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Abstract— Metric Temporal Logic (MTL) specifications can
capture complex state and timing requirements. Given a nonlinear dynamical system and an MTL specification for that system,
our goal is to find a trajectory that violates or satisfies the
specification. This trajectory can be used as a concrete feedback
to the system designer in the case of violation or as a trajectory
to be tracked in the case of satisfaction. The search for such
a trajectory is conducted over the space of initial conditions,
system parameters and input signals. We convert the trajectory
search problem into an optimization problem through MTL
robust semantics. Robustness quantifies how close the trajectory
is to violating or satisfying a specification. Starting from some
arbitrary initial condition and parameter and given an input
signal, we compute a descent direction in the search space,
which leads to a trajectory that optimizes the MTL robustness.
This process can be iterated to reach local optima (min or max).
We demonstrate the method on examples from the literature.

I. I NTRODUCTION
The development of control laws for nonlinear systems
still remains a formidable challenge despite the wealth of results on nonlinear control. Many practitioners and researchers
still prefer to use classic optimal control [1] and ProportionalIntegral-Derivative (PID) control [2]. There are a number
of reasons for such a choice. The most important one is
that such methods are automatic or almost automatic and,
especially in industry, the control engineers might desire
to avoid complex mathematical derivations. In other cases,
PID control is sufficient to achieve the desired results [3] or
accurate mathematical models might not be available.
Usually, Model-Based Development (MBD) software tools
like Simulink Design OptimizationTM can search over system parameters so that the system output satisfies certain
time and frequency domain specifications. S-TALIRO [4]
and BREACH [5] can be used for both falsification and
open loop control design for Metric Temporal Logic (MTL)
[6] and STL specifications, respectively. MTL can capture
requirements on the correct sequencing of events, conditional
reachability, safety requirements and real-time constraints
between various events. In the MTL falsification problem
you are given a formal requirement in MTL and the goal
is to find system operating conditions and parameters that
generate behaviors which do not satisfy the requirements. In
[7], the robustness value of an MTL formula [8] with respect
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to a system simulation is considered as the cost function
for an optimization problem. By minimizing the robustness
value over the system simulations one can discover incorrect
or non-robust system behaviors, and by maximizing the
robustness value one can synthesize robust optimal control
trajectories with respect to the MTL specification, all within
the same framework.
All the aforementioned tools treat the system as a blackbox in order to handle systems of arbitrary complexity. They
need an accurate system simulator and, usually, as the fidelity
of the model increases so does the simulation time. Thus, the
total number of simulations needed before simulation-based
tools can provide an answer becomes critical.
In [9], the first steps were taken towards addressing the
problem of reducing the number of simulations for the MTL
falsification problem. That work dealt with deterministic
autonomous nonlinear systems where the search space was
the set of initial conditions (and any parameters) x0 of
the system. If f (x0 ) denotes the MTL robustness value of
the trajectory starting from x0 , then the goal of [9] was
to compute a vector d such that f (x0 + d) < f (x0 ). In
this paper, the search space consists of the set of initial
conditions x0 in RN and the set of square-integrable input
signals of duration T > 0. If a trajectory is computed starting
from an initial condition x0 and under a given input signal
u(·) yields property robustness f (x0 , u), then a descent
element (dx0 , du ) should be computed so that starting from
x0 + dx0 and under input u + du , the system has robustness
f (x0 + dx0 , u + du ) < f (x0 , u).
Our solution combines the previous works in [9], [10]. In
brief, the work in [10] deals with the problem of optimizing
a differentiable integral cost function over the output trajectories of the system starting from a given an input signal. The
method is based on the calculus of variations, but it uses a
gradient descent based approach to solve the optimization
problem without formulating the optimality conditions given
by the Minimum Principle.
Contributions: In this paper, we present a method for the
computation of descent directions for reducing specification
robustness for nonlinear dynamical systems. In particular,
given an arbitrary MTL specification, we determine a critical point on the system trajectory which if changed, then
the MTL robustness will be changed as well. We derive
the equations which, given (x, u), will give a descent direction (dx , du ) that provably reduces robustness. Finally,
we demonstrate the applicability of our approach on some
nonlinear models from the literature.

