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ABSTRACT

We consider the problem of name-independent routing in
doubling metrics. A doubling metric is a metric space whose
doubling dimension is a constant, where the doubling dimen-
sion of a metric space is the least value a such that any ball
of radius r can be covered by at most 2% balls of radius r/2.

Given any 6 > 0 and a weighted undirected network G
whose shortest path metric d is a doubling metric with dou-
bling dimension «, we present a name-independent routing
scheme for G with (9+0)-stretch, (2+ %)o(a)(log A)?(logn)-
bit routing information at each node, and packet headers of
size O(log n), where A is the ratio of the largest to the small-
est shortest path distance in G.

In addition, we prove that for any e € (0,8), there is
a doubling metric network G with n nodes, doubling di-
mension o < 6 — loge, and A = O(2'/n) such that any
name-independent routing scheme on G with routing in-
formation at each node of size o(n(6/60)2)-bits has stretch
larger than 9 — e. Therefore assuming that A is bounded
by a polynomial on n, our algorithm basically achieves opti-
mal stretch for name-independent routing in doubling met-
rics with packet header size and routing information at each
node both bounded by a polylogarithmic function of n.

Categories and Subject Descriptors

C.2.2 [Computer Communication Networks|: Network
Protocols - Routing protocols; E.1 [Data Structures]: Dis-
tributed data structures; F.2.2 [Analysis of Algorithms
and Problem Complexity]: Nonnumerical Algorithms
and Problems - Computations on discrete structures, Rout-
ing and Layout; G.2.2 [Discrete Mathematics]: Graph
Theory - Graph algorithms, Graph labeling, Network prob-
lems
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1. INTRODUCTION

A routing scheme is a distributed algorithm that allows
any node (source node) to route packets to any other node
(destination node). Each node in the network maintains
a local routing table and runs a routing daemon. When
the node receives a packet, the daemon decides whether the
packet has reached the right destination, and if not, how to
deliver it to the next hop based on the local routing table
and the packet header.

The stretch of a routing scheme is the maximum ratio
of the length of the routing path, on which a packet is de-
livered, to the length of the shortest path from the source
to the destination node, over all source destination pairs.
One of the fundamental trade-offs for routing schemes is be-
tween the space required to store the routing table (which
contains any information required by the routing scheme) at
each node, and the stretch of the resulting routing scheme.
In general, one would like to keep the space requirement at
the nodes and the packet header size both polylogarithmic
on the number of nodes, while optimizing on stretch. Such
a scheme is usually called a compact routing scheme.

There are two variants of routing scheme design: (i) name-
dependent (or labeled) routing, where the designer is allowed
to rename the nodes so that the names (labels) can contain
additional routing information, e.g. topological information;
and (ii) name-independent routing, which works on top of the
arbitrary original node names in the network, i.e. the node
names are independent of the routing scheme. Although
name-dependent routing has the advantage of embedding
useful routing information on the node labels to facilitate
routing, it has severe limitations in practice. For instance,
it requires additional mechanisms to publish the labels and
to retrieve the label of a given node. Moreover, there are
applications where node names cannot be modified such as
distributed hash tables [7] requiring that node names be
randomly distributed in a segment, or a mobile network re-
quiring nodes names independent of their location.

This paper focuses on the design of name-independent
routing schemes for undirected weighted graphs whose short-



est path metrics are doubling. A doubling metric is a met-
ric space whose doubling dimension is a constant, where the
doubling dimension of a metric space is the least value «
such that any ball of radius r can be covered by at most 2%
balls of radius /2. Many problems become easier in metrics
of bounded doubling dimension [10, 17, 15, 20, 19, 18, 9,
14, 13], including metric embeddings, the traveling salesman
problem, compact data structures, distance estimation and
finding nearest neighbors. In particular, doubling metrics
can be viewed as a generalization of growth-bounded met-
rics [16, 10, 6], which have been shown to provide a good
approximation of communication cost metrics on the Inter-
net.

1.1 Our Contributions

In this paper we present the first polylogarithmic space
name-independent routing scheme for doubling metrics with
asymptotically optimal stretch. By asymptotically optimal
stretch, we mean that the stretch of our algorithm is t 44, for
any fixed § > 0, where ¢ is a lower bound on the best possible
stretch for any constant doubling dimension « (in particular,
t — 9 as « increases in our problem). The matching lower
bound proof on the stretch of a name-independent scheme
on a doubling metric is also a major contribution of this
work. We first define the aspect ratio of a graph.

DEFINITION 1.1  (ASPECT RATIO). The aspect ratio A
of a weighted undirected graph G is the ratio of the largest
to the smallest shortest path distance in G.

Our main results are stated in the theorems below:

THEOREM 1.2. Given any § > 0 and a weighted undi-
rected graph G with n nodes and doubling dimension o > 0,
we present a name-independent routing scheme for G with
(9+0)-stretch and (2+ %)O(Q)(log A)?(logn)-bit routing in-
formation at each node and O(logn) packet header size.

THEOREM 1.3. For any € € (0,8), there is an undirected
weighted graph G with n nodes , doubling dimension a <
6 —log € and aspect ratio A = O(2'/“n) such that any name-
independent routing scheme on G that uses routing tables of

size o(n(e/GO)Q) bits at each node has stretch at least 9 — e.

Note that in Theorem 1.2 for § > 1/2, the storage require-
ment at the nodes basically does not depend on § itself and
becomes proportional to 2°(*) (log A)?(log n), while for § <
1/2 the storage requirement becomes (%)O(Q) (log A)?(log n)
bits.

Therefore, assuming that A is bounded by a polynomial
in n (which is true for any network with polynomial edge
weights), the stretch achieved by our algorithm is asymptot-
ically optimal for any name-independent routing in doubling
metrics with no more than a polylogarithmic in n number of
bits in the packet header size and the routing table at each
node.

