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ABSTRACT

ROBUSTNESS OF TEMPORAL LOGIC SPECIFICATIONS

Georgios E. Fainekos

Supervisor: George J. Pappas

Temporal logic verification has been proven to be a successful tool for the analysis

of software and hardware systems. For such systems, both the models and the logic

are Boolean valued. In the past, similar successful results have been derived for timed

and linear hybrid systems. Even though the states of these systems are real valued,

temporal logics are still interpreted over Boolean signals that abstract away the actual

values of the real-valued state variables.

In this thesis, we advocate that in certain cases it is beneficial to define multi-

valued semantics for temporal logics. That is, we consider a robust interpretation

of Metric Temporal Logic (MTL) formulas over signals that take values in metric

spaces. For such signals, which are generated by systems whose states are equipped

with nontrivial metrics, for example continuous or hybrid, robustness is not only

natural, but also a critical measure of system performance. The proposed multi-valued

semantics for MTL formulas captures not only the usual Boolean satisfiability of the

formula, but also topological information regarding the distance from unsatisfiability.

This, in turn, enables the definition of robustness tubes that contain signals with the

same temporal properties.

The notion of robustness for MTL specifications can be applied to at least 3 im-

portant problems. The first problem is the verification of continuous time signals with

respect to MTL specifications using only discrete time analysis. The motivating idea

behind our approach is that if the continuous time signal fulfills certain conditions and

the discrete time signal robustly satisfies the MTL specification, then the correspond-
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ing continuous time signal should also satisfy the same MTL specification. Second,

the proposed robustness framework can be applied to the problem of bounded time

temporal logic verification of dynamical systems. Our methodology has the distinc-

tive feature that enables the verification of temporal properties of a dynamical system

by checking only a finite number of its (simulated) trajectories. The interesting and

promising feature of this approach is that the more robust the system is with respect

to the temporal logic specification, the less is the number of simulations that are

required in order to verify the system. Finally, the proposed definition of robustness

for temporal logic specifications can be applied to the problem of automatic synthesis

of hybrid systems. In particular, we address the problem of temporal logic motion

planning for mobile robots that are modeled by second order dynamics. Temporal

logic specifications can capture the usual control specifications such as reachability

and invariance as well as more complex specifications like sequencing and obstacle

avoidance. The resulting continuous time trajectory is provably guaranteed to satisfy

the user specification.
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Preface

This dissertation is the outcome of my six year stay at the Department of Computer

and Information Science at the University of Pennsylvania. When I started writing

this thesis about one year ago, I was afraid that it might not be a coherent monograph,

but rather a collection of papers. Nevertheless, the outcome has proved me wrong.

Chapter 1 gives a general introduction to system design and the related literature.

The main goal of this chapter is to provide the motivation behind this thesis and to

frame it within the existing research initiatives.

Part I is split into three chapters. Chapter 2 introduces Metric Temporal Logic

(MTL) with Boolean semantics. A separate treatment of continuous and discrete

time semantics is mandatory since the respective models cannot be unified in a way

that maintains timing information in all cases. The fundamental contribution of this

thesis, namely the robustness of a signal with respect to an MTL specification, is

presented in Chapter 3. Chapter 4 extends the results of Chapter 3 from signals to

systems. In this chapter, I also provide an overview of the theory of approximate

simulation relations that will be necessary in Part II.

Part II discusses three applications of the robustness framework that was intro-

duced in Part I. Chapter 5 introduces ways to infer the satisfiability of a continuous

time signal using discrete time methods. This is done for two fragments of the logic

MTL. Chapter 6 presents a method for the bounded time MTL verification of linear

xvii



systems with parametric uncertainties. Finally, Chapter 7 describes a method for the

synthesis of hybrid controllers for motion planning of mobile robots from high level

Linear Temporal Logic (LTL) specifications.

How to read this dissertation. The material in this thesis has been organized

in such a way that the optimal ordering for reading the chapters is linear. However,

the chapters in Part II do not have any dependencies among them. The reader is

encouraged to read Part I before she attempts to read any of the chapters in Part II.

If this is not possible, I have included a list of symbols (with page references) before

the Bibliography that will ease the tedious task of directly attempting to decipher

any of the chapters in Part II.

A last word of caution. Despite the fact that most of the material in this disser-

tation has been reviewed by numerous referees and collaborators of mine, every time

I read it I still find some typos or mistakes. I would appreciate it you could report

any new ones to : fainekos at alumni.upenn.edu.

Happy reading!

Georgios E. Fainekos

New York City, July 2008

This on-line version of my thesis contains some corrections over the published

version in Chapter 3, which I discovered while working on the journal version of

chapter.

Georgios E. Fainekos

New York City, September 2008
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Chapter 1

Introduction

1.1 Systems’ Design

Is automation the outcome of human ingenuity and constant struggle for improvement

or simply the result of our lazy nature? Whatever the reason, automation is now

an indispensable part of our lives. Both simple systems, such as a toilet flush, and

complex ones, such as a power grid or an aircraft, involve automatic control procedures

which enable the systems to perform tasks for us. The ubiquitous presence and,

in most of the cases, the critical nature of automatic control systems mandates a

disciplined scientific approach to their design.

However, not all control problems are of the same nature. Consider for example

three simple, but very distinct systems : an industrial furnace, a mutual exclusion

protocol and an electric heater. Industrial furnaces must monitor and maintain the

pressure in the furnace at a certain value. The pressure in the chamber is regulated

through a damper that releases gasses through a chimney to the atmosphere. A

controller takes as input the pressure measurement from the chamber and outputs a

signal that changes the position of the damper accordingly. In this case, the sensor

1



(pressure gauge), the actuator (damper) and the controller are analog devices. The

heat process evolves in continuous time and the input and output signals are real

valued. Such systems are usually referred to as continuous-time dynamical systems

and can be modelled using differential equations. The study of continuous-time (or

analog) control systems is a very mature field of study [148, 111] which traces its ori-

gins at least back to the eighteenth century when James Watt invented the centrifugal

governor for the speed control of steam engines [140].

The advent of digital computers revolutionised the way we automatically con-

trol physical systems. Already from the early 90’s microprocessors (MP) and digital

signal processors (DSP) had replaced virtually all the analog controllers in indus-

trial and safe-critical settings [120]. Consider again the furnace example. Now, the

continuous-time signal from the pressure sensor is converted at an analog-to-digital

(AD) converter into a discrete-time signal, which is in turn transmitted to the con-

troller. The analog controller has now been replaced by a digital controller which

processes the input discrete-time signal. The controller outputs a discrete-time signal

which is converted into an analog signal that controls the damper. These types of

systems are classified under the broad category of discrete-time dynamical systems

and can be modelled (or approximated) by difference equations.

A mutual exclusion protocol can also be regarded as a (distributed) control system

in a broader sense. Assume that we have a number of processes that run in parallel

and that these processes need to access a shared resource. In order to guarantee

consistency in the data of the system, we have to make sure that the processes do not

interfere with each other when they access the resource for reading or writing. The

goal of the mutual exclusion protocol is to coordinate the processes and to grant mu-

tually exclusive access to a shared resource without assuming atomicity in the access

method. Each instance of the protocol for each process, as well as the interaction of
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the processes, can be modeled using finite state machines or automata [101]. Such

systems fall within the broader class of discrete event systems [31].

Last, but not least, consider a simple home electric heater. The system consists of

a radiator and a thermostat. The thermostat has two temperature settings; a low and

a high temperature set point. When the temperature in the room is below the low

temperature set point, the radiator turns on, while when the temperature in the room

is higher than the high temperature set point, the radiator turns off. This system is

intrinsically hybrid in nature : it contains a high level discrete part that governs the

on-off operation of the radiator and it also contains a continuous-time process that

describes the change of temperature in the room. The electric heater is an example

of the relatively new class of hybrid systems [13, 8].

Whatever the class of systems may be, the goal of the engineer always remains

the same : a successful system design. The success of the system design is judged

by whether it fulfills a set of design-performance requirements (subject to economic

and engineering constraints). The exact type of the design requirements depends on

the class of the system and, of course, on the particular application at hand. Typical

design requirements for continuous and discrete-time dynamical systems are stability

(does the system state converge to the desired operating point?), error attenuation,

rise time, maximum overshoot and others (see [120, 148]). The design requirements

for discrete event systems are quite different. Typical examples are safety (is a set

of undesirable system states always avoidable?), absence of non-progress cycles and

deadlocks and more general requirements that can be expressed using temporal or

modal logics [136, 56, 22]. In brief, temporal or modal logics can be used for reasoning

about the properties of a system with respect to time. For example, using temporal

logics, one can formally state specifications like : “Whenever a lock is acquired, then it

is eventually released” or “There exists a computation path where p and q eventually
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become true at the same time”. The most popular temporal logics for expressing

design requirements for discrete event systems are the Linear Temporal Logic (LTL)

[156] and the Computation Tree Logic (CTL) [40]. As one might expect, the design

requirements for hybrid systems are usually a combination of the aforementioned

specifications for dynamical and discrete event systems.

After the design requirements have been formally defined, there are mainly two

ways to proceed with the system design.

• Design/Analysis : The engineer (or a team of engineers) comes up with

an initial system design based on similar problems, her previous experience

and her ingenuity. Then, the analysis part follows, where the engineer tries to

determine if the system satisfies the design requirements. The analysis is usually

performed in two ways : (i) a rigorous mathematical analysis is performed on

a mathematical model of the system and/or (ii) certain adverse conditions are

tested against a prototype or a mathematical model of the system. If the

system, does not meet the design specifications, then the system is modified

and the design/analysis cycle is repeated until a design that conforms to the

design requirements has been achieved.

• Synthesis : This includes any design methodology that (semi-)automatically

builds a system starting from the design requirements and other input con-

straints. The main advantage of any synthesis procedure is that the final system

is guaranteed to meet the design requirements by construction.

When the analysis of the model of the system proves the correctness of the system

with respect to the design specifications under any possible operating condition, e.g.,

presence of noise, set of initial conditions, uncertainty in model parameters, etc, then

the analysis will be referred to as system verification. On the other hand, testing -
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as the name implies - refers to the procedure of simulating the model (or executing

the prototype) of the system using a particular selection of operating conditions.

Thus, system verification can guarantee system correctness, while testing is mainly

employed for the detection of mistakes in the design of the system.

The design-analysis cycle is usually the preferred way for designing a system in

an industrial setting for both continuous [148, 167, 111] and discrete-time dynamical

systems [120]. The asymptotic properties (e.g., stability) of these class of systems can

be formally verified, while the transient properties (e.g., timing requirements) - in

most of the cases - have to be tested for. For certain subclasses of dynamical systems,

the problem of controller synthesis has been solved with tremendous success, e.g.,

optimal control [24] and robust control [55], leading to several industrial applications.

Recently, the analysis of non-traditional control specifications, such as reachability

(which is however related to the standard notion of controllability [148]), has attracted

the attention of several researchers [36, 122, 179, 76, 46].

The situation is similar in the case of discrete event systems. Especially in the case

of finite state machines most of the design requirements and in particular temporal

logic specifications can be efficiently verified [41, 168]. Within the field of computer

science, the research on formal verification has lead to several software toolboxes

like SMV [141, 38], which can verify both CTL and LTL specifications, and SPIN

[100], which can verify LTL specifications. Both software toolboxes have successfully

detected bugs in existing software [91], protocol and hardware designs [39, 89]. Despite

the successes of formal verification, the software engineers in industry still rely heavily

on testing methodologies [17, 23] for the analysis of software [86]. On the synthesis

front of discrete event systems, the numerous theoretical results on controller synthesis

[175, 31], distributed system synthesis [158, 30], temporal logic synthesis [137, 121,

9, 154] and other [30] have not yet been met by an equivalent advance in technology
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(software toolboxes).

Loosely speaking, some of the methods for the design of hybrid systems are a

blend of the design methodologies for dynamical and discrete event systems. A lot of

research (for a survey see [49]) has targeted the stability analysis of hybrid systems

and, especially, of switched systems [126] - a subclass of hybrid systems. Great

success in the verification of hybrid systems has been achieved through the reduction

of certain classes of hybrid systems to discrete event systems [3]. In detail, the theories

of timed automata [4] and linear hybrid automata [94] have lead to the development

of several verification toolboxes such as UPPAAL [20], HyTech [94] and PHAVer [69].

UPPAAL can verify specifications from a fragment of Timed CTL [1], while HyTech

can verify Integrator CTL properties [7]. Due to the well-known undecidability results

concerning the verification of hybrid systems [95, 98], many researchers have focused

their efforts on the reachability (bounded time or without guarantees for termination)

[37, 143, 14, 87, 123] and/or safety [159] problem of hybrid systems. This line of

research has led to several software toolboxes : CheckMate [169], d/dt [45], Ellipsoidal

Toolbox [123] and A Toolbox of Level Set Methods [144]. Since reachability methods

for hybrid systems are computationally expensive, a lot of recent research effort has

been targeted to the formal/systematic testing of hybrid systems [57, 173, 109, 155].

Hybrid systems’ synthesis is also an active area of research. A lot of work has been

devoted to the synthesis of timed automata [15, 176, 135, 19] and real time controllers

[16]. The synthesis of hybrid automata from high level specifications has also been

studied by several authors [132, 68, 115, 112, 145, 172, 85].
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1.2 Motivation and Contributions

Up to this point, we have provided a very general description of the fundamental

approaches in system design. The brief historical overview of the related research is

not meant to be all inclusive, but to give a sense of which areas of system design

are scientifically mature and where there is active exploration. In this section, we

will discuss the motivation behind our work and highlight our contributions and their

importance.

1.2.1 System Analysis

As mentioned in the previous section, temporal logic verification [41, 100] has been

proven to be a very useful tool for the analysis of software and hardware systems.

Even though temporal logic verification is possible for timed [4] and linear hybrid

automata [94], the same is not true for dynamical or hybrid systems with more com-

plex dynamics [95]. In practice, the validation of such systems still relies heavily on

methods that involve systematic testing [109, 57]. More recently, temporal logic test-

ing [134, 173] has been proposed as a framework that can provide us with additional

information about the properties of continuous or discrete-time signals.

However, the classical approaches to the temporal logic testing involve a Boolean

abstraction of the value of the signal with respect to the atomic propositions in the

formula. This loss of information can be quite critical when we consider systems that

model or control physical processes. For example, consider the signals s1 and s2 in

Fig. 1.1. Both of them satisfy the same specification “if the value of the signal drops

below -10, then it should also raise above 10 within 2 time units”. Nevertheless, a

visual inspection of Fig. 1.1 indicates that there exists a qualitative difference between

s1 and s2. The later “barely” satisfies the specification. Indeed as we can see in Fig.
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Figure 1.1: Two signals s1 and s2

which satisfy the specification: 2(p1 →
3≤2p2). Here, p1 labels the set
(−∞,−10] and p2 labels the set
[10,+∞).
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Figure 1.2: The signal s2 modified by
random noise. The arrow points to the
point in time where the property fails.

1.2, adding a bounded noise on s2 renders the property unsatisfiable on s2.

In order to differentiate between such trajectories of a system, in [64, 66] we

introduced the concept of robustness degree. Informally, the robustness degree is the

bound on the perturbation that the signal can tolerate without changing the truth

value of a specification expressed in the Linear [156] or Metric Temporal Logic [116].

In detail, we consider signals which take values in some set X equipped with a metric

d. If the time domain of these signals is R, then we can consider each signal as a

point in XR, which is the space of all possible signals with time domain R. In order

to quantify how close are two different signals in XR, we define the notion of distance

using a metric ρ on the space XR. Given an LTL or MTL formula φ, we can partition

the space XR into two sets: the set L(φ) of signals that satisfy φ and the set L(¬φ)

of signals that do not satisfy φ. Then, the formal definition of the robustness degree

comes naturally, it is just the distance of a signal s ∈ L(φ) from the set L(¬φ). Using

the degree of robustness and the metric ρ, we can define an open ball (tube) around

s and, therefore, we can be sure that any signal s′ that remains within the open ball

also stays in L(φ). In this paper, we refer to such tubes as robust neighborhoods.
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The robustness degree is not the only way to define robust neighborhoods. One can

define multi-valued (or robust as it will be referred to in this thesis) semantics for MTL

(or LTL) formulas. The atomic propositions in the robust version of MTL evaluate to

the distance from the current value of the signal to the subset of X that the atomic

proposition represents. As it is established in the framework of multi-valued logics

[33, 51], the conjunction and disjunction in the Boolean logic are replaced by the inf

and sup operations. Here, the logical negation is replaced by the usual negation over

the reals. We prove that when an MTL formula is evaluated with robust semantics

over a signal s, then it returns an under-approximation ε (robustness estimate) of the

robustness degree and, therefore, any other signal s′ that remains ε-close to s also

satisfies the same specification.

Application-wise the importance of the robustness degree / estimate is immediate

: if a system has the property that for near-by initial conditions (or under bounded

disturbances etc) its signals remain δ-close to the nominal one and, also, its robustness

degree / estimate with respect to an MTL formula φ is ε > δ, then we know that

all the system’s signals also satisfy the same specification. This basic idea has been

applied to the bounded time temporal logic verification of linear systems in [59]. In

detail, besides the definition of robust satisfaction for MTL specifications, we also

need the notion of bisimulation functions [82]. Bisimulation functions quantify the

distance between two approximately bisimilar states and the trajectories initiating

from them. Using a bisimulation function we can define a neighborhood of trajectories

around a nominal one which have approximately the same behavior as the nominal

trajectory. If this neighborhood of the simulated trajectory is contained in the tube of

trajectories, which robustly satisfy the specification, then we can safely infer that the

neighborhood of trajectories also satisfies the specification. Based on this observation,

we develop an algorithm that, first, samples points in the set of initial conditions of
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the system using guidance from the bisimulation function. Starting from this set of

points, we simulate the system for a bounded horizon. For each of these trajectories

we compute its robustness estimate. If the robustness estimate bounds the distance

computed by the bisimulation function then we are done, otherwise we repeat the

procedure. The novelty in our framework is that the number of simulations, which

are required for the verification of the system, decreases inversely to the robustness

of the system with respect to the temporal property.

Not surprisingly, bounded time temporal logic verification is not the only possible

application for the robust semantics [65, 66]. Assume that we would like to test

the transient response of an analog circuit to a predetermined input signal. Since

analytical solutions exist only for a few simple cases, the design, verification and

validation of such systems still relies heavily on testing the actual circuit or, more

commonly, on simulations [153]. In either case, we end up with a discrete-time (or

sampled) representation of the continuous-time signal that we have to analyze. On the

other hand, the properties of the system that we would like to verify are – in most of

the cases – with respect to the continuous-time behavior of the system. In particular,

properties like overshoot, rise time, delay time, settling time and other constraints on

the output signal [148] can be very naturally captured using Metric Temporal Logic

(MTL) with continuous-time semantics [116]. The question that arises then is : Can

we verify continuous-time properties of a system using only discrete-time reasoning?

We answer this question in the positive by deriving conditions on the dynamics

of the signal and on the sampling function such that MTL reasoning over discrete-

time signals can be applied to continuous-time signals. The main machinery that we

employ for this purpose is the computation of the robustness estimate. All we need

to do is to guarantee that the dynamics of the signal are such that between any two

sampled points the actual continuous-time signal does not exceed the distance that is
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computed using the robust semantics. The constraints on the sampling function play

another role. They guarantee that there exist enough sampling points such that the

validity of MTL formulas is maintained between the two different semantics [157].

1.2.2 Motion Planning for Mobile Robots

One of the main challenges in robotics is the development of mathematical frameworks

that formally and verifiably integrate high level planning with continuous control

primitives. Traditionally, the path planning problem for mobile robots has considered

reachability specifications of the form “move from the Initial position I to the Goal

position G while staying within region R”. The solutions to this well-studied problem

span a wide variety of methods, from continuous (like potential or navigation functions

[35, §4]) to discrete (like Canny’s algorithm, Voronoi diagrams, cell decompositions

and probabilistic road maps [35, 125]).

Whereas these methods solve the basic path planning problem, they do not ad-

dress high level planning issues that arise when one considers a number of goals or

a particular ordering of them. In order to manage such constraints, one should ei-

ther employ an existing high level planning method [125] or attack the problem using

optimization techniques like mixed integer linear programming [165]. Even though

the aforementioned methods can handle partial ordering of goals, they cannot deal

with temporally extended goals. For such specifications, planning techniques [74, 83]

that are based on model checking [41] seem to be a better choice. Using temporally

extended goals, one would sacrifice some of the efficiency of the standard planning

methods for expressiveness in the specifications. Temporal logics such as Linear

Temporal Logic (LTL) [156] have the expressive power to describe a conditional

sequencing of goals under a well defined formal framework.

Such a formal framework can provide us with the tools for automated controller
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synthesis and code generation. Beyond the provably correct synthesis of hybrid con-

trollers for path planning from high level specifications, temporal logics have one more

potential advantage when compared to other formalisms, e.g., regular languages [115].

That is to say, temporal logics were designed to bear a resemblance to natural lan-

guage [149, §2.5]. Along the same lines, one can develop computational interfaces

between natural language and temporal logics [124]. This fact alone makes temporal

logics a suitable medium for our daily discourse with future autonomous agents. To-

ward this goal, we are working on the generation of hybrid motion planning controllers

from inputs provided in formal English [117].

In [62, 61], we have combined such planning frameworks with local controllers

defined over convex cells [21, 43] in order to perform temporal logic motion planning

for a fully actuated kinematics model of a robot. In a kinematics model, the control

inputs to the system are actually the desired velocities. However, when the velocity

of the mobile robot is high enough, a kinematics model is not enough any more,

necessitating thus the development of a framework that can handle a dynamics model.

In a dynamics model, as opposed to a kinematics model, the control inputs are the

forces (or accelerations) that act upon the system. In the synthesis part of this thesis,

we provide a tractable solution to the LTL motion planning problem for dynamics

models [58].

In order to solve this problem, we take a hierarchical approach. Our hierarchical

control system consists of two layers. The first layer consists of a coarse and simple

model of the plant (the kinematics model in our case). A controller is designed

so that this abstraction meets the specification of the problem. The control law is

then refined to the second layer, which in this paper consists of the dynamics model.

Following [79], we first abstract the system to a kinematic model. An interface is

designed so that the system is able to track the trajectories of its abstraction with
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a given guaranteed precision δ. The control objective φ, which is provided by the

user in LTL, is then modified and replaced by an LTL formula φ′ in negation normal

form which is also given a more robust interpretation. The formula φ′ is such that

given a trajectory satisfying φ′, any trajectory remaining within distance δ satisfies

φ. It then remains to design a controller H ′φ′ for the abstraction such that all its

trajectories satisfy the “robust” specification φ′. This is achieved by first lifting the

problem to the discrete level by partitioning the environment into a finite number

of equivalence classes. A variety of partitions are applicable [35, 125], but we focus

on triangular decompositions [53] and general convex decompositions [110] as these

have been successfully applied to the basic path planning problem in [21] and [43]

respectively. The partition results in a natural discrete abstraction of the robot

motion which is then used for planning with automata theoretic methods [74]. The

resulting discrete plan acts as a supervisory controller that guides the composition

of local vector fields [21, 43] which generate the desired motion. Finally, using the

hierarchical control architecture, we lift the hybrid controller H ′φ′ , which guarantees

the generation of trajectories that satisfy φ′ for the kinematics model, to a hybrid

controller Hφ for the dynamics model which now generates trajectories that satisfy

the original specification φ.
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On Robustness
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Chapter 2

Linear Time Temporal Logics

In this chapter, we define signals over metric spaces and provide a brief overview of

Temporal Logics (TL) that are interpreted over linear time structures.

2.1 Signals in Metric Spaces

2.1.1 Elements of Metric Spaces

A metric space (X, d) is a set X with a metric d. For a short introduction to metric

spaces see [146]. In this paper, we only use the notions of metric and neighborhood

which we define below.

Definition 2.1.1 (Metric). A metric on a set X is a positive function d : X ×X →

R≥0, such that the following properties hold

1. ∀x1, x2 ∈ X, d(x1, x2) = 0⇔ x1 = x2

2. ∀x1, x2 ∈ X, d(x1, x2) = d(x2, x1)

3. ∀x1, x2, x3 ∈ X, d(x1, x3) ≤ d(x1, x2) + d(x2, x3)
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In the definition above, R is the set of the real numbers. We denote the extended

real number line by R = R∪{±∞}. In addition, we use pseudo-arithmetic expressions

to represent certain subsets of the aforementioned sets. For example, R≥0 denotes

the subset of the reals whose elements are greater than or equal to zero.

Using a metric d, we can define the distance of a point x ∈ X from a set S ⊆ X.

Intuitively, this distance is the shortest distance from x to all the points in S. In a

similar way, the depth of a point x in a set S is defined to be the shortest distance of

x from the boundary of S.

