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Abstract— We propose a method for optimal Linear Temporal Logic (LTL) planning under incomplete or uncertain
knowledge with a minimum required truth degree. In order
to introduce modeling flexibility to the framework, we propose
semantics over ranges of truth values and operators that reason
over such ranges of truth values. We show that the resulting
optimal planning problem can be solved efficiently. In terms of
application, we show how this method can be used for motion
planning in autonomous driving cars for road networks with
multiple degrees of accessibility.

I. I NTRODUCTION
The path planning problem for autonomous robots in well
structured environments, e.g., freeways or multi-lane city
roads, can be efficiently solved using classical graph search
algorithms [1]. The path planning problem can be efficiently
solved even when considering high level missions expressed
as temporal logic specifications for a single [2] or, even,
multiple robots [3]. Temporal logic specifications can help
system users to easily encode safety constraints and regulations for autonomous systems [4].
However, it became evident early enough that in many
cases the temporal logic requirements need to be violated or
partially satisfied in order for the path planning problem to
become feasible [5]–[9]. Consider as a simple example, the
scenario of a one-way road merging into a road network of
two way streets. If on such a road there is an accident or a
parked vehicle blocking a lane or a whole direction, then the
vehicles may have to temporarily violate (move against the
allowed direction) the traffic regulations in order for them
to plan and resolve the local deadlock. Minimum violation
methods [5]–[9] try to minimize a cost or metric capturing
how much or for how long the high level specification is
violated.
Unfortunately, this is not enough for the aforementioned
driving scenario. In particular, backing up on the one way
road can be locally tolerated, but traversing in the opposite
direction a whole road segment should only be allowed for
emergency and first responders’ vehicles. In other words, our
modeling framework needs to allow for several degrees of
permissions for the different road segments. This will allow
to formulate planning problems where the temporal logic
specification is minimally violated (or partially satisfied)
while at the same time satisfying a minimum permission
level.
In order to solve this problem, in this paper, we take a
multi-valued temporal logic planning approach [10]–[12].
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That is, first, we use multi-valued logics to capture the
different degrees of permissibility for robot motions (or
actions in more general terms). Then, we define and solve an
optimal temporal logic planning problem in the spirit of [13].
We demonstrate our solution on a road network scenario with
different permission levels for accessing the different road
segments.
Beyond just combining multi-valued and optimal temporal logic planning, we also make new contributions to
the automata theoretic multi-valued temporal logic planning
problem. In particular, we define threshold based multivalued temporal logic formulas interpreted over interval
based multi-valued traces and, then, we solve the resulting
optimal temporal logic planning problem. The newly introduced thresholds allow one to specify lower bound and upper
bound truth degrees in the spirit of Signal Temporal Logic
(STL) [14]. In addition, the interval based semantics for the
execution traces of multi-valued Transition Systems (mv-TS)
allow modeling of uncertainty even in the truth degrees of
the models themselves. Therefore, overall, we introduce a
temporal logic planning framework which can handle uncertainty in the model and reason on the desired uncertainty for
each constraint and mission goal independently.
Related work: In terms of applications, there has been
a lot of recent work on minimum violation or partial
satisfaction temporal logic planning [5]–[9], but none of
these works (and their derivatives) take a multi-valued logic
approach to the problem. We argue that the multi-valued
logic framework is the right way to reason about the problem
– at least for some applications – because the degree of
satisfaction of the specification naturally captures constraint
and subgoal violations at various degrees. In addition, the
multi-valued framework enables a more user-friendly and
versatile modeling language over classical Boolean transition
systems and automata.
In terms of work related to the logic that we are using
in this paper, two recent works stand out [15], [16]. In
[15], the authors introduce robust interval semantics for STL
for signal monitoring purposes. That is, when monitoring a
signal, it is desirable to be able to estimate the range of
the robust valuation of the specification in the future. On
the other hand, in [16], symbolic automata are proposed for
monitoring the robustness estimate of STL formulas with
respect to sampled signals. Both approaches, i.e., [15] and
[16], develop monitoring algorithms, while our work deals
with the temporal logic planning problem.

II. P ROBLEM M OTIVATION AND D ESCRIPTION
For systems that are modeled as Transition Systems (TS),
in Boolean model checking [17], there are some atomic
proposition symbols (from now on by symbol we mean
atomic proposition symbols) labeling each state which describe the status of the system or desired goals on that state.
If the model checker uses Linear Temporal Logic (LTL)
formulas with Boolean semantics for the specifications, then
the presence of a symbol at a state is equivalent to the
assignment of true to that symbol from the Boolean domain.
When there is a necessity to show that the assigned value to
a symbol is not certain, then there are different approaches
to give a certainty level to the symbol. We first show how
the concept of truth degree can be incorporated into Boolean
LTL model checking, and then introduce our solution.
The LTL specification ϕ = 2q ∧ 3p with Boolean semantics means that “q must always be true with a truth degree
1, and p must become true eventually with truth degree
1”. Now, we change the specifications to the following: “q
must always be true with truth degree at least 0.7, and
p must become true eventually with truth degree at least
0.9. If we wanted to model and solve the problem using
Boolean semantics, then we could accommodate the new
requirements by adding two new Boolean symbols named
q≥0.7 , and p≥0.9 to represent q and p with least truth degrees
0.7 and 0.9, respectively. Also, it is required to construct
a new subformula that captures the relationship among the
new symbols (i.e., when truth degree is 1, then it is also
greater than 0.7). The modified formula that denotes the new
requirements is represented as ϕ0 = 2q≥0.7 ∧ 3p≥0.9 ∧
2(q =⇒ q≥0.7 ) ∧ 2(p =⇒ p≥0.9 ).
Now, in the model, at each state, depending on the truth
degree of p and q, we have to introduce new Boolean
symbols as in the specification formula. Also, based on the
relationship among the truth degrees, we have to assign
true/f alse to the symbols on the states. For example, if
q has truth degree of 0.8 in a state, then q=0.8 is added to
that state as true, and in all the other states we have to
evaluate its value based on the truth degree of q on those
states. Finally, it is critical to add the new implication/causal
relations (even for the negative symbols) as part of the
specifications (i.e., 2(q=0.8 =⇒ q≥0.7 ∧ q =⇒ q=0.8 )).
Otherwise, some requirement statements might not cause
logical inconsistencies in the absence of causal relations.
On the contrary, existence of the causal relations makes
the whole specification inconsistent (i.e., 2(q≥0.8 ∧ q≤0.7 )
is not inconsistence without considering causal relations
related to q≤0.7 and q≥0.8 ). In general, inconsistencies in the
specifications is a separate different topic. Such specification
debugging problems in the context of timed temporal logic
formulas are discussed in [18].
This way, we can use Boolean LTL to model check a
system with uncertainty. Although, the above approach works
in Boolean logic domain there are some major drawbacks:
•