The techniques presented in this paper are also of inter-
est in their own right. We use a global hierarchy of r-nets
(the formal definition of r-nets appears in Section 2.3) which
is employed throughout the algorithm for moving through
the different search levels, and also for performing searches
in the “local areas” at each level. Since we use the same
hierarchy for all the search structures employed by our al-
gorithm, we avoid the need of keeping each of these search

structures separately at the nodes, saving on the size of the
routing tables maintained. Also, having this global hierar-
chy allows us to “think outside the box” when building a
search tree for each relevant local area L(u,j) around node
u at level j, in the sense that we do not require that this
tree be fully contained within L(u, j).

Section 2.3 presents our name-independent routing algo-
rithm. In Section 3, we provide the proof of our lower bound.
Some directions for future work and concluding remarks are
presented in Section 4.

1.2 Related Work

In addition to the distinction between name-dependent
and name-independent routings, the other feature that dis-
tinguishes different routing problems is the generality of
the underlying network. In all cases, the trade-off between
stretch and routing table size plays an important role. We
summarize the existing results in the next few paragraphs.
In all of the work below, the packet header size is polylog-
arithmic in n and A, with the exception of the scale-free
schemes of [2], in which it depends only on n. For a table
containing a summary of the exact packet header sizes, as
well as stretch and node storage requirements, of the work
on compact routing schemes for doubling metrics, please re-
fer to [2].

For general graphs, Awerbuch and Peleg [8] proposed a
name-independent routing schemes with stretch O(k?) and
routing tables of size O(kn'/*lognlog A), where A is the
normalized diameter of the graph. Furthermore, the stretch
was improved to O(k) with O(n/*log A)* bits of storage
by Abraham, Gavoille and Malkhi [3].

Several more restrictive models have been studied. For
graphs excluding a fixed K, , minor, there is a constant-
stretch name-independent scheme with polylogarithmic rout-
ing tables [4]. For the labeled case, (14 ¢)-stretch schemes do
exist for planar graphs and the points in Euclidean plane [21,
12, 5]. For k-path separable graphs, a (1+ ¢)-stretch routing
scheme with polylogarithmic routing tables is presented in
[1]. For growth-bounded metrics, which are a subclass of
doubling metrics, a randomized name-independent (1 + €)-
stretch routing scheme with polylogarithmic routing tables
is presented in [6].

For the labeled model, constant doubling dimension does
not seem to make the problem significantly harder than for
growth-bounded metrics, and several (1 + ¢€)-stretch rout-
ing schemes are known [10, 20, 9, 19, 11, 18]. Abraham et
al. show in [2] that one cannot achieve exact (1-stretch) com-
pact routing schemes on growth-bounded graphs (and hence
on doubling metric graphs) without using Q(y/n) memory
at some nodes.

The only variation of the problem in which a significant
separation between the name-independent and labeled mod-
els is known is the restriction to networks of bounded dou-
bling dimension. While in this case, (1 4 €)-stretch labeled
compact routing is possible, as mentioned above, for the
name-independent model there exist stronger lower bounds.
Abraham et al. [2] give two contrasting results. On one
hand, they show that any scheme with o(an)-bit routing ta-
bles must have stretch at least 3 — € (this paper strengthens
the lower bound to 9 — ¢, with somewhat stronger assump-

*The O() notation denotes complexity similar to O() up to
poly-logarithmic factors.



tions). On the other hand, for name-independent routing
in doubling metrics they provide the first constant-stretch
scheme (namely, they achieve stretch 64).

Furthermore, Abraham et al. [2] also present a variation
of their name-independent scheme which is scale-free — that
is, their stretch, packet header size and routing table size do
not depend on the aspect ratio of the space — at the expense
of getting a prohibitively large constant for the stretch. All
previous results, as well as ours in the current paper, have
a factor with logarithmic or doubly-logarithmic dependence
on the aspect ratio in the size of the routing tables. In that
respect, while our stretch of 9 + € is better, and basically
matches the lower bound we give, there is still room for
improvement by elimination of the dependence on aspect
ratio of the metric space from the memory bounds.

Some of the techniques used in the name-independent
schemes developed in [2] and our paper, albeit having been
developed independently, may seem to share some similarity
at a high level. However, it is by a careful data structure
specification and algorithm analysis that we manage to get
a tight bound on the stretch for doubling metrics, while still
keeping the storage requirement at the nodes and the packet
header size small.

2. NAME-INDEPENDENT ROUTING FOR
DOUBLING METRICS

In this section, we propose a name-independent routing
scheme for doubling metrics with stretch (9 + §), for any
fixed § > 0.

We divide our algorithm description into four sections: in
Section 2.1, we present a set of basic definitions and some
prior results which will be used as ”black boxes” in our al-
gorithm and proofs; the basic data structures which will
be kept at the nodes in order to be able to implement our
name-independent algorithm are defined in Section 2.2; we
combine the results in Section 2.1 and 2.2 to present the
complete routing algorithm in Section 2.3; and, finally, in
Section 2.4, we present the analysis of our algorithm.

2.1 Preliminaries

In this section we present the definition and some basic
properties of r-nets. We also state the main results regarding
the name-dependent scheme presented in [2, Theorem 4],
which we will use as a “black box” in our algorithm.

Let G = (V,E,w) be a weighted undirected network,
where |V| = n and w : E — R". Without loss of gener-
ality, assume the minimum weight on an edge is equal to
1. Suppose the metric space (V,d), where d is the shortest
path metric of G, has doubling dimension «. Let By(r)
be the closed ball of radius r around node w in G, i.e.
Bu(r) ={z € V(G) | d(u,z) <r}.

DEFINITION 2.1. An r-separated set A in a metric space
(X,d) is a subset A C X such that d(z,x') > r for every
z # 2" in A. An r-net is a mazimal r-separated set.