Definition 2.1.2 (Distance, Depth, Signed Distance [26] §8). Let x ∈ X be a point,

S ⊆ X be a set and d be a metric on X. Then, we define the

• Distance from x to S to be distd(x, S) := inf{d(x, y) | y ∈ S}

• Depth of x in S to be depthd(x, S) := distd(x,X\S)

• Signed Distance from x to S to be

Distd(x, S) :=




−distd(x, S) if x 6∈ S

depthd(x, S) if x ∈ S

The notation S denotes the closure of a set S, that is, the intersection of all

closed sets containing S. We should point out that we use the extended definition of

supremum and infimum. In other words, the supremum of the empty set is defined

to be bottom element of the domain, while the infimum of the empty set is defined

to be the top element of the domain. For example, when we reason over R as above,

then sup ∅ := −∞ and inf ∅ := +∞. Also of importance is the notion of an open ball

of radius ε centered at a point x ∈ X.
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Definition 2.1.3 (ε-Ball). Given a metric d, a radius ε > 0 and a point x ∈ X, the

open ε-ball centered at x is defined as Bd(x, ε) = {y ∈ X | d(x, y) < ε}.

The following properties of the ε-ball are immediate. Given 0 < ε < ε′ and a

point x ∈ X, we have Bd(x, ε) ⊆ Bd(x, ε
′). Also, if the distance (distd) of a point x

from a set S is ε > 0, then Bd(x, ε) ∩ S = ∅. Note that distd actually returns the

radius of the largest ball Bd(x, ε) that fits in the set X\S. Similarly, it is easy to see

that if depthd(x, S) = ε > 0, then Bd(x, ε) ⊆ S.

2.1.2 Continuous-Time Signals

We use continuous-time signals in order to capture the behavior of real-time or physi-

cal systems. Typical models of real time systems are the formalisms of timed automata

[4], hybrid automata [93] and dynamical systems [34, 111]. Formally, a continuous-

time signal s is a map s : R→ X such that R is the time domain and X is a metric

space. When we consider bounded time signals, then R = [0, r] ⊆ R≥0 with r > 0,

otherwise we let R = R≥0.

We use the notation F(R,X) to denote the set of all possible signals from R to X.

More generally, given two sets A, B, the set F(A,B) denotes the set of all functions

from A to B. That is, F(A,B) = BA and for any f ∈ F(A,B), we have f : A → B.

The domain of a function f ∈ F(A,B) is denoted by dom(f).

In the following, we fix R to refer to a time domain as described above. As an

example of a continuous-time signal, consider the function s1(t) = sin t+sin 2t in Fig.

2.1 such that R = [0, 7π].

A Boolean valued signal is a signal s : R → B, i.e., in this case X = B. Here,

B = {⊥,>}, where > and ⊥ are the symbols for the boolean constants true and false

respectively. Note that the metric dd, where dd(x, y) = 1 if x 6= y and dd(x, y) = 0
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Figure 2.1: A continuous-time signal s1 with time domain R = [0, 7π].

otherwise, induces the discrete topology on B.

2.1.3 Discrete-Time Signals and Timed State Sequences

A discrete-time signal σ can represent computer simulated trajectories of physical

models or the sampling process that takes place when we digitally monitor physi-

cal systems. Informally, a discrete-time signal σ is a sequence of snapshots of the

continuous-time behaviour of a system. Each such snapshot represents the state of

the system at a particular point in time (see Fig. 2.2). However, a discrete-time

signal does not provide us with any timing information. In order to reason about the

timing properties of a discrete-time signal, we introduce the timing function τ . The

role of the timing function is to pair each snapshot with a time stamp.

0 3.1416 6.2832 9.4248 12.5664 15.708 18.8496 21.9911
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Figure 2.2: A discrete-time signal σ1(i) = sin τ1(i) + sin 2τ1(i) where the timing
function is τ1(i) = 0.2i.

More formally, we define a discrete-time signal σ to be a function from the set
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F(N,X). Such a signal can be of bounded or unbounded duration. In the former

case we set N = N≤n for some n ∈ N, while in the latter N = N. Here, N is the

set of the natural numbers. In the following, we fix N ⊆ N to be the domain of

the discrete-time signal. Analogously, a timing function τ is a member of the set

F(N,R≥0). Two important restrictions on a timing function τ are

1. τ must be a strictly increasing function, i.e., τ(i) < τ(j) for i < j.

2. if N is infinite, then τ must diverge, i.e., limi→+∞ τ(i) = +∞.

We denote the set of strictly increasing functions from N to R which diverge by

F↑(N,R) ⊆ F(N,R). Of particular interest to us are the timing functions for which

the time difference between any two consecutive timestamps is constant. That is,

for each timing function τ in this class there exists some constant α ∈ R>0 such

that τ(i) = αi for i ∈ N . We will denote the set of such functions from N to R by

F↑c(N,R) ⊆ F↑(N,R), where c stands for constant.

By pairing a discrete-time signal σ with a timing function τ , we define what is

usually referred to as a timed state sequence µ = (σ, τ), i.e., µ ∈ F(N,X)×F↑(N,R≥0).

In the following, we let µ(1) be the first member of the pair, i.e., µ(1) = σ, and µ(2)

be the second member of the pair, i.e., µ(2) = τ . Notice that the pair (O−1 ◦ σ, τ)

is actually a Boolean-valued timed state sequence, which is a widely accepted model

for reasoning about real time systems [6, 150]. Here, O−1 denotes a function that

maps points of the space X to a set of atomic propositions (see Section 2.2.2) and ◦

denotes function composition : (f ◦ g)(t) = f(g(t)).

In some applications, we are interested in monitoring a continuous-time signal

s ∈ F(R,X). Since the monitoring process is achieved through a digital computer,

we have to deal with the inherent discretization or sampling of the continuous-time

signal. We can model the sampling process by assuming that there exists a timing
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function τ which returns the time instants that we have sampled the continuous-

time signal s. Thus, the sampled signal σ is simply the function composition of s

with τ , i.e., σ = s ◦ τ . In this case, a timing function represents something more

concrete. It returns the points in time at which we have sampled the continuous-

time signal. Hence when sampling is involved, we will refer to the timing function as

sampling function τ̂ and we will consider it is a member of the set F↑(N,R) instead

of F↑(N,R≥0).

2.2 Metric & Linear Temporal Logic

Metric Temporal Logic (MTL) was introduced in [116] as an extension to Linear

Temporal Logic (LTL) [27, 156]. LTL is useful for reasoning about the qualitative

properties of signals, e.g., sequences of events, whereas using MTL one can reason

about the quantitative timing properties of signals, e.g., elapsed time between two

events. In this section, we review the basics of the syntax and the semantics of these

temporal logics.

2.2.1 Syntax

In the following definition, we first introduce the MTL syntax and, then, derive from

that the LTL and MITL syntax. Metric Interval Temporal Logic (MITL) [5] is a

restricted version of MTL where the timing intervals of the temporal operators are

not allowed to be singleton sets.

Definition 2.2.1 (Syntax). Let C be the set of truth degree constants, AP be the set

of atomic propositions and I be any non-empty interval of R≥0. The set MTLC(AP )

of all well-formed MTL formulas (wff) is inductively defined using the following gram-
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mar:

φ ::= c | p | ¬φ | φ ∨ φ | φUIφ

where c ∈ C and p ∈ AP . If the rule ¬φ is replaced by ¬p and we add the rules

φ ∧ φ | φRIφ to the grammar, then we say that the formula is in Negation Nor-

mal Form (NNF). In this case, the set of wff is denoted by MTL+
C(AP ). The set

MTLC(AP, op1, op2, . . .) denotes the subset of MTL formulas that contain only the

operators op1, op2, . . .. If inf I < sup I, then the set MTLC(AP ) reduces to the set of

all well-formed MITL formulas which is denoted by MITLC(AP ). If I = [0,+∞),

then the set MTLC(AP ) reduces to the set of all well-formed LTL formulas which is

denoted by LTLC(AP ).

In the above definition, UI is the timed until operator and RI the timed release

operator. The subscript I imposes timing constraints on the temporal operators.

Informally, the formula φ1 UIφ2 expresses the property that within the time interval

I from the current moment in time, there exists some time that φ2 becomes true over

the given signal and, furthermore, for all previous times (besides the current time),

the signal satisfies φ1. Intuitively, the release operator φ1RIφ2 states that φ2 should

always hold during the interval I, a requirement which is released when φ1 becomes

true. Syntactically, U andR are dual operators, that is, φ1 UIφ2 = ¬(¬φ1RI¬φ2) and

φ1RIφ2 = ¬(¬φ1 UI¬φ2). When B ⊆ C, we can also define the temporal operators

eventually 3Iφ = >UIφ and always �Iφ = ⊥RIφ.

The interval I can be open, half-open or closed, bounded or unbounded, but it

must be non-empty (I 6= ∅). Moreover, we define the following operations on the

timing constraints I of the temporal operators

t+ I := {t+ t′ | t′ ∈ I} and t+R I := (t+ I) ∩R
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for any t in R. Sometimes for clarity in the presentation, we replace I with pseudo-

metric expressions, e.g., U[0,1] is written as U≤1. In the case where I = [0,+∞), we

remove the subscript I from the temporal operators, e.g., we just write U , R, �, 3.

2.2.2 Continuous-Time Semantics

In this section, MTL formulas are interpreted over continuous-time signals. The

atomic propositions for the class of problems we are dealing with label subsets of the

set X. In other words, we define an observation map O : AP → P(X) such that for

each p ∈ AP the corresponding set is O(p) ⊆ X. Here, P(S) denotes the powerset of

the set S.

In this thesis, we define the continuous-time Boolean semantics of MTL formulas

using a valuation function 〈〈·, ·〉〉C : MTLB(AP )×F(AP,P(X))→ (F(R,X)×R→ B)

and we write 〈〈φ,O〉〉C(s, t) = > instead of the usual notation (O−1 ◦ s, t) |= φ. Here,

O−1 : X → P(AP ) is defined as O−1(x) := {p ∈ AP | x ∈ O(p)} for x ∈ X. In this

case, we say that the signal s under observation map O satisfies the formula φ at time

t. In the proofs, we dropO from the notation for brevity only when this does not cause

any confusion. We are therefore interested in checking whether 〈〈φ,O〉〉C(s, 0) = >.

In this case, we refer to s as a model of φ and we just write 〈〈φ,O〉〉C(s) = > for

brevity.

Before proceeding to the actual definition of the semantics, we introduce some

auxiliary notation. If (V, <) is a totally ordered set, then we define the binary op-

erators t : V × V → V and u : V × V → V using the supremum and infimum

functions as x t y := sup{x, y} and x u y := inf{x, y}. Also, for some V ⊆ V we

extend the above definitions as follows
⊔
V := supV and

d
V := inf V . Again, we

use the extended definition of the supremum and infimum, i.e., sup ∅ := inf V and

inf ∅ := supV . Since (V, <) is a totally ordered set, it is also a distributive lattice (see
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Example 4.6 (2) in [48]), i.e., for all a, b, c ∈ V, we have a u (b t c) = (a u b) t (a u c)

and a t (b u c) = (a t b) u (a t c). Note that the structure (B, <) is a totally ordered

set with ⊥ < > and that (B,u,t,¬) is a boolean algebra with the complementation

defined as ¬> = ⊥ and ¬⊥ = >.

Definition 2.2.2 (Continuous-Time Semantics). Let φ ∈ MTLB(AP ) be an MTL

formula, O ∈ F(AP,P(X)) be an observation map and s ∈ F(R,X) be a continuous-

time signal, then the continuous-time semantics of φ is defined by

〈〈>,O〉〉C(s, t) := >

〈〈p,O〉〉C(s, t) := K∈(s(t),O(p)) =




> if s(t) ∈ O(p)

⊥ otherwise

〈〈¬φ1,O〉〉C(s, t) := ¬〈〈φ1,O〉〉C(s, t)

〈〈φ1 ∨ φ2,O〉〉C(s, t) := 〈〈φ1,O〉〉C(s, t) t 〈〈φ2,O〉〉C(s, t)

〈〈φ1 UIφ2,O〉〉C(s, t) :=
⊔

t′∈(t+RI)

(
〈〈φ2,O〉〉C(s, t′) u

l

t<t′′<t′

〈〈φ1,O〉〉C(s, t′′)
)

where t, t′, t′′ ∈ R and K∈ is the characteristic function of the ∈ relation.

In the above definition, the until operator is quantified over the set t+R I instead

of t+ I because we also consider signals of bounded duration.

We denote by Lt(φ,O) = {s ∈ F(R,X) | 〈〈φ,O〉〉C(s, t) = >} the set of all signals

that satisfy φ at time t. Then L(φ,O) = L0(φ,O) is the set of all models of φ. We say

that the formula φ is valid when L(φ,O) = F(R,X) and invalid when L(φ,O) = ∅.

Note that Lt(¬φ,O) = {s ∈ F(R,X) | 〈〈φ,O〉〉C(s, t) = ⊥} since 〈〈¬φ,O〉〉C(s, t) =

¬〈〈φ,O〉〉C(s, t) = >. Therefore, the sets Lt(φ,O) and Lt(¬φ,O) are complements

of each other with respect to F(R,X). Thus, F(R,X)\Lt(φ,O) = Lt(¬φ,O) and

vice versa. Formally, in the notation Lt(φ,O) we should have also specified the time
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domain R and the metric space X of the signal. However, we feel that the addition of

R and X in the notation would only make the notation more cluttered, while omitting

them does not cause any confusion since the time domain and the metric space are

always clear from the context.

Remark 2.2.1. We conclude this section with a word of caution. Even though we

allow in our definitions signals of unbounded duration, our logical framework cannot

capture asymptotic properties with respect to time. For example, consider the signal

s(t) = exp(−t) which converges to 0 as t goes to +∞. This signal does not satisfy

the specification 3p, where O(p) = (−∞, 0] since there does not exist some time t

such that s(t) = 0, i.e., s(t) ∈ O(p). Therefore, it is natural to consider bounded time

domains since we cannot express asymptotic properties with MTL.

2.2.3 Discrete-Time Semantics

Physical world processes evolve in real time and, hence, the requirements for such

systems must be specified in continuous-time formalisms as well. However, in virtually

all the practical cases the representation of the behavior of such systems that is

available to us for analysis is in discrete time. For example, when we monitor the

temperature in a room, we cannot know the value of the continuous-time signal at

all points in time, but only at those points in time that are attainable through an

analog-to-digital converter. This is also true, when we test, simulate or verify a

continuous-time signal using a digital computer. Some form of discretization of time

is always necessary.

The semantics of MTL as it was introduced in Definition 2.2.2 can actually be

defined over signals whose domain is any linearly ordered time flow. Therefore, it

is possible to define a signal over the natural numbers and perform discrete-time
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temporal logic analysis over that. However, the timing constraints in this case refer

to the number of samples taken from the continuous-time signal and not to the actual

real-time constraints. When the sampling step is constant, then there exists a simple

conversion between the number of samples and the time that they were taken. But

it is not always the case that the sampling step is constant and, moreover, the user

often needs to provide real-time requirements on the signal which refer to the actual

evolution of time and not the number of samples. Hence, in this section we define

MTL semantics over timed state sequences.

Again, the semantics is defined using a valuation function. Given a TSS µ, we

write 〈〈φ,O〉〉D(µ, i) = > when µ satisfies the formula φ at moment i. Similarly to

the continuous-time case, when i = 0 and the formula evaluates to >, then we refer

to µ as a model of φ and we write 〈〈φ,O〉〉D(µ) = >.

In the definition below, we also use the following notation : for S ⊆ R≥0 , the

preimage of S under τ is defined as : τ−1(S) := {i ∈ N | τ(i) ∈ S}.

Definition 2.2.3 (Discrete-Time Semantics). Let µ ∈ F(N,X) × F↑(N,R≥0) and

O ∈ F(AP,P(X)), then the discrete-time semantics1 of any formula φ ∈MTLB(AP )

is defined recursively as follows

〈〈>,O〉〉D(µ, i) := >

〈〈p,O〉〉D(µ, i) := K∈(σ(i),O(p))

〈〈¬φ1,O〉〉D(µ, i) := ¬〈〈φ1,O〉〉D(µ, i)

〈〈φ1 ∨ φ2,O〉〉D(µ, i) := 〈〈φ1,O〉〉D(µ, i) t 〈〈φ2,O〉〉D(µ, i)

1In Definition 2.2.2, the continuous-time semantics of until is strict, i.e., φ1 does not have to
hold at time t or t′, while here, the discrete-time semantics of until is non-strict. We should remark
that the discrete-time robustness estimate can also be defined using strict semantics and that the
non-strict semantics is preferred because it greatly simplifies the presentation of the material in
Chapters 5 and 7.
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〈〈φ1 UIφ2,O〉〉D(µ, i) :=
⊔

j∈τ−1(τ(i)+I)

(
〈〈φ2,O〉〉D(µ, j) u

l

i≤k<j
〈〈φ1,O〉〉D(µ, k)

)

where i, j, k ∈ N , σ = µ(1), τ = µ(2) and K∈ is the characteristic function of the ∈

relation.

We denote by TSSi(φ,O) = {µ ∈ F(N,X) × F↑(N,R≥0) | 〈〈φ,O〉〉D(µ, i) = >}

the set of all timed state sequences that satisfy φ at time i. Then, TSS(φ,O) =

TSS0(φ,O) is the set of all timed state sequences that are models of φ. In this work,

we are not interested in all the discrete-time models of φ, but only in those that have

the same timing function τ with the input timed state sequence µ. This is because

we are not interested in studying the robustness of the input timed state sequence

with respect to its timing constraints as it is done in [84, 105, 25], but with respect

to the constraints imposed on the value of the signal by the atomic propositions.

Thus, for a given timing function τ , we also define the set TSSτi (φ,O) = {µ ∈

TSSi(φ,O) | µ(2) = τ}.

Since we only consider models with the same timing function, we can ignore the

timing function altogether and use the corresponding discrete-time signal. Therefore,

we also define the set Lτi (φ,O) = {σ ∈ F(N,X) | (σ, τ) ∈ TSSi(φ,O)}. Since

µ 6∈ TSSi(φ,O) if and only if µ ∈ TSSi(¬φ,O), we also get that σ 6∈ Lτi (φ,O) if and

only if σ ∈ Lτi (¬φ,O) for σ = µ(1). Hence, Lτi (¬φ,O) = F(N,X)\Lτi (φ,O).

When we only consider LTL formulas, our notation can be reduced to the notation

used for continuous-time signals. The only thing that changes is the underlying time

domain. However, since in Part II we will be explicitly using LTL with discrete-time

semantics, we review here the simplified notation. Given a discrete-time signal σ,

we write 〈〈φ,O〉〉D(σ, i) = > when σ satisfies the formula φ at time i. When i = 0

and the formula evaluates to >, then we refer to σ as a model of φ and we write
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〈〈φ,O〉〉D(σ) = >. The set L̂i(φ,O) = {σ ∈ F(N,X) | 〈〈φ,O〉〉D(σ, i) = >} is the set

of all discrete-time signals that satisfy φ at time i.

2.2.4 Negation Normal Form

In certain cases, it is beneficial to convert a logic formula into a normal form. In

this thesis, we will extensively use the Negation Normal Form (NNF). In order to

convert an MTL formula into NNF, we push the negations inside the subformulas

such that the only allowed negation operators appear in front of atomic propositions.

The following result is immediate from the Boolean semantics of MTL formulas.

Lemma 2.2.1. Given φ ∈MTLB(AP ), the translation of φ to its equivalent formula

in Negation Normal Form is achieved using the following rewriting rules

¬¬φ = φ

¬(φ1 ∨ φ2) = ¬φ1 ∧ ¬φ2 ¬(φ1 ∧ φ2) = ¬φ1 ∨ ¬φ2

¬(φ1 UIφ2) = ¬φ1RI¬φ2 ¬(φ1RIφ2) = ¬φ1 UI¬φ2

We denote the function that applies the above rules to φ in a recursive way by nnf ,

that is, nnf : MTLB(AP ) → MTL+
B (AP ). Then, given s ∈ F(R,X) and µ ∈

F(N,X) × F↑(N,R≥0), we have 〈〈φ,O〉〉C(s) = 〈〈nnf(φ),O〉〉C(s) and 〈〈φ,O〉〉D(µ) =

〈〈nnf(φ),O〉〉D(µ).
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Chapter 3

Robustness of MTL Specifications

over Signals

This chapter introduces a new notion of robustness for signals with respect to tem-

poral logic specifications. Our notion of robustness refers to robustness with respect

to the value of the signal and not with respect to any possible timing constraints im-

posed by the formula. Since the models we use in continuous and discrete time differ,

we must also define separately the continuous and discrete-time robustness notion.

3.1 Continuous Time

3.1.1 Robustness Degree for Continuous-Time Signals

In this section, we define what it means for a signal s ∈ F(R,X) to satisfy a Metric

Temporal Logic specification robustly. For the signals that we consider in this paper,

we can naturally quantify how close two signals are by using the metric d. Let s and
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s′ be signals in F(R,X), then

ρ(s, s′) = sup
t∈R
{d(s(t), s′(t))} (3.1)

is a metric1 on the set F(R,X) = XR. Since the space of signals is equipped with

a metric, we can define a tube around a signal s (see Fig. 3.1). Given an ε > 0,

Bρ(s, ε) ⊆ F(R,X) is the set of all signals that remain ε-close to s. 
 
 

 
 
 
 

 

x 

S 

2ε

depthd(x,S) distd(x,S) 

2ε 

x
s

Bρ(s,ε)

Bd(x,ε) 

σ0 

σ1 

1 

1 

2 

2 

PΦ 

st
at

e 
va

lu
e 

1

2

τ0 τ1 

σ1 

σ2 

time 

Bρ(σ2,|ε2|) 

Bρ(σ1,ε1)

σ2

σ1

Figure 3.1: The definition of distance and depth and the associated neighborhoods.
Also, a tube (dashed lines) around a nominal signal s (dash-dotted line). The tube
encloses a set of signals (dotted lines).

Informally, we define the robustness degree to be the bound on the perturbation

that the signal can tolerate without changing the truth value of a specification ex-

pressed in the Linear [56] or Metric Temporal Logic [116]. Abstractly speaking, the

degree of robustness that a signal s satisfies an MTL formula φ is a number ε ∈ R.

Intuitively, a positive ε means that the formula φ is satisfiable in the Boolean sense

and, moreover, that all the other signals that remain ε-close to the nominal one also

satisfy φ. Accordingly, if ε is negative, then s does not satisfy φ and all the other

signals that remain within the open tube of radius |ε| also do not satisfy φ.

Definition 3.1.1 (Continuous-Time Robustness Degree). Let φ ∈ MTLB(AP ) be

1This is the standard metric - namely the sup metric - used in spaces of bounded functions [146,
§43]. Since in our definitions we allow a metric to take the value +∞, ρ is also a metric over the set
F(R,X).
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an MTL formula, O ∈ F(AP,P(X)) be an observation map and s ∈ F(R,X) be

a continuous-time signal, then Distρ(s,Lt(φ,O)) is the robustness degree of s with

respect to φ at time t and Distρ(s,L(φ,O)) is the robustness degree of s with respect

to φ.

The following proposition is a direct consequence of the definitions. It states that

all the signals s′, which have distance from s less than the robustness degree of s with

respect to φ at time t, satisfy the same specification φ as s at time t.

Proposition 3.1.1. Let φ ∈ MTLB(AP ), O ∈ F(AP,P(X)) and s ∈ F(R,X). If

ε = Distρ(s,Lt(φ,O)) 6= 0 for some t ∈ R, then for all s′ ∈ Bρ(s, |ε|), we have

〈〈φ,O〉〉C(s′, t) = 〈〈φ,O〉〉C(s, t).

In the following, given an ε > 0 any ball Bρ(s, ε) such that for all s′ ∈ Bρ(s, ε) we

have 〈〈φ,O〉〉C(s′, t) = 〈〈φ,O〉〉C(s, t) will be referred to as robust neighborhood. Note

that the robustness degree of s with respect to φ is actually the radius of the largest

robustness neighborhood around s.

Remark 3.1.1. If ε = 0, then the truth value of φ with respect to s is not robust,

i.e., there exists some time t such that a small perturbation of the signal’s value s(t)

can change the Boolean truth value of the formula with respect to s.

Proposition 3.1.1 has an important implication. If there is a way to guarantee

that a set of signals remains δ-close to a signal that satisfies the specification with

robustness degree ε ≥ δ, then we can infer that all the other signals in the set

also satisfy the same specification. Similarly, if the nominal signal does not satisfy

the MTL formula, then no other signal in its ε-neighborhood does. Nevertheless,

the set L(φ,O) cannot be computed or represented analytically. In the rest of this

chapter and in Chapter 5, we develop a series of approximations that will enable us
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to compute an under-approximation of the robustness degree by directly operating

on a given signal.