a specification formula carries overhead rules/subformulas so that the relationship among symbols re-

mains sound. This affects the readability of the specification formulas as well as the size of the specification
which increases the computational complexity of the
model checking problem in an exponential fashion [17];
• a specification formula is dependent on new symbols
on the model and there may exist unnecessary symbols
in many states;
• it is not easy to compare the degree of satisfaction of
different plans for a given LTL formula.
In the following, we propose an approach using multivalued temporal logics (mv-TL) that can solve model
checking problems with multiple required truth degrees,
while avoids the above drawbacks. In mv-TL, for example,
assigning values to a symbol from a quasi-Boolean lattice
is one way to represent the certainty or truth degree of
that symbol. That is, the assignment of > to a symbol
means that it is certainly true, assignment of ⊥ means
certainly f alse, while other truth values represent varying
certainty between these two opposite extremes. For
example, on lattice L3 (see Fig. 1(c)) there are totally
six valid set of values that can be assigned to a symbol:
{hf alsei,htruei,hmaybei,hf alse, maybei,hmaybe, truei,
hf alse, maybe, truei}. For the sake of simplicity, we
consider only Totally Ordered (TO) quasi-Boolean lattices
in our definitions, and name each set an interval with the
lowest and highest values in the set as their representative
boundaries [19]. For example, we use [maybe, true] to
represent interval hmaybe, truei in lattice L3 .
Adopting the aforementioned notation, now a symbol
labeling a state can take its value from a bounded set of
potential values. Furthermore, in the LTL specification, it
can be enforced for a symbol to have a least truth degree by
defining a set of potential values for its range such that the
infimum of the set is the least requested truth degree. We
are only interested in the cases that in LTL specifications
the truth value intervals are either bounded by > as their
supremum; or they are bounded by ⊥ as their infimum. This
is because we assume that usually in the specifications we
only care about the least/most truth degrees for the symbols.
From here on, for the transition systems and LTL formulas
which are using intervals as the range of their Atomic
Proposition (AP) symbols, we add prefix “mvs” to them,
therefor mvs-TS, mvs-Automaton and mvs-LTL are used in
our descriptions to refer to the multi-valued-set transition
systems, automata and LTL formulas, respectively.
In this paper, we are interested in finding an optimal plan
for a system modeled as an mvs-TS M (which corresponds
to a path/trace on M) so that the path or observable trace satisfies an mvs-LTL specification ϕ with a given least desired
truth degree l. Later, we introduce specification based cost
functions Θ and Γ that compute the minimum truth degree
and maximum violating cost for a plan, respectively. For the
application of the aforementioned problem, we consider a
high-level path planner which is tasked to plan for n robots
located at n different locations to reach their destinations
with the least total cost while satisfying a given mvs-LTL
formula with an optimal truth degree.

Problem 1: Given an mvs-TS M, an mvs-LTL specification ϕ, and a truth degree l, compute a path p on M such
that the corresponding trace µ satisfies the specification with
the least truth degree l, and also satisfies Γϕ (µ) ≤ Γϕ (µ0 ),
for any other path p0 with trace µ0 on M that satisfies the
specification with at least truth degree l.
III. P RELIMINARIES
A. Lattices
Informally, lattices can represent an order relation between
the possible truth degrees in the system. A detailed exposition
on lattices, order and mv-logics can be found in [10], [19],
[20].
A partial ordered set or poset is a set S with an ordering
relation ⊆ S × S. For a poset (S, ), we define the join
(∨ : S × S → S) and meet (∧ : S × S → S) operations as
x ∨ y := sup({x, y}) and x ∧ y := inf({x, y}), respectively.
Definition 3.1 (Lattices): A poset L = (L, ) is called a:
• lattice, if for all x, y ∈ L, both x ∨ y and x ∧ y exist;
• totally ordered (TO), if for all x, y ∈ L, either x  y
or y  x holds;
• quasi-Boolean lattice, if it is distributive, every element
l ∈ L has a unique complement (∼: L → L) ∼ l, such
that ∼∼ l = l, and la  lb implies ∼ lb ∼ la .
Also, weWadopt the following notation.
For a lattice (L, ),
V
we define L = sup(L) , > and L = inf(L) , ⊥ which
are read as the join and the meet of L, respectively.
The above definition of lattices (L, ) is based on partial
orders, but equivalently we can define lattices as algebraic
structures (L, ∨, ∧) that satisfy the commutative, associative,
absorption and idempotency laws. A lattice with three values
{False, Maybe, True} is depicted on Fig. 1(c) named L3 .
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Fig. 1: (a) On the left: some intervals (labeled by δ) from the TO quasi-Boolean
lattice L5 on the left of the figure, where the order among values is depicted based
on their position on the lattice (the upper position the higher the order); and we have
∼ ⊥ = >, ∼ l1 = l3 , ∼ l2 = l2 . (b) In the middle: some intervals aligned into
four groups corresponding for four paths on lattice L5 (the same as (a) but values are
selected from reals). (c) On the right: TO quasi-Boolean lattice L3 i.e., F ≺ M ≺ T
and ∼ F = T, ∼ M = M (we abbreviate {False,Maybe,True} to {F,M,T}).

