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Motivation — A study of transient dynamics
n UPenn

Desired Performance
Characteristics
1. Overshoot

6. Response sensitivity

Use Linear or Metric
Temporal Logic



ut (Volts)

Uo

Example : Verifying a transmission line

System:
x(t) = Ax(t) +bU;, (1)
Uout(t) = Cx(t)

Step input (t > 0):
Un(t) =1

_° ' ‘ | _! ‘ ' | | ' Steady state at t = 0:
(I ' z(0) = —A~1bU;,, (0)
“l ll'.;- __________________ } Property:
0s) | o ___] _ D =G AF 00850 7
' | O(my) = [-1.5,1.5]
osf | 1 O(r,) = [0.8,1.2]

|
u | | Initial conditions:
U | Ui (0) € [~0.2,0.2]
| | o I | | | | | Uncertain parameters
0 0.2 0.4 0.6 O._?in‘I} 1 i 1.2 1.4 16 1.8 2
I

econds) e.g. C = [al,az]



Problem Formulation

Closed-loop system X LTL / MTL
dx/dt = A(p()) x(t) X, X O=GmAFynGm
y(t) = C x(t) p(t)eP Observation map O

| 4 |4

N 4

‘ Verifier l

£(5) ¢ £(®,0) J f







Solution Overview

Closed-loop system £
dx/dt = A(p(t)) x(t) X, X
y(t) = C x(t) p(t)eP

4

d-approximately

bisimilar

Closed-loop system 2’
dx'/dt =4’ x’(t)

yOo=cwe oSt

g

L(Z*) < L(®,0,) ?

L(Z) c L(®,0)

LTL / MTL
D=Gm A F[O,T] G,
Observation map O

4

O-robustification

LTL / MTL
D=G 7y A\ Fro G 7,
Observation map O

g




Metric Temporal Logic

Definitions & System Robustness




Metric Temporal Logic (MTL)

Syntax: until \ /release

Q. =T|L|n|"n|PVD,|DPND,|D7%P,| P, TP,

| can be of any bounded or unbounded interval of R*, but I£&
i.e. | = [0,+), | =[2.5,9.8]

Derived operators:

Eventually (in the future) F, @ :=T7, ®
Always (globally) G® =12

Koymans ’90, Specifying real-time properties with metric temporal logic



LTL intuition

G a - always a

F a- eventually a

()—0O—C

azeb-auntilb  Q—()—)—O)—CO)—CO)—

agb-abeforeb @_G @
1

X a-next state a °




MTL : An example for signals

X A
( 15 | .
I't Uy 7o time
o
Fa | | Boolean
i | abstraction
a 4 : :
.
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E | ] |
t | time



MTL System Robustness
I

Given a system 2, we can define the robustness degree as

¢ = dist (L(Z), L(-®P,0)) = inf {p(s, ) | s € L(Z), s € L(~®,0)}

p(s,s”) = sup {d(s(t),s (1)) | t € R}




MTL System Robustness
I

However, in this case, we are given 9 ...

£(®,0)

XR




MTL System Robustness
e - e

O4(n) = C4(O (x))
0(~) = C4(X\O (v))

C,(1) ={ acA|B,@)<l'}




MTL System Robustness

Proposition:
Consider an MTL formula ¢, a map O : IT — P(X) and a number ¢ > 0,
then L(X) < L(2,0;) implies B (L(X)) < L(®,0) for any dynamical

system X.

Proof (sketch) : We have to prove that for any observable trajectory y of £
any signal y’ in the tube B; (y) satisfies @. This is done by induction on the

structure of the formula .



- System Approximations

Approximate Bisimulation Relations



Approximate Simulation Relation: Review

UPenn

y(t) dx'(t)/dt = £°(x(t)) y'(t)
y)=g'x'(t) g

d(y(t), y’(t))<o /

y(t) =y’(t)

/\/\

Exact simulation Approximate simulation

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Approximate Bisimulation Relation: Review

y(t) dx'(t)/dt = £ (x(t)) y'(t)
y=g'C'(t) g

« Arelation R c X x X’ is a 0-approximate simulation if for all (x,, x’() € R,
1. d(g(xo). g (x ) <&

2. for all T >0, for all trajectories x(t) of £ such that x(0)=x,,
there exists a trajectory x’(t) of ¥" such that x’(0)=x, satisfying:

vte[0, T] . (x(t), X’(t) eR

3. for all T >0, for all trajectories x’(t) of £’ such that x’(0)=x,
there exists a trajectory x(t) of £ such that x(0)=x, satisfying:

vte[0, T] . (x(t), X’(1)) R

If the initial set of states of X and ¥’ are in R (i.e. (X,,x ') € R), then

any observed trajectory of X has an observed trajectory of X’ in its
d-neighborhood and vice versa.

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Bisimulation functions & Games: Review

Definition: A function F;: X x X°> — R* is a bisimulation function between 2 and
2" if for all >0, R={ (x, x") | F(x, X’) < ¢ } is d-approximate bisimulation relation.

Theorem: Let F be a bisimulation function between X and X’ and

o= max[sup Inf F(x,x"),supinf F(X, x'))

Xxe X x'eX" X'eX ' X€E

If 5 has a finite value, then X and X’ are 5-approximate bisimilar.