II. P ROBLEM F ORMULATION
We consider a dynamical system with state x ∈ X ⊂ R
ẋ = F (t, x, u)

n

(1)

for a C 1 flow F : R×Rn ×Rm → Rn with initial conditions
x0 ∈ X0 , and control input signal u ∈ L2 [0, T ] which takes
values in a bounded subset U of Rm : u(t) ∈ U ∀t. T is
the trajectory duration, and is fixed throughout this paper, so
we may write L2 without ambiguity. As explained earlier,
x0 can include any system parameters (which are assumed
constant throughout a simulation). The letter w will denote
an element w = (x0 , u) of X0 × L2 . Standard assumptions
apply - see [9], [10].
Assumption 2.1: For every w = (x, u) ∈ X0 × L2 , there
exists a unique solution sw (·) :7→ Rn to the ODE (1). The
solution sw is absolutely continuous. The flow F is locally
bounded, that is, for all compact subsets S ⊂ [0, T ]×X0 ×U ,
there exists m > 0 such that F (S) ⊂ mB, where B is the
unit ball centered at 0.
We formally capture specifications regarding the correct
system behavior using Metric Temporal Logic (MTL) formulae [6]. An MTL formula is a formal logical statement
expressing some property that the system must satisfy. It is
built by combining atomic propositions using logical and
temporal operators. Logical operators are the conjunction
(∧), disjunction (∨), negation (¬), and implication (→).
The temporal operators include eventually (3I ), always
(2I ) and until (UI ). For example, MTL can capture the
requirement that “all the trajectories sw attain a value in the
set [10, +∞)” (3[0,∞) sw (t) ≥ 10), or that “whenever the
value of sw exceeds 10, then it should go below 7 within
5 sec and remain there for at least 10 sec” (2(sw (t) ≥ 10 →
3[0,5] 2[0,10] sw (t) ≤ 7)).
If we associate a set O(p) with each atomic proposition
p ∈ AP such that p is true of the states in O(p), then the
above properties can be written as 3[0,∞) p1 with O(p1 ) =
[10, +∞), and 2(¬p1 → 3[0,5] 2[0,10] p2 ) with O(p2 ) =
(−∞, 7]. We can quantify how robustly a system trajectory
sx satisfies a specification φ in MTL [8]. Namely, we define
a function of the trajectory, ρφ (sw ), which takes positive
values if sw satisfies φ and negative values otherwise.
Its magnitude |ρφ | quantifies how well the specification is
satisfied or falsified. The process of falsifying a specification
φ, i.e. detecting a system behavior that does not satisfy φ,
can thus be re-cast as the problem of finding trajectories
with negative ρφ -values. On the other hand, the optimal
control can be posed as the problem of maximizing the
positive robustness. Since the solutions to (1) are assumed
unique, the search can be performed over the initial states
x ∈ X0 (including any system parameters) and control
signals u ∈ L2 , and can be improved by computing local
descent directions for ρφ .
Problem 1: Given x ∈ X0 , u ∈ L2 , and a formula φ, find
a vector dx ∈ Rn and signal du ∈ L2 such that there exists
an h > 0 for which
ρφ (x + h · dx, u + h · du) < ρφ (x, u) ∀ h ∈ (0, h)

A general MTL formula will involve multiple propositions
pi and their sets O(pi ). The following proposition simplifies
our task:
Proposition 2.1: Consider an MTL formula φ and a trajectory sw of (1) such that [[φ, O]](sw , 0) > 0. If assumption
2.1 holds, and for each p ∈ AP , O(p) is a closed halfspace, then there exist a critical time tr ∈ [0, T ] and a
critical proposition p ∈ AP which appears in φ such that
ρφ (w) = inf z∈O(p) ksw (tr ) − zk.
In this paper, we derive the descent vector relative to only one
O(p) at a time; this is the content of Problem 2. The choice of
which O(p) to descend towards at any given time is decided
by the following heuristic: the current target set is always
the set O(p) where p is the critical proposition defined in
Proposition 2.1. Other heuristics are possible. By focusing
on one O(p), the problem is reduced to falsification of a
safety formula, of the form: φ = (¬p) where O(p) = U is
the set of ‘unsafe’ system states.
The robustness then reduces to:
ρφ (x, u) = f (x, u) , min dU (s(x,u) (t))
0≤t≤T