For a finite metric it is easy to see that such an r-net exists
and can be constructed greedily. Given an r-net Y of a
metric space (X, d), we have that for any z € X there exists
a node y € Y such that d(z,y) < r, since Y is maximal.
Moreover for a space of bounded doubling dimension, the
following is a well-known result [10]:

LEMMA 2.2 ([10]). Let (X,d) be a metric with doubling
dimension o, and Y be an r-net of X. For any r € X and

N«
any radius v’ > r, we have |B,(r')NY| < <4%)

Our name-independent routing scheme will use the name-
dependent routing scheme of Abraham, Gavoille, Goldberg
and Malkhi [2, Theorem 4] as the effective underlying la-
beled routing scheme. For reference, we list the main results
achieved by this labeled routing scheme:

LEMMA 2.3 ([2]). Given any undirected weighted graph
with n nodes, doubling dimension «, and aspect ratio A, for
any &' < 1/2, there exists a (1 + &')-stretch labeled routing
scheme with [logn]-bit routing labels, (%)O(O‘) log nlog A-
bit routing information at each node and O(log n)-bit packet
header.

(It is important to note that we could use any labeled rout-
ing scheme with stretch 144’, polylogarithmic routing infor-
mation and polylogarithmic header size, to achieve the op-
timal stretch of our name-independent routing scheme; the
labeled routing scheme of [2] has the best currently known
storage and packet header size bounds.)

Thus, every time a node x wants to effectively commu-
nicate with a node y, x needs to know the routing label of
node y and then uses the above labeled routing scheme in
order to find a route to y. Hence the main merit of our
name-independent scheme is to present an efficient method
for distributedly storing and retrieving the nodes routing la-
bels so that when a node x wants to communicate with a
node y, = does not need to know the routing label assigned
to node y a priori: this routing label will be retrieved as
part of the routing process (and the cost of retrieving the
label will be accounted for when bounding the total cost of
routing in our scheme).

2.2 Data Structure

In this section we present the data structures to be used
in our name-independent scheme. Let Y; be a 2'_net of
G, for ¢ € [M], where M = [log A] and [z] denotes the
set {0,1,...,z — 1}. Note that Yo = V, since the min-
imum weight on edges is 1. The following definition se-
lects specific “neighbors” of a node u in the different nets
Yo, Yl, ey Yv-1.

DEFINITION 2.4  (NEIGHBOR SEQUENCE). For each node
u, recursively define n(u, 1), the neighbor of node w in Y3, as
follows:

1. n(u,0) = u, which is in V = Yo;

2. For 0 < i< M, n(u,i) is a node in Y; that minimizes
d(n(u,i —1),n(u,1)).

We call the sequence n(u,0),...,n(u, M —1) the neighbor
sequence of node u.

Let A(u,j) = 27_, d(n(u,i — 1),n(u,i)) for any node u,
and any positive j € [M]. The claim below follows directly
from Definitions 2.1 and 2.4.

LEMMA 2.5. For any node u and any positive j € [M],
Alu,j) £ 307, 2" <27



We now define the local area of a node u belonging to the
27 -net Y;. Suppose a packet is being routed from a source
node u to a destination node v in the network. Every time
our routing algorithm moves one level higher — say to level
j — in the hierarchy of r-nets, it will search the local area of
u in Y; for the routing label of node v, using the local tree
T'(u, j) also defined below, as we will see in Section 2.3.

DEFINITION 2.6  (LOCAL AREA). For any j € [M] and
any node u € Yj, ils local area, denoted by L(u,j), is the
ball Bu (27 f(6)), where f(5) = 5 + 2.

DEFINITION 2.7  (LOCAL SEARCH TREE). For any j €
[M] and any node u € Yj, its local search tree, denoted by
T(u,j), is the tree that consists of (i) root u, (ii) the leaf set
L(u, j), and (i) for each w € L(u, j), the path P(w;u, j) =
w— n(w,1) - n(w,2) — -+ — n(w,j— 1) = u connecting
w to the root u. The weight of each (virtual) edge in the
tree is equal to the length of the shortest path between its
endpoints.

Note that P(w;wu,j) (and hence T'(u,j)) may not be en-
tirely contained in B, (27 f(§)). Nevertheless the lemma be-
low shows that P(wj;wu, j) does not go “too far away” from u,
since the total length of this path is bounded by 27 (f(8)+2).
The length of a path P, denoted by |P|, is given by the sum
of the weights of the edges on P. Thus

LeEMMA 2.8. For any j € [M], node u € Y; and node
w € L(u, j), [P(w;u,j)| < 27(f(6) +2).
ProOOF. By Lemma 2.5 and Definition 2.6,

|P(wi u, ) Z w,i— 1),n(w,8)) + d(n(w, j — 1), )
< A, — 1) + (dlnlas, — 1), ) + )
< A(w,j— 1)+ (Alw,j = 1) +27£(5))
<2(7(5) +2)

[l

The two endpoints of each edge (x,y) of T'(u, j) need to
be able to effectively communicate with each other in the
underlying labeled routing scheme. Hence we need node x to
keep the routing label of node y and vice-versa. Note that for
a node v, there may exist many nodes u € Y; such that v €
T(u,j). Many of these local search trees T'(u,j) containing
node v may share the same parent and children nodes for
v. Hence, instead of keeping the routing labels of v’s parent
and children nodes explicitly for each tree T'(u,j), v keeps
a single set (its up-link set) that contains the routing labels
of all nodes w such that w is the parent of v in some tree
T(u,7) and a single down-link set that contains the routing
labels of all nodes z such that z is a child of v in some tree
T(u,j). We will see in Corollary 2.11 that the cardinality of
the up-link and down-link sets of a node v are both O(1).

DEFINITION 2.9. For any i € [M] and any node v €
Y:, define the up-link set UL(v,4) = B, (277 (f(6) +1)) N
Yit1 (except for i = M), and the down-link set DL(v,i) =
By (2'(f(8) + 1)) NYi—1 (except fori=0).