Next, we formally define set of values over a TO quasiBoolean lattice as intervals which is the essence of extending
the current multi-valued logic to multi-valued-set (mvs from
now on) logic, and establishing new definitions.
Definition 3.2 (Interval): Given a TO quasi-Boolean lattice L = (L, , ∼), we call S ∈ 2L an interval if ∀l ∈ L
s.t. inf(S) ≤ l ≤ sup(S), we have l ∈ S. We denote by LI
the set of all intervals of a lattice L. We adopt the following
notation to represent an interval.
S , [inf(S), sup(S)]

An interval here subsumes up-sets and down-sets as defined
in [19] (Chapter 2, Section 3.10).

Some examples of intervals over the TO quasi-Boolean lat1
tice L5 are presented in Fig. 1(a). For example, δM
=[l2 , l3 ],
1
and δϕ = [l2 , >] are two intervals.The following result is
immediate.
Proposition 3.1: Any interval is a TO lattice.
In the following we formally minimally extend the definition of some lattice operators over intervals.
Definition 3.3 (Lattice Operators): Having a TO quasiBoolean lattice L = (L, , ∼), we extend the definition
of lattice operators to operate on intervals LI of L. For
intervals, we define the join (t : LI × LI → LI ), meet
(u : LI × LI → LI ), and negation (∼: LI → LI ) operations
as follows, given (l1 , l2 , h1 , h2 ∈ L):
[l1 , h1 ] t [l2 , h2 ] :=[l1 ∨ l2 , h1 ∨ h2 ]
[l1 , h1 ] u [l2 , h2 ] :=[l1 ∧ l2 , h1 ∧ h2 ]
∼ [l, h] :=[∼ h, ∼ l]

For example, on lattice L5 in Fig. 1(a), we have [l1 , l3 ] t
[l1 , l2 ] = [l1 , l3 ], and [l1 , >] u [l2 , l3 ] = [l1 , l3 ].
B. mvs-TS and mvs-LTL
We can now define transition systems whose traces take
interval values over a truth lattice.
Definition 3.4 (Multi-Valued-Set Transition System):
(mvs-TS) is a tuple M = (S, S0 , L, →, V, O) where: S is
a finite set of states; S0 ⊆ S is the set of initial states; L
is a lattice (L, ∧, ∨); →⊆ S × S is a transition relation; V
is a finite set of variables; and O : S × V → LI is a total
labeling function.
A path p ∈ S ω on an mvs-TS has an equivalent trace
µ : N × V → LI such that µ(i, π) := O(pi , π), for all i ≥ 0.
Next, it is desirable to formalize some LTL formulas in
which we use π  l or π  l to imply π must have truth
degree at least l or at most l, respectively. Consider the
specification 2(¬π) in Boolean semantics. In this case, a
satisfying trace would be µ(π, i) = ⊥, ∀i ≥ 0 (meaning
that every state of trace µ satisfies the formula ¬π), and
[[¬π]](µ, i) = >, ∀i ≥ 0. If we were to write the same
specification in our logic over the Boolean lattice (L =
{⊥, >}), we would write 2(π  ⊥), and using our semantics
we would get [[π  ⊥]](µ, i) =∼ [⊥, ⊥] = [>, >], ∀i ≥ 0
assuming that now µ(π, i) = [⊥, ⊥], ∀i ≥ 0. Similarly,
if we had a lattice with more truth values, e.q., L5 over set
{⊥, l1 , l2 , l3 , >} (see Fig. 1(a)), and an interval over L5 such
that µ(π, i) = [⊥, l1 ], then the specification 2(π  l2 ) would
evaluate [[π  l2 ]](µ, i) =∼ [⊥, l1 ] = [l3 , >], ∀i ≥ 0.
Here, we define mvs-LTL formulas and their semantics
without considering negation in the formulas. That is, we
consider formulas in Negation Normal Form (NNF) since
we utilize quasi-Boolean truth lattices and since any negative
expression such as ¬(π  l) or ¬(π  l) can be modeled
with π  l and π ≺ l, respectively.
Definition 3.5 (mvs-LTL): Let V be the set of variables,
and L = (L, , ∼) a TO quasi-Boolean lattice, then a well
formed mvs-LTL formula φ is generated according to the
grammar φ ::= π  l | π  l | φ ∨ φ | φ ∧ φ |
φ | φ Uφ | φRφ, where π ∈ V , l ∈ L,
is the next
time operator, U is the until operator, and R is the release

operator. The  operator enforces a minimum truth degree
for a symbol, and the  operator enforces a maximum truth
degree for its symbol.
Next, we introduce a satisfaction evaluator function Ψ to
check if the value of a symbol from a model (source) satisfies
the minimum required value of the same symbol from the
specification (reference) or not. If the source interval satisfies
the required least/most degree of truth then Ψ returns either
the source interval or its negation depending on which one
has a upper bound. For the case that the source interval does
not satisfy the required least/most degree of truth, then Ψ
returns singleton interval [⊥, ⊥]. For example in Figure 1(a),
we have the following results:
1
1
1
2
2
2
1
2
Ψ(δϕ
, δM
) = δM
, Ψ(δϕ
, δM
) =∼ δM
, Ψ(δϕ
, δM
) = [⊥, ⊥]