(2)

where dU (y) , inf z∈U ky − zk is the distance of a point y
from U.
The function f is non-differentiable, and generally nonconvex. The special problem is then:
Problem 2: Given x ∈ X0 , u ∈ L2 , U ⊂ Rn , and f
defined in (2), find dx ∈ Rn and du ∈ L2 such that there
exists an h > 0 for which
f (x + h · dx, u + h · du) < f (x, u) ∀ h ∈ (0, h)
If we treat H , X × L2 as a Hilbert space, then it can be
seen that dw = (dx, du) ∈ H is a descent direction in H.
In the remainder of this paper, we will write L2 for L2 with
no risk of ambiguity since T is fixed throughout.
III. C OMPUTING A D ESCENT D IRECTION
Recall that H = X0 × L2 is the Hilbert search space, and
let w ∈ H be an element of that space. For convenience we
define sw (t) = sx0 (t; u).
Before continuing we will prove a result that will allow
us to calculate our descent direction using a convex differentiable manifold.
Theorem 3.1: Let w1 ∈ H with critical time tr,1 as
defined in Proposition 2.1. Define
z(t; w) = argminz∈U ks̄(t; w) − zk,

(3)

J(w) = ks̄(tr,1 ; w) − z(tr,1 ; w1 )k.

(4)

and

Suppose that there exists w2 ∈ H with critical time tr,2 such
that J(w2 ) < J(w1 ). Then the robustness of the trajectory
sw2 (·) is smaller than that of sw1 (·): f (w2 ) < f (w1 ).
Proof: By (2) we see that
f (w2 ) = min inf ksw2 (t) − zk,
0≤t≤T z∈U

≤ J(w2 ) < J(w1 ) = f (w1 )

Our goal is to minimize the robustness. To do so we
generate a sequence (wi ) ∈ H such that f (wi+1 ) < f (wi )
as follows: first, w0 is given. Then, we iteratively generate
wi+1 from wi by identifying a critical time tr,i and the
corresponding closest unsafe point z(tr,i , wi ). We define the
function
Ji (w) , G(sw (tr,i )) , kz(tr,i , wi ) − sw (tr,i )k

(5)

We then calculate a descent direction ŵ ∈ H and set
wi+1 = wi + hŵ, where h is the step-size. The step-size
is adapted on-line: increased if a descent is obtained, and
reduced if no descent is achieved. Note that with respect to
sw (tr,i ) (5) is differentiable everywhere except for the origin,
at which point the trajectory has reached the unsafe set and
falsification has been shown.
We now adapt the results presented in [10] to find an
update direction ŵ for w that locally decreases Ji (w), which
in turn will decrease the robustness, as per Thm.3.1.
Let dJi (w; ŵ) be the Fréchet derivative of Ji (w) in the
direction ŵ, and let x̂0 and û be the projections of ŵ onto
X0 and L2 . This derivative can be written as a scalar valued
linear functional of ŵ as follows:
Z T
dJi (w; ŵ) , hq, ŵi ,
qu (τ )û(τ ) dτ + qxT0 x̂0 ,
(6)
0

where qx0 and qu are the projections of q ∈ H onto X0 and
U . For brevity we shall use the following notations
∂G
∂G
,
∂x
∂x

∈ R1×n ,
s(tr,i ;x0 ,u)

∂F
∂F (t)
,
∂x
∂x

(t,s(t;x0 ,u),u)

∂F (t)
∂F
,
∂u
∂u

(t,s(t;x0 ,u),u)

∈ Rn×n ,
∈ Rn×m .