The following lemma shows that the up-link and down-
link sets of node v at level j as defined above indeed contain
all the parent and children nodes of node v in any T'(u, j)
containing v.

LEMMA 2.10. For any i € [M] and any node v € Y,

1. the up-link set UL(v, ) contains all nodes z such that
z is the parent of node v in some tree T'(u,j) that con-
tains v as n(w,1) for some w € L(u,j), where j > i
and u € Yj;

2. the down-link set DL(v,%) contains all nodes z such
that z is a child of v in some tree T'(u, j) that contains
v as n(w, 1) for some w € L(u,j) fori < j or as the
root u for i = j, where j > i and u € Yj.

PROOF.

1. If i < j—1, v’s parent node is n(w, i+1) € Y;41 by Def-
inition 2.7. Thus, since Yi;1 is a 277 -net, d(v, n(w, i+
1)) < 271 < 2"F1(£(§) + 1) by Definition 2.4. Hence
UL(v,i) contains v’s parent node.

If i = j — 1, v’s parent node is the root u. By Defi-
nitions 2.6 and 2.7, d(u,v) < d(u,w) + A(w,j — 1) <
27(f(8) +1). Hence UL(v, ) contains v’s parent node
u.

2. If i < j, v’s children are all of the form n(w,i — 1)
for some w € L(u, j) such that v = n(w, ). Thus by
Definition 2.4, d(v,n(w,i — 1)) < 2 < 2'(f(8) + 1).
Hence v’s children are contained in DL(v, ).

If i = j, then v = u and its children are of the form
n(w,j — 1) for some w € L(u, j). Since d(u,n(w,j —
1)) < d(u,w) + A(w,j —1) < 27(f(6) 4+ 1), v’s children
are contained in DL(v,1).

O

The corollary below follows from Lemma 2.2.

COROLLARY 2.11. For any i € [M] and any node v €
Yi, we have [UL(v,%)] < (4(f(8) + 1))* and |DL(v,1)| <
(8(f(0) + 1))~

In the next lemma we bound the number of trees T'(u, j)
that contain node v. This information, along with the bound
on the size of the up-link and down-link sets given by Corol-
lary 2.11, will be used when bounding the total storage re-
quirement at the nodes in Lemma 2.15.

LEMMA 2.12. For any i € [M] and any node v € Y;, the
number of trees T(u,j), for any j > i and u € Yj, that
contain v as n(w,1) for some w € L(u,j) if j > i, or as the
root u if i = j, is no more than (4(f(5) +1))* - log A.

PROOF. For each j > i such that v = n(w,i), we have
d(u,v) < d(u,w) + A(w,i) < 27(f(6) + 1). Since u € Y,
by Lemma 2.2 the number of possible choices for u (and
hence for the tree T'(u,7)) is no more than (4(f(8) + 1))°.
For j = i, we have u = v and the number of such trees is
trivially equal to 1. Since j € [M], the total number of such
trees is no more than (4(f(8) + 1)) -log A. O

We now show how to evenly store the routing labels of
the nodes in L(u,j) among the nodes of L(u,j) itself, in
a way such that we can efficiently search for these labels
using T'(u, j). For any j € [M] and any node u € Yj, we
visit the tree T'(u, j) using depth-first search, and store the
routing labels of nodes in L(u, j) at the nodes in the leaf set
of T(u,j), i.e. L(u,j) itself, as follows:



1. Sort the nodes in L(u, j) according to their global IDs
(i.e. their original names) into a list.

2. Visit the leaves of T'(u, 7) in depth-first order, and for
each visited leaf of T'(u, 7), pick up a new node x from
the list formed in Step 1, and store its global ID and
routing label at the current leaf.

3. Each node v in T'(u,j) stores the range of node IDs
that are stored in v’s descendants in tree T'(u,j), in
the form of (v.minID,v.maxlID;u,j). Furthermore,
in order to facilitate the local search tree, v stores the
range information of all its children.

Note that each node of L(u,j) stores exactly one node’s
routing label (which may not be its own) in Step 2, since
the leaf set of T'(u,j) is L(u, j) itself. In addition, since
we are visiting the nodes in depth-first order, for each node
v € T(u,j), if a node w € L(u,j) is such that its ID is
between v.minID and v.maxID in the tree T(u,j), then
the routing label of w is stored in some descendant of v, and
vice-versa.

We now define the search procedure for the routing label
of a node w in T'(u,j).

Search(u,j,w)

Begin at the root v and let v = u initially.

While there exists a child v of v in T'(u, j)
such that w’s ID is in the range
(v'.minID,v' .mazID)

do Go to node v and let v = v'.

If v has w’s routing label,

then report w’s routing label,

else report that w’s routing label wasn’t found
in T'(u, ), by following the path back to the
root u from v along T'(u, j).

2.3 Routing Algorithm

Now that we have built on the preliminaries of Section 2.1
and on the local search procedure for T'(u,j) described in
Section 2.2, we are ready to describe our name-independent
routing scheme in its whole, and to prove its performance
bounds. Assume that a source node u wants to send a mes-
sage to a destination node v. Basically our routing scheme
proceeds in two phases. In Phase 1, we find the routing label
of node v, by repeatedly invoking the local search procedure
Search(n(u,1),i,v) for higher levels of the hierarchy of r-
nets (i.e., for increasing i). In Phase 2 of the algorithm, we
simply use the routing label of node v found in Phase 1 to
effectively route to node v using the labeled routing scheme
of [2]. Let ¢ = 0 initially.

e Phase 1 (Finding the routing label of the destina-
tion): Perform a local search at n(u,¢) by calling the
procedure Search(n(u,i),4,v). If the routing label of
v is not found, go to n(u,i + 1), let ¢ = ¢ + 1, and
continue Phase 1; otherwise, go to Phase 2.

e Phase 2 (Labeled routing to the destination): Once
the routing label of v is found during a local search
at level i, go to v from n(u,?) using the underlying
labeled routing scheme of [2].