3.1.2 Robustness Estimate for Continuous-Time Signals

As explained in the previous section, the robustness degree is the maximum radius of

the neighborhood that we can fit around a given signal s without changing the truth

value of the formula. But are there other ways to determine and compute robust

neighborhoods? In this section, we answer this question in a positive manner by

introducing robust semantics for MTL formulas.

The robust semantics for MTL formulas are multi-valued semantics over the lin-

early ordered set R. We define the valuation function on the atomic propositions to

be the depth (or the distance) of the current value of the signal s(t) in (from) the

set O(p) labeled by the atomic proposition p. Intuitively, this distance represents

how robustly is the point s(t) within a set O(p). If this metric is zero, then even the

smallest perturbation of the point can drive it inside or outside the set O(p) dramat-

ically affecting membership. For the purposes of the following discussion, we use the

notation [[φ,O]]C(s, t) to denote the robust valuation of the formula φ over the signal

s at time t. Formally, [[·, ·]]C : (MTLR∪B(AP )×F(AP,P(X)))→ (F(R,X)×R→ R).

Definition 3.1.2 (Continuous-Time Robust Semantics). Let s ∈ F(R,X), c ∈ R

and O ∈ F(AP,P(X)), then the continuous-time robust semantics of any formula

φ ∈MTLR∪B(AP ) with respect to s is recursively defined as follows

[[>,O]]C(s, t) := +∞

[[c,O]]C(s, t) := c

[[p,O]]C(s, t) := Distd(s(t),O(p))
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[[¬φ1,O]]C(s, t) := −[[φ1,O]]C(s, t)

[[φ1 ∨ φ2,O]]C(s, t) := [[φ1,O]]C(s, t) t [[φ2,O]]C(s, t)

[[φ1 UIφ2,O]]C(s, t) :=
⊔

t′∈(t+RI)

(
[[φ2,O]]C(s, t′) u

l

t<t′′<t′

[[φ1,O]]C(s, t′′)
)

where t, t′, t′′ ∈ R.

It is easy to verify that the semantics of the negation operator give us all the usual

nice properties such as the De Morgan laws: atb = −(−au−b) and aub = −(−at−b),

involution: −(−a) = a and antisymmetry: a ≤ b iff −a ≥ −b for a, b ∈ R. Therefore,

we can convert any MTL formula φ into negation normal form.

Lemma 3.1.1. Given an MTL formula φ ∈ MTLB∪R(AP ), an observation map

O ∈ F(AP,P(X)), a continuous-time signal s ∈ F(R,X) and any time t ∈ R, we

have [[φ,O]]C(s, t) = [[nnf(φ),O]]C(s, t).

The next theorem comprises the basic step for establishing that the robust inter-

pretation of an MTL formula φ over a signal s evaluates to the radius of a robust

neighborhood.

Theorem 3.1.1. Given an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(X)) and a continuous-time signal s ∈ F(R,X), then for any t ∈ R, we

have −distρ(s,Lt(φ,O)) ≤ [[φ,O]]C(s, t) ≤ depthρ(s,Lt(φ,O)).

Essentially, Theorem 3.1.1 states that the evaluation of the robust semantics of

a formula can be bounded by its robustness degree. In detail, we have : (i) if s ∈

Lt(φ,O), then 0 ≤ [[φ,O]]C(s, t) ≤ distρ(s,Lt(¬φ,O)), and if s ∈ Lt(¬φ,O), then

−distρ(s,Lt(φ,O)) ≤ [[φ,O]]C(s, t) ≤ 0. Hence, the inequality

|[[φ,O]]C(s, t)| ≤ |Distρ(s,Lt(φ,O))| (3.2)
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Figure 3.2: The signal s1 and its robustness neighborhood with radius 0.2398.

holds. Therefore from Theorem 3.1.1 and Proposition 3.1.1, we establish as corollary

that the robust interpretation of a formula indeed evaluates to the radius of a robust

neighborhood.

Corollary 3.1.1. Given an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(X)) and a continuous-time signal s ∈ F(R,X), if for some t ∈ R,

we have ε = [[φ,O]]C(s, t) 6= 0, then for all s′ ∈ Bρ(s, |ε|), we have 〈〈φ,O〉〉C(s′, t) =

〈〈φ,O〉〉C(s, t).

Example 3.1.1. Consider again the continuous-time signal s1 in Fig. 2.1 and assume

that we are given the MTL specification φ0 = 2p1∧3[7π,+∞)p2, where O(p1) = [−2, 2]

and O(p2) = (−∞, 0]. Then, [[φ0,O]]C(s1) ≈ 0.2398. Note that any other signal that

remains within the tube around s1 in Fig. 3.2 also satisfies the specification φ0.

The following proposition states the relationship between the Boolean and the

robust semantics of MTL.

Proposition 3.1.2. For a formula φ ∈ MTLB(AP ), a map O ∈ F(AP,P(X)), a

continuous-time signal s ∈ F(R,X) and some time t ∈ R, the following results hold

1. [[φ,O]]C(s, t) > 0⇒ 〈〈φ,O〉〉C(s, t) = >

2. [[φ,O]]C(s, t) < 0⇒ 〈〈φ,O〉〉C(s, t) = ⊥
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3. 〈〈φ,O〉〉C(s, t) = > ⇒ [[φ,O]]C(s, t) ≥ 0

4. 〈〈φ,O〉〉C(s, t) = ⊥ ⇒ [[φ,O]]C(s, t) ≤ 0

Note that the equivalence in the above proposition fails because, if a point is on

the boundary of the set, its distance to the set or its depth in the set is by definition

zero. Therefore, the point is classified to belong to that set even if the set is open in

the topology.

The previous result raises one important question. If we had a procedure that

computes 〈〈φ,O〉〉C(s, t), can we determine a lower bound on [[φ,O]]C(s, t)? In other

words, given an ε > 0, can we establish that the robust semantics of φ with respect to

s evaluate at least to ε? We can provide a positive answer to this question by simply

modifying the observation map O.

But, first, we must be able to distinguish between negative and positive atomic

propositions. That is, atomic propositions with and without a negation operator pre-

ceding them. Hence, given an MTL formula φ, we consider its equivalent negation nor-

mal form nnf(φ). However, there might still exist negation operators in the formula

nnf(φ), namely in front of atomic propositions. Therefore, we introduce an extended

set of atomic propositions ΞAP . In detail, we first define two new sets of symbols

Ξ+
AP = {ξp | p ∈ AP} and Ξ−AP = {ξ¬p | p ∈ AP} and, then, we set ΞAP = Ξ+

AP ∪Ξ−AP .

We also define a translation operator pos : MTL+
B (AP )→MTL+

B (ΞAP ) which takes

as input an MTL formula φ in NNF and it returns a formula pos(φ) where the oc-

currences of the terms p and ¬p have been replaced by the members ξp and ξ¬p of

ΞAP respectively.

Since we have a new set of atomic propositions, namely ΞAP , we need to define

a new map Oe : ΞAP → P(X) for the interpretation of the propositions. This is
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straightforward

∀ζ ∈ ΞAP ,Oe(ζ) =:




O(p) if ζ = ξp for p ∈ AP

X\O(p) if ζ = ξ¬p for p ∈ AP

Then, the following result is immediate from Lemma 3.1.1 and the definition of Oe.

Lemma 3.1.2. Given a signal s ∈ F(R,X), a time t ∈ R, a formula φ ∈MTLB(AP )

and a map O : AP → P(X), then we have

1. 〈〈φ,O〉〉C(s, t) = 〈〈pos(nnf(φ)),Oe〉〉C(s, t), and,

2. [[φ,O]]C(s, t) = [[pos(nnf(φ)),Oe]]C(s, t).

At this point, we have distinguished between the regions that must be avoided

(Ξ−AP ) and the regions that must be reached (Ξ+
AP ). We proceed to formally define

what we mean by region contraction and expansion in order to define the modified

(or ε-robustified) map Oeε.

Definition 3.1.3 (ε-Contraction, ε-Expansion). Let S ⊆ X and ε > 0, then

• Cd(S, ε) = {x ∈ X | Bd(x, ε) ⊆ S} is the δ-contraction of the set S, and

• Ed(S, ε) = {x ∈ X | Bd(x, ε) ∩ S 6= ∅} is the δ-expansion of the set S.

Now, the ε-robust interpretation of a given MTL formula φ can be achieved by

simply introducing a new map Oeε : ΞAP → P(Z), where Z = Cd(X, ε). For a given

ε ∈ R≥0, the definition of the map Oeε is founded on the map Oe as follows:

∀ξ ∈ ΞAP , Oeε(ξ) =: Cd(Oe(ξ), ε).

The following theorem is the connecting link between the robust and Boolean seman-

tics. Informally, it states that given ε > 0, if a continuous-time signal s satisfies the
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ε-robust interpretation of the input specification φ′ = pos(nnf(φ)), then its robust-

ness with respect to φ should be greater than ε.

Theorem 3.1.2. Let the formula φ ∈ MTLB(AP ), the map O ∈ F(AP,P(X)),

the continuous-time signal s ∈ F(R,X) and the number ε ∈ R>0 be given. Set

φ′ = pos(nnf(φ)), then 〈〈φ′,Oeε〉〉C(s, t) = > implies [[φ,O]]C(s, t) ≥ ε.

At this point, we have not yet answered what is the exact relationship between

[[φ,O]]C(s, t) and Distρ(s,Lt(φ,O)). For example, could we have replaced the in-

equality in equation (3.2) with an equality? As the following example indicates, the

inequality in equation (3.2) is usually strict. Therefore, in the following we refer to

the evaluation of the robust semantics [[φ,O]]C(s, t) as the robustness estimate.

Example 3.1.2. Consider the constant signal s(t) = 0 for t ≥ 0 and the formula

ψ = 2(p1 ∨ p2) with O(p1) = (−1, 2) and O(p2) = (−2, 1). It is easy to see that

L(ψ,O) = (−2, 2)R≥0 and, thus, Distρ(s,L(ψ,O)) = 2. However,

[[ψ,O]]C(s) =
l

t≥0

([[p1,O]]C(s, t) t [[p2,O]]C(s, t)) =
l

t≥0

(1 t 1) = 1.

In other words, the robust MTL semantics evaluate to an under-approximation of the

robustness degree.

Unfortunately, the robust semantics cannot always capture the fact that a signal

is robust with respect to a specification. The next example demonstrates how the

robustness estimate might evaluate to zero even when the formula is valid.

Example 3.1.3. Consider the constant signal s(t) = 0 for t ≥ 0 and the formula

ψ = 2(p1∨p2) with O(p1) = [0,+∞) and O(p2) = (−∞, 0]. Clearly, L(ψ,O) = RR≥0,

i.e., the formula is valid, and, thus, Distρ(s,L(ψ,O)) = +∞. However, [[ψ,O]]C(s) =
d
t≥0 ([[p1,O]]C(s, t) t [[p2,O]]C(s, t)) =

d
t≥0 (0 t 0) = 0.
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These undesirable effects can be minimized or even avoided if we understand how

equality breaks. Generally speaking, the strict inequality between the robustness

estimate and robustness degree manifests itself in four distinct ways: (i) at the level

of the atomic propositions, e.g., p1 ∨ p2, (ii) due to the existence of tautologies in

the formula, e.g., p ∨ ¬p, (iii) when we consider disjuncts of MTL subformulas, e.g.,

φ1 ∨ φ2, and more importantly, (iv) due to the supremum operator in the semantics

of the until temporal operator. The mathematical principle that is behind the above

four cases is the fact that the distance of a point from the intersection of two sets

is not equal to the maximum of the distance of the point from each set [139]. The

details of how this is manifested in the relationship between the robustness degree

and the robustness estimate can be found in the proof of Theorem 3.1.1 in Appendix

8.1.

The first case can be remedied by introducing a new symbol for each Boolean

combination of atomic propositions. The second and third conditions require the

attention of the user of the algorithm. Even though the above cases can be fixed by

introducing syntactic restrictions, the last case captures the fundamental difference

between the robustness degree and the robustness estimate. The signals in Bρ(s, |ε|)

with ε = Distρ(s,L(φ,O)) can satisfy or falsify the specification φ at different time

instants than s. On the other hand, the robustness estimate returns the radius of

the robust neighborhood of signals that satisfy the specification at the same point in

time.

However, some applications (see for example [59] or Section 6) might benefit from

specifications φ in MTL for which the equality holds, that is,

[[φ,O]]C(s) = Distρ(s,L(φ,O)). (3.3)
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The following result indicates a fragment of MTL for which equality (3.3) holds.

Note that we have not imposed any conditions on the metric d, the set F(R,X) or

the topology of the sets O(p).

Proposition 3.1.3. Consider a formula φ ∈ MTL+
B (AP,∧,2), an observation map

O ∈ F(AP,P(X)) and a signal s ∈ F(R,X), then for any t ∈ R, 〈〈φ,O〉〉C(s, t) = >

implies [[φ,O]]C(s, t) = Distρ(s,Lt(φ,O)).

Since duality holds in our definition of the robust semantics, the next result is

immediate.

Corollary 3.1.2. Consider a formula φ ∈ MTL+
B (AP,∨,3), an observation map

O ∈ F(AP,P(X)) and a signal s ∈ F(R,X), then for any t ∈ R, 〈〈φ,O〉〉C(s, t) = ⊥

implies [[φ,O]]C(s, t) = Distρ(s,Lt(φ,O)).

Remark 3.1.2. Further results on the equality (3.3) are possible on a case-by-case

basis by imposing additional conditions on the metric d, the sets F(R,X) and X (and

their respective topologies) and/or the structure of the sets O(p).

Remark 3.1.3. The results in Section 2 hold for any linearly ordered time domain

and not just the real line. As it can be seen in the proofs in Appendix 8.1, the only

requirement is that the timing constraints I in a formula φ must refer to the same

time domain as the domain of the signal s. For example, consider a discrete-time

signal σ ∈ F(N,X), where N ⊆ N, and the formula 3[1,3]p1. In this case, the timing

constraints [1, 3] refer to the discrete-time domain of σ where the time now counts

clock ticks or samples instead of real time.
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3.2 Discrete Time

3.2.1 Robustness Degree for Timed State Sequences

Similarly to the continuous-time case, we define a metric for the discrete-time signals.

Let σ and σ′ be discrete-time signals in F(N,X), then

ρ̂(σ, σ′) = sup
i∈N
{d(σ(i), σ′(i))} (3.4)

is a metric on the set F(N,X) = XN . Now, the neighborhood Bρ̂(σ, ε) contains all

the discrete-time signals that remain ε-close to σ. For notational convenience, we

extend the definition of the neighborhood B over timed state sequences under the

same timing function τ as follows. If µ = (σ, τ), µ′ = (σ′, τ) and s′ ∈ Bρ̂(σ, ε), then

µ′ ∈ Bρ̂(µ, ε). The formulation of the robustness degree for the discrete-time case is

straightforward.

Definition 3.2.1 (Discrete-Time Robustness Degree). Consider an MTL formula

φ ∈ MTLB(AP ), an observation map O ∈ F(AP,P(X)) and a timed state se-

quence µ ∈ F(N,X) × F↑(N,R≥0), then Distρ̂(σ,Lτi (φ,O)), where σ = µ(1) and

τ = µ(2), is the discrete-time robustness degree of µ with respect to φ at time i ∈ N

and Distρ̂(σ,Lτ (φ,O)) is the discrete-time robustness degree of µ with respect to φ.

As before, the following proposition is derived directly from the definitions. It

states that all the timed state sequences µ′ which have the same timing function τ

with µ and whose discrete-time signals µ′(1) have distance from µ(1) less than the

robustness degree of µ with respect to φ satisfy the same specification φ as µ under

τ .

Proposition 3.2.1. Let φ ∈MTLB(AP ) be an MTL formula, O ∈ F(AP,P(X)) be

an observation map and µ ∈ F(N,X) × F↑(N,R≥0) be a timed state sequence. Also,
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let σ = µ(1) and τ = µ(2). If ε = Distρ̂(σ,Lτi (φ,O)) 6= 0 for some i ∈ N , then for all

µ′ = (σ′, τ) such that σ′ ∈ Bρ̂(σ, |ε|), we have 〈〈φ,O〉〉D(µ′, i) = 〈〈φ,O〉〉D(µ, i).

A major advantage of discrete-time robustness, when compared to the continuous-

time case, is that now the set Lτ (φ,O) can be computed when N = dom(τ) is a finite

set. In [150], it was proven the one can construct an acceptor Aφ (in the form of a

timed alternating automaton with one clock) for the finite models of any formula φ in

the logic MTL with point-based semantics. Assume now that we are given an MTL

formula φ ∈ MTLB(AP ) and a timing function τ ∈ F↑(N,R≥0). For that particular

τ , we can find the set TSSτ (Aφ) of all timed state sequences (or timed words) (w, τ)

with w ∈ F(N,P(AP )) that are accepted by Aφ. One way to do so is to construct

the set W of all possible untimed words w of length |N |, that is W = F(N,P(AP )),

and, then, for each w ∈ W verify whether (w, τ) is accepted by Aφ, i.e., whether

(w, τ) ∈ TSSτ (Aφ). From the set TSSτ (Aφ), we can easily derive the set

Lτ (φ,O) =
⋃

(w,τ)∈TSSτ (Aφ)

∏

i∈N


 ⋂

p∈w(i)

O(p) ∩
⋂

p∈AP\w(i)

X\O(p)


 .

The following example illustrates the concept of robustness for temporal logic

formulas interpreted over finite (timed) state sequences.

Example 3.2.1. Assume that we are given the LTL specification φ = p1 Up2 such

that O(p1) = [1, 2] ⊆ R and O(p2) = [0, 1) ⊆ R. Note that the sets O(p1) and O(p2)

are disjoint. Consider now two timed state sequences µ1 = (σ1, τ) and µ2 = (σ2, τ)

with time domain N = {0, 1} taking values in R such that σ1(0) = 1, σ1(1) = 0.5 and

σ2(0) = 1.7, σ2(1) = 1.3. In this simple case, we can compute the set Lτ (φ,O) with

the procedure described above. The four untimed words that generate non-empty sets

and satisfy the specification φ are w1 = ({p2}, {p1}), w2 = ({p2}, {p2}), w3 = ({p2}, ∅)
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and w4 = ({p1}, {p2}). Hence, we get Lτ (φ,O) = O(p2) × O(p1) ∪ O(p2) × O(p2) ∪

O(p2)×X\(O(p1)∪O(p2))∪O(p1)×O(p2) = [0, 1)×R∪ [1, 2]× [0, 1) (see Fig. 3.3).

Therefore, ε1 = Distρ̂(σ1,Lτ (φ,O)) = 0.5 and ε2 = Distρ̂(σ2,Lτ (φ,O)) = −0.3.
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Figure 3.3: On the left appears the time-domain representation of the discrete-time
signals σ1 and σ2 of Example 3.2.1. On the right appears the space of the discrete-time
signals of length 2. Each x represents a signal as a point in R2.

Remark 3.2.1. In the case of LTL, the construction of the set Lτ (φ,O) can be slightly

improved. Giannakopoulou and Havelund [75] have developed an efficient algorithm

for the translation of LTL formulas over finite traces to finite automata.

3.2.2 Robustness Estimate for Timed State Sequences

The aforementioned theoretical construction of the set Lτ (φ,O) cannot be of sig-

nificant practical interest. Moreover, the definition of robustness degree involves a

number of set operations (union, intersection and complementation) in the possibly

high dimensional spaces X and F(N,X), which can be computationally expensive

in practice. Fortunately, the discrete-time robust semantics of MTL can provide

us with a feasible method for under-approximating the robustness degree of (finite)

timed state sequences.

Definition 3.2.2 (Discrete-Time Robust Semantics). Let µ ∈ F(N,X)×F↑(N,R≥0),

c ∈ R and O ∈ F(AP,P(X)), then the discrete-time robust semantics of any formula

41



φ ∈MTLR∪B(AP ) with respect to µ is recursively defined as follows

[[>,O]]D(µ, i) := +∞

[[c,O]]D(µ, i) := c

[[p,O]]D(µ, i) := Distd(σ(i),O(p))

[[¬φ1,O]]D(µ, i) := −[[φ1,O]]D(µ, i)

[[φ1 ∨ φ2,O]]D(µ, i) := [[φ1,O]]D(µ, i) t [[φ2,O]]D(µ, i)

[[φ1 UIφ2,O]]D(µ, i) :=
⊔

j∈τ−1(τ(i)+I)

(
[[φ2,O]]D(µ, j) u

l

i≤k<j
[[φ1,O]]D(µ, k)

)

where i, j, k ∈ N , σ = µ(1) and τ = µ(2).

Similarly to the continuous-time robust semantics, the following results hold.

Lemma 3.2.1. Given an MTL formula φ ∈ MTLB, an observation map O ∈

F(AP,P(X)), a timed state sequence µ ∈ F(N,X)×F↑(N,R≥0) and any time i ∈ N ,

we have [[φ,O]]D(µ, i) = [[nnf(φ),O]]D(µ, i).

Again, the robust semantics evaluate to the radius of a robust neighborhood.

Theorem 3.2.1. Given an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(X)) and a timed state sequence µ = (σ, τ) ∈ F(N,X)×F↑(N,R≥0), then

for any i ∈ N , we have −distρ̂(σ,Lτi (φ,O)) ≤ [[φ,O]]D(µ, i) ≤ depthρ̂(σ,Lτi (φ,O)).

That is, the inequality |[[φ,O]]D(µ)| ≤ |Distρ̂(µ
(1),Lµ(2)

(φ,O))| holds in the case

of discrete-time semantics, too. In addition, we get the following Corollary.

Corollary 3.2.1. Given an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(X)) and a timed state sequence µ ∈ F(N,X)×F↑(N,R≥0), let σ = µ(1)

and τ = µ(2). If for some i ∈ N we have ε = [[φ,O]]D(µ, i) 6= 0, then for all µ′ = (σ′, τ)

such that σ′ ∈ Bρ̂(σ, |ε|) we have 〈〈φ,O〉〉D(µ′, i) = 〈〈φ,O〉〉D(µ, i).
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Moreover, the relationship between robust and Boolean semantics in discrete-time

is maintained.

Proposition 3.2.2. For an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(X)), a timed state sequence µ ∈ F(N,X)× F↑(N,R≥0) and some time

instant i ∈ N , the following results hold

1. [[φ,O]]D(µ, i) > 0⇒ 〈〈φ,O〉〉D(µ, i) = >

2. [[φ,O]]D(µ, i) < 0⇒ 〈〈φ,O〉〉D(µ, i) = ⊥

3. 〈〈φ,O〉〉D(µ, i) = > ⇒ [[φ,O]]D(µ, i) ≥ 0

4. 〈〈φ,O〉〉D(µ, i) = ⊥ ⇒ [[φ,O]]D(µ, i) ≤ 0

Finally, we close this section by restating Proposition 3.1.3 and Corollary 3.1.2 for

discrete-time semantics.

Proposition 3.2.3. Consider a formula φ ∈ MTL+
B (AP,∧,2), an observation map

O ∈ F(AP,P(X)) and a timed state sequence µ ∈ F(N,X)×F↑(N,R≥0), then for any

i ∈ N , 〈〈φ,O〉〉D(µ, i) = > implies [[φ,O]]D(µ, i) = Distρ̂(σ,Lτi (φ,O)), where σ = µ(1)

and τ = µ(2).

Corollary 3.2.2. Consider a formula φ ∈ MTL+
B (AP,∨,3), an observation map

O ∈ F(AP,P(X)) and a timed state sequence µ ∈ F(N,X) × F↑(N,R≥0), then for

any i ∈ N , 〈〈φ,O〉〉D(µ, i) = ⊥ implies [[φ,O]]D(µ, i) = Distρ̂(σ,Lτi (φ,O)), where

σ = µ(1) and τ = µ(2).

3.2.3 Testing the Robustness of Temporal Properties

In this section, we present a procedure that computes the robustness estimate of a

finite timed state sequence µ with respect to a specification φ stated in the Metric
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Temporal Logic. For this purpose, we design a monitoring algorithm based on the

robust semantics of MTL.

Similarly to the monitoring algorithm in [174], we start from the definition of the

robust semantics of the until operator and using the distributive law (see Appendix

8.2.1), we can derive an equivalent formulation (we have omitted the map O):

[[φ1 UIφ2]]D(µ, i) =





(K∞∈ (0, I) u [[φ2]]D(µ, i))t

t
(
[[φ1]]D(µ, i) u [[φ1 UI−Rδτ(i)φ2]]D(µ, i+ 1)

)
if i < maxN

K∞∈ (0, I) u [[φ2]]D(µ, i) otherwise

where τ = µ(2), N = dom(τ), δτ(i) = τ(i + 1)− τ(i) and K∞∈ (a,A) = +∞ if a ∈ A

and −∞ otherwise.

