
CSE 555 FINAL EXAMINATION

TAKE-HOME: OUT 04/27/17 NOON, DUE 05/02/17 9:20 A.M.

The completed test is to be submitted electronically to colbourn@asu.edu before the
deadline.

Answer each of questions 1-4, one of questions 5 or 6, and one of questions 7
or 8. If you answer both questions 5 and 6 (or 7 and 8), only the first will be graded.
Questions 1–4 are worth 15 points each; questions 5–8 are worth 20 points each. (So you
will answer a total of (4× 15) + (2× 20) = 100 points.)

This is an individual effort. Limit your discussions with fellow students to under-
standing the questions and general ideas. Under no circumstances should solutions or written
work be shared. Under no circumstances should material or results other than those from
the textbook or class be used to find solutions (but using them to get ideas is ok). Violations
of these expectations will result in failure in the course, at the very least.

Part of the exercise of doing the questions is understanding the questions. Read each
carefully so as not to waste time.

1. Question 1.

Let G = (V,E) be an undirected graph. The graph is connected if for every pair x, y of
vertices it contains an x, y-path, and otherwise it is disconnected. Let CONN = {〈G〉 : G is
an undirected graph that is connected}. Let DISCONN = {〈G〉 : G is an undirected graph
that is disconnected}.

• Show that DISCONN and CONN both belong to P .
• Show that DISCONN and CONN both belong to NL.
• Show that DISCONN and CONN are both NL-complete.

2. Question 2.

Let D = (V,A) be a directed graph. A k-guarding set is a set X ⊆ V with |X| = k for
which, for every y ∈ V , either y ∈ X or there exists a vertex x ∈ X for which (x, y) is a
directed edge in A.

• Show that Guard = {〈D, k〉 : D has a k-guarding set} is NP-complete.
• This question was wrongly stated and too difficult. It used to say: Show that when
D is an n-vertex directed graph, we can decide in polynomial time whether D has a
k-guarding set whenever k ≥ n

2
and every vertex appears in at least one directed edge.

Explain why this does not contradict your conclusion about the NP-completeness.
Please substitute the following: Suppose that when D is an n-vertex directed graph
in which for every vertex y there is an edge into y. Further suppose that k ≥ 2

3
n.

Show that we can decide in polynomial time whether D has a k-guarding set. Explain
why this does not contradict your conclusion about the NP-completeness.
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3. Question 3.

Once again we place guards in a directed graph D. J. Edgar Hoover and Al Capone are
given a directed graph D and a budget k. Hoover and Capone alternate, each choosing a
vertex at which to place a guard. Hoover plays first. Hoover wins if a k-guarding set is
constructed, and Capone wins if after k guards are placed the selection is not k-guarding.
Show that Prison = {〈D, k〉 : Hoover wins} is PSPACE-complete.

4. Question 4.

Suppose that we has instead defined the time and space complexity classes using 3-tape
rather than single tape Turing machines. That is, say that A ∈ TIME◦(f(n)) if it can be
decided in time O(f(n)) on a 3-tape deterministic TM. Similarly define SPACE◦(f(n)).
Now we can define all of the classes L◦, NL◦, P ◦, NP ◦, PSPACE◦, and so on. Prove or
disprove each of the following:

(1) L = L◦.
(2) P = P ◦.
(3) TIME(n) = TIME◦(n).
(4) SPACE(n) = SPACE◦(n).

5. Question 5.

For every positive integer k show that there exist languages L1, . . . Lk so that for every
1 ≤ i, j ≤ k with i 6= j, Li 6≤T Lj. Can you conclude that there must be infinitely many
languages so that none (Turing-)reduces to any other?

6. Question 6.

Let N be the set of natural numbers, and define the relation ↑, a subset of N3, so that
(x, y, z) are related by ↑ exactly when z = max(x, y). We consider the theory of N and ↑.

(a) Show that the following relations are all definable in this theory: x = y; x ≤ y; x ≥ y;
x = 0; x = 1; and z = min(x, y).

(b) Show that the theory of N and ↑ is decidable.
(c) Show in detail that the associative property max(max(a, b), c) = max(a,max(b, c))

holds using the decidability of the theory.

7. Question 7.

(a) Show that ADFA = {〈M,w〉 : M is a DFA that accepts w} is in P.
(b) Show that AREX = {〈R,w〉 : R is a regular expression that generates w} is in NP.
(c) Show that if EQREX = {〈R1, R2〉 : L(R1) = L(R2)} is in P, then P=NP.
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8. Question 8.

(a) Suppose that A is a regular language. Must A? ∈ L? Explain.
(b) Suppose that B ∈ L. Must B be context-free? Explain.
(c) Suppose that C ∈ NL. Let RC(C) be the closure of C under the regular operations.

Must RC(C) ∈ NL? Explain.
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