Definition 3.6: The satisfaction evaluator function Ψ is
defined as Ψ([lbase , hbase ], [l, h]) =

 [l, h]
∼ [l, h]
 [⊥, ⊥]

if lbase  l and hbase = >
if lbase = ⊥ and h  hbase ≺ >
otherwise

The function Ψ takes two intervals, the first as the reference
and the second as the source. It is important to note that for
the reference interval, either lbase = ⊥ or hbase = >. This
is due to the fact that we want to differentiate between the
two following cases: if the reference interval demands for
intervals with higher infimum than itself; or if it demands
for intervals with lower supremum than itself.
Definition 3.7: For an mvs-LTL formula φ and a trace
µ : N × V → LI on an mvs-TS that takes intervals over
a quasi-boolean lattice LI = (LI , , ∼), and satisfaction
evaluator function Ψ : LI × LI → LI the mvs-Semantics of
φ with respect to µ are:
[[π  l]](µ, i) :=
[[π  l]](µ, i) :=
[[φ1 ∨ φ2 ]](µ, i) :=
[[φ1 ∧ φ2 ]](µ, i) :=
[[ ψ]](µ, i) :=
[[φ1 Uφ2 ]](µ, i) :=
[[φ1 Rφ2 ]](µ, i) :=

Ψ([⊥, l], µ(i, π)) π ∈ V, l ∈ L
Ψ([l, >], µ(i, π)) π ∈ V, l ∈ L
[[φ1 ]](µ, i) t [[φ2 ]](µ, i)
[[φ1 ]](µ, i) u [[φ2 ]](µ, i)
[[ψ]](µ, i + 1)

d
F
[[φ
]](µ,
j) u i≤k<j [[φ1 ]](µ, k)
2
j≥i

F
d
j≥i [[φ1 ]](µ, j) t
i≤k<j [[φ2 ]](µ, k)

Intuitively by [[π]](µ, 0) = [l, h], l, h ∈ L, we mean that
the formula φ is satisfiable under trace µ with truth degree at
least equal to l, and at most equal to h. Based on the above
semantics, we define (eventually) 3φ and (globally) 2φ as
(> Uφ) and (⊥Rφ), respectively.
Lastly, we define merging of n mvs-TS with single initial
state, as the n-init merged mvs-TS, mainly because for robot
motion planning problems, the environment abstraction is
typically the same for each robot, but the initial position of
robots are different. Later, we need to have the product of the
model and the specification for model checking and planning
purposes. Therefore, we merge different model transition
systems into one for the sake of simplicity.
Definition 3.8 (n-init Merged mvs-TS): Given an mvs-TS
M = (S, S0 , L, →, V, O) modeling a multi robot environment, where each state in the S0 (where S0 is a n-tuple)
is considered as an initial state for a robot in the system,
we build n mvs-TS M1 , ..Mn which are the same as M,

but
S each has a single unique initial state s0i from nS0 (i.e.,
0<i≤n s0i = S0 ), and build a merged mvs-TS M which
is the synchronous composition of M1 × .. × Mn [17].
A merged-state of Mn is a tuple of n states, which
represent the current states of all robots at each merged-state.
Based on each robot’s motion strategy and for the sake of
performance we can omit unreachable merged-states such as
those that have more than one robot located at the same state
and so forth.
IV. M ULTI -VALUED -S ET LTL P LANNING
In this section, we introduce planning under uncertainty
by extending the concept of multi-value-set over automaton,
and product of them with mvs-TS (mvs-LTL planning automaton). Later, for finding optimal plans on the mvs-LTL
planning automaton, we define cost functions that consider
traversing costs based on modeled system and satisfying
robustness.
A. mvs-Automaton
In Boolean model checking, we can construct an automaton Aϕ for a given LTL formula ϕ [21]. Its language L(Aϕ )
is defined as the set of words w that produce accepting
runs over the automaton, such that [[ϕ]](w, 0) = >. Using
similar techniques, we can build an mvs-Automaton for an
mvs-LTL formula without any negations in it [12]. We need
to represent interval expressions symbolically (i.e., π  >
is treated as a propositional symbol), and apply the classic
Boolean translation. In the constructed automata, we have
edges with DNF logical formulas on them. If, as a result
of translation, any of interval expressions became negative,
then we remove the negations by pushing them in their
expressions. If there was a contradictory expression in the
mvs-LTL formula, such as 2(q  0.8 ∧ q  0.7), then we
still get a valid mvs-Automaton, but its language is ∅ with
respect to mvs-Semantics. For expressions with the same
variables with the same supremum >, or infimum ⊥, further
simplification is possible. For example, p  0.9∧p  1 is the
conjunction of two expressions of the same variable p with
> as their supremum. This conjunction can be simplified to
(p  1) since p  1 implies p  0.9. In the following, we
formally define an mvs-Automaton, a run, an accepting run,
and state the equivalence of a constructed mvs-Automaton
from an mvs-LTL formula.
Definition 4.1 (Multi-Valued-Set Automaton): is a tuple
A = (S, s0 , L, Σ, ∆, O, F ) where: S is a finite set of states;
s0 ∈ S is the initial state; L is a TO quasi-Boolean lattice
(L, , ∼); Σ is a finite alphabet; ∆ : S × S → 2Σ labels the
transitions of the automaton with sets of symbols from Σ;
O : (S × S × Σ → LI ) maps each symbol to an interval;
and F is the set of accepting states.
Definition 4.2 (Run and Accepting Run): A run p ∈ S ω
of an mvs-Automaton A = (S, s0 , L, Σ, ∆, O, F ) unΣ
der word w ∈ (LI )ω (or alternatively w : N ×
I
Σ → L which has the same behavior as a trace)
is an infinite sequence of states such that ∀i ≥ 0,
wi (∆(pi , pi+1 )) , uσ∈∆(pi ,pi+1 ) Ψ(O(pi , pi+1 , σ), w(i, σ))