Algorithm 1 Monitoring the Robustness of Timed State Sequences

Input: An MTL formula φ, a finite timed state sequence µ = (σ, τ) and a predicate
map O
Output: The formula’s robustness estimate

1: procedure Monitor(φ, µ,O)
2: i← 0
3: while φ 6= ε ∈ R do . φ has not been reduced to a value
4: if i < max dom(τ) then φ← Derive(φ, σ(i), δτ(i),⊥,O)
5: else φ← Derive(φ, σ(i), 0,>,O)
6: end if
7: i← i+ 1
8: end while
9: end procedure

Using the recursive definition, it is easy to derive Algorithm 1 that returns the

robustness estimate of a given finite timed state sequence µ with respect to an MTL

formula φ. Algorithm 2 is the core of the monitoring procedure. It takes as input

the temporal logic formula φ, the current state σ(i) and the time period before the

next state occurs, it evaluates the part of the formula that must hold on the current

state and returns the formula that it has to hold at the next state of the timed state
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Algorithm 2 Deriving the Future

Input: The MTL formula φ, the current value of the signal x, the time period δt
before the next value in the signal, a variable last indicating whether the next state
is the last and the predicate map O
Output: The MTL formula φ that has to hold at the next moment in time

1: procedure Derive(φ, x, δt, last,O)
2: if φ = > then return +∞
3: else if φ = ε ∈ R then return ε
4: else if φ = p ∈ AP then return Distd(x,O(p))
5: else if φ = ¬φ1 then return ¬Derive(φ1, x, δt, last,O)
6: else if φ = φ1 ∨ φ2 then
7: return Derive(φ1, x, δt, last,O)∨Derive(φ2, x, δt, last,O)
8: else if φ = φ1 UIφ2 then
9: α← K∞∈ (0, I)∧Derive(φ2, x, δt, last,O)

10: if last = > then return α
11: else return α ∨ (Derive(φ1, x, δt, last,O) ∧ φ1 UI−δtφ2)
12: end if
13: end if
14: end procedure

sequence.

In order to avoid the introduction of additional connectives in our logic that would

unnecessarily increase the length of this paper, we have presented Algorithm 2 merely

as rewriting procedure on the input formula φ. This implies that the procedure

Monitor would return a Boolean combination ψ of numbers from R. Then, the

robustness estimate would simply be [[ψ,O]]D(µ). For example, if ψ = ∧a∈A ∨b∈Ba
cab with cab ∈ R, then [[ψ,O]]D(µ) = ua∈A tb∈Ba cab. In an implementation of the

algorithm, the following simplifications must be performed at each call of Algorithm

2 : ε1 ∨ ε2 is replaced by ε = ε1 t ε2, ¬ε is replaced by −ε and, also, φ ∧ +∞ ≡ φ,

φ ∨ −∞ ≡ φ, φ ∨+∞ ≡ +∞ and φ ∧ −∞ ≡ −∞.

The following lemma is immediate since the formulation of until in Algorithm 2

is equivalent with the robust interpretation of until in Definition 3.2.2.

Lemma 3.2.2. Given an MTL formula φ ∈ MTLB(AP ), a map O ∈ F(AP,P(X))
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and a finite timed state sequence µ ∈ F(N,X)× F↑(N,R≥0), then for any i < maxN

we have [[φ,O]]D(µ, i) = [[Derive(φ, σ(i), δτ(i),⊥,O)]]D(µ, i + 1), where σ = µ(1),

τ = µ(2) and N = dom(τ).

Using Lemma 3.2.2 and the fact that the temporal operators are eliminated from

φ when last = >, we derive the following theorem as corollary.

Theorem 3.2.2. Given an MTL formula φ ∈MTLB(AP ), a map O ∈ F(AP,P(X))

and a finite timed state sequence µ ∈ F(N,X)× F↑(N,R≥0), then

[[φ,O]]D(µ) = [[Monitor(φ, µ,O)]]D(µ).

The theoretical complexity of the Boolean-valued monitoring algorithms has been

studied in the past for both the Linear [138] and the Metric Temporal Logic [174].

Practical algorithms for monitoring of Boolean-valued finite timed state sequences

using rewriting have been developed by several authors [92, 119].

Essentially, the new part in Algorithm 2 - when compared with Boolean monitoring

- is the evaluation of the atomic propositions. How easy is to compute the signed

distance? When the set X is just R, the set S is an interval and the metric d is

the function d1(x, y) = |x − y|, then the problem reduces to finding the minimum

of two values. For example, if S = [a, b] ⊆ R and x ∈ S, then Distd(x, S) =

min{|x − a|, |x − b|}. When the set X is Rn, S ⊆ Rn is a convex set and the

metric d is the Euclidean distance, i.e., de(x, y) = ‖x − y‖ =
√∑n

i=1(xi − yi)2, then

we can calculate the distance (distd) by solving very efficient convex optimization

problems. If, in addition, the set S is just a halfspace S = {x | aTx ≤ b}, then

there exists an analytical solution : distd(x, S) = |b − aTx|/‖a‖ if aTx > b and

0 if aTx ≤ b. Moreover, if the set S a is concave set defined by a finite union

of halfspaces Si, i.e., S = ∪i∈ISi, then the distance of a point x from S is simply
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distd(x, S) = mini∈I distd(x, Si). Similar results hold for ellipsoidal sets. For further

details on such distance computation problems see [26, §8].

The theoretical complexity of Algorithm 1 is an open problem which we plan to

address in the future. Note however that the theoretical running times of convex

optimization algorithms are only approximate (see Part III in [26]) and, thus, they

do not capture the efficient running times of actual practical implementations. Nev-

ertheless, it is immediate that the theoretical complexity of Algorithm 1 cannot be

easier than the complexity of the Boolean monitoring algorithms in [138, 174].

3.3 TaLiRo

TemporAl LogIc RObustness (or TaLiRo) is a tool that computes the robustness

estimate ε of an MTL formula φ with respect to a finite timed state sequence µ.

Version 0.1 is available in two formats (Windows and Linux) and it supports only 1D

signals. When TaLiRo is executed without any input arguments, i.e., taliro, then

it takes as input arguments the demo input files demo spec.txt and demo data.txt

that are distributed with the tool. The input arguments to taliro must be two input

files, e.g., taliro inputspec.txt inputdata.txt.

� This is a console application. In order to execute TaLiRo, you have to open

a console window in the MS Windows family products : start -> run, then

type cmd and change to the directory where you have unzipped the software package.

Note that in certain versions of Linux systems you might have to type ./taliro

instead of taliro in order to run the software.

3.3.1 Explanation of Input Arguments

Usage taliro inputspec.txt inputdata.txt
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The file inputspec.txt, as the name implies, includes the MTL or LTL formula

as well as the observation map O and some auxiliary variables. A typical input in

ASCII format is the following.

01. % Demo input specification file for TaLiRo

02. % G. Fainekos - GRASP Lab - 2008.01.22

03.

04. [](p1-><> (0,.5) !p1)

05.

06. signal dimension : 1

07.

08. number of predicates : 3

09.

10. p1 number of constraints : 1

11. -1.0 -1.0

12.

13. p2 number of constraints : 2

14. 1.0 0.5

15. -1.0 0.5

16.

17. p3 number of constraints : 1

18. 1.0 -1.0

19.

20. timing constraints on the number of samples : no

21. number of samples : 3142

The lines that start with the special character % are comment lines, e.g. lines 01
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and 02. The empty lines, e.g., 03, 05, are not required, however they make the text

more readable.

Line 04 is the MTL or LTL formula. Table 3.1 indicates the correspondence

between the symbols of the logical operators and the input ASCII characters. The

¬ ∨ ∧ → ↔
! \/ /\ -> <->

2 3 U R
[] <> U R

Table 3.1: Correspondence between logical operators and ASCII symbols.

timing constraints on the temporal operators follow the temporal operator using an

underscore. That is, if T ∈ { [], <>, R, U }, then T I is a temporal operator

with timing constraints. In turn, the timing constraints I can have the form �

a, b �, where �∈ { (, [ }, �∈ { ), ] } and a, b ∈ Q ∪ {±inf}. Currently, no

negative numbers are allowed in the timing constraints I since we do not consider

past operators. Some examples of timing constraints on the temporal operators are :

U (0.23,5.12), [] [0,30], R [10,inf), <> [2,2]

Finally, if there is no timing constraint after a temporal operator, then I = [0,+inf)

is implied2.

� If the timing constraints refer to the actual evolution of time, that is, to the

timestamps τ(i) of a timed state sequence µ = (σ̄, τ), then we have to store the

bounds of I using double precision floating point variables. In this case, comparisons

that involve equality (≤,≥,=) become dubious and should be avoided, i.e., avoid

using closed [·, ·] or half-closed [·, ·), (·, ·] intervals. On the other hand, if the timing

constraints refer to the number of samples, then the bounds on I are stored using

integer variables and comparisons involving equalities are meaningful.

2In future versions of TaLiRo, if no temporal operator in the formula has timing constraints,
then the formula will be tested using a more memory efficient LTL version of the algorithm.
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Line 06 refers to the dimension n of the space Rn that the signal takes values.

Version 0.1 of TaLiRo only supports 1D signals, i.e., n = 1. This line is added for

compatibility with future versions.

Line 08 refers to the number of predicates which are in the domain of the ob-

servation map O. The following lines (09-19) contain the definition of each set that

is labeled by an atomic proposition. The declaration of each set begins with the

statement :

<predicate> number of constraints : <m>

In the position of <predicate>, we can place any predicate name that is a combina-

tion of alphanumeric characters, e.g., pred1, p1, bb, aa123bb etc. For computational

reasons, the subsets of Rn are defined using intersections of halfspaces. This implies

that the sets labeled by the atomic propositions are actually convex polyhedral sets.

Note that this is not a fundamental restriction of the toolbox, since concave sets can

be defined by taking the negation of an atomic proposition. The number m denotes

how many halfspaces define a set. Each halfspace i of the set is represented by an

inequality of the form
∑n

j=1 aijσ
(j) ≤ bi, where σ(j) is the j-th component (or contin-

uous variable) of signal σ and aij, bi ∈ R. Then, the set O(< predicate >) can be

defined by the conjunction of the aforementioned inequalities :
∧m
i=1

∑n
j=1 aijσ

(j) ≤ bi.

The latter can also be represented by a matrix inequality Aσ ≤ B, where A = {aij}

and B = {bi}. The matrices A and B are given as inputs to TaLiRo in the form

of a concatenated matrix [A|B]. For example, consider the atomic proposition p2

defined in lines 13-15 which has two constraints. The first constraint indicates that

σ(1) ≤ 0.5, while the second that −σ(1) ≤ 0.5. In other words, O(p2) = [−0.5, 0.5].

In lines 10-11, the atomic proposition p1 defines the set O(p1) = [1,+∞).

� Version 0.1 of TaLiRo does not check for emptiness of the sets. Future versions
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will have this functionality.

Line 20 indicates whether the timing constraints refer to the number of sampling

points or not. In cases where the sampling step is constant, i.e., τ(i + 1) − τ(i) =

∆τ ∈ Q for all i > 0, then it might be beneficial to write the timing constraints on the

temporal operators with respect to the number of sampling points instead the actual

time. For example, if ∆τ = 0.1, then the formula <> [0.1,0.5]p1 can be converted

to <> [1,5]p1. In the latter case, the equality checks become meaningful since we

require that p1 holds at some point between the next and the next five samples.

� If the answer in line 20 is no or the temporal logic formula is in LTL, then we

must still provide the timestamps in the file inputdata.txt even though the

timestamps are ignored by the algorithm.

Finally, line 21 indicates the length of the input timed state sequence.

The file inputdata.txt contains the timestamps and the data of the discrete-

time signal. The first column contains the timestamps of the samples, while the

following columns contain the data for each dimension of the signal. The following

table presents the first 5 lines of such an input file generated for an 1D signal. In this

example, the sampling step is constant with ∆τ = 0.01.

0.0000000e+000 0.0000000e+000

1.0000000e-002 2.3998800e-002

2.0000000e-002 4.7990401e-002

3.0000000e-002 7.1967605e-002

4.0000000e-002 9.5923223e-002

...
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3.3.2 Examples

The examples presented below were run on PIII 1.2GHz with 1GB RAM under Win-

dows XP. First, assume that we are given the discrete-time signal σ1 (see Fig. 2.2)

and the corresponding timing function τ1. The signal σ1 has 110 sampling points.

We would like to verify that whenever the value of the signal raises above the value

1.5, then it drops below 1.5 within 1 time unit. This can be formally stated with the

MTL formula

[](p1 -> <> (0.0,1.0)!p1) (3.5)

where O(p1) = [1.5,+∞). The output of TaLiRo for this case is

robustness : 0.097603

total running time : 0.030000 sec

In this example, since the sampling step is constant, i.e., 0.2, we can test the same

specification over the number of samples and include the upper bound of the timing

constraint – if this is desirable. Then, the formula becomes

[](p1 -> <> (0,5]!p1) (3.6)

The output of TaLiRo is

robustness : 0.317274

total running time : 0.020000 sec

If we reduce the timing constraint to 0.5, i.e., the MTL formula is

[](p1 -> <> (0.0,0.5)!p1) (3.7)

then the specification does not hold any more (robustness : -0.158058). What

if we don’t only want the signal value to drop below 1.5, but also to stay below 1.5
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for at least 2 time units? Then, we can use the MTL formula

[](p1 -> <> (0,5)[] [0,10]!p1) (3.8)

where the constraints are on the number of samples. The result is

robustness : 0.097603

total running time : 0.140000 sec

Now, if we increase the always bounds from 2 time units to 10, that is,

[](p1 -> <> (0.0,1.0)[] (0.0,10.0)!p1) (3.9)

where the constraints are on the actual time, then the specification does not hold

(robustness : -0.250768). Next, assume that we would like to test whether the

signal oscillates between the sets p2 and p1, where O(p2) = (−∞,−1.5], in that

order. The LTL formula

[](<>(p2/\<> p1)) (3.10)

does not do the job. Even though the signal is periodic and event p1 follows p2, the

robustness of the formula is -1.683066. Here, by p event we mean that the value of

the signal is within the set O(p). This situation occurs because the signal is of finite

duration and the always operator in formula 3.10 requires that that the subformula

<>(p2 /\ <> p1) holds at the last sample of the signal (which is obviously not true

since there are no more sampling points). If the period of the signal can be estimated,

then we could use that as an upper bound on the always operator. For example, for

signal σ1 the period is 2π so we could instead test the formula

[] [0.0,12.57)(<>(p2/\<> p1)) (3.11)
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which is correct with robustness 0.238435. This example implies that we should

sample or simulate the discrete-time signal for some time that is longer than the time

interval that we would like to test for periodicity. In addition, we can add constraints

on the occurrence of the events. For example, for the input formula

[] [0.0,12.57)(<> [0.0,6.28)(p2/\<> [0.0,3.14) p1)) (3.12)

we get

robustness : 0.238435

total running time : 0.781000 sec

Note that formulas (3.10), (3.11) and (3.12) ignore (i) the fact that initially the event

p1 happens before the event p2 and (ii) that the signal σ1 can take values inside and

outside the set O(p2) several times before event p1 is observed.

Tables 3.2 and 3.3 indicate how the computation time of TaLiRo changes as the

length of the discrete-time signal increases. The sampling function is again τ1. For

these experimental data, the computer used was a Dell PowerEdge 1650 with two

1.4GHz Pentium-III CPUs and 2GB of RAM running SUSE 9.2 Linux. We can see

that the computation time and the memory requirements do not only depend on the

length of the discrete-time signal, but also on the structure of the formula. A heuristic

way to reduce the computation time and the memory requirements of TaLiRo is to

add timing constraints on the temporal operators whenever this is possible. Notice

that in Tables 3.2 and 3.3 the robustness is not constant with respect to the length of

the timed state sequence. This happens because the sampling step is 0.2 and, thus,

in each period the samples of the signal that belong to the set O(p1) are different.

An immediate application of the robustness estimate is the following. Assume

that σ1 is not generated as indicated in Fig. 2.2, but that it is the result of sampling
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signal’s time
domain

number of
samples

computation time
(sec)

robustness

[0, 21.99] 110 0.00 0.097603
[0, 188.49] 943 0.03 0.097603
[0, 6283.2] 31,416 1.05 0.092065

[0, 219911.48] 1,099,558 37.61 0.091793

Table 3.2: Computation time for formula [](p1 -> <> (0.0,1.0)!p1).

signal’s time
domain

number of
samples

computation
time (sec)

robustness

[0, 21.99] 110 0.16 0.238435
[0, 188.49] 943 2.35 0.237401
[0, 6283.2] 31,416 84.74 0.237149

[0, 219911.48] 1,099,558 out of memory -

Table 3.3: Computation time for formula (3.12) for the first row and for formula
[] [0.0,T)(<> [0.0,6.28)(p2/\<> [0.0,3.14)p1)) for the rest of the rows, where
T is the maximum signal time minus 3π.

(monitoring) a physical quantity. In such a case, the sensors, which monitor the

quantity, have a known experimentally determined accuracy. As an example, assume

that the accuracy of the sensor in our case is ±0.1. Then, we immediately can infer

that formulas (3.6), (3.11) and (3.12) are true over the monitored sampled signal

since 0.1 (the sensor accuracy) is less then the robustness estimate of the formulas

: 0.317274, 0.238435 and 0.238435 respectively. On the other hand, we cannot infer

whether the signal σ1 satisfies formulas (3.5) and (3.8) since 0.1 is greater then their

robustness estimate of 0.097603 with respect to σ1. If we would like to logically infer

something about the underlying continuous-time signal (not the sampled one), then

one way to do so is to use the approach which is proposed in Chapter 5.

Now consider the following scenario. Signal s1 is fed into a system which tries to

track the input signal. The output of the system is signal s2 in Fig. 3.4. For the

shake of example, we set s2 to be s1 with a delay of 0.1 time units and a bounded

noise of 0.1 magnitude. We monitor both signals with a constant sampling step of
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0.2 time units. The result of the sampling process appears in Fig. 3.5. We would

like to verify whether σ2 is always within distance 0.25 of signal σ1 and, moreover, if

the difference of the two signals is greater than 0.25, then it should drop below 0.25

within 1 time unit. The above informal specification can be formally captured with

the MTL formula 2(p3 ∨ (¬p3) → 3[0,1]p3) with O(p3) = (−∞, 0.25], which can be

simplified to the formula 2(p3 ∨3[0,1]p3). Now, if we test formula

[](p3\/<> [0,5]p3) (3.13)

where the timing constraints are on the number of samples, over the signal σ3(i) =

|σ1(i)− σ2(i)|, we get

robustness : 0.038030

total running time : 0.020000 sec

If the timing constraints are stricter, that is,

[](p3\/<> [0,2]p3) (3.14)

then the property does not hold any more (robustness -0.046525).

3.4 Related Research and Future Work

Since our research on robustness for temporal logic specifications spans many different

research areas, the related literature is equally diverse. Here, we will just provide a

few such references without attempting to be exhaustive.

Robustness in timed automata has been studied by several authors, for example

[84, 98, 161, 10, 25, 178]. Out of the aforementioned literature, the work in [25]

addresses the problem of robust temporal logic model checking of timed automata.
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Figure 3.4: The signal s2.
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Figure 3.5: The samples of signal σ1 are denoted by circles (o), while the samples of
signal σ2 by crosses (+).
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Figure 3.6: The discrete-time signal σ3(i) = |σ1(i)− σ2(i)|.
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The authors in [105] also consider robustness issues in MITL, but there the robustness

is with respect to time. In hybrid systems, robustness issues have been analyzed in

[67] and [98] among other works. We should point out that the authors in [84] and [98]

define a notion of tube acceptance for timed and linear hybrid systems very similar

to ours.

The authors in [134, 174, 119, 92] develop temporal logic monitoring algorithms

for (Boolean valued) signals. In particular, in [134] the problem of MITL testing

over continuous-time signals is addressed. The authors in [174] and [119] present

algorithms for monitoring timed temporal logics over timed state sequences. Lastly,

in [92] the authors develop efficient algorithms for LTL monitoring.

Our work on robustness has the same underlying motivation with quantitative

temporal logics [50, 51, 96]. Namely, we need to determine the degree that a system (or

signal) satisfies a specification in order to detect systems that are not robustly correct.

However, our definitions for the robust semantics of the temporal logic operators are

closer to the ones employed in multi-valued temporal logics [32, 33].

One open problem which is very interesting is whether we can get rid of the re-

quirement in Section 3.2 that all the timed state sequences have the same timing

function (or time-stamps). It might be possible to address this issue by introducing

robustness also with respect to time. Another important extension to our framework

is to allow Boolean signals along with signals that take values in non-trivial met-

ric spaces. This will enable the possibility to express more complicated properties

without sacrificing the very intuitive notion of robustness that we have introduced in

Chapter 3.
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Chapter 4

From Signals to Systems

Chapter 3 presented a new definition of robustness for propositional linear temporal

logic specifications over signals. In this chapter, we introduce a similar notion for sys-

tems. Abstractly, a system is any collection of objects that interact with each other.

This is a very general definition and it includes diverse systems such as computers, au-

tomobiles, ATMs, structures, electronic circuits and so on. Before we proceed to the

definition of temporal logic robustness for systems, we need to introduce dynamical

systems [29] and a notion of approximation between systems. The theory of approx-

imation which we will be using in this thesis is based on the theory of approximate

bisimulation relations [82] developed by Girard and Pappas.

4.1 Dynamical Systems

Historically, dynamical systems refer to physical systems such as mechanical, elec-

trical and electromechanical systems whose behavior changes with time. The word

“dynamical” is added to differentiate these systems from static systems, i.e., systems

whose behavior might change spatially, but it is static with respect to time.
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The mathematical formalisms which are employed in order to model dynamical

systems are those of differential and difference equations. If a system is modeled using

differential equations, then it is referred to as a continuous-time dynamical system,

while if it is modeled using difference equations as a discrete-time dynamical system.

Definition 4.1.1 (Dynamical System). A dynamical system is defined by a tuple

Σ = (T, X,X0, Y, U, P, f, g) where:

• T is the time domain,

• X ⊆ Rn, for some n ∈ N, is the state space of the system,

• X0 ⊆ X is the set of initial conditions,

• Y ⊆ Rm, for some m ∈ N, is the observation space,

• U ⊆ Rk, for some k ∈ N, is the input space,

• P ⊆ Rq, for some q ∈ N, is the parameter space,

• f : T×X × P × U → X is the map that governs the evolution of the system,

• g ∈ F(X, Y ) is the observation map.

The definition above includes systems that might have a discrete (N) or a con-

tinuous (R) time domain, uncertain or time varying parameters that take values in

the set P , controllable inputs which can take values in U and an observation space

Y . Note that both X and Y are metric spaces. The metric of choice for both spaces

will be the Euclidean metric de.

The function f governs the behavior of the system. In this thesis, we will assume

that given an initial condition x0 ∈ X0, an input signal u : T → U and a time

varying parameter p : T → P , the behavior of Σ is deterministic. That is, there
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exists a unique continuous x ∈ F(R,X) or discrete x ∈ F(N,X) time signal that fully

describes the status of the system with respect to time. In the following, we will refer

to such signals as state trajectories of the system.

In detail, assume that Σ is a continuous-time dynamical system, i.e., T = R, and

that x0 ∈ X0, u : R → U and p : R → P are given. Note that the main difference

between u and p is that we can control u whereas p is essentially a property of the

system. Then, a state trajectory x : R→ X of Σ is the unique solution1 of the system

of differential equations

ẋ(t) = f(t, x(t), p(t), u(t)) (4.1)

such that x(0) = x0 and a trace or observable trajectory is simply

y(t) = g(x(t))

Here, ẋ denotes the first order time derivative of the function x.

Similarly, if Σ is a discrete-time dynamical system, i.e., T = N , and x0 ∈ X0,

u : N → U and p : N → P are given. Then, a state trajectory x : N → X of Σ is the

solution of the system of difference equations

x(i+ i) = f(i, x(i), p(i), u(i)) (4.2)

such that x(0) = x0 and a trace or observable trajectory is simply

y(i) = g(x(i))

1At this point, we simply assume that for the systems under consideration and for the given input
and parameter signals, there exists a unique solution. Whenever required, we will impose conditions
on the systems and on the input and parameter signals in order to guarantee that a unique solution
exists.
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Note that if the exact form of p is not know, but it is only known that p is a

piecewise continuous function such that p(t) ∈ P for t ∈ T, then the system exhibits

nondeterministic behavior. In other words, the solution of eq. (4.1) or (4.2) results

into a family of trajectories instead of a unique trajectory.