Let dsw (t; ŵ) represent the functional derivative of sw (t)
in the direction ŵ. Using the Taylor series based approach
in [10] we see that
∂G
dJi (w, ŵ) =
sw (tr,i ; ŵ),
(7)
∂x
dsw (t; ŵ) =

Z t
∂F (τ )
∂F (τ )
dsw (τ ; ŵ) +
û(τ ) dτ (8)
∂x
∂u
0
Now suppose that
dsw (t; ŵ) = hp(t), ŵi
Z t
=
pu (t, τ )û(τ )dτ + px0 (t)T x̂0 .

(9)

0

Plugging this equation into the right hand side of (8),
rearranging terms and swapping the order of integration and
equating terms with (9) yields
Z t
∂F (ξ)
∂F (τ )
pu (t, τ ) =
pu (ξ, τ )dξ +
∂x
∂u
τ
Z t
∂F (τ )
px0 (t) =
px0 (τ )dτ
∂x
0

We can solve for pu (t, τ ) and px0 (t) by solving the initial
value problem
d
∂F (t)
pu (·, τ ) =
pu (t, τ ),
dt
∂x
d
∂F (t)
px =
px0 (t),
dt 0
∂x
∂F (τ )
pu (τ, τ ) =
,
∂u
px0 (0) = In×n

(10)

By combining (7) with (9) and comparing to (6), we find
that
∂G
pu (tr,i , τ )
qu (τ ) =
∂x
∂G
qx0 =
px (tr,i )
∂x 0
Thus, to find a dJi (w; ŵ) that is negative, we can set ŵ in
the inner product (6) to be −q, that is
∂G
pu (tr,i , τ ),
(11)
∂x
∂G
x̂0 = −
px (tr,i ).
(12)
∂x 0
In order to calculate the update direction for a continuous
input on a digital computer, we represent the input function
by a linear combination of finitely many basis functions. In
each example presented in Section IV, we consider a basis of
either rectangular or triangular pulses that are evenly spaced
through time. Then we can calculate an exact update to the
input parameters using, for example, the sensitivity analysis
tools provided by SundialsTB toolbox [11].
Our approach is a local descent optimization; it can
easily be used within a multi-start scheme (where a local
optimization is performed from several initial points in the
search space), as illustrated in Example 2.
û(τ ) = −

IV. E XPERIMENTS
Example 1: Our first example is a linear 81-dimensional
RLC circuit. The sensitivity ODE is then itself linear [9]. The
safety specification requires the output voltage to always be
less than 1.5V:
φRLC = (x41 ≤ 1.5)
Starting from x0 = [0, 0] and a constant input of 0, the
descent converges to a falsifying trajectory shown in Fig.1,
with a near-step input.
4
Example 2: The following example is 3-dimensional system modeling the variation of glucose and insulin levels
in the blood, following a meal intake [12]. The model
was developed to help design insulin infusion schedules for
diabetes patients, e.g. as done in [13]. It is given by


−p1 x1 (t) − x2 (t)(x1 (t) + Gb ) + Be−kt

−p2 x2 (t) + p3 x3 (t)
ẋ(t) = 
1000
−n(x3 (t) + Ib ) + 60VI u(t)
State x1 represents the level of glucose in the blood
plasma above a given basal value Gb , x2 is proportional
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Fig. 2: Example 2 (Insulin). Final input u(t) found by descent
algorithm, scaled to highlight the initial impulse.
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Fig. 1: Example 1 (RLC). Falsifying trajectory returned by
descent.
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(a) Final input obtained by descent.