⇐⇒ inf(uσ∈∆(pi ,pi+1 ) Ψ(O(pi , pi+1 , σ), w(i, σ)))  ⊥.
We call a run an accepting run if it contains infinite states
from F in it, and we denote the set of all accepting runs of
A by AR(A).
Remark 4.1: We call an ultimately periodic path as a
run/path p = pf ◦ pc with a finite prefix pf and infinite
executing loop/cycle pc .
Theorem 4.1 (Theorem 3 in [12]): An mvs-Automaton
Aφ = (S, s0 , L = (L, , ∼), V, ∆, O, F ) constructed for an
mvs-LTL formula φ assigns the interval [l, h] ∈ LI from
V
the
lattice L to a word w ∈ (LI )ω ,
F TO quasi-Boolean
d
p∈AR(A) i≥0 wi (∆(pi , pi+1 )) = [l, h] ⇐⇒ [[φ]](w, 0) =
[l, h].
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Fig. 2: (a) On the left: an automaton for ϕ = 23(a  0.5). We abbreviate
O(s0 , s0 , a) = [0.5, 1] with a = [0.5, 1] on the loop on s0 . Similar abbreviation
is used for the rest. (b) In the middle: a TS for robot motion planning. (c) On the
right: an mvs-LTL planning automaton with respect to formula ϕ = 23(a  0.5),
where we ignored representing mapping functions.

In Fig. 2(a), an equivalent automaton for ϕ = 23(a 
0.5) is presented. Variable a takes values from truth lattice
L10 that is a TO quasi-Boolean lattice with ten truth values
0, 0.1, ..., 0.9, 1 with the usual order relation over the reals.
It is not difficult to check that any accepting run on the
automaton has to visit state s0 infinitely often; and for doing
that, it has to visit transitions with a  0.5 on it (if a became
less than 0.5, then it goes to state s1 , but eventually it has to
take the other transition from s1 to s0 with a  0.5). This is
semantically the same as what the formula states: a always
must eventually have truth degree at least 0.5.
B. mvs-LTL Planning Automaton
Now that we have introduced mvs-TS and mvsAutomaton, we are going to show the construction of product
of them with respect to a given threshold as the minimum
truth level.
Definition 4.3 (mvs-LTL Planning Automaton): Given an
mvs-TS M = (SM , sM0 , L = (L, , ∼), →, V, O) and a
specification mvs-Automaton Aϕ = (SA , sA0 , L = (L, , ∼)
, V, ∆A , OA , FA ), and minimum truth level l ∈ L, the mvsLTL Planning Automaton is AMϕ = (S, s0 , L = (L, , ∼)
, V, ∆, O, F, l) , where S = SM × SA is the set of states;
s0 = (sM0 , sA0 ) is the initial state; ∆ : S × S → 2V labels
the transitions; F = SM × FA is the set of final vertices,
and O : S × S × V → LI is a mapping function that maps
symbols on a transition to an interval such that for given
s = (sM , sA ), s0 = (s0M , s0A ),
∆(s, s0 ) ,



∆A (sA , s0A ),
∅,

if sM → s0M
otherwise

∀π ∈ ∆(s, s0 ) : O(s, s0 , π) = Ψ OA (sA , s0A , π), O(s0M , π)
⇐⇒ sM → s0M and



l

inf


Ψ OA (sA , s0A , π), O(s0M , π)  l;

π∈∆A (s,s0 )

Note that in ϕ, we remove the negation sign in front
of symbols (ϕ is in NNF) by applying the negation to its
interval. The same can be done for symbols on Aϕ . For
example, the automaton in Fig. 2(a), where the mapping
function for a on the transition from s1 to itself and from s0
to s1 are changed to O(s1 , s1 , a) = O(s0 , s1 , a) = [0, 0.5) =
[0, 0.4]. Note that all symbols that are used in the Aϕ have
interval values that are bounded either by ⊥ from below
or by > from above. For the above mvs-LTL formula and
the mvs-TS model depicted in Fig. 2(b), the resulting mvsLTL planning automaton is shown in Fig. 2(c). The planning
automaton has two accepting plans p1 : q00 , q10 , (q10 )ω ,
and p2 : q00 , q21 , q30 , (q21 , q30 )ω . In the next section, we
introduce cost functions by which one can distinguish the
optimal plans in the previous planning automaton.
C. Cost Functions
In this paper, we are not concerned about computing an
optimal path based on the infinite trace for the system as for
example done in [22]. In [22], they define a cost resetting
proposition which resets the total cumulative cost in the
mission specified by the temporal logic specification. Here,
instead, we compute ultimately periodic paths that satisfy the
specification with an optimal truth degree [10]. Among these
optimal truth degree paths, we select one which optimizes
an additive cost function.
In the following, by transition minimum-capacity, we
mean an interval which its infimum is equal to the minimum
of all infimums of the intervals of transition variables, and
its supremum is the minimum of all the supremums of the
intervals of the transition variables. Assume that there are
only two interval variables δ1 = [l2 , >], δ2 = [>, >] from
lattice L5 on a transition of an mvs-Automaton. In this case,
the minimum-capacity of the transition is [l2 , >]. Informally,
it means that all the runs which pass through this transition
have at most minimum truth degree l2 and maximum truth
degree >.
Definition 4.4 (Transition Minimum Capacity): Given an
mvs-Automaton A = (S, s0 , L = (L, , ∼), Σ, ∆, O, F ),
we define the minimum-capacity of a transition between two
states as θ : S × S → LI such that
θ(si , sj ) =