Definition 4.1.1 presents a quite general class of systems. However in Part II, we

will need to consider several subclasses of Σ with interesting structural properties. Of

particular interest and with many practical applications is the class of linear systems

[34]. In detail, if t ∈ T, f(x(t)) = Ax(t) + Bu(t), where A ∈ Rn2
and B ∈ Rn×k are

constant n×n and n×k matrices respectively, and y(x(t)) = Cx(t), where C ∈ Rm×n

is a constant m×n matrix, then the system is called Linear Time Invariant (LTI) and

we will characterize it by the tuple ΣLTI = (T, X,X0, Y, U,A,B,C). If f also depends

on time, i.e., f(t, x(t)) = A(t)x(t) + B(t)u(t), where now A and B are continuous

matrix valued functions with respect to time, then the system is referred to as a Linear

Time Varying (LTV) system. In this case, we use the symbol ΣLTV to denote an LTV

system and in order to indicate the dependence of the matrices on time t, we write

ΣLTV = (T, X,X0, Y, U,A(t), B(t), C). On the other hand, if f depends on a piecewise

continuous parameter function p(t) ∈ P , i.e., f(x(t), p(t)) = A(p(t))x(t)+B(p(t))u(t),

where A and B are again continuous matrix valued functions, then the system is

referred to as a Linear Parameter Varying (LPV) system. We will characterize LPV

systems by the tuple ΣLPV = (T, X,X0, Y, U, P,A(p), B(p), C). An LTI system that

is derived from an LPV system for a specific constant parameter value p0 ∈ P will be

denoted by ΣLPV(p0) = (T, X,X0, Y, U,A(p0), B(p0), C).

A further constrained class of linear systems, is the class of autonomous or closed-

loop linear systems. Informally, autonomous systems are systems whose dynamics

do not depend on external inputs. For example, an autonomous LTI system has

dynamics of the form f(x(t)) = Ax(t). We will denote closed-loop systems using an
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overline, e.g., Σ
LTI

= (T, X,X0, Y, A, C) and similarly for Σ, Σ
LPV

and Σ
LTI

. Any

system whose dynamics is not linear will be referred to as a nonlinear system. If,

moreover, f is built upon indicator functions, then we will refer to it as a hybrid

system.

Now, we introduce two notions of language for a dynamical system Σ in order to

present some results on approximate bisimulation relations in the next section and to

be able to talk about system verification in Part II. Our definitions follow closely the

definitions of languages for signals and logical formulas. Given a dynamical system

Σ, its internal language, which consists of all its state trajectories, is defined to be

the set

Λ(Σ) = {x ∈ F(T, X) | x is a solution of (4.1) or (4.2)

under an input signal u ∈ F(T, U) and a parameter signal p ∈ F(T, P )}

Again, we consider only combinations of systems-input signals-parameter signals such

that a solution exists. Then, the language of Σ is simply the image of Λ(Σ) through

the map g, that is, L(Σ) = g(Λ(Σ)).

In the case of discrete-time dynamical systems, we also need to consider the

set of all timed state sequences that result by pairing the observation trajecto-

ries of Σ with a timing function. Formally, if τ ∈ F↑(N,R≥0) is a timing func-

tion and Σ = (N,X,X0, Y, U, P, f, g) is a discrete-time dynamical system, then

TSSτ (Σ) = {(y, τ) | y ∈ L(Σ)}. Something similar can be defined for continuous-

time dynamical systems whose observation trajectories are being sampled. In detail, if

τ̂ ∈ F↑(N,R) is a sampling function and Σ = (R,X,X0, Y, U, P, f, g) is a continuous-

time dynamical system, then TSSτ (Σ) = {(y ◦ τ, τ) | y ∈ L(Σ)}. Finally, in order

to be in accordance with the notation of the language of an MTL formula and, also,
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Figure 4.1: Example 4.1.1 : the observation trajectory y(t) with respect to time.
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Figure 4.2: Example 4.1.1 : the observation trajectory y(t) in phase space.

in order to treat uniformly discrete-time and sampled continuous-time dynamical

systems, we introduce the notation Lτ (Σ) = {y | (y, τ) ∈ TSSτ (Σ)}.

In the following we present some examples of dynamical systems.

Example 4.1.1. Consider the autonomous nonlinear system

Σa = (Ra,R2, X0
a ,R2, fa, ga)

where Ra = [0, 14] ⊆ R≥0, X0
a = [0.4, 0.8] × [−0.3,−0.1], ga = id (the identity
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function) and

fa(x(t)) =




0.05 sin2(x(2)(t))x(1)(t)− 2.5x(2)(t)

0.5x(1)(t)− x(2)(t)




The observation trajectories y(t) = x(t) of the system for the initial condition x0 =

[0.6 − 0.2]T appear in Fig. 4.1, while the phase space appears in Fig. 4.2.

function) and

fa(x(t)) =

⎡
⎢⎣

0.05 sin2(x(2)(t))x(1)(t)− 2.5x(2)(t)

0.5x(1)(t)− x(2)(t)

⎤
⎥⎦

The observation trajectories y(t) = x(t) of the system for the initial condition x0 =

[0.6 − 0.2]T appear in Fig. 4.1, while the phase space appears in Fig. 4.2.
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Figure 4.3: A ladder network representing a transmission line with 5 sections.

Example 4.1.2. As an example of an LTI system

ΣLTI
b = (Rb,R10, X0

b ,R5,R, Ab, bb, Cb)

consider the RLC circuit in Fig. 4.1.2. Such circuits are used to represent high

voltage transmission lines, where the requirement is the protection of the line against

traveling waves, or the interconnect in ultra-deep submicron integrated circuits, where

we have to study the interconnect delay. Under the assumption that the values of r,

l and c are constant and known, we can easily derive (see for example [104]) a set

of linear differential equations which form the state space representation of the RLC

circuit. In detail, the system dynamics are given by the system

ẋ(t) = Abx(t) + bbu(t)

where A is defined in Fig. 4.1.2 and
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Example 4.1.2. As an example of an LTI system

ΣLTI
b = (Rb,R10, X0

b ,R5,R, Ab, bb, Cb)

consider the RLC circuit in Fig. 4.1.2. Such circuits are used to represent high

voltage transmission lines, where the requirement is the protection of the line against

traveling waves, or the interconnect in ultra-deep submicron integrated circuits, where

we have to study the interconnect delay. Under the assumption that the values of r,

l and c are constant and known, we can easily derive (see for example [106]) a set

of linear differential equations which form the state space representation of the RLC

circuit. In detail, the system dynamics are given by the system

ẋ(t) = Abx(t) + bbu(t)

where A is defined in Fig. 4.1.2 and
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Ab =




− r
l
−1

l
0 0 0 0 0 0 0 0

1
c

0 −1
c

0 0 0 0 0 0 0
0 1

l
− r

l
−1

l
0 0 0 0 0 0

0 0 1
c

0 −1
c

0 0 0 0 0
0 0 0 1

l
− r

l
−1

l
0 0 0 0

0 0 0 0 1
c

0 −1
c

0 0 0
0 0 0 0 0 1

l
− r

l
−1

l
0 0

0 0 0 0 0 0 1
c

0 −1
c

0
0 0 0 0 0 0 0 1

l
− r

l
−1

l

0 0 0 0 0 0 0 0 1
c

0




Figure 4.4: The matrix Ab of Example 4.1.2.

Cb =




0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1




Figure 4.5: The matrix C of Example 4.1.2.

bb =

[
1
l

0 0 0 0 0 0 0 0 0

]T
.

The state vector x consists of the currents in the inductances (x(1), x(3), . . . , x(9)) and

the voltages across the capacitances (x(2), x(4), . . . , x(10)). The observation function

is a linear map C (see Fig. 4.1.2) such that y(t) = Cbx(t) = [x(2)(t) . . . x(10)(t)]T .

Usually, the goal of the analysis of such systems is to study the transient behavior of

the circuit for specific parameter values and initial conditions under a unit step input

function, i.e., u(t) = 1 for all t ∈ R. A trajectory of the system under the parameters

r = 2.5, l = 1.25, c = 3.75 · 10−3 and with initial conditions x0 = [0 . . . 0]T and time

domain Rb = [0, 6] appears in Fig. 4.6.

66



0 1 2 3 4 5 6
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Time

y(5
) =

x(1
0)

Figure 4.6: Example 4.1.2 : the observation trajectory y(5) = x(10) with respect to
time.

4.2 Approximate (Bi)Simulation Relations

Simulation and bisimulation relations [142] were developed as a way to reduce the

size of state machines and automata mainly for verification purposes [41]. Intuitively,

a simulation relation between two systems requires that if a system has an observ-

able behavior, than the other system should also have the same observable behavior.

One interesting connection between simulation relations and temporal logics is that

simulation relations preserve linear temporal logic properties (with discrete-time se-

mantics) [168].

Approximate simulation and bisimulation relations [82] for systems with metric

spaces, as opposed to (exact) simulation and bisimulation relations [152], do not

require that two observable trajectories are identical, but that they remain always

close enough. In the following, we review some definitions and results from [82] and

[81] which are going to be used in the subsequent chapters.

Definition 4.2.1 (Simulation Relation). A relation Sδ ⊆ X1×X2 is a δ-approximate

simulation relation of Σ1 = (T, X1, X
0
1 , Y, U1, f1, g1) by Σ2 = (T, X2, X

0
2 , Y, U2, f2, g2)
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if for all (x0
1, x

0
2) ∈ Sδ,

1. de(y
0
1, y

0
2) = de(g1(x0

1), g2(x0
2)) ≤ δ

2. For all x1 ∈ Λ(Σ1) such that x1(0) = x0
1 there exists an x2 ∈ Λ(Σ2) such that

x2(0) = x0
2 and ∀t ∈ T, (x1(t), x2(t)) ∈ Sδ.

A dynamical system Σ1 is δ-approximately simulated by a dynamical system Σ2 (noted

Σ1 �δ Σ2) if for all x0
1 ∈ X0

1 , there exists x0
2 ∈ X0

2 such that (x0
1, x

0
2) ∈ Sδ.

Informally, Definition 4.2.1 states that for each observable trajectory y1 of Σ1

there exists an observable trajectory y2 of Σ2 such that their distance at each point

in time remains bounded by δ. Notice that the observation space for the two systems

in the definition is the same, i.e., Y . Now, if a relation is a δ-approximate simulation

relation of Σ1 by Σ2 and, also, a δ-approximate simulation relation of Σ2 by Σ1, then

it is called a δ-approximate bisimulation relation.

Definition 4.2.2 (Bisimulation Relation). A relation Bδ ⊆ X1×X2 is an approximate

bisimulation relation of precision δ between Σ1 = (T, X1, X
0
1 , Y, U1, f1, g1) and Σ2 =

(T, X2, X
0
2 , Y, U2, f2, g2) if for all (x0

1, x
0
2) ∈ Bδ,

1. de(y
0
1, y

0
2) = de(g1(x0

1), g2(x0
2)) ≤ δ

2. For all x1 ∈ Λ(Σ1) such that x1(0) = x0
1 there exists an x2 ∈ Λ(Σ2) such that

x2(0) = x0
2 and ∀t ∈ T, (x1(t), x2(t)) ∈ Bδ.

3. For all x2 ∈ Λ(Σ2) such that x2(0) = x0
2 there exists an x1 ∈ Λ(Σ1) such that

x1(0) = x0
1 and ∀t ∈ T, (x1(t), x2(t)) ∈ Bδ.

Two systems Σ1 and Σ2 are bisimilar with precision δ (noted Σ1 ∼δ Σ2) if for all

x0
1 ∈ X0

1 , there exists x0
2 ∈ X0

2 such that (x0
1, x

0
2) ∈ Bδ and vice versa.
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One way to think about approximate bisimulation relations is to observe that they

provide us with a quantifiable bound on how far away are two systems from being

bisimilar. Even though approximate bisimulation relations cannot be computed, they

can be approximated using the notion of bisimulation functions. The relationship

between approximate bisimulation relations and bisimulation functions is that the

former can be characterized by the level sets of the latter.

Definition 4.2.3 (Bisimulation Function). A function F : X1 × X2 → R≥0 is a

bisimulation function between Σ1 and Σ2 if for all δ ≥ 0

Bδ = {(x1, x2) ∈ X1 ×X2 | F(x1, x2) ≤ δ}

is a δ-approximate bisimulation relation between Σ1 and Σ2.

An interesting result proved in [82] is that we can compute a tight upper bound

δ such that Σ1 ∼δ Σ2 by solving two games.

Theorem 4.2.1. Let F be a bisimulation function between Σ1 and Σ2 and

δ ≥ max

{
sup
x0

1∈X0
1

inf
x0

2∈X0
2

F(x0
1, x

0
2), sup

x0
2∈X0

2

inf
x0

1∈X0
1

F(x0
1, x

0
2)

}
.

If δ has finite a value, then Σ1 ∼δ Σ2.

The following theorem, whose proof can be found in [81], provides a characteriza-

tion of bisimulation functions.

Theorem 4.2.2. Let Σ1 = (R, X1, X0
1 , Y , U1, f1, g1) and Σ2 = (R, X2, X0

2 , Y , U2,

f2, g2) be two time invariant dynamical systems without uncertain parameters and

with the following additional constraints for i = 1, 2:

• X0
i , Ui are compact sets,
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• ui ∈ F(R,Ui) is a measurable function,

• fi is Lipschitz continuous,

• for all xi ∈ Xi, fi(xi, Ui) is a convex set, and

• gi is continuous.

Let V : X1×X2 → R≥0 be a continuously differentiable function and α ≥ 0. If for all

(x1, x2) ∈ X1 ×X2 we have

V(x1, x2) ≥ d2
e(g1(x1), g2(x2)) (4.3)

and for all (x1, x2) ∈ X1 ×X2 such that V(x1, x2) ≥ α2, we have

sup
u1∈U1

inf
u2∈U2

∇V(x1, x2) ·



f1(x1, u1)

f2(x2, u2)


 ≤ 0 (4.4)

sup
u2∈U2

inf
u1∈U1

∇V(x1, x2) ·



f1(x1, u1)

f2(x2, u2)


 ≤ 0 (4.5)

Then, F(x1, x2) = max{
√
V(x1, x2), α} is a bisimulation function between Σ1 and

Σ2.

Theorem 4.2.2 essentially states that given two time invariant dynamical sys-

tems without uncertain parameters, the distance between their observations is always

bounded (eq. (4.3)) and, moreover, it cannot increase during the parallel evolution of

the systems (eq. (4.4) and (4.5))). The structure of F can be interpreted as follows.

The function V bounds the transient dynamics of the two systems, while α accounts

for the error in the asymptotic behavior of the systems and thus it does not depend

on the initial conditions of the systems.
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Effective characterizations of bisimulation functions have been proposed for linear

continuous-time dynamical systems based on a set of linear matrix inequalities [77,

81] and for nonlinear dynamical systems based on sum of squares programs [78].

Both characterizations can be interpreted in terms of convex optimization leading to

efficient algorithms for the computation of bisimulation functions.

When we consider autonomous continuous-time dynamical systems, Theorem 4.2.2

reduces to the following corollary.

Corollary 4.2.1. Let Σ1 = (R,X1, X
0
1 , Y, f1, g1) and Σ2 = (R,X2, X

0
2 , Y, f2, g2) be

two autonomous time invariant dynamical systems without uncertain parameters and

with the following additional constraints for i = 1, 2 : (1) X0
i is a compact set, (2)

fi is Lipschitz continuous and (3) gi is continuous. Let F : X1 × X2 → R≥0 be a

continuously differentiable function such that for all (x1, x2) ∈ X1 ×X2 we have

F(x1, x2) ≥ de(g1(x1), g2(x2)) (4.6)

∂F
∂x1

(x1, x2) · f1(x1) +
∂F
∂x2

(x1, x2) · f2(x2) ≤ 0 (4.7)

Then, F is a bisimulation function between Σ1 and Σ2.

In the case of autonomous continuous-time dynamical systems with uncertain

parameters, as the ones we consider in Chapter 6, a bisimulation function is any

function that satisfies the conditions of the following theorem.

Theorem 4.2.3. Let Σ1 = (R, X1, X0
1 , Y , P1, f1, g1) and Σ2 = (R, X2, X0

2 , Y ,

P2, f2, g2) be two autonomous dynamical systems with uncertain parameters and with

the following additional constraints for i = 1, 2 : (1) X0
i is a compact set, (2) fi

is Lipschitz continuous, and (3) gi is continuous. Let F : X1 × X2 → R≥0 be a
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continuously differentiable function such that for all (x1, x2) ∈ X1 ×X2 we have

F(x1, x2) ≥ de(g1(x1), g2(x2)) (4.8)

∀p1 ∈ P1 .∀p2 ∈ P2 .
∂F
∂x1

(x1, x2) · f1(x1, p1) +
∂F
∂x2

(x1, x2) · f2(x2, p2) ≤ 0 (4.9)

Then, F is a bisimulation function between Σ1 and Σ2.

4.3 Robustness of MTL Specifications for Systems

4.3.1 Continuous Time

In system verification, we are usually interested in answering the question whether

each observable trajectory of a continuous-time dynamical system Σ satisfies a tem-

poral logic formula φ. In other words, whether L(Σ) ⊆ L(φ,O). Note that if the

distance between the two sets L(Σ) and L(¬φ,O) is greater than zero, then the set

inclusion L(Σ) ⊆ L(φ,O) holds.

Definition 4.3.1 (Distance between Sets). Let S1, S2 be subsets of a set X which is

equipped with a metric d. Then, the distance between S1 and S2 is defined as

distd(S1, S2) = inf{d(x1, x2) | x1 ∈ S1, x2 ∈ S2}

Note that if the two sets intersect, then their distance is zero. With the previous

definition at hand, it is straightforward to define the robustness degree of a system

with respect to an MTL specification in a similar fashion to the robustness degree of

a signal (Definition 3.1.1).

Definition 4.3.2 (Continuous-Time Robustness Degree). Given a continuous-time

dynamical system Σ, an MTL formula φ ∈ MTLB(AP ) and an observation map
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O ∈ F(AP,P(Y )), the robustness degree ε ∈ R≥0 of Σ with respect to the formula φ

is ε = distρ(L(Σ),L(¬φ,O)).

According to our definition of robustness, the greater the distance between the sets

L(Σ) and L(¬φ,O), the greater the robustness of the system. Unlike our definition of

the robustness degree for signals, the robustness degree for systems does not provide

us with a measure of how robustly Σ does not satisfy φ when L(Σ) ⊆ L(¬φ,O).

Now, assume that we are given two systems Σ1 and Σ2 such that Σ2 simulates Σ1

with precision δ. Then, for any trajectory in L(Σ1) there exists a trajectory in L(Σ2)

such that their distance remains bounded by δ. Thus, it is easy to see that for any

δ′ ≥ δ, we have L(Σ1) ⊆ Eρ(L(Σ2), δ′). Therefore, if ε = distρ(L(Σ2),L(¬φ,O)) > δ′,

then we can conclude that Σ1 satisfies φ since Eρ(L(Σ2), δ′) ⊂ Eρ(L(Σ2), ε) and

Eρ(L(Σ2), ε) ∩ L(¬φ,O) = ∅. Formally, we can state the following result.

Proposition 4.3.1. For any formula φ ∈ MTLB(AP ) and map O ∈ F(AP,P(Y )),

if Σ1 �δ Σ2 and distρ(L(Σ2),L(¬φ,O)) > δ, then L(Σ1) ⊆ L(φ,O).

The next question that we have to answer is how do we check the robustness

of a system with respect to an MTL formula? It is obvious that the quantity

distρ(L(Σ2),L(¬φ,O)) cannot be computed. Instead, we can check the inclusion

Eρ(L(Σ2), δ) ⊆ L(φ,O). This will be answered in Chapter 6. However, this is not

the only way one can determine whether distρ(L(Σ2),L(¬φ,O)) > δ holds. The

following corollary is immediate from Theorem 3.1.2.

Corollary 4.3.1. Consider a formula φ ∈ MTLB(AP ), an observation map O ∈

F(AP,P(Y )), a number δ > 0 and set φ′ = pos(nnf(φ)), then L(Σ) ⊆ L(φ′,Oeδ)

implies Eρ(L(Σ), δ) ⊆ L(φ′,O) for any continuous-time dynamical system Σ.

The advantage of Corollary 4.3.1 is that the problem L(Σ) ⊆ L(φ′,Oeδ) could be
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solved by any method that can verify a system Σ against an MTL specification φ.

The next corollary reviews the results of this section.

Corollary 4.3.2. For any formula φ ∈ MTLB(AP ) and map O ∈ F(AP,P(Y )), if

Σ1 �δ Σ2 and

1. Eρ(L(Σ2), δ) ⊆ L(φ,O) or

2. L(Σ2) ⊆ L(pos(nnf(φ)),Oeδ),

then L(Σ1) ⊆ L(φ,O).

4.3.2 Discrete Time

In this section, we briefly restate the results of Section 4.3.1 for discrete-time or

sampled continuous-time dynamical systems.

Definition 4.3.3 (Discrete Time Robustness Degree). Given a dynamical system Σ,

a timing function τ ∈ F↑(N,R≥0), an MTL formula φ ∈ MTLB(AP ) and a map

O ∈ F(AP,P(Y )), the robustness degree ε ∈ R≥0 of Σ with respect to the formula φ

is ε = distρ̂(Lτ (Σ),Lτ (¬φ,O)).

The following result holds for systems that have been sampled with the same

sampling function or that have the same timing function.

Proposition 4.3.2. For any formula φ ∈ MTLB(AP ) and map O ∈ F(AP,P(Y )),

if Σ1 �δ Σ2 and

1. Eρ̂(Lτ (Σ2), δ) ⊆ Lτ (φ,O) or

2. Lτ (Σ2) ⊆ Lτ (pos(nnf(φ)),Oeδ)

with τ ∈ F↑(N,R≥0), then Lτ (Σ1) ⊆ Lτ (φ,O).
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Part II

Applications
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Chapter 5

Continuous-Time Satisfiability by

Discrete-Time Reasoning

5.1 Introduction and Problem Formulation

The discrete-time robust semantics for MTL formulas have at least one important

application. Given a continuous-time signal s and a timed state sequence µ = (σ, τ̂)

such that σ = s ◦ τ̂ , we can determine the relationship between 〈〈φ,O〉〉C(s) and

〈〈φ,O〉〉D(µ). This is an important problem since the timing (or better the sampling)

function τ̂ may not just change the satisfiability of a formula φ with respect to a signal

s, but also the validity of the formula [157]. In this section, we develop conditions

for the signals in the set F(R,X) and the sampling function τ̂ which can guarantee

the equality 〈〈φ,O〉〉D(µ) = 〈〈φ,O〉〉C(s) for MITL formulas. Formally, we address the

following problem in Section 5.3.

Problem 5.1.1. Given a formula φ ∈ MTLB(AP ), a map O ∈ F(AP,P(X)) and a

continuous-time signal s ∈ F(R,X), find a set of conditions and a sampling function

τ̂ ∈ F↑(N,R) that will guarantee the equality 〈〈φ,O〉〉C(s) = 〈〈φ,O〉〉D(µ), where µ =
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(s ◦ τ̂ , τ̂).

In Section 3.2, we developed a semantic approach for approximating the robustness

degree of a timed state sequence with respect to an MTL formula. This approach

enables the computation of a robustness estimate for finite timed state sequences.

An important question that arises especially in testing and verification (see for ex-

ample Chapter 6) is whether we can use the discrete-time robustness estimate in

order to infer the value of the continuous-time robustness estimate of the underlying

continuous-time signal. That is, we address the following problem.

Problem 5.1.2. Given a formula φ ∈ MTLB(AP ), a map O ∈ F(AP,P(X)) and a

continuous-time signal s ∈ F(R,X), find a set of conditions and a sampling function

τ̂ ∈ F↑(N,R) such that the value of [[φ,O]]C(s) can be bounded by a function of the

value of [[φ,O]]D(µ), where µ = (s ◦ τ̂ , τ̂).

This problem is addressed in Section 5.4, but first we present a condition on the

dynamics of a signal s which is required for the solution of both problems.

5.2 Bounds on the Signal Values

In order to reason about the behavior of continuous-time signals using discrete-time

methods, we need to derive conservative bounds on the divergence of the value of a

signal s between two consecutive samples (for example i and i + 1). We do that by

requiring that the state distance between any two points in time is bounded by a

positive nondecreasing function E which depends only on the time difference between

these two points.

Assumption 5.2.1. The signals in the set F(R,X) satisfy the condition

∀t, t′ ∈ R . d(s(t), s(t′)) ≤ E(|t− t′|), (5.1)
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where E : R≥0 → R≥0 is a positive nondecreasing function.