to the level of insulin that is effective in controlling blood
glucose level, and x3 represents the level of insulin above
a given basal value Ib . The search space for [x1 , x2 , x3 ] is
[6, 10] × [0.05, 0.1] × [−0.1, 0.1]. The input u(t) represents a
direct infusion of insulin meant to control the glucose level.
u(t) is therefore also referred to as an ‘infusion schedule’.
The pi , n, B and k are model parameters. We fix duration
T = 200. Consider first the following specification:
φ1 = [0,20] x1 ∈ [−2, 10] ∧ [20,200] x1 ∈ [−1, 1]
φ1 specifies that glucose level should remain in the range
[−2, 10] for the first 20 seconds, and should remain in the
range [−1, 1] for the last 180 seconds. Our goal is to design
an infusion schedule such that the glucose level satisfies φ1 .
This can be posed as the problem of falsifying ¬φ1 . We
decided to search over the initial values of the ODE (1), the
input u, and the parameter p3 : p3 varies between diabetes
patients, and its estimated value for normal subjects is 1.3e5 [12]. Larger p3 values imply that the insulin injection u(t)
will have a greater effect on the plasma glucose level x1 (t).
The search range for p3 is therefore fixed to [1e-5,1e-3]. Thus
the outcome of the optimization is a set of initial conditions
(patient’s state at meal time), a continuous infusion schedule,
and a class of patients (as described by the parameter p3 ) for
which the schedule is appropriate.
Starting from a constant input signal at 0.1, and
[x0 , p3 ] =[8, 0.08, 0, 1.3e-5], the initial robustness is 1.5399.
The optimization returned a decision w with robustness 0.678
in 12 iterations. The final p3 value is 2.03e-5. It is interesting
to note that the final input shows an injection at the beginning
of time, followed by a constant infusion (Fig. 2). This is
the type of infusion schedule advocated as being optimal in
[12, Section III], Runder the nominal p3 value and the cost
T
function C(u) = 0 x21 (t)dt. Our descent method produced
this schedule with relatively little computational effort, and
provides more information on the classes of patients for
which it is appropriate.
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(b) Final trajectory returned by descent.

Fig. 3: Example 2 (Insulin). A profile obtained by multi-start.

Consider next the following specification

φ2 = (phg ∧ X ¬phg → 3[0,10] ([0,20] ¬phg ))

with O(phg ) = {x | x1 ≥ 9.44}. φ2 expresses that if
the glucose level rises above 9.44 mmol/L (meaning hyperglycemia), it should dip below 9.44 within 10secs and stay
there for at least 20secs. Starting from [6, 0.05, 0.1, 0.0001],
the descent keeps the initial value of x1 , since one way to
satisfy φ2 is to never go above the dangerous level of 9.44. To
see how the schedule might need to be adapted for different
values of p3 , we ran a random multi-start simulation, were
we uniformly sample the search space (we used 50 samples),
and from each sample we run a local descent. Fig.3a shows
a falsifying input profile significantly different from the one
in Fig.2, with p3 =8e-4. Whether the shown input schedule
is practicable with today’s technology is not assessed, but
the point is that different classes of patients (and different
initial states) might require different schedules. The resulting
glucose trajectory is shown in Fig.3b, demonstrating a quick
decrease towards safer levels of glucose.
4
Example 3: This example is a 6-dimensional system that
models a quadrotor moving through a vertical plane [10].

The system dynamics are given by:
u1
Ẍ = µ(wX − Ẋ) −
sin θ
m
u1
Ÿ = µ(wY − Ẏ ) − g +
cos θ
m
θ̈ = u2
Here m denotes the object’s mass, g denotes gravitational
acceleration, µ is the coefficient of friction with the air, w·
is the wind velocity along each axis, and ui is the control
input. We define the XY coordinate of the object’s center of
mass as the system’s output.
For this example, we consider the task of verifying the
safety of controllers that drive the quadrotor from one side
of a hill over to the other side without hitting the hill or the
ground. On the other side is a desired goal region, which
the quadrotor must reach within 12 seconds and stay there
afterwards. This requirement can be represented by the MTL
specification,
φ = [12,∞] p1 ∧ [0,12] ¬p2 ∧ [0,12] ¬p3 ,
Here, p1 represents the goal set, p2 represents the ground,
and p3 represents the hill. The sets O(p1 ), O(p2 ), O(p3 ) used
in our experiments are shown graphically in Figure 4.
First, we designed a reference tracking feedback controller
by linearizing the system around a hovering operating point.
The system is assumed to be initially hovering at location
[x, y] = [−8, 2] and that there is no wind during the simulation. Although this controller works well in the nominal
case, it is prudent to consider what happens if the system
does not begin at the expected initial state, or if there is any
wind disturbance. To this end, we treat the wind velocity
as an input to the system bounded by ±2 m/s. We use the
algorithm presented in this paper to search over bounded sets
of initial conditions and horizonal wind profiles.
When the optimization was first run, the system was
falsified mainly by shifting the intial x position to the left
and by having the wind blow the quadrotor to the left. The
updated initial condition and wind disturbance thus caused
the quadrotor to fly into the ground in a way that is not
expected for the nominal performance. This algorithm was
able to quickly find this major design flaw, as shown in
Figure 4.
After fixing the reference signal to maintain a height
of 2 for all points to the left of the starting location, the
optimization was rerun. After running for 7 iterations, the
algorithm found that the initial conditions [x, y, θ, ẋ, ẏ, θ̇] =
[0, 0, 0.005, 0, 0, 0.098] and the wind profile shown in Figure 5 was able to falsify φ, specifically by slowing the
horizontal progression of the quadrotor so that it was not
in the goal set at time t = 12.