 d

π∈∆(si ,sj )

[⊥, ⊥],

O(si , sj , π),

if ∆(si , sj ) 6= ∅
otherwise

In order to distinguish between transitions with higher
minimum capacities, we define our desirability function so
that it maps values from lattice L to a set of real numbers
between 0 and 1, such that the order of the values is being
reflected on their desirability.
Definition 4.5 (Desirability): Given a quasi-Boolean lattice L = (L, , ∼), we define a desirability function λ :
L → R[0,1] , such that ∀l1 , l2 ∈ L, we have (l1  l2 ) =⇒
(λ(l1 ) ≤ λ(l2 )), and λ(>) = 1, λ(⊥) = 0.
For example, for L3 we can have λ(f alse) =
0, λ(maybe) = 0.5, and λ(true) = 1.

Next, we define two heuristic-cost functions for a transition on an mvs-Automaton, one as the primary, and other as
the secondary. By primary, we mean it has higher weight for
comparison purposes; similarly, by secondary, we mean it has
lower weight for comparison purposes. The reason for having
two functions is that in the case two transitions have the same
cost based on their lower minimum-capacity, then we compute and compare their cost based on their upper minimumcapacity. In our cost function, we mix the cost of the model
with the cost of least satisfiability for specifications. For the
model, ci,j represents the cost for transition between states i
and j; and for the specification satisfiability cost, we reduce
the desirability of the infimum of the minimum-capacity of
the transition from one. Therefore, for the higher minimumcapacities we get lower costs.
Definition 4.6 (Primary and Secondary Transition Costs):
Given an mvs-Automaton A = (S, s0 , L = (L, , ∼), Σ,
∆, O, F ), we define the primary and the secondary transition
cost functions between two states by γ1 , γ2 : S × S → R>0 ,
respectively such that
γ1 (si , sj ) =
γ2 (si , sj ) =


ci,j + 1 − λ inf(θ(si , sj )) ,

ci,j + 1 − λ sup(θ(si , sj )) ,

∆(si , sj ) 6= ∅
∆(si , sj ) 6= ∅

where γ1 and γ2 calculate the primary and secondary transition costs, respectively; and ci,j is a positive real number
as a cost for transition from si to sj . Both functions return
+∞ if ∆ is empty.
For example, in Fig. 1(b), if we assume that the desirability
of values on lattice L5 are their values, the fixed cost is 1,
and the minimum-capacity of two arbitrary transitions are p11
and p31 , respectively; then their primary costs are 2 and 2, and
their secondary cost are 1.5 and 1.75, respectively. Based on
our cost functions, the first transition is less expensive than
the second one. From the figure, one can determine which
interval has lower cost, by checking which one has a higher
lower bound, and then higher upper bound.
In the following, we introduce the cost of a path/run on an
mvs-Automaton, where we use the summation of transition
costs for the non-cyclic and finite cyclic part of the path.
Definition 4.7 (Primary and Secondary Path Cost):
Given an mvs-Automaton A = (S, s0 , L = (L, , ∼), Σ,
∆, O, F ), and an ultimately periodic path p = pf ◦ pc with
a finite length n = |pf | + |pc |, and its corresponding trace
µ, we define primary and secondary path cost functions
Γ1 , Γ2 : S ∗ → R>0 as
Γ1 (p) =

X
0≤i<n

γ1 (µi , µi+1 ), Γ2 (p) =

X

γ2 (µi , µi+1 )

minimum-capacity of a path, but without considering the
fixed cost for transitions, and taking the average cost per
transition. Again, we use the secondary result for comparison
purposes when the primary capacities are the same.
Definition 4.8 (Primary and Secondary Path Capacity):
Given an mvs-Automaton A = (S, s0 , L = (L, , ∼), Σ,
∆, O, F ), and an ultimately periodic path p = pf ◦ pc with
a finite length n = |pf | + |pc |, and its corresponding trace
µ, we define primary and secondary path capacity functions
Θ1 : S ∗ → LI , and Θ2 : S ∗ → R≥0 × R≥0 , respectively as
Θ1 (p) =

