TEXP-hardness is
shown by a reduction from deciding inference= p(¢) of a ground atonp(¢) from a function-free
Horn logic programr with variables (i.e., a datalog program), which consists of rules of the form

po(to) «— p1(t1), - -, on(tn), n >0, 3

where eaclp; is the name of a predicate of arity > 0 and?; = ¢;1,...,t;, is a list of constants and
variablest; ;; po(fo) is the head ang (1), . . ., pn(f,,) the body of the rule.

It holds thatr = p(¢) iff there is a sequence rules of the formp;, (¢;,) < pi, (t,), - - ., pi, (t:,) and
substitutions; for r;, i.e., a mappings from the variablespto the set of constantS’; in w, such
that {pil (leez), <oy Diy, (ilnel)} - {plo (ﬁo&l), -y Di—1, (Eiflogifl)}, foralli e {1, e ,m} (thUS in
particular,1,, = 0) andp, (tm,0m) = p(¢), called gproof of p(¢) from . Informally, p(¢) is derived by
successive application of the rule instanegs, . . ., 0., like in a propositional logic program.

Deciding whetherr = p(t) is well-known to beEXP-complete, cf. [13]. The construction is similar in
spirit to the one in proof of Theorem 11 but more involved.
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To prove EXP-hardness oft-MAINTAINABILITY under the given restriction, we first focus dn
MAINTAINABILITY , and we describe how to redueel= p(¢) in logarithmic workspace to deciding
1-maintainability of a set of statésw.r.t. a set of stateg' in an agent systerd.

Without loss of generality, we make the following assumptiong @mdp(c):

The set of constants occurringin C, is {0, 1};

each ruler in 7 has either zero or two atoms in the body;

all rules inr are safe, i.e., each variahl occurring in the head of a rutealso occurs in the body;

m uses only one predicatg;

¢=(0,0,...,0).

Any problemr = p(¢) can be transformed to an equivalent one of this form in logarithmic workspace.

Similar as in the propositional case, the idea is to represent a reversed-prabf, . . ., 716, of p(c)

from 7 through agent actions, and model backward rule applications through agent actions; nete that
ranges from 1 t@“», whereq, is the arity ofp (thusm requiresa,, bits). The problem here which makes

this more complex is the fact that we must, for each rylalso take; into account. If-; has a nonempty

body, the candidates for are systematically generated by alternating agent and exogenous actions. For
each possible sudh, the derivation of the body atomst,,0;) andp(Z;,0;) is then explored.

More precisely, for each ground atgi(®), andm € {0, ..., 2P}, we have a stat&, m, prove) outside
E which intuitively says thap(<) is derivable withinmn (0 < m < 2P<) steps. For each rulein , there
is an agent action,., which is possible ofltic, m, prove) if m > 0 andp(c) unifies with the heag(¢) of
r, and it results in the state, m, r, apply), which is inE. Forr of form p(¢) < p(t1), p(t2), two phases
are now established: (1) the selection of a substitutiéor the variablesX in r, and (2) the generation
of stateq(¢;, m—1, prove) and(¢;, m—1, prove), wherec;, =6, andcs = 6, for the recursive test.

As for 1) an exogenous actionpushes the agent froifg, m, r, apply) to a state(c, m, (0,0, ...,0),
r,sel ). Here(0,0,...,0) is the substitutiord : X; = 0,...,X; = 0 to all variables inr. By
executing an agent actiancy on this state, this vector is incremented@oo, ..., 0, 1), resulting in a state
(¢,m,(0,0,...0,1),r,incy) in E, from whiche pushes the agent to a statem, (0,0, ...,1),r, sel_0),
whereX,, = 1in 6. Here againincy is possible, leading to a state, m, (0,0, ...,1,0),r,incg) in E
from which e pushes the agent to the stéate—1,¢, (0,0, ...1,0), r, sel_0). Here again atinc action is
possible for the agent etc.

In each statéc, m, 6, r, sel_0) such thap(tf) = ¢, the agent might alternatively take the actigose,
which brings her to the state, m, 6, r, choseng) in E, which closes phase 1. The exogenous aation
pushes the agent from this state to the statet,0, 20, do_split) out of E. From this state¢ pushes
the agent further to the staté, 6, m—1, prove), and the agent must take @k, ¢16, t20, do_split) the
actionsplit, which brings her to the staté,0, m—1, goto_prove) in E, from whiche pushes the agent
to (220, m—1, prove). Figure 4 gives a summary of the steps in graphical form.