The following lemma proves that our algorithm correctly
finds node v within a finite number of steps, if v belongs to

G.

LEMMA 2.13. From any source node u, given any desti-
nation node v, the algorithm finds v within a finite number
of steps.

PRrROOF. Since 2M71f(§) > A, we have v € V(G) C
L(n(u, M — 1), M — 1) by Definition 2.6. Hence v’s routing
label is stored in the tree T'(n(u, M —1), M —1). Thus, in the
worst case, v’s routing label is retrieved by Search(n(u, M —
1), M — 1,v) in Phase 1. Therefore the algorithm finds v
within a finite number of steps. [l

2.4 Stretch and Storage Analysis

In this section, we analyze the final stretch and total stor-
age requirement at the nodes of our name-independent rout-
ing scheme. Fix the (1 + &’) stretch required of the un-

derlying labeled scheme according to &, by choosing ¢ =
min{6/20,1/10} < 1/2 .

LEMMA 2.14. For any source node u and any destination
node v in G, the total routing cost of our algorithm is no
more than (9 + §)d(u,v).

PROOF. Let j be the index of the level at which the pro-
cedure Search(n(u,j),7,v) finds the routing label of v in
Phase 1.

By Lemma 2.8, the routing cost of Search(n(u,1i),%,v) is
2-24(f(8)42)-(1+8"). Then the total routing cost is no more

than (A(u,9) + S 2 (F(6) +2) + d(n(u, j),v)) (14+5).

First we have
J
A(u,5) + 2 (£(9)
i=0
J
A(u,5) + > 27 (F(9)
i=0

< 272(7(5) +8) + d(u,v)

+2) +d(n(u,j),v)

+2) +d(u,v) + A(u, j)

Since v’s routing label is not found by Search(n(u,j —
1),j — 1,v), we have d(n(u,j — 1),v) > £(5)29~*. Then by
triangle inequality, we have

d(u,v) > d(n(u,j —1),v) = d(n(u,j — 1), u)
> d(n(u,j — 1)_ v) = A(u,j — 1) @
F(8)27" —
= 2J YS9 -2)
and thus,
8(£(6) +3)

2772(f(8) +3) + d(u,v) < d(u,v) + d(u, v)

40

= (9+ m) d(u,v).
®3)

Since f(6) = & +2, the total routing cost is no more than
40 ’
9+ 7) d(u,v)(14+0
(9+ 7575 ) dlw )1 +4)

_ (9+ g) (1—|—m1 {20 110}) d(u, v) (4)
< (9 + 8)d(u, v).



LEMMA 2.15. The routing information at each node is no
more than (2 + %)O(Q)(log A)?(logn) bits.

PROOF. 1. For the underlying labeled routing scheme,
it suffices to have (%)O(Q) lognlog A bits stored at

each node, by Lemma 2.3.

2. The storage required for the routing labels in each
node’s down-link and up-link sets can be bounded as
follows. Given that a node v can be in all the r-nets Y;
for i € [M], by Lemma 2.11 the number of routing la-
bels stored at v is f(8)°(®) log A. Since by Lemma 2.3
a routing label has size [logn], the total storage for
the routing labels in a node v’s down-link and up-link
sets is (2 + %)O(a) log nlog A bits.

3. We now bound the storage for the range information
for all the local search trees that contain the node.
Consider any node v € Y; for any ¢ € [M]. The num-
ber of v’s child nodes in any tree that contains v is
no more than 8(f(5) + 1) by Lemma 2.11. In addi-
tion, by Lemma 2.12, the number of local search trees
that contain v is no more than 4(f(5) + 1)® - log A.
Since v can be in all the r-nets Y; for all ¢ € [M],
the storage for the range information for all the lo-
cal search trees that contain the node is no more than
2+ %)O(“)(log A)?(logn) bits stored at each node.

Thus there are at most (2 + %)O(a)(log A)*(logn) bits of

routing information stored at each node. [

Proof of Theorem 1.2: The bounds on stretch and stor-
age requirement at the nodes follow from Lemma 2.14 and
2.15, respectively. The packet header size of our algorithm
is given by the size of the routing labels used by the under-
lying labeled routing scheme and the size of the destination
node ID, i.e. O(logn) bits, by Lemma 2.3. [ ]

3. LOWER BOUND

In this section, we present our lower bound proof as stated
in Theorem 1.3.

A name-independent routing scheme consists of two parts.
First, given a graph and a naming of its nodes, the routing
table at each node is configured. Second, given a source
node s and a target name ¢, a message is delivered from the
source node s to the corresponding destination node named
t, based on t and the routing tables of nodes that the routing
algorithm visits.

In Section 3.1, by taking advantage of the small number
of different configurations of routing tables compared to the
number of different namings, we show that there exist many
namings such that the routing configuration for a large num-
ber of nodes is identical according to these namings. These
identical namings will be called congruent (See Definition 3.3
for a formal definition). We show that, given a fixed source
node and destination name, the routing algorithm must fol-
low the same initial steps for any two congruent namings,
provided that the nodes visited by the routing algorithm
during these initial steps have the same routing configura-
tion for both namings.

In Section 3.2, we build the counterexample, a tree, to
be used in the lower bound proof. First, from Section 3.1,
it follows there exists a specific target name such that, for
different congruent namings, it is found in any branch of
the tree. Second, given one of these namings, a sequence

of branches is defined according to the routing path from
the root to the node with the specific target name. We will
use this sequence to show that the stretch achieved by the
algorithm cannot be less than 9 — ¢, for any fixed € € (0, 8).

3.1 Congruent Namings

Given an integer ¢ > 2 and a graph G = (V, E) with n
nodes and a f(-bit routing table at each node, where § =
o(nl/c)7 consider any name-independent routing scheme on
G. First we give some definitions as follows:

DEFINITION 3.1  (NAMING). A naming [ on nodes in V
is a bijective function | :V — [n].
Let L denote the family of all namings.