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Approximations between LPV Systems

Theorem: Let X and X’ be two LPV systems and V be
continuously differentiable such that for any (X, x’) € X x X’

V(x,X') > ||Cx—C'x'||2

Vp e P.vp'e P'.VV(X, x'){ A } <0

A(p)e

Then, F(x,x') =V (x,x') Iisabisimulation function
between X and X°.




Approximations between LPV Systems

Theorem: Let X and X’ be two LPV systems. If there exists a positive
semidefinite matrix M such that

c'c -cCc'c
M >
-c'c c'c

vp e EP(P).Vp'e EP(P').{ATO('O) AITO(p.)}M M {Agp) A'(()p')} <0

Then F(x,X') = \/ [xT X' ]M [xT X' ]T is a bisimulation function between X
and X’.

Proof (sketch) : The 2" matrix inequality is derived similar to Horisberger and
Belanger, Regulators for linear, time invariant plants with uncertain parameters,
IEEE TAC, 21(5):705-708, 1976.



Approximating an LPV with an LTI System

Corollary: Let X be an LPV system and p’ €P. If there exists a
positive semidefinite matrix M such that

T T
MZ{CC _C C}

_c'c c'c
vp e EP(P).{ATO(IO) AT(ZDI)}M M {Agp) A(Op')} <0

Then F(X,,X',) = \/[xg X' ]M [xg X' ]T is a bisimulation function
between X and X°.




Approximating an LPV with an LTI System

Proposition: Let £ be an LPV system, p’eP and let

F(x, X)) =V (xXx') = \/[XT X' ]M [xT X' ]T
be a bisimulation function between £ and Z(p’). Then, the
solution of the static games

max( sup iInf F(x,x"), sup Inf F(x,x')j

xeEP (X, ) X'€Xo x'eEP(X,) X€Xo

computes the optimal points x and x” which provide an
upper bound ¢ = F(x, x’) for the approximate bisimulation
relation.




- System Approximation & MTL



Putting Everything together

Proposition:
Consider an MTL formula ¢ and a map O : IT — P(X). If systems £ and ¥’ are
o-approximately bisimilar and By(L(X*)) < L(2,0), then L(X) < L(D,0).

Corollary:

Consider an MTL formula ¢ and a map O : IT — P(X). If systems £ and ¥’ are
d-approximately bisimilar and L(X*) < L(®,0;), then L(X) < L(®,0).




Solution Overview

Closed-loop system £
dx/dt = A(p(t)) x(t) X, X
y(t) = C x(t) p(t)eP

4

d-approximately

bisimilar

Closed-loop system 2’
dx/dt = A’ x(t)

y(®) = C x(t P

g

L(Z*) < L(®,0,) ?

L(Z) c L(®,0)

LTL / MTL
D=Gm A F[O,T] G,
Observation map O

4

O-robustification

LTL / MTL
D=G 7y A\ Fro G 7,
Observation map O

g




MTL Robust Testing

A “Il... \

Repeat with new '
. ey _ . &

initial condition until RICLLNA .*.’,0:‘.... . }25
X, has been covered * ot e e ,'.:, o

Fainekos, Girard and Pappas, Temporal logic verification using simulation, FORMATS 2006




Software toolbox : TaLIRo

Output:
e € R u{xw}

Available at : http://www.seas.upenn.edu/~fainekos/robustness.html






Example : Transmission line

Vin

T10 —l—

C

Instance | 2 3 4
o 0.01 0.03 0.06 0.1
) 0.1124 0.1150 0.1198 0.1281
safe \/ \/ \/ \/
# of sim. | | 33 1057

1.6 }

» If\,/\\

1.2 \

1 \_,/'\-/

0.8

0.6

0.4 I
0.2

-0.2

2(0) € Xo = [T,_; ({0} x [~ a])
C(t) € [CO — 3, co —i—ﬁ]

wl = DW1/\<>§3D7T2
O(m) = {g € R | ~p_y [0l <2}
O(me) = {g e R 0.8 < g5 < 1.2}




Example : Nonlinear systems
o] e

o = Oy A O>gmy
O(rs) = R x [-0.6,0.6

i1 (t) = 0.05sin” (22 (¢))x1 () — 2.529(1)
j?g(t) = 0.5£U1(t) — iBQ(t)

Xo = [0.4,0.8] x [-0.3,—0.1]

O(my) = [-0.4,0.4] x [-0.4,0.4]

o [0.05p(t) —25 ' o
x(t)_[ 0.5 —1]‘"”“) os o
p(t) € P = [0,1] 0.6%\
0.3 0.4
—
02 /gx 0.2 \
< ol DRI S _—
= OS2
-0.1 o
0.2 0 0.2 0.40 2 4 6 8 1-0 12 14
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Conclusions / Future Work

I Model Checking and Exhaustive Verification are the holy grail,
but expensive for Continuous and Hybrid Systems

v Light-weight verification can help practitioners

1 Solution: A new approach to system testing using simulations

v Main theme: A system that is robust with respect to an MTL property is
easier to verify!

v If completeness is not achieved, we get coverage guarantees

» Future work
O Relaxing timing constraints (Robustness wrt time) A

o [Huang et al ’06], [Henzinger et al ‘06], [Bouyer et al ‘05], ...
O Hybrid Systems

Julius, Fainekos, Anand, Lee, Pappas, Robust Test Generation and Coverage for Hybrid
Systems, HSCC 2007

O Non-deterministic systems
O [Girard and Pappas ‘06]