In this way, the derivation 0p(0,0,...,0) from 7 is encoded to deciding 1-maintainability §f =
{(2%,(0,0,...,0), prove) } with respect to the set of statésdescribed above. Note that to proye)
from 7 via ruler, only one instance off must be chosen; themaintaining control has to single out
this 8, by proper placement of the actia@hoseng. The proof of correctness is along the lines of the
respective one in Theorem 11.
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(e, m, prove) (c,m, (0,...,1),r,sely) (m, 10,120, do_split) (t20, m—1, prove)

(@m., (0, ...,0), 7, selg) (@,m, 0,7, selp) @Lprove)

(¢, m, r, apply) (e,m, (0, ... (t20, m—1, do_prove)
(e, m,(0,...,1),r,incy) “++ (¢,m,0,r, choseng) E

Figure 4: Schematic transition diagram for backward application ofrrule(t) < p(t1), p(t2) with
substitutiord to provep(c).

Given the regular structure of the states and the easy checks and manipulations that need to be done for
determining applicability of actions and determining the successor state, respectively, it is not difficult to
see that a representation of the abdv&l AINTAINABILITY instance using state variables can be com-

piled fromm andp(0, 0, ..., 0) in logarithmic work space (in particular, that the polynomial-time proce-
dures for deciding the membership predicaiesPhi(s, a, s’), in_poss(s,a), in_exo(s, a) in_S(s), and

in_E(s) can be provided in polynomial time). Note that this instance employs only deterministic actions,
and there is a single exogenous action. This establEXK&shardness for IMAINTAINABILITY .

Furthermore, forA and E as constructed, each agent action results in a stat€.in Thus, k-
maintainability of S w.r.t. £ in A, for anyk = f(A, S, E) such thatf(A, S, E) > 1, is equivalent tal-
maintainability ofS w.r.t. £ in A. Hence, the reduction showXP-hardness ok—MAINTAINABILITY

under the stated restriction. O

Corollary 19 Under state representation by variablesMAINTAINABILITY is EXP-complete. The
EXP-hardness holds even if all actions are deterministic and there is only one exogenous action.

Using Theorem 18 instead of Theorem 11, we can prove the following result similarly as Theorem 13:

Theorem 20 Under state representation by variables and in absence of exogenous aétions,
MAINTAINABILITY andw-MAINTAINABILITY areEXP-complete.

For the case without exogenous actions and with only deterministic actions, we have lower complexity:

Theorem 21 Under state representation by variabledyl AINTAINABILITY andw-MAINTAINABILITY
for systems with only deterministic actions and no exogenous actiofdSR®ACE-complete.

Proof. By well-known standard methods, a computation composed?8RACE computationA piped
into anNL computationB (which isNPSPACEin the size of the input for) can be redesigned as an
NPSPACE computation. Sinc&BlPSPACE = PSPACE, membership of the problems PSPACE thus
follows from Lemma 17 and Theorem 15.

The PSPACE-hardness can be shown e.g. by a straightforward reduction from propositional STRIPS
planning [9]. Rather than to introduce STRIPS here, we give for completeness sake a simple reduction
from SUCCINCT REACHABILITY [44], which is the version o0REACHABILITY whereG = (V, E)

is such that the nodes are given by the binary vectots = (vy,...,v,), n > 1, on{0,1} and the
problem input consists of a Boolean circdit; with 2n inputsvy, ..., v,, wi,...,w, Which outputs
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true iff v — w € F, ands = (0,0,...,0) and¢t = (1,1,...,1). We construct from this an instance
of k-MAINTAINABILITY resp.w-MAINTAINABILITY as follows:S = V x V, described by®n binary
variablesfi, ..., fon; A = {inc, arc} = Aggent; ®(vxw, inc) = vxw’ such thatw’ = w + 1 modulo
2", and ®(v x w, arc) = wx (0,0,...,0) if v — win G and ®(v x w, arc) = v x w otherwise;
poss(s) = A, for each state. Then, the state = (1,1,...,)x(0,0,...,) is |S|-maintainable with
respecttar = {(1,1,...,1)x(1,1,...,1)}in Aiff (1,1,...,1) isreachable fron0,0,...,0)inG. A
state variable representation.dfcan be easily generated from the ciratit in logarithmic workspace.
This impliesPSPACE-hardness of the problems. O

If the maintenance window is bounded by a constant, the problem is easier.

Theorem 22 Under state representation by variablesv AINTAINABILITY for systems without exoge-
nous actions and constaint> 0 is coNP-complete.