Note that given a naming on V, the name-independent
routing scheme configures the (§-bit routing table at each
node. Therefore it naturally defines a routing configuration
function as follows.

DEFINITION 3.2  (ROUTING CONFIGURATION FUNCTION).
A routing configuration function is a function:

fLxV —[2°).

DEFINITION 3.3  (SET OF CONGRUENT NAMINGS).
Given a routing configuration function f: L XV — [25], a
mapping g : V — [2°] and o subset of nodes V' C V, the set
of namings congruent with respect to V' and g is the set of
namings L' ={l € L: f(l,v) = g(v),Yv € V'}.

Let {V; : i = 0,1,--- ,c} be a partition of V' such that
[Vo| = 1 and |V;| = n'/¢ — n=V/¢ for 1 < i < c. Note that
> i o Vil = n. Then we have

LEMMA 3.4. Given any routing configuration function f,
there exists a mapping g : V — [2°] such that |L;| > ﬂf—i/c,
where L; is the set of namings congruent with respect to
Uj=oVj and g, for 0 <i < c. Moreover by definition, Lo 2
Ll ;) e 2 Lc'

PROOF. We recursively define g and apply the pigeonhole
principle.

1. Define g on the node set V; so that |Lo| > 2%'; Such
an assignment exists since |£| = n! and there are 2°

possible values for the routing table at the single node
Of Vo.

2. For 1 <1 < ¢, recursively define g on the node set V;

so that |£;] > # Such an assignment exists since
"

i/c_p(i—=1)/
|Lio1| > 25”(?77’1)/c and there are 27" =" ) pos

sible values for routing tables at all nodes of V;.
O

Given any name-independent routing scheme on G and
its routing configuration function f, let £; be defined as in
Lemma 3.4, for 0 < i < c¢. Then

LEMMA 3.5. There exists a name t € [n] such that for
any 0 < i < c there exist two distinct namings b, lo € Li—1
with t = li(v) for some node v € V;, and t # L(v) for every
node v € Vj.



PrOOF. For 0 < i < ¢, let Y; be set of names used only
for nodes in V; for all namings in £;_1, i.e. Y; = {z € [n] :
Vi € Li—1,3v € Vi,z = [(v)}, and let N; be set of names
never used for any node in V; for any naming in £;_1, i.e.
Ni={x €[n]:Vle€ Li_1,Yv € Vi,x # l(v)}. Note that the
number of namings ! such that ¥; C {l(v) : Vv € V;} and
N;n{i(v) :YveV;} =0is

(” ]V'ﬂjy'f"')viu (0= V) )

The above formula follows from two observations: (1)
The number of different sets of names that [ may use for
V; is ("T“,ﬁl‘}‘,ﬁ”% since the names in Y; are preselected,
and those in N; are not allowed. (2) Once the set of names
for V; is selected, the number of such different namings is
[Vil! - (n — [Vi])!.

Then for 0 < ¢ < ¢, we have

n — Y; — Ni
|Li| g( |V|.|_||Y|.| |>|%|1.(n—|ml)! (6)

Consider two cases depending on whether |V;| < (n—|Y;|—
|Ni)/2:

1L If [Vi| > (n— Y| — |N:])/2, then
n— Vil =N _ (2
< 7
<M|—m| =i i

4] < (ﬁ%')w -V ®)

Thus

Since |Li—1] > by Lemma 3.4, we have

n!
2BnG-1/c

gon(i=1/e n!
= VDL (n = Vi)
_ (=1 (n— Vil +1)

2Vil@vil = 1) -~ (Vil + 1)
NG 9)
> [
= (o)
ni/e_pli=1)/c
o n
- (2(711/6 _ n(i*l)/C))
Thus

sni=1)/c

n < 9w/ G-/

2(nz/c _ n(i*l)/c)

(i—1)/c 10
ni/c — pli-1)/c

=1+o0(1),

where the last two equations follow from e® = 1+ O(x)
and 8 = o(n'/°) respectively.

Contradiction for ¢ < ¢. Omit this case.

2. If |Vi| < (n — |Yi| — |Ni])/2, then

n — 5/1 — Nl'
|cz-1|<< i ')w-(n—mn! (11)

Since |Li—1| > by Lemma 3.4, we have

n!
SBnG-1/c

Qﬁ"(iﬂ)/c n!
(VLD VAl - (o = Val)!
O =TT NG}~ G Pl = NG = T+ 1)
n Vil
> (7>
n —|Yi| = |Ni]
2(1—’— M)”i/cfn(i*l)/c
n
Thus

LGi—1)/c
14+ Yal + |Na| _ 2m
n - (12)

= 1+0(1),

where the last equation follows from e® = 1 + O(z)
and § = o(n'/°)

Therefore |Y;| + |N;| = o(n)

Let X = [n] — USZ]Y; — USZ! N;. Then |X| =n —o(n) =
Q(n). Let t € X. Since t ¢ Y;UN; for 0 < ¢ < ¢, by
the definition of Y; and N, it follows that there exist two
distinct namings L,k € £;—1 with ¢ = l1(v) for some node
v eV, and t # l(v) for every node v € V;. [

By Definition 3.3, for any naming ! € £;-1, the configu-
ration of the routing table of every node v in U;;%)Vj is the
same, i.e. f(I,v) = ¢g(v). Thus by Lemma 3.5, we have

COROLLARY 3.6. For 0 < @ < ¢, given any naming l €
Li—1 and a target name t € [n] that satisfies the conditions
of Lemma 8.5, the routing tables of nodes in U;;%)Vj cannot
uniquely determine whether the node named t belongs to V;
or not.

Hence, no routing algorithm can be certain of making
the right choice whether the node named t belongs to V;
or not without seeing some information from nodes outside
of USZ{Vj.