l

θ(µi , µi+1 ),

Θ2 (p) =

0≤i<n

 X

λ(inf(θ(µi , µi+1 ))) X λ(sup(θ(µi , µi+1 )))
,
n
n
0≤i<n

0≤i<n

One can use these functions to find optimal plans based
on maximizing the minimum capacity of plans. Based on
the planning problem, one can mix the cost and capacity
functions to achieve certain optimality objectives.
Assume that each set of intervals in Fig. 1(b) is corresponding to the minimum-capacity of transitions of a
path/plan (i.e., there are four plans p1 , p2 , p3 , and p4 ). Using
the path capacity functions, we can say p1 , p2 with the
same primary capacity are less trustworthy paths/plans in
comparison to p3 , p4 . Also, between p1 and p2 , p2 is more
desirable as the optimal plan; and the same way, p4 is more
desirable in comparison to p3 .
Finally, we can use the introduced cost functions to
calculate optimal plans on an mvs-LTL planning automaton.
Proposition 4.1: Given an mvs-LTL planning automaton
AMϕ as in Def 4.3, the least expensive run roptimal (aka
most trustworthy run) can be calculated by using a modified
version of Dijkstra or A* algorithm, and the introduced cost
and capacity functions.
V. M OTION P LANNING E XAMPLES
Our approach can be used for model checking with multivalued logics in general, but in this section, we use it for
optimal LTL motion planning in mission critical autonomous
driving cars where the underlying road network has multiple
degrees of accessibility. We show how the planner can be
used to find an optimal plan complies with some specifications which are represented in mvs-LTL. Due to space
limitations, we cannot present all the details in our example
use case, but rather we focus on important concepts.

0≤i<n

where S ∗ is the set of all finite sequences of states over
S. Here, Γ1 calculates the primary cost of a path, and Γ2
calculates the secondary cost.
A similar concept for the cost of paths can be defined for
the capacity of paths. For calculating the primary minimumcapacity of a path, we simply find the minimum of the lower
bounds and the minimum of the upper bounds for all the
minimum capacities of the transitions of the path. We use the
two minimums to build the interval as the primary minimumcapacity of the path. The same way that we calculated
the cost of paths, we heuristically calculate the secondary

A. Application Scenario
Assume that there are two autonomous driving ambulances
(robots) that have a critical rescue mission. The main idea is
that we have represented the road network for the mission
as a block world, where the allowed direction of entering
and exiting the blocks is represented on them. It is required
that in some situations the autonomous cars be able to move
against the allowed direction of entering/exiting a block.
We will use our introduced multi-valued logics here to
represent the desirability of moving along each direction.
Although entering/exiting against the specified direction is

not allowed, in general, these cars should be able to override
the restrictions when needed.
We want to assign two target locations to each car, one
as the location to load the rescuees, and the other to unload
them. It is crucial that they complete the task in the least
amount of time, while their priority changes according to
whether they are loaded or empty. For example, we want
them to be able to take the risk of moving against the regular
allowed directions while they are empty, but as soon as the
one with higher privilege (car number two) gets the patient
loaded (done with the first part of its task), we want both
to not take any risks anymore. Alternatively, we may want
the robots to take risks when loaded in case a patient needs
to be transported to a hospital as soon as possible. In the
following, we demonstrate modeling and planning of the
aforementioned scenario using our framework.

for readability. The initial states s5 , s6 , correspond to the
location of the two cars C 1 and C 2 , and they are equal
to l5 and l6 , respectively. Here, because there are only two
directions allowed for entering/exiting each restricted block
(i.e., l3 , l13 , and l14 ), there are two states with the same name
but superscripted by l or r (abbreviation for left and right)
on top of them to show the direction of entrance into them.
l
l
c11 = 0, c19 = 0, q = [0.5, 1]

s0

l
l
c11 = 0, c19 , q = [0.5, 1]
l
c11 = 0, q = [0.5, 1]

s1

l
l
c11 , c19 = 0, q = [0.5, 1]
l
c19 = 0, q = [0.5, 1]

s2

l
c11 = 0, q = [0.5, 1]

s0

l
l
c24 = 0, c212 = 0, q = [0.5, 1]

l
l
c24 , c212 = 0, q = [0.5, 1]

s1

l
c212 = 0, q

l
l
c24 = 0, c212 , q

s2

l
c24 = 0, q
l
c212 = 0, q

Fig. 4: (a) On the left: an mvs-LTL automaton for φ1 in Def.5.1. For simplicity, when
we don’t put range for a non-negative symbols they are [1, 1]. (b) On the right: an
mvs-LTL automaton for φ2 . We abbreviated interval [0, 0] by 0 for readability.

q = [0.5, 1]

sr3

y
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←
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↑↓l16
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(
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↑
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s12

↑↓l5

s1

s2

s4

sl3

s5

s16
q = [0, 0]

↑↓l7
q = [0.5, 1]

sl13

s6

sr14

sr13

s7

sl14

s8

s10

←

s15

q = [0, 0]

↑↓l8 →l10
↑↓l9
x

s9

Fig. 3: (a) On the left: a block-road system in which blocks with ( or * arrow
on them represent road sections that cars can move toward the arrow direction with
cautious, and for the normal arrows, there is no restriction. The indexed letter l on
each block represents the location. The capacity of each block at each time allows
only one car to be in. (b) On the right: the corresponding mvs-TS of the block-road
system on (a) is depicted. For the states that q = [0.5, 1] or q = [0, 0], it is shown
as label outside them, but for the rest of the states in which q = [1, 1], the symbols
are omitted.

