
CSE 355 HOMEWORK THREE

PART 1 DUE 12 MARCH 2017 MIDNIGHT, PART 2 DUE 19 MARCH 2017 MIDNIGHT

PART 1 We play two similar games called Knockout and TKO. In both we start with n players,
for whom we use the names {1, . . . , n}. In each round of the game, all surviving players
participate, and exactly one of them wins the round. After every round, players who are
“too far behind” drop out; the rule for “too far behind” is the difference between Knockout

and TKO:
(a) In Knockout, no player drops out in the first ten rounds. After that, players who have

won fewer than half the number of rounds won by some other player drop out.
(b) In TKO, players who have won ten fewer games than some other player drop out.

Players who drop out do not survive the round. The game can end in any round after a
round is played in which there is only one surviving player.

We record the game play as a string in {1, . . . , n}?, where the ith character in the string
is the winner of round i. Then the language of TKO games is the set of all strings that can
be the game play for TKO, and similarly for Knockout.

(1) TKO:
(a) Is the language of TKO games with two players regular? Answer yes or no, and explain.
(b) Show that the language of TKO games with two players in which player 2 wins is regular.

(Explain.)
(2) A more general pumping lemma for regular languages. Show that the following “lumping

lemma” is true:
Let L ⊆ Σ? be a regular language. Then there is an integer p (the “lumping
length”) so that for every w ∈ L with |w| ≥ p, and every way to write w = x′w′z′

with x′, w′, z′ ∈ Σ? and |w′| = p, there is some way to write w′ = xyz with |y| ≥ 1
so that x′xyizz′ ∈ L for all i ≥ 0.

(3) Knockout: (The lumping lemma might be useful.)
(a) Show that the language of Knockout games with two players satisfies the conditions of

the pumping lemma for regular languages.
(b) Is the language of Knockout games with two players regular? Answer yes or no, and

explain.
(4) Knockout:

(a) Show that the language of Knockout games with two players is context-free. Describe
a PDA for it.

(b) Show that the language of Knockout games with two players in which player 2 wins is
context-free. Describe a PDA for it.

PART 2
(5) TKO:

(a) Is the language of TKO games with three players regular? Answer yes or no, and explain.
(b) Is the language of TKO games with three players in which player 2 wins regular? Answer

yes or no, and explain.
(6) TKO: Player 2 wants to beat player 1. Although there are three players, she just tries to

beat player 1. She is interested in the language T2>1 of TKO games on three players in which
player 1 is eliminated before player 2. Her idea is to ignore all rounds in which player 3
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wins, to get a game play in which player 2 beats player 1. Using the answer to 1(b), she
proceeds as follows. She forms a DFA for TKO games for two players in which player 2 wins
and then adds a loop transition labeled 3 on each state. Does her DFA have language T2>1?
Answer yes or no, and explain.

(7) My friend has gotten all mixed up about regular grammars. He thinks that their definition
says that they can have rules of the form A → ε, A → a, A → B, and A → Ba where A
and B are variables and a is a terminal. But he has made a mistake! In a regular grammar,
the fourth should be A→ aB instead.

So my friend decides to add the rule type A → aB as well, so that now he has rules of
the form A → ε, A → a, A → B, A → aB, and A → Ba. Let’s call these new grammars
friendly grammars and call their languages friendly languages.
(a) Show that every regular language is friendly.
(b) Show that not every friendly language is regular.

(8) Continuing from question 7,
(a) Show that every friendly language is context-free.
(b) Show that not every context-free language is friendly. Hint: Can you eliminate all unit

rules and most ε-rules? Then think about the structure of parse trees; in particular
think about a root-to-leaf path and the repetition of variables on it that is nearest the
root. What can you say?
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