Notice that in (5.1) the bound on the distance between two values of the signal

depends on the sampling function τ̂ . In particular, one parameter of the sampling

function that we might wish to control is the maximum sampling step:

∆τ̂ = sup
i∈N>0

{τ̂(i)− τ̂(i− 1)}. (5.2)

If, moreover, the sampling function τ̂ has a constant sampling rate α, then ∆τ̂ = α.

Thus, in this case the control parameter becomes the sampling rate α. In the next

two sections, we develop conditions for ∆τ̂ for two different fragments of MTL.

5.3 Sampling for MITL Satisfiability

The sampling function τ̂ , i.e., the maximum sampling step ∆τ , must be such that

the relationship between valid formulas in continuous and sampled semantics is main-

tained [157]. For example, it is easy to see that the formula 2[1,2]p is true for any

signal s if there is no sample in the interval [1, 2]. In order to avoid such situations, we

must impose certain constraints to ∆τ̂ . But first, a slight modification of the timing

constraints of the temporal operators is required.

In order to modify the timing constraints of the temporal operators in a consistent

way, we must convert the input formula φ ∈MTLB(AP ) into Negation Normal Form

(NNF). In the following we assume that the input formula is given directly in NNF.

Similarly to [105], we strengthen MTL formulas by changing the timing requirements

of a given formula φ. In detail, we introduce a function str∆τ̂ : MTL+
B (AP ) →

MTL+
B (AP ) that recursively operates on a formula φ and modifies the temporal
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operators as follows

str∆τ̂ (φ1 UIφ2) = str∆τ̂ (φ1)UCd1 (I,∆τ̂)str∆τ̂ (φ2)

str∆τ̂ (φ1RIφ2) = str∆τ̂ (φ1)REd1 (I,∆τ̂)str∆τ̂ (φ2)

while keeping the atomic propositions and constants the same, i.e., str∆τ̂ (>) = >,

str∆τ̂ (⊥) = ⊥, str∆τ̂ (p) = p, str∆τ̂ (¬p) = ¬p, and simply recursing in the case of

Boolean connectives, i.e., str∆τ̂ (φ1∨φ2) = str∆τ̂ (φ1)∨str∆τ̂ (φ2) and str∆τ̂ (φ1∧φ2) =

str∆τ̂ (φ1) ∧ str∆τ̂ (φ2). In the above formulas, the metric d1 is defined as follows: for

any t1, t2 ∈ R, d1(t1, t2) = |t1 − t2|. The intuition behind the function str∆τ̂ is that a

robust specification with respect to the atomic propositions must also be robust with

respect to the timing constraints. For example, in order to determine the Boolean

truth value of φ2 in φ1RIφ2 for the whole interval I in continuous-time, we must also

consider the first samples after and before the interval τ̂(i) + I.

Proposition 5.3.1. For any φ ∈ MTL+
B (AP ), O ∈ F(AP,P(X)) and s ∈ F(R,X),

τ̂ ∈ F↑(N,R) such that µ = (s ◦ τ̂ , τ̂), we have that 〈〈str∆τ̂ (φ),O〉〉D(µ, i) = > implies

〈〈φ,O〉〉D(µ, i) = >.

The next two assumptions guarantee the existence of at least one sampling point

within each timing interval of the temporal operators.

Assumption 5.3.1. Given a formula φ ∈ MTL+
B (AP ), the sampling functions in

the set F↑(N,R) satisfy the constraint:

∆τ̂ < min
I∈(I(str∆τ̂ (φ))∪I(φ))

{sup I − inf I}. (5.3)

When R is bounded, the sampling functions in the set F↑(N,R) must also satisfy the

constraint : supR− τ̂(maxN) < ∆τ̂ .
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In the assumption above, I(φ) denotes the set of all timing constraints I that

appear in the temporal operators of an MTL formula φ. Notice that if there exists a

singleton interval in the set I(φ), then the above assumption cannot be satisfied. This

observation mandates the choice of the Metric Interval Temporal Logic (MITL) [5] as

a specification language instead of MTL. MITL is a decidable fragment of MTL where

the timing constraints I of the temporal operators are not allowed to be singleton

sets, i.e., it must be inf I < sup I. It is easy to see that with respect to the initial

formula φ, Assumption 5.3.1 can be satisfied by the following constraint:

∆τ̂ < 1/3 min
I∈I(φ)

{sup I − inf I}. (5.4)

Lemma 5.3.1. Consider a formula φ ∈ MITL+
B (AP ) and a sampling function τ̂ ∈

F↑(N,R) and let Assumption 5.3.1 hold. Let I ∈ I(φ). If for some i ∈ N , τ̂(i) +I ⊆

R, then τ̂−1(τ̂(i) + I) 6= ∅.

Whenever R is a bounded time interval, we have to impose additional constraints

on the signal and the MITL formulas. That is, we require that all the intervals in

I(φ) are bounded as it was initially suggested in [134]. This enables us to compute

a minimum time dur(φ) that guarantees in combination with Assumption 5.3.1 that

there are no subformulas whose truth value was determined by the lack of sampling

points. The computation of the minimum time dur(φ) is performed recursively:

dur(α) := 0 for α ∈ {p,¬p,>,⊥}

dur(φ1 ∼ φ2) := dur(φ1) t dur(φ2) for ∼∈ {∧,∨}

dur(φ1WIφ2) := sup I + dur(φ1) t dur(φ2) for W ∈ {U ,R}

In particular, we would like to avoid the case where R is a bounded domain and
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(t+ I) ∩R 6= ∅, but t+ I 6⊆ R and there is no sample in t+R I.

Example 5.3.1. Consider the sampling function τ̂(i) = 0.5i, i.e., ∆τ̂ = 0.5, and

the formula φ = 2[2.2,4.2]p. Let the domain of the signal s be R = [0, 2.4], then N =

{0, 1, 2, 3, 4} and τ̂(N) = {0, 0.5, 1, 1.5, 2}. Note that the constraints of Assumption

5.3.1 are satisfied, that is, ∆τ̂ < 1/3(4.2 − 2.2) and supR − τ̂(maxN) = 2.4 − 2 =

0.4 < ∆τ̂ . The formula 2[2.2,4.2]p evaluates to > simply because τ̂−1(0 + [2.2, 4.2]) =

τ̂−1([2.2, 4.2]) = ∅. However, over the time interval [2.2, 2.4] it might not be true that

s satisfies φ.

In order to avert such situations, we must impose one additional constraint (when

R is bounded). Namely, for a given formula φ and signal s, we let dur(φ) < supR <

+∞. In other words, both the domain of the signal and all the timing constraints

in the formula are bounded from above and below. Now, assume that the temporal

nesting depth of a formula φ is m and that a temporal subformula ψ = ψ1WIkψ2

of φ is at nesting depth k, where W ∈ {U ,R}. Let {Ij}m≥j>k be any sequence of

timing constraints of nested temporal operators at higher nesting depths j than k.

Informally, the temporal nesting depth of a formula φ is defined to be the maximum

number of nested temporal operators and it is computed in a similar way to dur

where sup I is replaced by 1. Then, for all t ∈ [0,
∑m

j=k+1 sup Ij], we have t+ Ik ⊆ R

since
∑m

j=k sup Ij ≤ dur(φ) < supR. Therefore, t+ Ik = t+R Ik.

Example 5.3.2. Consider the formula φ = (p1 U[1,2]p2 ∨ p3 U[3,4]p4)U[4,6](p5 U[0,1]p6).

Then, dur(φ) = 10 and the temporal nesting depth of φ is 2. All the possible sequences

of timing constraints of nested temporal operators are : {[4, 6], [1, 2]}, {[4, 6], [3, 4]}

and {[4, 6], [0, 1]}. Let supR > 10 and consider the sequence {I2, I1} where I2 = [4, 6]

and I1 = [1, 2], then at nesting depth k = 1, for all t ∈ [0,
∑2

j=2 sup Ij] = [0, 6], we

have t+ I1 = [t+ 1, t+ 2] ⊆ R.
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Assumption 5.3.2. If the time domain R of the set of signals F(R,X) is bounded,

i.e., supR < +∞, then for the formula φ ∈ MITL+
B (AP ) under consideration the

following conditions must hold : for all I ∈ I(φ), we have sup I < +∞ and, also,

supR > dur(str∆τ̂ (φ)).

Lemma 5.3.2. Consider a formula φ ∈ MITL+
B (AP ) and a sampling function τ̂ ∈

F↑(N,R) and let Assumptions 5.3.1 and 5.3.2 hold. Let ψ = ψ1WIkψ2, where W ∈

{U ,R}, be a subformula of str∆τ̂ (φ) at nesting depth k and let {Ij}k>j be any sequence

of timing constraints of nested temporal operators at higher nesting depths j > k. If

I = τ̂−1(T ) 6= ∅, where T = [0,
∑

j>k sup Ij], then for all i ∈ I, we have (τ̂(i)+RIk) =

(τ̂(i) + Ik) and τ̂−1(τ̂(i) + Ik) 6= ∅.

The above assumptions enable us to prove the following theorem.

Theorem 5.3.1. Consider φ ∈ MITL+
B (AP ), O ∈ F(AP,P(X)), s ∈ F(R,X),

τ̂ ∈ F↑(N,R) and let Assumptions 5.2.1 to 5.3.2 hold. Then, [[str∆τ̂ (φ),O]]D(µ, i) >

E(∆τ̂) with µ = (s ◦ τ̂ , τ̂) implies

∀t ∈ [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R . 〈〈φ,O〉〉C(s, t) = > (5.5)

for any i ∈ N which satisfies the conditions of Lemma 5.3.2.

We should remark that the conclusion (5.5) of Theorem 5.3.1 does not imply that

the continuous-time Boolean signal O−1 ◦ s satisfies the finite variability property as

it is defined in [99]. It only states that there exists some interval in R of length at

least 2∆τ̂ such that the Boolean truth value of some atomic propositions remains

constant. The following corollary is immediate from Theorem 5.3.1 and Propositions

3.2.2 and 5.3.1.
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Corollary 5.3.1. Consider φ ∈ MITL+
B (AP ), O ∈ F(AP,P(X)), s ∈ F(R,X), τ̂ ∈

F↑(N,R) and let Assumptions 5.2.1–5.3.2 hold. Then, [[str∆τ̂ (φ),O]]D(µ) > E(∆τ̂)

with µ = (s ◦ τ̂ , τ̂) implies 〈〈φ,O〉〉C(s) = 〈〈φ,O〉〉D(µ) = >.

If the condition [[str∆τ̂ (φ),O]]D(µ) > E(∆τ̂) fails, then in general we cannot infer

anything about the relationship of the two semantics. Two strategies in order to

guarantee the above condition would be (i) to reduce the size of the sampling step

∆τ̂ or (ii) to devise an on-line monitoring procedure that can adjust real-time the

sampling step according to the robustness estimate of a signal with respect to an

MITL formula φ.

5.4 Sampling for MTL Robustness

Corollary 5.3.1 provides sufficient conditions for MITL formulas for semantic equality

between the two different time domains, i.e., 〈〈φ,O〉〉C(s) = 〈〈φ,O〉〉D(µ). Another

interesting question is whether we can relate the continuous and discrete-time ro-

bustness estimates. This is possible, but more stringent conditions on the MTL

formula and the sampling function are required. Namely, we have to impose a con-

stant sampling rate on the sampling function and, moreover, the timing constraints

on the temporal operators must be closed intervals and must have sampling instants

as bounds. Examples of such signals and MTL specifications can be found in Section

3.3.2. Note that in this case, we can allow punctual timing requirements, that is, I

can be a singleton set.

Assumption 5.4.1. Given a formula φ ∈ MTLB(AP ), we require that all I ∈ I(φ)

are of the form I = [ι1, ι2] where ι1, ι2 ∈ Q with ι1 ≤ ι2 or I = [ι,+∞) where ι ∈ Q.

Here, Q denotes the set of rational numbers. Since the timing constraints I have

rational numbers as bounds, we can always find a common divisor α (or their greatest
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common divisor) and use it as a sampling constant. This sampling constant guar-

antees that the corresponding sampling function τ̂ will always sample time instants

that are at least on the boundaries of the required timing intervals.

Assumption 5.4.2. Given a formula φ ∈ MTLB(AP ) that satisfies Assumption

5.4.1, we construct a sampling function τ̂ ∈ F↑c(N,R) with constant sampling rate α,

where α is a common divisor of all the finite bounds of the temporal operators in I(φ).

The following result is immediate if we rewrite the bounds of the time intervals in

I(φ) as multiples of the constant α (for example, I = [αi1, αi2] for some i1 ≤ i2 ∈ N)

and define the sampling function τ̂ to be τ̂(i) = αi for i ∈ N .

Lemma 5.4.1. Consider a formula φ ∈MTLB(AP ) which satisfies assumption 5.4.1

and a sampling function τ̂ ∈ F↑c(N,R) which satisfies Assumption 5.4.2. If for some

i ∈ N , we have (τ̂(i) + I) ∩R 6= ∅, then τ̂−1(τ̂(i) + I) 6= ∅.

An implication of Lemma 5.4.1 is that if the signal s is of unbounded duration,

i.e., supR = +∞, then no other assumptions are required since we will always have

enough sampling points in order to infer a robustness estimate for the formula. On

the other hand, if the time domain of s is bounded, then we must impose additional

constraints on the MTL formula φ or the time domain R as in Section 5.3.

Assumption 5.4.3. Let τ̂ ∈ F↑c(N,R). If the time domain R of the set of signals

F(R,X) is bounded, i.e., supR < +∞, then for the formula φ ∈ MTLB(AP ) under

consideration at least one of the following two conditions must hold :

1. For all I ∈ I(φ), we have sup I < +∞ and, also, supR > dur(φ) + ∆τ̂ .

2. For all I ∈ I(φ), we have min I = 0.
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Note that in the above assumption the second condition does not impose any

requirements on the minimum duration of the continuous-time signal. Intuitively,

the condition 0 ∈ I guarantees that the set τ̂−1(τ̂(i) + I) for i ∈ N always contains

at least one sampling point, namely, i. Similarly to Section 5.3, we can prove the

following result.

Lemma 5.4.2. Consider a formula φ ∈ MTLB(AP ) and a sampling function τ̂ ∈

F↑c(N,R) which satisfy Assumptions 5.4.1 to 5.4.3. Let ψ = ψ1WIkψ2, where W ∈

{U ,R}, be a subformula of φ at nesting depth k and let {Ij}k>j be any sequence of

timing constraints of nested temporal operators at higher nesting depths j > k. If I =

τ̂−1(T ) 6= ∅, where T = [0,
∑

j>k sup Ij], then for all i ∈ I, we have τ̂−1(τ̂(i)+Ik) 6= ∅

and, moreover, ∀t ∈ [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R we have t+R Ik 6= ∅.

Before we proceed to state the main result of this section, we need to define one

more translation function that operates on MTL formulas. In detail, we define a new

translation function mtc : MTLB(AP ) → MTLB(AP ) that recursively operates on

a formula φ and modifies the temporal operators as follows

mtc(φ1 UIφ2) = mtc(φ1)UImtc(φ2)

mtc(φ1RIφ2) = mtc(φ1)RImtc(φ2)

Similarly to the function str∆τ̂ , the Boolean connectives just recursively call mtc

and the atomic propositions and the constants remain the same, e.g., mtc(>) = >,

mtc(p) = p, mtc(¬φ) = ¬mtc(φ) and mtc(φ1 ∨ φ2) = mtc(φ1) ∨mtc(φ2). Here,

mtc stands for matching as it is defined for the until operator in [72] and, thus, we will

refer to U and R as matching until and matching release respectively. The temporal

operators U and R are derived operators defined as φ1 UIφ2 = φ1 UI(φ1 ∧ φ2) and

φ1RIφ2 = φ1RI(φ1 ∨ φ2). Intuitively, the formula φ1 UIφ2 requires that there exists
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some time in I such that both φ2 and φ1 are true and that for all previous time φ1

holds. Note that the semantics of the matching versions of the temporal operators

3 and � are the same as their non-matching versions. The necessity for matching

versions of the temporal operators will become apparent in the proof of Theorem

5.4.1. Now, using Assumptions 5.4.1 to 5.4.3, we can prove the following theorem.

Theorem 5.4.1. Consider a formula φ ∈ MTLB(AP ), a map O ∈ F(AP,P(X)),

a continuous-time signal s ∈ F(R,X) and a sampling function τ̂ ∈ F↑c(N,R). Let

Assumptions 5.2.1 and 5.4.1 to 5.4.3 hold and set µ = (s ◦ τ̂ , τ̂). Then,

∀t ∈ [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R .

[[mtc(φ),O]]D(µ, i)− E(∆τ̂) ≤ [[φ,O]]C(s, t) ≤ [[mtc(φ),O]]D(µ, i) + E(∆τ̂)

(5.6)

for any i ∈ N which satisfies the conditions of Lemma 5.4.2.

Theorem 5.4.1 allows us to bound the robustness estimate of a continuous-time

signal with respect to an MTL formula φ. Note that the shortest the sampling

constant ∆τ̂ = α of the timed state sequence is, the tighter are the bounds on the

robustness estimate. However, since we cannot always assume that lim∆τ̂→0 E(∆τ̂) =

0 (see Example 5.5.2), we cannot make any further claims. Moreover, not only we

can guarantee that the continuous-time signal s satisfies the specification φ when

[[φ,O]]D(µ, i) > E(∆τ̂), but also that the signal does not satisfy φ when [[φ,O]]D(µ, i) <

−E(∆τ̂).

Note that LTL is a fragment of MTL which satisfies the second condition of

Assumption 5.4.3. Hence, the following corollary of Theorem 5.4.1 is particularly

useful in the case of LTL formulas.

Corollary 5.4.1. Consider a formula φ ∈ LTLB(AP ), a map O ∈ F(AP,P(X)),

a continuous-time signal s ∈ F(R,X) and a sampling function τ̂ ∈ F↑c(N,R). Let
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Assumption 5.2.1 hold and set σ = s ◦ τ̂ . Then,

∀t ∈ [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R .

[[mtc(φ),O]]D(σ, i)− E(∆τ̂) ≤ [[φ,O]]C(s, t) ≤ [[mtc(φ),O]]D(σ, i) + E(∆τ̂).

Note that LTL formulas, as opposed to MTL formulas, do not provide us with any

information on how to sample the continuous-time signal. In this case, the shorter

the sampling rate is, the better the approximation.

5.5 Examples

In this section, we demonstrate the proposed methodology with some examples. As

mentioned in the introduction, we want to study the transient behavior of dynamical

systems, thus all our examples study signals of bounded duration. The discrete-time

signals under consideration could be the result of sampling a physical signal or a

simulated one. The latter is meaningful in cases where we would like to use fewer

sampled points for temporal logic testing, while simulating the actual trajectory with

finer integration step. Since we analyze discrete-time signals of bounded duration,

we can compute their robustness estimate with respect to an MTL formula φ using

Algorithm 1.

First, we demonstrate that for certain classes of signals it is straightforward to

construct a bounding function E that satisfies the conditions of Assumption 5.2.1. For

example, the function E can be easily derived when a signal is Lipschitz continuous.

Definition 5.5.1 (Lipschitz Continuity). Let (X, d) and (X ′, d′) be two metric spaces.

A function f : X ′ → X is called Lipschitz continuous if there exists a constant Lf ≥ 0
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such that:

∀x′1, x′2 ∈ X ′.d(f(x′1), f(x′2)) ≤ Lfd
′(x′1, x

′
2). (5.7)

The smallest constant Lf is called Lipschitz constant of the function f .

What we are actually interested in is Lipschitz continuity of a signal s with respect

to time:

∀t, t′ ∈ R . d(s(t), s(t′)) ≤ Ls|t− t′|. (5.8)

Any signal with bounded time derivative satisfies the above condition. Whenever

only a number of values of the signal are available to us, instead of an analytical

description, we can use methods from optimization theory in order to estimate a

Lipschitz constant for the signal [177]. Moreover, if the signal s is the solution of

an ordinary differential equation ṡ(t) = f(s(t)), where f is Lipschitz continuous with

constant Lf , then it is always possible to estimate a constant Ls for eq. (5.8) when

the time domain R of s is compact [130]. This estimate is very conservative and

it cannot be employed in practical applications. However, it can be used as a local

estimate for the Lipschitz constant at a sampling point i, i.e., for the time period

τ̂(i+ 1)− τ̂(i), in connection with an on-line monitoring algorithm.

In all the examples that follow, we set X = R and d(x1, x2) = |x1 − x2|. The first

example exploits the fact that the derivative of the signal can be bounded.

Example 5.5.1. Assume that we are given a discrete-time representation σ1 (Fig.

2.2) of the continuous-time signal s1 (Fig. 2.1) which has constant sampling step of

magnitude 0.2, i.e., ∆τ̂1 = 0.2. We are also provided with the constraint E1(t) = 3t

(notice that |ṡ1(t)| ≤ | cos t| + 2| cos 2t| ≤ 1 + 2 = 3 for all t ∈ R, therefore s1 is

Lipschitz continuous with Ls1 = 3). We would like to test whether the underlying

continuous-time signal s1 satisfies the specification φ1 = 2[0,9π/2](p11 → 3[π,2π]p12),

with O(p11) = R≥1.5 and O(p12) = R≤−1. Notice that the sampling function τ̂1 sat-
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Figure 5.1: The sampled signal σ2 generated by sampling the continuous-time signal
s2(t) = sin(t) + sin(2t) + w(t), where |w(t)| ≤ 0.1, with constant sampling period
0.5. In this case, it is |s2(t1) − s2(t2)| ≤ Ls1|t1 − t2| + |w(t1)| + |w(t2)|. Thus,
E2(t) = Ls1t+ 0.2.

isfies the constraints of the Assumptions 5.3.1 and 5.3.2. Using Algorithm 1, we

compute a robustness estimate of [[str∆τ̂ (φ1)]]D(µ1) = 0.7428 where µ1 = (σ1, τ̂1),

while E1(∆τ̂1) = 0.6. Therefore, by Corollary 5.3.1 we conclude that 〈〈φ1〉〉C(s1) =

〈〈φ1〉〉D(µ1) = >.

The next example manifests a very intuitive attribute of the framework, namely,

that the more robust a signal is with respect to the MTL specification the larger the

sampling period can be.

Example 5.5.2. Consider the discrete-time signal σ2 in Fig. 5.1. The MITL spec-

ification is φ2 = 2[0,4π]p21 ∧ 3[3π,4π]p22 with O(p21) = [−4, 4] and O(p22) = R≤0.

In this case, we compute a robustness estimate of [[str∆τ̂ (φ2)]]D(µ2) = 1.7372 where

µ2 = (σ2, τ̂2), while E2(∆τ̂2) = 1.7 where ∆τ̂2 = 0.5. Therefore, by Corollary 5.3.1 we

conclude that 〈〈φ2〉〉C(s2) = >.

In the following example, we utilize our framework in order to test trajectories

of nonlinear systems. More specifically, we consider linear feedback systems with

saturation. Such systems have nonlinearities that model sensor/actuator constraints

(for example see [111, §10]).
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Example 5.5.3 (Example 10.5 in [111]). Consider the following linear dynamical

system with nonlinear feedback

ẋ(t) = Ax(t)− b sat(cx(t)), s3(t) = cx(t) (5.9)

where the saturation function sat is defined as

sat(y) =





−1 for y < −1

y for |y| ≤ 1

1 for y > 1

and A, b, c are the matrices

A =




0 1

1 0


 , b =




0

1


 , c =

[
2 1

]
.

First note that the origin x = [0 0]T is an equilibrium point of the system and that the

system is absolutely stable with a finite domain (also note that A is not Hurwitz). An

estimate of the region of attraction of the origin is the set Ω = {x ∈ R2 | V (x) ≤ 0.34},

where V (x) = xTPx and

P =




0.4946 0.4834

0.4834 1.0774




(see Example 10.5 in [111] for details). For any initial condition x(0) ∈ Ω, we

know that x(t) ∈ {x ∈ R2 | V (x) ≤ V (x(0))} for all t ∈ R. In addition, the

distance of x(t) from the origin [0 0]T is always bounded by the radius of the minimum

ball that contains the ellipsoid {x ∈ R2 | V (x) ≤ V (x(0))}. The lengths of the

axis of the ellipsoid are given by the square roots of the eigenvalues of the matrix
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Figure 5.2: The output signal s3 of Example 5.5.3.

Pe = V (x(0))P−1 (see §2.2.2 in [26]). Let λmax(Pe) be the maximum eigenvalue of

Pe, then ‖x(t)‖ ≤
√
λmax(Pe) for all t ∈ R and

‖ẋ(t)‖ ≤ ‖A‖‖x(t)‖+ ‖b‖ ≤ ‖A‖
√
λmax(Pe) + ‖b‖ = Lx

Thus, for any t, t′ ∈ R, we have

|s3(t)− s3(t′)| ≤ ‖c‖‖x(t)− x(t′)‖ ≤ ‖c‖Lx|t− t′|.