B. Modeling
A road system is depicted in the Fig. 3(a), in which
a regular arrow in each block represents the direction of
movement without any caution sign for that. On the other
hand, the harpoon shape arrows are one-way roads that
can be accessed by emergency vehicles when required. In
this example, in the modeling, we use q ∈ V (V is the
set of interval variables) taking values from lattice L3 (we
change the values of F, M, T in Fig. 1(c) to 0, 0.5, and 1,
respectively) to represent desirability/accessibility of entering
a block such that a state with q = [1, 1] is desirable to
enter, a state with q = [0.5, 1] needs caution to enter, and
a state with q = [0, 0] is not allowed to enter. As part of
priori knowledge, we know that block l14 is temporarily not
allowed to enter, and all blocks except for l3 , l13 , and l14 are
open and not directionally restricted for cars to enter. Also,
each block only allows the presence of one car at each time.
The 2-init mvs-TS version of the system is illustrated on
Fig. 3(b). Please note that other possible design preference
symbols (e.g., collision avoidance) are not shown on the mvsTS, and that we omit displaying self loops on the mvs-TS

C. Specification Requirements
Assume that the goal for for C 1 and C 2 is to satisfy some
mvs-LTL specification formulas φ1 and φ2 , respectively,
while we know that block l14 is not allowed to be entered
temporarily. The informal narrative mission specification is:
Definition 5.1 (Specification Goals): φ1 := always avoid
entering not allowed blocks, and eventually visit l9 , and
then eventually visit l1 after visiting l9 , and φ2 := always
avoid entering not allowed blocks, and eventually visit l4 ,
and then eventually visit l12 after visiting l4 while always
not entering caution marked blocks.
For each specification goal there are three variables (symbols with interval ranges), from which a global variable q is
used for enforcement of level of accessibility, and the rest
represent if the specified blocks in the specification are visited by specific cars. The new variables are cl11 , cl19 , cl24 , cl213 ,
and q, such that cl11 = [1, 1] means that certainly the current
location of C 1 is l1 . A similar interpretation applies to the
rest. The specifications φ1 and φ2 are formalized as follows:
φ1 = 2(q  0.5) ∧ 3cl11 ∧ 3cl19 ∧ (cl11  0) Ucl19 ∧
φ2 = 2(q  0.5) ∧

2(cl11  0 ∨ cl19  0)
l12
∧ 3c2 ∧ (cl212  0) Ucl24 ∧
0) ∧ 2(cl24 =⇒
2(q  1))

3cl24

2(cl24  0 ∨ cl212 

We highlight that the requirement 2(q  0.5) captures
the fact that the ambulances are allowed to enter an opposite
direction road when needed. This is now controlled by the
existence of feasible plans with q = 1, i.e., without any
violations (truth value optimality) and other relevant cost
functions (i.e, distance traversed) to compute the optimal
plans.
We remark that collision avoidance can be directly modeled on the merged mvs-TS. The mvs-Automaton translation
of the above formulas are illustrated in Fig. 4. Note that
here for the sake of simplicity we represent the specifications
separately while in reality we conjunct them (q is a shared
symbol among them), and build a single mvs-Automaton for
this use case.

D. Planning
Beginning with the initial situation, both cars have to reach
their first targets l9 and l4 , and then finally visit l1 , and l12 ,
respectively. Before C 1 loads its rescuees, both vehicles are
free to take risks by riding against the allowed road direction
to get into the blocks l3 and l13 , only if it helps them to
optimize their global plan. It is clear from the specifications
that they cannot get into l14 which is not an allowed location.
After C 2 was loaded, then l3 and l13 become only-oneway to the cars, which limits their freedom of movement
by minimizing taking any risks.
We implemented a planner framework based on our approach, and modeled the above use case. The execution result
returned the below trace of an optimal plan with a cost of
27 using the cost functions in Def. 4.7.
2.5

r1optimal := (s5 , s6 ) → (s6 , sr13 ) → (s7 , s6 ) → (s8 , s5 ) →
2.5
(s9 , s2 ) → (s8 , s3 ) → (s7 , s4 ) → (s6 , sr3 ) → (s5 , s2 ) →
(s2 , s1 ) → (s1 , s0 ) → (s1 , s11 ) → (s0 , s12 ) → (s11 , s12 )∗ .

In the above path the bold states are those that must be
traversed with the predefined order (i.e, first s9 and then s1 ),
v
and by si → sj we mean γ1 (si , sj ) = v, and by si → sj we
mean γ1 (si , sj ) = 2. The resulting plan is depicted in Fig.
5 demonstrating the motion plan of each car separately.
y

y
←12
↓13

←
10,11

→4
←10 ←9 ←
8

←9
↑8 ↓0

↓11

↑7 ↓1

↓12,13

→5

←
7

→

←66

↑3
→1

←
1

↑2

←0

↑6 ↓2
↑5 ↓3
↑4 ↓4
x

x

Fig. 5: (a) On the left, an optimal plan for car C 1 . (b) On the right, an optimal plan for
car C 2 . In the picture the numbers at each location represent the time-step in which
the car was at that location, and the direction of arrows represents the direction of
movement for cars.

VI. C ONCLUSIONS AND F UTURE W ORK
In this paper, we introduced a model checking based
optimal multi valued LTL planning. The framework can be
used to model uncertainty or incomplete knowledge about
the environment, different access rights, etc. For representing
uncertainty about events in a system modeled as a TS, we
introduced multi-valued-set logics for reasoning over atomic
proposition symbols. To facilitate the use of mvs-Logics over
LTL specification formulas, we extend the semantics of LTL
for using symbols that have ranges over set of values from
TO quasi-Boolean lattices. Based on the aforementioned
definitions, we defined an mvs-LTL planning automaton, and
a monotonic cost function to find optimal plans.
In the future, we plan to improve the scalability of our
framework in large scale multi-robot scenarios by utilizing
algorithmic frameworks such as in [23].
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