3.2 Lower Bound Proof

In this section, we start by building a graph G; later with
the help of results in Section 3.1, we will show that, for any

name-independent routing scheme with o(n(s/ﬁo)2 )-bit rout-
ing table at each node, the stretch on G cannot be smaller
than 9 —e.

The graph G will be a tree with root node u connecting
the subtrees T ;, which are paths as defined below. Given
e € (0,8), let p = [72/€] + 6 and q = [48/¢| — 4. For any

igtj+1 igtj

i € [p] and j € [q], let T;,; be a path on n~ ¢ —n »a
nodes with edges of weight 1/n. Note that the length of
each path is at most 1. For any integer ¢ and j € [q], let
wij =1-12) 2¢g+1 -2 g = 2%(g + j). Since wit1,0 =
2'(q + q), we also write wi,q = wit1,0 and T},4 = Tiy1,0, for
any 0 <t <p—1.

As shown in Figure 1, the graph G is a tree with root u
and an edge of length w; ; connecting u to the median node

of the path T; j, for each i € [p] and j € [g].

For i € [p] and j € [q], let

i—1q—1 7

Sig={uwp+J U Tew + J Tow (13)
0

x=0y=0 y=



Figure 1: Example graph for the lower bound proof

. igtjtl igti
Since |T; ;| = n~ pa  — n'pa | we have |Sp—1,4-1] =
(p=1)a+(g=1)+1 . . .
n Pa =n, i.e. the number of nodes in G is n.

The following lemma shows that G induces a doubling
metric.

LEMMA 3.7. The shortest path metric of G is a doubling

metric with dimension a < 6 — loge, and aspect ratio A =
0(2"<n).

PROOF. Let B be a ball of radius r centered at a node v
in G.

Ifu ¢ B, then B is contained in the path T; ; that contains
the center node v since r < d(u,v). Thus B can be covered
by at most 2 balls of radius r/2.

If w € B and d(u,v) > r/2, then B can be covered by the
ball centered at w of radius r/2 and the ball centered at v
of radius r/2.

If w € B and d(u,v) < r/2, then B can be covered by the
ball centered at u of radius r/2 and the paths
{Tiflyj,TiijJﬁl,"' ,Ti,j}, where wij; <1< Wi 41 The
the nodes that belong to the ball B in each of these paths
can be covered by the ball of radius r/2 centered at the
median node of the path since the length of any these paths
is less than 1, thereby less than r/2. Thus B can be covered
with no more than ¢ + 2 balls of radius r/2.

Therefore the shortest path metric of G is a doubling
metric with dimension at most log(q + 2) < 6 — loge for
q = [48/€] — 4.

Moreover, the aspect ratio A < 2“’”&% =0(2Yn). O

We now present the proof of our lower bound.

Proof of Theorem 1.3:

For our counterexample graph G, by contradiction, as-
sume there is a name-independent routing scheme with -
bit routing table at each node and stretch less than 9 — e,
where 3 = o(n(é/GO)z).

Let ¢ = pq. For a simple calculation, we have ¢ = ([72/¢]+
6)([48/¢] —4) < (60/¢)? for € € (0,8). Thus 8 € o(n'/*).
Note that {{u},Ti; : ¢ € [p],j € [q]} is a partition {V; : i =
0,1,--- ,c} of V such that |[Vp| = [{u}| =1 and |Vig4j+1] =
|T; ;| = nliatith/e _ plati/e for j ¢ [p],j € [q]. Hence
the results from Lemma 3.4 and 3.5 can be applied to this
partition. For any name-independent routing scheme on G
with its routing configuration function f, let £; be defined
as in Lemma 3.4, for 0 < ¢ < ¢. Let a target name ¢ € [n] be
selected by Lemma 3.5 so that for any 0 < ¢ < ¢ there exist
two distinct namings h,l € L;—1 with ¢ = l1(v) for some
node v € V5, and t # lx(v) for every node v € V;.

Given a naming | € L._o for which Jv € V,_; such
that ¢ = I(v), suppose the routing algorithm delivers the

message from the root w to the node v named t by vis-
iting the subtrees (Tj,,;, : & = 0,---,7m — 1) in order.
Let o = (bo,b1, -+ ,bm—1) be a maximal subsequence of
6 = (Wiy,j, 1 k=0,---,m — 1) such that (i) bo = wig,jo,
and (ii) for 0 < ¢ < m, b; is the first element of & that comes
after b;_1 in & and that is greater than b;_1. Note that o is
strictly increasing and b,»,—1 equals the largest element of &.

Let A; = Z;:O b;. The following three technical claims
respectively bound A; and A;+1 in terms of b;, provide a
bound on the length of o, and relate Ax41 to b.

CLAIM 3.8. For any i € [m], suppose we,y = b;. Then
2. If bi+1 > Wg,y+1, then A1‘+1 < (4 — 6/3)bi.

PROOF. 1. Since i < m—3and (bo, b1, - ,bm—2,bm—1)
is a strictly increasing sequence, then b; < wp—1,9—3-
Thus zg+y+1 < (p—1)¢g+(¢g—3)+1=c—2.
Hence | € Lo—2 C Lyg4+y+1 by Lemma 3.4. Note that
Lzg+y+1 is the set of congruent namings with respect
to U;i§y+1% = Su,y. After first visiting the subtree
Ty, the routing algorithm has routing information
only from the routing tables of nodes in S; ,. Thus
by Corollary 3.6, the routing algorithm is not able to
decide on the location of the node named ¢ so far.

On the other hand, by Lemma 3.5, there is a nam-
ing i € Lagqty+1 such that ¢ = l;(v') for some node
v' € Tyyt1. Since | € Le—a C Lugiy+1, the config-
uration of the routing table of each node in S, for
naming [ is the same as that for naming ;. Therefore
if the naming were [; instead of I, the routing algorithm
would have visited nodes in the exact same order until
it first visits some node not in S;,,. Hence in order
to guarantee our assumption on the stretch bound for

the naming /i, we must have %w < 9—e¢. Thus

A; < (4—¢€/2)d(u,v"). Since d(u,v") < wypyt1+1 =
Leut1tly < (14 2/q)b; and ¢ > 48/c — 6, then

Wz,y

Ai < (4—¢/2)(1+2/q)bi < (4 — ¢/3)bi.