That is, E3(t) = ‖c‖Lxt. Assume, now, that we would like to verify that the signal

enters an acceptable stability region within 6 to 8 sec, that is, the MITL formula

is φ3 = 3[6,8]2[0,10]p31 with O(p31) = [−0.25, 0.25]. The initial condition is x(0) =

[−1 0.6]T ∈ Ω. The system (5.9) is integrated with a maximum step-size of 0.001 using

the MATLAB ode45 solver. The observable discrete-time signal σ3 has maximum

step-size ∆τ̂3 = 0.045. The robustness estimate is [[str∆τ̂ (φ3)]]D(µ3) = 0.2372 where

µ3 = (σ3, τ̂3), while E3(∆τ̂3) = 0.2182. Therefore, by Corollary 5.3.1 we conclude that

〈〈φ3〉〉C(s3) = >. Note that in this example, we assume that the simulation is accurate

and, hence, we ignore the possible simulation error
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5.6 Related Research

We should point out that the idea of continuous-time temporal logic verification by

discrete-time methods is not new. In [97], the relationship between analog and digital

clocks for timed state sequences is studied. In this paper, the authors demonstrate

that discrete-time verification techniques can be applied to the verification of bounded

time invariance and bounded time response properties of continuous-time systems

that can be modeled by timed transition systems. A more generalized version of the

same problem is studied in [164]. In [52], the authors show that if a formula has

the finite variability property, then its validity in discrete time implies validity in

continuous time. This result enables the application of verification rules for discrete-

time semantics to continuous-time problems.

The work that is the most related to ours appears in [71]. There, the authors give

conditions that enable the uniform treatment of both discrete and continuous-time

semantics within the temporal logic TRIO (they also note that their results should be

easily transferable to MTL). Despite the apparent differences (for example, we do not

assume finite variability and we use analog clocks in our discrete-time logic) between

[71] and our work, the two approaches are in fact complementary. We actually provide

concrete and practical conditions on the signals such that what is defined as “closure

under inverse sampling” in [71] holds.

5.7 Conclusions and Future Work

The main contribution of this chapter is a framework that enables continuous-time

reasoning using discrete-time methods. In particular, we have achieved two goals.

First, we can infer the continuous-time satisfiability of an MITL formula with respect

to a continuous-time signal. Our solution utilizes the notion of discrete-time robust-
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ness of MTL specifications and provides conditions on the signal dynamics and the

sampling function which, by the way, is not required to have a constant sampling

rate. Second, we can compute bounds on the continuous-time robustness estimate of

an MTL formula – which contains only closed intervals as timing constraints – with

respect to a continuous-time signal. In this case, it is required that the sampling

function has a constant sampling rate. The second contribution is quite interesting

since it might be the only way to under-approximate the continuous-time robustness

degree of a temporal logic formula with respect to a continuous-time signal.

In the front of continuous-time verification by discrete-time reasoning, there exist

several directions for future research. In the current framework, we require a global

bound E(∆τ̂) on the deviation of the signal between two samples. This might be too

conservative for applications with variable sampling step. One important modification

to this theory will be to use local bounds E(τ̂(i)− τ̂(i− 1)) in coordination with an

on-line monitoring algorithm. Related to the previous modification is the extension

of the present methodology to hybrid systems [107]. Currently, hybrid systems can be

handled by taking as bound E the most conservative bound Ec of all control locations

c of the hybrid automaton. Finally, as it is well known, the Lipschitz constant might

be a very conservative estimate on the deviation of the signal between two points

in time. In future work, we plan to use approximate metrics [82] in order to obtain

better bounds.
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Chapter 6

Dynamical System Verification

using Robust Simulations

6.1 Introduction and Problem Formulation

In this chapter, we consider the problem of MTL verification of dynamical systems.

In particular, we are interested in studying the transient behavior of autonomous

continuous-time Linear Parameter Varying (LPV) systems. This is an important

problem since it cannot be addressed by the classical control theory or other analytical

methods. An important characteristic of LPV systems [11] is that they can also

capture certain classes of Linear Time Varying (LTV) systems and, even, nonlinear

systems. One additional advantage that MTL verification provides is that we can

analyze real-time properties of such systems, which was not possible before.

The class of LPV systems is still too general to be automatically verified. Thus,

we will only consider systems that satisfy the following additional constraints.

Definition 6.1.1 (Regular LPV Systems). A regular LPV system Σ
LPV

? is an au-

tonomous continuous-time LPV system Σ
LPV

? = (R,X,X0, Y, P,A(p), C), which sat-
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isfies the following constraints:

• the time domain R is bounded,

• the set of initial conditions X0 is an n-dimensional hyper-rectangle,

• the parameter set P is a q-dimensional hyper-rectangle,

• the parameter function p : R→ P is a piecewise continuous function,

• the matrix A : P → Rn×n is a multi-affine function of the components of p,

A(p(t)) =
1∑

i1=0

1∑

i2=0

· · ·
1∑

iq=0

Ai1,i2,...,iq(p
(1)(t))i1(p(2)(t))i2 · · · (p(q)(t))iq (6.1)

where p(i)(t) denotes the i-th component of the vector function p and Ai1,i2,...,iq ∈

Rn×n are constant matrices.

The constraints that X0 and P must be hyper-rectangles are important, since

they will enable the development of an automatic MTL verification framework.

Definition 6.1.2 (Hyper-rectangle). A set P is a q-dimensional hyper-rectangle if it

can be written as

P := [p
1
, p1]× [p

2
, p2]× . . .× [p

q
, pq] (6.2)

where for i = 1, . . . , q, we have p
i
, pi ∈ R and, also, p

i
≤ pi.

Formally, we address the following problem in this chapter.

Problem 6.1.1. Given an MTL formula φ ∈ MTLB(AP ), an observation map

O ∈ F(AP,P(Y )) and a continuous-time regular LPV system Σ
LPV

? , verify that

L(Σ
LPV

? ) ⊆ L(φ,O).
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The difficulty in solving Problem 6.1.1 is that there exists an uncountably infinite

number of traces y of Σ
LPV

? to be checked. This is due to the fact that if both the

sets X0 and P are not singletons, then they contain an uncountably infinite number

of points. Thus, the verification of Σ
LPV

? cannot be done by a finite number of simu-

lations. In the following, we show that using the robust semantics of MTL (Section

3.2) and the notion of bisimulation function (see Section 4.2 or [82]), the bounded

time verification of Σ
LPV

? is possible by using only a finite number of simulations.

The first step in our approach is the reduction of the regular LPV system into

a Linear Time Invariant (LTI) system. In detail, we will compute a δ-approximate

bisimulation relation between the regular LPV system and an LTI system. The

next step is to verify that the resulting LTI system satisfies the specification with

robustness degree larger than δ. Thus, in order to solve Problem 6.1.1, we will also

need to address the following problem.

Problem 6.1.2. Given an MTL formula φ ∈MTLB(AP ), a map O ∈ F(AP,P(Y )),

an autonomous continuous-time LTI system Σ
LTI

= (R,X,X0, Y, A, C), where R is

bounded and X0 is a n-dimensional hyper-rectangle, and a number δ > 0, verify that

Eρ(L(Σ
LTI

), δ) ⊆ L(φ,O).

As we mentioned above our method is fundamentally based on numerical simu-

lation techniques [160]. Numerical simulation methods approximate the differential

equations of the system Σ
LTI

by algebraic equations which depend on the size of

the integration (time) step. Inevitably, there exists some error between the continu-

ous solution of the differential equations and the result of the numerical simulation,

which can be driven arbitrarily close to zero [160]. Therefore, we safely ignore this

issue by making the following assumption in order to facilitate the presentation of

the contributions in this chapter.
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Assumption 6.1.1. Consider an MTL formula φ ∈ MTLB(AP ), an observation

map O ∈ F(AP,P(Y )) and a continuous-time system Σ
LTI

. Let xC ∈ Λ(Σ
LTI

) and

(xD, τ̂) ∈ F(N,X) × F↑(N,R) be the numerical solution of Σ
LTI

such that xC(0) =

xD(0). Then, we assume that the numerical solution (integration step) is such that

[[φ,O]]D((yD, τ̂)) ≈ [[φ,O]]C(yC), where yC(t) = CxC(t) and yD(t) = CxD(t).

The symbol ≈ has the meaning of approximately equal. Here, we use it in the

sense that for x, y ∈ R, x ≈ y iff |x− y| = ε << x, y. In problems where Assumption

6.1.1 might seem too strong, we can removed by incorporating the approximation

results from Chapter 5. The next example will the running example with which we

are going to demonstrate the different steps of our framework.

Example 6.1.1. Consider the following regular LPV system

Σ
LPV

?a = (Ra,R2, X0
a ,R2, Pa, Aa(p), Ca)

where Ra = [0, 14] ⊆ R≥0, X0
a = [0.4, 0.8]× [−0.3,−0.1], p ∈ Pa = [0, 1], Ca = I2 and

Aa(p) =




0.05p −2.5

0.5 −1


 ,

The MTL specification we would like to verify is

ψa = 2pa1 ∧2≥8pa2

where O(pa1) = R× [−0.6, 0.6] and O(pa2) = [−0.4, 0.4]× [−0.4, 0.4]. Informally, the

specification ψa states that the value of x(2)(t) should always be in the set [−0.6, 0.6]

and that after 8 time units we should have x(i) ∈ [−0.4, 0.4] for i = 1, 2.

Now consider the nonlinear system of Example 4.1.1. Notice that for any x ∈ R,
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we have sin2(x) ∈ [0, 1]. Therefore, the LPV system in this examples actually captures

the nonlinear system in Example 4.1.1.

6.2 Approximating LPV Systems

The fundamental difficulty in testing an uncertain linear system Σ
LPV

? is that we have

an uncountable number of parameters to test both in the set of initial conditions X0

and in the set of unknown parameters P . This problem can be alleviated by employing

the notion of approximate bisimilarity which was introduced in Section 4.2. This

approach does not only allow us to test LTI systems with uncertain parameters,

but also LTV systems whose time varying parameters can be contained in a hyper-

rectangle.

Let us assume that we are given an autonomous uncertain linear system Σ
LPV

?

and a constant vector of parameters p0 in P . This vector could be either the nominal

operating point of the system, which is provided along with the model of the system,

or we can uniformly sample a point from the set P . Then, all we need to do is to find

an approximate bisimulation function F between the systems Σ
LPV

? and Σ
LPV

? (p0).

If we find one, and the game (4.3) returns a δ which has a finite value, then we know

that Σ
LPV

? (p0) can approximate Σ
LPV

? with precision δ and vice versa. Therefore, we

will have essentially reduced the verification problem for Σ
LPV

? to robustly testing

ΣLPV
? (p0).

The next Theorem indicates that an approximate bisimulation function between

two LPV systems can be efficiently computed despite the fact we have an uncountable

number of parameters. The notation EP(P ) in the following theorem denotes the
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extreme points of a convex polytope P , that is,

EP(P ) = {p0 ∈ P | p0 = λp1 + (1− λ)p2, p1, p2 ∈ P, λ ∈ (0, 1) =⇒ p0 = p1 = p2}.

When P is a q-dimensional hyper rectangle, then the set of extreme points is simply

EP(P ) = {(w1, w2, . . . , wq) | wi = pi or wi = pi for all i = 1, 2, . . . , q}.

Theorem 6.2.1. Consider two regular LPV systems Σ
LPV

?1 and Σ
LPV

?2 . If there exists

a positive semidefinite matrix M such that

M ≥ C? (6.3)

∀p1 ∈ EP(P1) . ∀p2 ∈ EP(P2) . AT? (p1, p2)M +MA?(p1, p2) ≤ 0, (6.4)

where

C? =



CT

1 C1 −CT
1 C2

−CT
2 C1 CT

2 C2


 and A?(p1, p2) =



A1(p1) 0

0 A2(p2)


 ,

then the function F(x) =
√
xTMx where x =

[
xT1 xT2

]T
is a bisimulation function

between Σ
LPV

?1 and Σ
LPV

?2 .

The following corollary of Theorem 6.2.1 indicates how we can compute a bisim-

ulation function F between Σ
LPV

? and Σ
LPV

? (p0).

Corollary 6.2.1. Consider a regular LPV system Σ
LPV

? and a vector p0 ∈ P . If

there exists a positive semidefinite matrix M such that

M ≥ C? (6.5)

∀p ∈ EP(P ) . AT? (p)M +MA?(p) ≤ 0, (6.6)
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where

C? =



CTC −CTC

−CTC CTC


 and A?(p) =



A(p0) 0

0 A(p)


 ,

then the function F(x) =
√
xTMx where x =

[
xTi xTu

]T
is a bisimulation function

between Σi = Σ
LPV

? (p0) and Σu = Σ
LPV

? .

The system of equations (6.3) and (6.4) can be efficiently solved with a semidefinite

programming solver. Notice, however, that the number of equations in (6.4) increases

exponentially with the number of unknown parameters. Theorem 6.2.1 forms the

basis for a testing framework for uncertain and time varying linear systems. If an

approximate bisimulation function exists between Σ
LPV

? and Σ
LPV

? (p0), then the next

step is to compute how well Σ
LPV

? (p0) approximates Σ
LPV

? by solving the static games

in (4.3). As the next proposition establishes, the sup-inf optimizations in (4.3) can

be reduced into a number of quadratic programs.

Proposition 6.2.1. Consider a system Σ
LPV

? and a vector p0 ∈ P and let

F(xi, xu) =
√
V(xi, xu) =

√[
xTi xTu

]
M

[
xTi xTu

]T

be a bisimulation function between Σi = Σ
LPV

? (p0) and Σu = Σ
LPV

? . Then, the

solution of the static games

max{ max
x0
i∈EP(X0)

inf
x0
u∈X0

V(x0
i , x

0
u), max

x0
u∈EP(X0)

inf
x0
i∈X0

V(x0
i , x

0
u)} (6.7)

computes the optimal points x∗i and x∗u which provide an upper bound δ ≥ δ∗ =

F(x∗i , x
∗
u) for the game of eq. (4.3).

Example 6.2.1. Consider the regular LPV system Σ
LPV

?a of Example 6.1.1 and the
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derived LTI system Σ
LPV

?a (p0), where p0 = 0.5. Using Corollary 6.2.1, we compute

the following positive semidefinite matrix:

M =




1.1016 −0.4013 −1.0903 0.3890

−0.4013 2.6660 0.4021 −2.6438

−1.0903 0.4021 1.1105 −0.4252

0.3890 −2.6438 −0.4252 2.7105




Using Proposition 6.2.1, the approximation bound δa between Σ
LPV

?a and Σ
LPV

?a (p0) is

computed to be 0.2125. The whole process took 0.93 sec to compute using MATLABTM

on PIII mobile 1.2GHz with 1GB of RAM.

6.3 MTL Robust Testing of LTI Systems

In this section, we show that Problem 6.1.2 can be solved in the framework of

continuous-time dynamical systems. Our approach comprises three basic steps. First,

we define a notion of neighborhood on the set of trajectories of the system Σ
LTI

. This

enables us to determine the sets of trajectories with approximately equivalent behav-

iors. Then, it is possible to verify that a property φ holds for all the traces of the

dynamical system by simulating only a finite number of traces of the system Σ
LTI

and evaluating their coefficients of robustness.

6.3.1 Sampling Using Bisimulation Functions

The next result states that by using the robust semantics of MTL and a bisimulation

function, it is possible to infer whether the robustness degree of an infinite number

of traces with respect to the specification is at least δ.
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Theorem 6.3.1. Let Σ
LTI

be a continuous-time LTI system, φ ∈MTLB(AP ) be an

MTL formula, O ∈ F(AP,P(Y )) be an observation map, F be a bisimulation function

of Σ
LTI

with itself, x1 ∈ Λ(Σ
LTI

) be a state trajectory of Σ
LTI

and y1(t) = Cx1(t).

Consider any number δ ≥ 0 and any x2 ∈ Λ(Σ
LTI

) such that 0 < F(x1(0), x2(0)) <

[[φ,O]]C(y1)− δ, then Distρ(y2,L(φ,O)) ≥ δ, where y2(t) = Cx2(t).

The challenge in developing a simulation-based verification algorithm is to sample

the set of initial conditions in a way that ensures coverage. For this purpose, we

define a discretization operator based on the bisimulation function.

Proposition 6.3.1. Let F : X × X → R≥0 be a bisimulation function. For any

compact set of initial conditions X0 ⊆ X, for all ε > 0, there exists a finite set of

points {x1, . . . , xk} ⊆ X0 such that

for all x ∈ X0, there exists xi, such that F(x, xi) ≤ ε. (6.8)

Let Disc be the discretization operator which maps the compact set X0 ⊆ X and

a strictly positive number ε to a list of points Disc(X0, ε) = {x1, . . . , xr} satisfying

equation (6.8).

Theorem 6.3.2. Let x1, . . . , xk ∈ Λ(Σ
LTI

) be state trajectories of Σ
LTI

such that

Disc(X0, ε) = {x1(0), . . . , xk(0)}

and y1, . . . yk be the associated observation trajectories, i.e. yi(t) = Cxi(t), then for

any δ ≥ 0, we have

(∀i = 1, . . . , k . [[φ,O]]C(yi) > ε+ δ) =⇒ (Eρ(L(Σ
LTI

), δ) ⊆ L(φ,O))
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Thus, it possible to verify that the system Σ
LTI

satisfies the MTL property φ with

robustness at least δ by evaluating the robustness estimate of only a finite number of

state trajectories.

6.3.2 Verification Algorithm

Algorithm 3 verifies that the property φ holds with at least robustness degree δ on

Σ
LTI

. The main idea is the following. We start with a rough discretization (using a

parameter ε > 0) of the set of initial states – typically we pick just one point. Then, we

try to verify the property using the traces associated with these initial states. When

the result of the verification is inconclusive (for example when δ ≤ [[φ,O]]D(µ) ≤ δ+ε

for simulated trajectory µ), the discretization of the initial states is refined locally

(using a refinement parameter r ∈ (0, 1)) around the initial states for which we were

unable to conclude the property. This algorithm, therefore, allows the fast verification

of robust properties, whereas more computational effort is required for non-robust

properties. The refinement operation is repeated at most K times (a user defined

parameter). The algorithm can terminate in one of four possible states:

1. the property holds with at least robustness degree δ on the system Σ
LTI

,

2. the property has been falsified – we have found a trace that does not satisfy the

specification, i.e., negative robustness estimate,

3. the system Σ
LTI

is not δ robust with respect to the property, or

4. we have computed a subset X̆0 of the initial states X0 such that all the state

trajectories initiating from X̆0 satisfy the MTL property with robustness degree

at least δ.
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In the last case, we also get a degree of coverage of the initial states that have been

verified. The proof of the correctness of the algorithm is not stated here but is

very similar to that of Theorem 6.3.2. Note, however, that the correctness of this

verification framework depends critically on Assumption 6.1.1.

Algorithm 3 Temporal Logic Verification Using Simulation

Require: A system Σ
LTI

= (R,X,X0, Y, A, C), an MTL formula φ, an observation
map O and numbers ε > 0, δ ≥ 0, r ∈ (0, 1), K ∈ N.

1: procedure Verify(Σ
LTI

, φ,O, ε, δ, r,K)
2: X̂0 ← Disc(X0, ε), X̆0 ← ∅, k ← 0
3: while k ≤ K and X̂0 6= ∅ do
4: X̂0

tmp ← ∅
5: for x0 ∈ X̂0 do
6: µ← Simulate Σ for the time in R from initial state x0

7: if [[φ,O]]D(µ) < 0 then

8: return “φ does not hold on Σ
LTI

”
9: else if 0 ≤ [[φ,O]]D(µ) < δ then

10: return “Σ
LTI

is not δ-robust wrt to φ”
11: else if δ ≤ [[φ,O]]D(µ) < δ + rkε then
12: X̂0

tmp ← X̂0
tmp ∪Disc(X0 ∩NF(x0, rkε), rk+1ε)

13: else
14: X̆0 ← X̆0 ∪NF(x0, rkε)
15: end if
16: end for
17: k ← k + 1, X̂0 ← X̂0

tmp

18: end while
19: if X̂0

tmp = ∅ then

20: return “φ holds on Σ
LTI

with robustness degree at least δ”
21: else
22: return “φ holds δ-robustly on Σ

LTI
= (R,X,X0 ∩ X̆0, Y, A, C)”

23: end if
24: end procedure
25: . In lines 14,12: NF(x, ε) = {x′ ∈ X | F(x, x′) ≤ ε}

Remark 6.3.1. Consider replacing [[φ,O]]D(µ) in Algorithm 3 by the theoretical quan-

tity Distρ̂(µ
(1),Lτ̂ (φ,O)) for some sampling function τ̂ ∈ F↑(N,R). In this case, it

can be shown that whenever distρ̂(Lτ̂ (ΣLTI
),Lτ̂ (¬φ,O)) > 0, the algorithm is com-
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plete and can verify the system using only a finite number of simulations. The current

algorithm may fail to be complete since we are using an under-approximation of the

robustness degree (note also that [[φ,O]]D(µ) = 0 6⇒ Distρ̂(µ
(1),Lτ̂ (φ,O)) = 0).

The next example demonstrates how our verification toolbox in MATLABTM

works for testing autonomous LTI systems.

Example 6.3.1. Let us go back to the LTI system Σ
LTI

a = Σ
LPV

?a (p0) of Example

6.2.1. We have to prove that Σ
LTI

a satisfies the specification ψa of Example 6.1.1 with

robustness degree at least δa = 0.2125 (see Example 6.2.1).

At the initialization step, the algorithm computes a bisimulation function F ′(x) =
√
xTM ′x of Σ

LTI
with itself by solving the following set of matrix equations

M ≥ CT
a Ca = I2

ATa (p0)M ′ +M ′Aa(p0) ≤ 0,

The positive semidefinite matrix M ′ that defines the bisimulation function is computed

using SeDuMi [170] to be:

M ′ =




1.0940 −0.3895

−0.3895 2.6142




The next step in the procedure is to pick a point x0 from the set of initial conditions

X0
a for the first simulation. This is always chosen to be the centroid of the set of

initial conditions, e.g., x0 = [0.6 − 0.2]T in this case. Then, we must compute the

maximum value ε of the bisimulation function over the set of initial conditions relative

to the point x0, i.e., ε = supx∈X0
a
F ′(x − x0). Since X0

a is a hyper-rectangle and F ′

is a convex function, the maximum value is attained on one of the extreme points
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of X0
a . In other words, ε = maxx∈EP(X0

a)F ′(x − x0). For this example, we compute

ε = 0.2924.

−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

y(1)

y(2
)

Figure 6.1: 1st iteration of the algorithm. The green rectangle indicates the set of
initial conditions in the output space. The ellipsoid indicates the level set of the
bisimulation function for ε = 0.2924 and the enclosing circle has radius ε = 0.2924.
The plotted trajectory has robustness estimate 0.3852 (blue circle), while δa + ε =
0.5049 (dashed red circle).

Figure 6.1 summarizes the first iteration of the algorithm. Let µ0 = (y0, τ̂0) denote

the timed state sequence defined by pairing the observation trajectory y0 with the

sampling function τ0 which are the outcome of the simulation of Σ
LTI

a for 14 time

units and with initial conditions x0 = [0.6 − 0.2]T . The robustness estimate of µ0

is [[ψ,O]]D(µ0) = 0.3852, while δa + ε = 0.5049. Therefore, the algorithm refines

locally the points which must be tested. For the refinement process, we always pick

the centroids of the hyper-rectangles that are generated by dividing the initial hyper-

rectangle with respect to the testing point – x0 in this iteration (see Figure 6.2). By
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choosing r = 0.5, we can guarantee that the value of the bisimulation function on all

the points in the new hyper-rectangles relative to their respective centroids is bounded

by ε/2.
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0.3

y(1)

y(2
)

Figure 6.2: 2nd iteration of the algorithm. The new hyper-rectangles and their re-
spective centroids that result from the refinement process of X0

a with respect to x0.
The circles indicate testing points that initiate trajectories that satisfy ψa δa-robustly,
while the stars indicate testing points that must be refined locally.

The process repeats until the algorithm terminates in one of the states described

earlier in this section. In this example, the algorithm found Σ
LTI

a to be δa-robust with

respect to ψa. The verification process required 13 simulations in total and it took

6.5 sec to complete. The 10 simulations that prove the correctness (robustness) of the

system appear in Figures 6.3 and 6.4.

The next example demonstrates that the proposed algorithm can verify systems

with large state spaces (many continuous variables).