Proof. For a givens € S, falsity of r;(s) can be proved by exhibiting (assuming¢ FE), for each

a € Aqgent N poss(s) a witnessw(s,a) € S such thatw(s,a) € ®(s,a) andr,_(w(s,a)) is false,
which in recursion can be proved similarly. For constanthis leads ta0(|.Augent|¥) many guesses
w(s,a), which is polynomial in the size of the input. By Lemma 14, it thus follows that deciding the
complement ok-MAINTAINABILITY is in NP. This proves membership in doP.

The coNP-hardness, for everg > 0, is a simple consequence that under representation by state vari-
ables, deciding whethet C FE is coNP-complete (this can be shown, e.g., by a simple reduction from
propositional unsatisfiability). O

8 Discussion and Conclusion

In this paper, we gave a formal characterization of maintenance goals and distinguished it from the
notions of stabilizability and temporal goals of the form® f (over all valid trajectories). We present
several motivating examples that illustrate the need for our notion of maintainability. The basic idea
being that for certain kinds of maintenance it is important that the maintaining agent be given a window
of non-interference from the environment so that it can do the maintenance. To formalize this we need
to distinguish between the agent’s actions and the environment’s actions. In our formalization we define
the notion ofk-maintainability, wherek refers to the maximum window of opportunity necessary for

the maintenance. We then gave polynomial time algorithms to conipuotaintainable controls, which

are linear-time for smalk, and we analyzed the complexity of determinikgnaintainability under
various assumptions. One interesting aspect of our polynomial time algorithm is the approach that led
to its finding: use of SAT encoding, and complexity results regarding the special Horn sub-class of
propositional logic.

8.1 Other related work

Besides the related works we already mentioned such as stabilizability and temporal logic, the notion of
maintenance has appeared in Al in many other papers. For example, in [42], Ortiz discusses maintenance
actions. His notion of maintenance is stronger than both the notion of stabilizability and our notion as he
requires the formula that is maintained to be true throughout. The notion of maintenance is also related
to the notion of ‘execution monitoring’ which is studied in the context of robot programs in [14]. In
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‘execution monitoring’ the world is monitored and if a discrepancy is found between the prediction made
by the agent and the real world, then new plans are made to recover from the discrepancy. A deliberative
architecture for maintenance can be extrapolated from the notions in [2], where an agent executes a cycle
of observe; assimilate; (re)plan_from_current_situation; execute_part_of the_plan.

In other related work, Jensen et al. [28, 29] consider the somewhat dual problem of developing policies
that achieve a given goal while there are interferences from the environment. In their model, environment
actions and actions of multiple agents are combined to a joint action, by which the system is transferred
from the current state to one out of a set of possible successor states. With such nondeterministic tran-
sitions, Jensen et al. aim at modeling both an adversial environment and infrequent errors which make
an otherwise deterministic action non-deterministic. In [28], they consider constructing policies coping
with arbitrarily many interferences of the environment (but without action failure) by an extension of
OBDD-based universal planning, and in [29] they consider generating policies which tolerate up to a
given numbem of errors modeled as “secondary action effects” (caused by improper action execution
or environment interference), by reducing it to a so called strong planning problem, which is solved
using OBDD based methods. For arbitrarily many environment interferences as in [28], the problem
is basically very similar to our problem of unbounded maintainability, but interference in goal states
has different significance and goal achievement is not guaranteed because of possible loops. A formal
connection betweeh-maintainable controls and-fault tolerant policies, if any, remains open. Intu-
itively, n-fault tolerant plans are easier to construct, since the number of errors that have occurred can
be recorded in plan construction and when the limiis reached, the problem boils down to an ordinary
planning problem. Fok-maintaining controls, however, each environment interference (even at a goal
state) causes a restart which pushes the agent to a new initial state.

In a series of papers [54, 19, 18], Wooldridge and Dunne have formalized the problem of constructing
agent control functions and analyzed its complexity in a rich framework, for various kinds of tasks such
as “achievement” tasks (where the agent has to bring about a certain goal condition), “maintenance”
tasks (where the agent has to avoid that some goal condition is ever satisfied during execution), and
combinations thereof [18]. In their framework, action effects and the selection of the agent action by the
control may depend on the history of the execution, and most importantly, exogenous actions resp. an
adversary are not taken into account. Under restriction to history-independent state transitions and reac-
tive agents, finding controls for achievement tasks in their framework corresponds to finding maintaining
controls with an unbounded window of opportunity in our framework. Theorems 15 and 21 correspond
to respective results in the Wooldridge-Dunne framework [18].