2. Suppose wyr,,» = bit+1. Then the first node visited
by the routing algorithm that is not in S, must be
in T,/ ,, since by the definition of o, wys , is the
first element of & greater than b;,. Hence if bj41 >

Wge,y+1, Using a similar argument as above, we have
2441 4d(u,0’)
d(u,v’)

(4 — ¢/3)bi.

< 9 — e. Similarly, we have A;4+1 <

O

CrLAaM 3.9. The length of o is no less than p/2, i.e. m >
/2.

PROOF. First we show that b; < wai12,0, for any ¢ € [m],
by a simple inductive argument:

(1) The base case is to show by < wa. If bg = wo,0 <
wa,0, we are done. Otherwise, bp = wi,,j, > wo,0. Since
T’y .50 1s the first subtree visited by the algorithm, then con-
sider a naming Iy € Lo such that ¢ = I;(v") for some node
v' € Tpo. Since | € Lc—a C Lo, the configuration of the
routing table at the root u for naming [ is the same as that
for naming ;. Therefore if the naming were [; instead of
I, the first subtree visited would be T}, j, as well. Hence



we have %(“)“) <9 —e Thus by < (4 —¢/2)d(u,v") <
(4 —€/2)(wo,0 + 1) < 4wo,0 = w2,0, since ¢ > 8/e — 1.

(2) For any ¢ > 1 and i € [m],
wise, suppose b;—1 = wy/ 4/, and thus b; > 4b;—1 > Wy y/41.

By Claim 3.8(2), A;i < 4b—1. Thus z2- < 22 < 4, a

contradiction. Hence b; < 4% . W2,0 = W2i42,0-

Since v € Vo1 = Tp_1,4q—2, then T—1,4—2 must be visited,
i.e. wWp—1,g—2 is in 6. Hence bym—1 > wp—1,4—2, since by,—1
equal to the largest element in &. Since bym—1 < Wa(m—1)42,0
and ¢ — 2 > 0, we have wa(m—1)42,0 = bm-1 > wpo, ie.
m >p/2. O

CLAIM 3.10. There exists k < m — 4 such that k“ >

(4 —e€/4).

PROOF. Let r; = % and 7; = bl“ for ¢ € [M] and
i < m — 1. Since Az+1 = A; —|—bz+1 = (r; + 73)b; and
Ait1 = riv1bit1, we have r; + 7 = 14174,
Then
m—4 m—4
Z Tig1Ti = Z (ri +7:)
i=0 i=0
m—4
=ro+ Z (rig1 4+ 7i) — rm—a
i=0

(14)

V Tz+1Tz

To — Tm—4

\\/
S HMS

[ \/

\/ Tz+1Tz

=0

where the first inequality follows from the inequality »_, (x:+
yi) > 2. \/Tiy: for all sequences of nonnegative numbers
i, Yyi, and the second inequality follows because ro = 1, and
rm—a < 4 by Claim 3.8(1).

Now by averaging 3k € [0,m — 4] such that rey17% >
2v/Tk+17K — 3/(m — 3). By solving the quadratic equation
in /Tps17k, we get \/res17k > 14+ /1 —3/(m — 3). Then
rk+1rk>2 3/(m—3)+2y/1—-3/(m—3)>4-9/(m— 3)

—€/4, since m > p/2 > 36 + 3. Note that rp417, = b;jl'
Thus the claim follows. D

We are now ready to conclude the proof of Theorem 1.3.
Let k be the index as defined in Claim 3.10 such that kk“ >

(4—e/4). Suppose wg,y = bx. There are two cases depending
on whether b1 = We,y41-

A A
(1) If bgt1 = Wa,y+1, then we have oL = Lkttt Yoy

b1 b wg yt1
(4—6/4)% > (4—€/4) 5 > 4—¢/3, since ¢ > 48/e—
4. On the other hand, by Clalm 3.8 Ag+1 < (4 —€/3)br+1
for k+1<m-3, leading to a contradiction.

(2) If byt1 # wayt1, then bpyr > wgyt1. Thus by
Claim 3.8(2) Ax41 < (4 —¢€/3)br, < (4 —€/4)bs, a contradic-
tion.

Therefore, the theorem follows. [ |

4. CONCLUSIONS AND FUTURE WORK

In this paper, we present a (9 + d)-stretch name indepen-
dent routing scheme for networks with doubling dimension
a which requires (2+ %)O(Q) (log A)?(log n)-bit routing infor-
mation at each node. In networks where A is a polynomial

in n (e.g., any network whose edge lengths are bounded by
a polynomial in n), the space requirement of our scheme is
polylogarithmic in the number of nodes. We also present a
matching lower bound which shows that our scheme basi-
cally achieves optimal stretch for doubling metrics.

Our main goal in this paper was to focus on finding opti-
mal stretch compact routing schemes for networks that do
not exhibit anomalies with respect to edge weights (e.g.,
edges of exponential length) and hence have A bounded by
a polynomial in n.

The main question we leave open is that of achieving
optimal stretch for a scale-free name-independent routing
scheme on doubling dimension networks. It is by no means
clear that (94 €)-stretch is achievable by a scale-free scheme.
Even if we were to apply some of the techniques used in [2]
to develop scale-free schemes, that would still not directly
imply storage polylogarithmic in n and optimal stretch.

Another important vein for future work would be to design
dynamic compact routing schemes that can adapt efficiently
(maybe with polylogarithmic work) to changes in the net-
work topology. Such schemes would be of particular interest
in mobile ad-hoc networks. It would also be interesting to
devise compact routing schemes with polylogarithmic stor-
age and packet header size for more general (graph) metrics.
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