perform coverage of the initial conditions. These results were
later extended in [14] to estimating parameter ranges and
initial conditions for the satisfaction of STL properties. Even
though our solution leads to sensitivity calculations, our objective is very different from the work in [14]. Our goal is to
develop the local search tools needed in order to improve the
performance of stochastic MTL falsification/optimal control
methods [7], [16]. Moreover, we can search simultaneously
over the initial conditions, parameters and the input signals. Finally, stochastic falsification methods avoid the stateexplosion problems that occur when attempting to cover a
high-dimensional set of parameters.
Different versions of the optimal control problem under
Linear Temporal Logic (LTL) specifications are presented
in [17], [18]. The authors in [17] take a mathematical
programming approach, while [18] develops an automata
based approach. Unlike MTL, LTL does not allow the specification of timing intervals for the Until operator UI (and by
extension, the Always and Eventually operators). This timing
interval is necessary for expressing real-time constraints on
the succession of events, which is important in many control
applications. The problem of optimal control for vehicle
routing for MTL specifications is addressed in [19]. However,
the results in [19] apply to specifications without nested
temporal operators and finite transition systems.
Our work in this paper can also be viewed as an optimal
control problem over hybrid systems. Since in our implementation we parameterize the input signals with a finite
number of parameters at specific points in time, we can
view the system as a parametric hybrid automaton where the
mode switches occur at specific time instants. Then the goal
is to compute the system parameters and initial conditions
such that the MTL robustness is minimized. However, we
remark that our theoretical results do not require the finite
parameterization of the input function space.
In terms of optimal control over hybrid systems, [20]
calculates numerically a descent direction for a class of
switched systems. First, we remark that our original cost

V. R ELATED W ORK
The work that appears in [14], [15] is the closest to the
results that we present here in terms of methods utilized. In
[15], sensitivity analysis is used to compute neighborhoods
of trajectories that always remain close enough and, thus,

Fig. 4: Falsification of Quadrotor with poor reference signal

Fig. 5: Falsifying Wind Profile for Quadrotor System

function is non-differentiable so it does not satisfy the
assumptions in [20]. In our current numerical implementation
each subproblem that we solve, i.e., descent to a specific set,
satisfies the assumptions in [20]. Thus, our solution could be
utilizing the results in [20] to solve more general problems
in the future. Similar remarks hold for the optimal control
problem formulated in [21]. Finally, in [22], we demonstrated
that in the case of linear hybrid systems improvements in
the convergence rate of stochastic search algorithms can be
achieved by adding a local search step.
VI. C ONCLUSIONS
We have presented the derivation of the equations that
can be used for the computation of Metric Temporal Logic
(MTL) robustness descent vectors in the set of initial conditions, parameter space and input function space for nonlinear
dynamical systems. These results are necessary for enabling
“gray box” MTL falsification and open loop control methods
for dynamical systems. One important advantage of the
proposed approach is that our framework can be readily used
for MTL falsification and/or optimal control methods within
any Model Based Development (MBD) tool that supports
sensitivity analysis. For instance, Simulink can provide such
functionality [23]. In the future, we will focus on extending
our new approach to hybrid systems using, for instance, the
decomposition method proposed in [24]. Also of interest is
the interplay between stochastic search methods [25] and
local gradient descent [26].
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