In Al planning, the seminal STRIPS approach [23] has been one of the most influential approaches. We
briefly recall that in STRIPS, states are modeled as sets of propositional atoms and actions as operators
which, given that a precondition in terms of a conjunction of literals is true on the current state, transform

it to a successor state by removing atoms from a delete list and adding atoms from an add list. A plan
for achieving a goal, described by a conjunction of atem&om an initial stateS, is a sequence of
operatorsp, . . ., p, Which takes the agent froi$y to a state whereg holds. STRIPS planning has been
generalized in several directions, such as conditional effects, nondeterministic actions, or planning under
incomplete information and partial observability using conditional and conformant plans, respectively,
and a number of papers has considered the computation and complexity of planning in such settings, e.g.,
[9, 3,11, 22, 49].

However, like in the framework of Wooldridge and Dunne, in none of these works agent actions and
exogenous actions are viewed separately, and thus they are best compared to our framework in absence of
exogenous functions. Furthermore, plans per se are conceiaati@as strategiegcf. [49]) in which, in

principle, different actions might be taken by the agent if during plan execution the same state is entered
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again; however, such looping is a priori excluded if the goal must be achieved under all contingencies.
Cimatti et al. [11] consider constructing universal plans akin to our policies, with different semantics
for goal achievement, based on OBDD methods and algorithms. In particular, in absence of exogenous
actions our maintaining controls correspond to what they call strong solutions for a planning problem.
Jensen et al. [28, 29] have generalized this by adversial actions (see above).

As for complexity, Theorem 21, corresponds to the classical result of Bylander [9] that deciding plan
existence in propositional STRIPS BRSPACE-complete, while Theorem 20 corresponds to Littman’s
result that conditional planning for STRIPS with nondeterministic actioBSXBTIME -complete [34,

49]. In conditional planning, via conditions on the current state branching to subplans is possible, such
that an appropriate plan is followed depending on the state evolution. Branching might be modeled by
actions and the conditional planning problem, with loops disregarded, as the problem of constructing a
maintaining control.

Outside of Al, our notion ofé-maintenance is very closely related to the notion of self-stabilization

in [15] which is used in characterizing fault-tolerant systems. There the concern is about proving cor-
rectness of (hand developed) self-stabilization protocols and achieving self-stabilization for various dis-
tributed algorithms such as mutual exclusion. Our algorithm here can be thought of as an algorithm that
automatically generates a self-stabilization protocol. Although, this is a new dimension to the existing
work on self-stabilization, further research is needed to compare assumptions made in our formulation
and the ones in the self-stabilization literature, and overcome them. In particular, often in the self-
stabilization literature the global states are composed of local states of various distributed elements and
a particular element does not have the access to the complete global state. In those cases one can not
directly use the kind of global policies generated by the algorithm in this paper.

8.2 Future work and open issues

There are several directions for further research extending the work of this paper. One direction concerns
variations of the maintenance problem, for instance by taking action duration into account. In such sce-
nario, the maintenance goal may be formulated as requirement that the agent reaches some desired state
always within a given time frame, if she is not disturbed by the environment. Preliminary investigations
suggest that the results in this paper can be extended to handle this setting.

The intractability results for the problems under state variable representations challenges methods and
techniques for handling the problem in practice. Suitable heuristics may therefore be researched that al-
low to solve the problems in many cases in polynomial time, and, in a refined complexity analysis, mean-
ingful tractable cases should be singled out. Furthermore, the issue of computing éptirasltenance
controls efficiently, in the sense thiats as small as possible (which is trivially polynomially solvable in

the enumerative setting), is an interesting issue for variable state representation.

Another issue concerns investigating computational transformations between maintenance and planning.
By the complexity results in [34] and this paper, transformations betkeRInINTAINABILITY and
conditional planning are feasible in polynomial time. It would be interesting to study different trans-
formations, and to assess possible benefits of these transformations for S6MANTAINABILITY

and planning by cross-utilizing different algorithms and implementations (e.g. [11] for planning in non-
deterministic domains). In particular a transformation similar to the one in the proof of Theorem 13, with
an additional parameter that keeps count the number of agent’s actions since the last exogenous action,
carf be used to compile out exogenous actions and transform firkdingintainable policies to finding

“This transformation increases the number of stateg tiynes. It is unknown if there exist a transformation that can
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strong cyclic plans [11]; on the other hand, encodings similar to the one in Section 5.2 for obtaining
strong cyclic plans through linear-time Horn logic programming might be interesting.
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