Example 6.3.2. Here, we present a transmission line example which we borrowed

from [88]. The goal is to check whether the transient behavior of a long transmission

line is acceptable both in terms of overshoot and response time.
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Figure 6.3: The 10 simulations that verify that the system is at least 0.2125-robust
with respect to specification ψa : Phase space.
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Figure 6.4: The 10 simulations that verify that the system is at least 0.2125-robust
with respect to specification ψa : Time domain.
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As mentioned in Example 4.1.2, a transmission line can be modeled by an LTI

system. Let ΣLTI
c = (Rc,R81, X0

c ,R,R, Ac, bc, Cc) be the LTI system, where Rc = [0, 2]

and X0
c = {−A−1bu | u ∈ [−0.2, 0.2]}. The matrices Ac, bc and Cc are too large to be

explicitly presented here, but further details can be found in [88]. Note that the system

we are trying to verify is 81-dimensional. Initially, u(0) ∈ U0
c = [−0.2, 0.2] and the

system is at its steady state x(0) = −A−1
c bu(0). Then, at time t > 0 the input is set

to the value u(t) = 1. The output of the system (observable trajectory) for u(0) = 0

appears in Fig. 6.5.

The goal of the verification is double. We want to check that the voltage at the

receiving end stabilizes between 0.8 and 1.2 Volts within T nano-seconds (response

time) and that its amplitude always remains bounded by θ Volts (overshoot) where

T ∈ [0, 2] and θ ≥ 0 are design parameters. The specification is expressed as the

MTL property:

ψc = 2pc1 ∧3[0,T ]2pc2

where the predicates are mapped as follows: O(pc1) = [−θ, θ] and O(pc2) = [0.8, 1.2].
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Figure 6.5: An example trace of the RLC model of the transmission line.

We can compute a bisimulation function F(x) =
√
xTMx of the system with itself
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by solving the following set of matrix equations

M ≥ CT
c Cc

ATcM +MAc ≤ 0,

We run the verification algorithm for T ∈ {0.8, 1.2, 1.6}, θ ∈ {1.4, 1.5, 1.6} and

robustness parameter δ = 0. The results are summarized in Table 6.1. For the cases

where the property ψc holds on ΣLTI
c , we can see that the number of simulations

needed for the verification is related to the robustness of the system with respect to the

property. Indeed, the larger the T and θ are, the more robust the ΣLTI
c is with respect

to the property ψc and, in turn, the less is the number of the simulations that are

required for verification. This is one interesting feature of our approach which relates

robustness to the computational complexity of the verification.

T = 0.8 T = 1.2 T = 1.6
θ = 1.4 False / 1 False / 1 False / 1
θ = 1.5 False / 1 False / 15 False / 13
θ = 1.6 False / 1 True / 17 True / 7

Table 6.1: Experimental results of the verification algorithm for the transmission line
example. For each value of (T, θ) the table gives whether the property ψc holds on
ΣLTI
c and how many simulations of the system were necessary to conclude.

6.4 Putting Everything Together

The previous sections outlined the theoretical results that comprise the basic building

blocks for a framework for the MTL testing and verification of LPV systems. This

section briefly discusses how these results can be put together into a practical and

efficient testing algorithm and it concludes with some numerical results.
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Assume that we are given a regular LPV system Σ
LPV

? and an MTL formula φ

(along with the corresponding observation map O). First, we choose a random vector

p0 from the set parameter values P . If a nominal parameter vector p0 has been defined,

then we use that instead of a random vector. Then using Corollary 6.2.1, we compute a

bisimulation function F between Σ
LPV

? (p0) and Σ
LPV

? . If such a bisimulation function

exists, then the next step is to determine the accuracy δ of the approximate bisim-

ulation relation. This is done using Proposition 6.2.1. Note that all the above steps

can be efficiently computed within MATLABTM using the Optimization ToolboxTM

and SeDuMi [170]. Finally, the resulting problem Eρ(L(Σ
LPV

? (p0)), δ) ⊆ L(φ,O) can

be solved using the MTL robust testing algorithm. Next, we present some numerical

examples using the prototype MATLAB toolbox that we have developed. All the

numerical experiments were performed on a PIII mobile 1.2GHz with 1GB of RAM.

Example 6.4.1. Consider a modified version of Example 4.1.2 where now the system

has also unknown parameters. In detail, assume that the parameters r and l are

known and constant with values r = 2.5 and l = 1.25, while the exact value of the

capacitances is uncertain and possibly time varying such that c(t) ∈ [c0 + β, c0 + β],

where c0 = 3.75 · 10−3 and β = 2 · 10−5. Formally, we are trying to verify the

system ΣLPV
b = (Rb,R10, X0

b ,R5,R, Pb, A′b, bb, Cb), where Pb ∈ [c0 − β, c0 + β]5 and

X0
b =

∏5
i=1({0} × [−α, α]). The structure of the matrix A′b(p) appears in Figure

6.4.1. Note that even though the matrix A′b(p) is not a multi-affine matrix valued

function as required in the definition of a regular LPV system (see Definition 6.1.1),

it can be converted into that form by the simple transformation p′ = 1
c0+p

. Thus, if

p ∈ [p, p], then p′ ∈ [ 1
c0+p

, 1
c0+p

].

Another detail we should point out is that Proposition 6.2.1 holds for autonomous

linear systems of the form ẋ = A(p)x with p ∈ P . However, the closed-loop system

Σ
LPV

b under the step input u(t) = 1 for t ≥ 0 is of the form ẋ = A(p)x + b. We
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A′b(p) =




− r
l
−1

l
0 0 0 0 0 0 0 0

1
c0+p(1) 0 − 1

c0+p(1) 0 0 0 0 0 0 0

0 1
l

− r
l

−1
l

0 0 0 0 0 0
0 0 1

c0+p(2) 0 − 1
c0+p(2) 0 0 0 0 0

0 0 0 1
l

− r
l

−1
l

0 0 0 0
0 0 0 0 1

c0+p(3) 0 − 1
c0+p(3) 0 0 0

0 0 0 0 0 1
l

− r
l

−1
l

0 0
0 0 0 0 0 0 1

c0+p(4) 0 − 1
c0+p(4) 0

0 0 0 0 0 0 0 1
l

− r
l

−1
l

0 0 0 0 0 0 0 0 1
c0+p(5) 0




Figure 6.6: The matrix A′b(p) of Example 6.4.1.

can convert the latter system into an equivalent ż = A(p)z under the transformation

z = x + A−1(p)b if A(p) is invertible for all p ∈ P . Since X0 is a hyper-rectangle, it

can be described by a set of inequalities of the form cix ≤ di. In this case, the new set

of initial conditions Z0 will be described by the set of inequalities ciz ≤ di+ciA
−1(p)b.

The resulting set for all p ∈ P , i.e., Z0 = ∪p∈P{z | ∧i ciz ≤ di + ciA
−1(p)b}, might

not be a hyper-rectangle or even a convex set! Nevertheless, in this example it is the

case that b′ = A−1(p)b = [ 0 −1 0 −1 0 −1 0 −1 0 −1 ]T , that is, b′ is independent of the

parameter values. Therefore, the set Z0 is simply a translation of X0 and, thus, it is

still a hyper-rectangle.

Problem
Instance

1 2

α 0.03 0.06
δ 0.1150 0.1198

Table 6.2: Approximation bounds for the Problems of Example 6.4.1.

As the nominal parameter value, we pick the vector p0 = [0 0 0 0 0]T . Table 6.4.1

indicates how the approximation δ between the LPV system and the corresponding

LTI system changes with respect to the parameter α, i.e., the size of the set of initial
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conditions X0. The computation time for the approximation bound δ for this problem

size takes about 15.69 sec in MATLAB.

We need to verify that the voltage at all the nodes does not exceed 2 voltage units

and that the voltage at the receiving end, i.e., y(5) = x(10), stabilizes within 3 time

units within the range [0.75, 1.25]. The above requirement is captured by the MTL

formula ψb = 2pb1 ∧ 3≤22pb2, where O(pb1) = {y ∈ R5 | ∧5
i=1 |y(i)| ≤ 2} and

O(pb2) = {y ∈ R5 | 0.8 ≤ y(5) ≤ 1.2}. Table 6.3 summarizes the verification results.

The simulated trajectory for Problem Instance 1 appears in Figure 4.6, while the

trajectories that verify the Problem Instance 2 appear in Figure 6.7.

Problem
Instance

1 2

safe
√ √

time (sec) 3.46 76.27
# simulations 1 33

Table 6.3: Verification results for Example 6.4.1.

Figure 6.7: The 33 trajectories that are necessary for the verification of Problem
Instance 2 of Example 6.4.1. This is the phase space for the variables y(3)−y(4)−y(5).
The box indicates the set of initial conditions.

The next example demonstrates how the framework can be used for the real-time

verification of nonlinear systems.
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Example 6.4.2. Let’s consider again the running example of this chapter. In Exam-

ple 6.1.1, we indicated that the nonlinear system Σa of Example 4.1.1 can be captured

by the LPV system Σ
LPV

a . Then in Examples 6.2.1 and 6.3.1, we showed that the

LPV system is correct with respect to the specification ψa with robustness degree at

least δα. Thus, we can conclude that Σa also satisfies the specification ψa.

6.5 Related Research

There is a lot research activity in the verification and testing of dynamical systems.

In the introduction, we sampled a few of the works of the vast literature in testing

and verification. Here, we will only focus on frameworks that use robust simulations

or temporal logics.

Girard and Pappas in [80] have developed a methodology for the verification of

safety properties of continuous-time dynamical systems with inputs. In [54], the

authors develop a robust testing framework for safety properties using sensitivity

analysis. The main differences between [54] and the methodology in this chapter

are (i) that we use a more expressive specification language, namely MTL, and (ii)

that we use approximate bisimulation relations instead of sensitivity analysis. The

authors in [107] have presented a framework for the robust testing of safety properties

of hybrid systems.

An application area that has attracted the interest of the verification community

is the analysis of analog and mixed-signal circuits. Such systems can be modeled by

continuous and hybrid dynamical systems respectively. Since the properties that need

to be tested on such systems extend beyond simple safety requirements, there is a

lot of interest in introducing temporal logics as specification languages. For example

in [90], the authors generate conservative discrete approximations of the continuous
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state space of nonlinear systems. Then, the discretized models are verified against

specifications expressed in an extension of Computational Tree Logic (CTL) [41].

The paper [47] presents a methodology for generating discretized models both in

state space and in time of nonlinear systems. These discrete models are captured by

Finite State Machines (FSM). Again, the requirements are expressed in an extension

of CTL and a bounded model checking algorithm is applied to the system. In [128], a

method for constructing Labeled Hybrid Petri Nets (LHPNs) from simulation traces

of the circuit is presented. Similar to our verification framework, this approach can

also handle varying parameters. Then, the resulting Petri Net is model checked using

a variety of methods proposed by the authors in their previous works. Note that the

last two methodologies are falsification rather than verification frameworks due to the

way the FSMs or the LHPNs are generated.

6.6 Conclusions and Future Work

In this chapter, we have presented a framework for the Metric Temporal Logic (MTL)

testing and verification of Linear Parameter Varying (LPV) systems. This class of

systems includes linear systems with uncertain parameters and some instances of

linear time varying, nonlinear and hybrid systems.

The main contributions of this chapter are two. First, we present the construction

of a bisimulation function that enables the approximation of an LPV system by a

Linear Time Invariant (LTI) system in an computationally efficient way. Moreover,

the results have been developed in such a way that allow the temporal logic verification

step on the LTI system to be performed by any algorithm that can check MTL

properties.

However, since – to the best of our knowledge – such a verification algorithm,
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which can handle systems with large continuous state spaces, does not exist, we have

proposed a framework for the bounded time MTL verification of LTI systems. Note

that the framework can be extended to handle other classes of systems, too, as long

as we can find bisimulation functions. The proposed methodology reinforces a very

intuitive observation : robustly (safe or unsafe) systems are easier to verify. We

believe that light weight verification methods, such as the one presented here, can

offer valuable assistance to the practitioner.

Future research will concentrate on incorporating the results of this chapter with

the works presented in [80] and [107]. This will enable the verification of hybrid

systems with unknown parameters under the presence of uncertainty.
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Chapter 7

Temporal Logic Motion Planning

7.1 Introduction and Problem Formulation

This chapter deals with the problem of motion generation for mobile robots from high

level specifications. We consider a mobile robot which is modeled by the second order

system Σ (dynamics model):

ẍ(t) = u(t), x(t) ∈ X, x(0) ∈ X0, u(t) ∈ U (7.1)

where x(t) ∈ X is the position of the robot on the plane, X ⊆ R2 is the free workspace

of the robot and X0 ⊆ X is a compact set that represents the set of initial positions.

Note that x : R≥0 → X is a continuous-time signal as introduced in Section 2.1.2.

Here, we assume that initially the robot is at rest, i.e., ẋ(0) = 0, and that U = {u ∈

R2 | ‖u‖ ≤ µ} where µ ∈ R>0 models the constraints on the control input (forces or

acceleration) and ‖ · ‖ is the Euclidean norm. The goal of this chapter is to construct

a hybrid controller that generates control inputs u(t) for system Σ so that for the set

of initial states X0, the resulting motion x(t) satisfies a formula-specification φ in the
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propositional temporal logic over the reals, that is, LTL interpreted over continuous-

time signals.

For the high level planning problem, we consider the existence of a number of

regions of interest to the user. Such regions could be rooms and corridors in an

indoor environment or areas to be surveyed in an outdoor environment. Let AP =

{p0, p1, . . . , pn} be a finite set of symbols (atomic propositions) that label these areas.

We reserve the symbol p0 to model the free workspace of the robot, i.e., O(p0) = X.

In order to make apparent the use of LTL for the composition of motion planning

specifications, we first present some examples. The propositional temporal logic over

the reals can describe the usual properties of interest for control problems, i.e., reach-

ability (3p) and safety: (2p or 2¬p). Beyond the usual properties, LTL can capture

sequences of events and infinite behaviours:

• Reachability while avoiding regions: The formula ¬(p1∨p2∨· · ·∨pn)Upn+1

expresses the property that the sets O(pi) for i = 1, . . . , n should be avoided

until O(pn+1) is reached.

• Sequencing: The requirement that we must visit O(p1), O(p2) and O(p3) in

that order is captured by the formula 3(p1 ∧3(p2 ∧3p3)).

• Coverage: Formula 3p1 ∧3p2 ∧ · · · ∧3pn reads as the system will eventually

reach O(p1) and eventually O(p2) and ... eventually O(pn), requiring the system

to eventually visit all regions of interest without imposing any ordering.

• Recurrence (Liveness): The formula 2(3p1 ∧3p2 ∧ · · · ∧3pn) requires that

the trajectory does whatever the coverage does and, in addition, will force the

system to repeat the desired objective infinitely often.

More complicated specifications can be composed from the basic specifications using
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Figure 7.1: The simple environment of Example 7.1.1. The four regions of interest
p1, p2, p3, p4 are enclosed by the polygonal region labeled by p0.

the logic operators. In order to better explain the different steps in our framework,

we consider throughout the paper the following example.

Example 7.1.1. Consider a robot that is moving in a convex polygonal environment

p0 with four areas of interest denoted by p1, p2, p3, p4 (see Fig. 7.1). Initially, the robot

is placed somewhere in the region labeled by p1 and its velocity is set to zero. The

robot must accomplish the following task : “Visit area O(p2), then area O(p3), then

area O(p4) and, finally, return to and stay in region O(p1) while avoiding areas O(p2)

and O(p3)”. This specification can be formally written as the LTL formula:

ψ1 = 2p0 ∧3(p2 ∧3(p3 ∧3(p4 ∧ (¬(p2 ∨ p3))U2p1)))

Also, it is implied that the robot should always remain inside the free workspace X,

i.e., region O(p0), and that X0 = O(p1).

In this paper, for such specifications, we provide a computational solution to the

following problem.

Problem 7.1.1. Given the system Σ, an LTL formula φ and an observation map
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O, construct a hybrid controller Hφ for Σ such that the trajectories of the closed-loop

system Σφ satisfy formula φ, i.e., L(Σφ) ⊆ L(φ,O).

We propose a hierarchical synthesis approach which consists of three components :

tracking control using approximate simulation relations [79], robust satisfaction of

LTL formulas [60, 58] and hybrid control for motion planning [62, 61]. First, Σ is

abstracted to the first order system Σ′ (kinematics model):

ż(t) = v(t), z(t) ∈ Z, z(0) ∈ Z0, v(t) ∈ V (7.2)

where z(t) ∈ Z is the position of the robot in the kinematics model, Z ⊆ R2 is a

modified free workspace, Z0 = X0 is the set of possible initial positions and V =

{v ∈ R2| ‖v‖ ≤ ν} for some ν ∈ R>0 is the set of control input values (allowed

velocity values). Using the notion of approximate simulation relation, we evaluate the

precision δ with which the system Σ is able to track the trajectories of the abstraction

Σ′ and design a continuous tracking controller that we call interface. Secondly, from

the LTL formula φ and the precision δ, we derive a more “robust” formula φ′ such

that if a trajectory z satisfies φ′, then any trajectory x remaining at time t within

distance δ from z(t) satisfies the formula φ. Thirdly, we design a hybrid controller

H ′φ′ for the abstraction Σ′, so that the trajectories of the closed loop system satisfy

the formula φ′. Finally, by putting these three components together, as shown in

Fig. 7.2, we design a hybrid controller Hφ solving Problem 7.1.1. In the following, we

detail each step of our approach.
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Hybrid controller: Hφ

Hybrid motion planner: H′
φ′

〈〈φ′ ,Oε
δ〉〉C (z) = �

Figure 7.2: Hierarchical architecture of the hybrid controller Hφ.

7.2 Tracking using Approximate Simulation

In this section, we present a framework for tracking control with guaranteed error

bounds. It allows us to design an interface between the dynamics model Σ and its

kinematics abstraction Σ′ so that Σ is able to track the trajectories of Σ′ with a given

precision. It is based on the notion of approximate simulation relation [74]. Whereas

exact simulation relations require the observations, i.e., x(t) and z(t), of two systems

to be identical, approximate simulation relations allow them to be different provided

their distance remains bounded by some parameter.

Let us first rewrite the 2nd order model Σ as a system of 1st order differential

equations

Σ :

⎧
⎪⎨
⎪⎩

ẋ(t) = y(t), x(t) ∈ X, x(0) ∈ X0

ẏ(t) = u(t), y(t) ∈ R2, y(0) = [0 0]T

where x is the position of the mobile robot and y its velocity. If we let θ = [xT yT ]T ,

i.e., θ : R≥0 → R4, with θ(0) ∈ Θ0 = X0 × {(0, 0)}, then

θ̇ = Aθ +Bu and x = Cxθ, y = Cyθ
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7.2 Tracking using Approximate Simulation

In this section, we present a framework for tracking control with guaranteed error

bounds. It allows us to design an interface between the dynamics model Σ and its

kinematics abstraction Σ′ so that Σ is able to track the trajectories of Σ′ with a given

precision. It is based on the notion of approximate simulation relation [82]. Whereas

exact simulation relations require the observations, i.e., x(t) and z(t), of two systems

to be identical, approximate simulation relations allow them to be different provided

their distance remains bounded by some parameter.

Let us first rewrite the 2nd order model Σ as a system of 1st order differential

equations

Σ :





ẋ(t) = y(t), x(t) ∈ X, x(0) ∈ X0

ẏ(t) = u(t), y(t) ∈ R2, y(0) = [0 0]T

where x is the position of the mobile robot and y its velocity. If we let θ = [xT yT ]T ,

i.e., θ : R≥0 → R4, with θ(0) ∈ Θ0 = X0 × {(0, 0)}, then

θ̇ = Aθ +Bu and x = Cxθ, y = Cyθ
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where

A =




0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0



, B =




0 0

0 0

1 0

0 1



, Cx =




1 0 0 0

0 1 0 0


 , Cy =




0 0 1 0

0 0 0 1


 .

Next, we review some of the definitions of Section 4.2 using the notation and the

systems of the current chapter. First, we restate the definition of the approximate

simulation relation.

Definition 7.2.1 (Simulation Relation). A relation Sδ ⊆ R2×R4 is an approximate

simulation relation of precision δ of Σ′ by Σ if for all (z0, θ0) ∈ Sδ,

1. ‖z0 − Cxθ0‖ ≤ δ

2. For all state trajectories z of Σ′ such that z(0) = z0 there exists a state trajectory

θ of Σ such that θ(0) = θ0 and ∀t ≥ 0, (z(t), θ(t)) ∈ Sδ.

An interface associated to the approximate simulation relation Sδ allows to choose

the input of Σ so that the states of Σ′ and Σ remain in Sδ.

Definition 7.2.2 (Interface). A continuous function uSδ : V ×Sδ → U is an interface

associated with an approximate simulation relation Sδ, if for all (z0, θ0) ∈ Sδ, for all

trajectories z of Σ′ associated with a given input signal v such that z(0) = z0, the

trajectory θ of Σ starting at θ(0) = θ0 given by

θ̇(t) = Aθ(t) +BuSδ(v(t), z(t), θ(t)) (7.3)

satisfies for all t ≥ 0, (z(t), θ(t)) ∈ Sδ.
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Thus, by interconnecting Σ and Σ′ through the interface uSδ as shown on Fig. 7.2,

the system Σ tracks the trajectories of the abstraction Σ′ with precision δ.

Proposition 7.2.1. Let θ0 ∈ Θ0 and z0 = Cxθ0 ∈ Z0 such that (z0, θ0) ∈ Sδ, then for

all trajectories z of Σ′ associated with a given input signal v and the initial state z0, the

trajectory θ of Σ given by (7.3) for θ(0) = θ0, satisfies for all t ≥ 0, ‖Cxθ(t)−z(t)‖ ≤

δ.

Let us remark that the choice of the initial state z0 of the abstraction Σ′ is not

independent of the initial state θ0 of the system Σ (z0 = Cxθ0).

Remark 7.2.1. Usual hierarchical control approaches assume that the plant Σ is

simulated by its abstraction Σ′. Here, the contrary is assumed. The abstraction Σ′

is (approximately) simulated by the plant Σ: the approximate simulation relation is

used as a tool for tracking controller design.

The construction of approximate simulation relations can be done effectively using

a class of functions called simulation functions [82]. Essentially, a simulation function

of Σ′ by Σ is a positive function bounding the distance between the observations and

non-increasing under the parallel evolution of the systems.

Definition 7.2.3 (Simulation Function). Let F : R2 × R4 → R≥0 be a continuous

and piecewise differentiable function. Let uF : V × R2 × R4 → R2 be a continuous

function. F is a simulation function of Σ′ by Σ, and uF is an associated interface if

for all (z, θ) ∈ R2 × R4, the following two inequalities hold

F(z, θ) ≥ ‖z − Cxθ‖2 (7.4)

sup
v∈V

(
∂F(z, θ)

∂z
v +

∂F(z, θ)

∂θ
(Aθ +BuF(v, z, θ))

)
≤ 0 (7.5)
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Then, approximate simulation relations can be defined as level sets of the simula-

tion function.

Theorem 7.2.1. Let the relation Sδ ⊆ R2 × R4 be given by

Sδ =
{

(z, θ) | F(z, θ) ≤ δ2
}
.

If for all v ∈ V , for all (z, θ) ∈ Sδ, we have uF(v, z, θ) ∈ U , then Sδ is an approx-

imate simulation relation of precision δ of Σ′ by Σ and uSδ : V × Sδ → U given by

uSδ(v, z, θ) = uF(v, z, θ) is an associated interface.

Now we are in position to state the result that will enable us to perform tracking

control.

Proposition 7.2.2. Assume that for the systems Σ and Σ′ the constraints µ and ν

satisfy the inequality

ν

2

(
1 + |1− 1/α|+ 2/

√
α
)
≤ µ (7.6)

for some α > 0. Then,

Sδ = {(z, θ)| F(z, θ) ≤ 4ν2}

where F(z, θ) = max (Q(z, θ), 4ν2) with

Q(z, θ) = ‖Cxθ − z‖2 + α‖Cxθ − z + 2Cyθ‖2

is an approximate simulation relation of precision δ = 2ν of Σ′ by Σ and an associated

interface is

uSδ(v, z, θ) =
v

2
+
−1− α

4α
(Cxθ − z)− Cyθ.

124



The importance of Proposition 7.2.2 is the following. Assume that the initial

state of the abstraction Σ′ is chosen so that z(0) = Cxθ(0) and that Σ′ and Σ are

interconnected through the interface uSδ . Then, from Theorem 7.2.1, the observed

trajectories x(t) of system Σ track the trajectories z(t) of Σ′ with precision 2ν.

The parameter α in the simulation function in Proposition 7.2.2 can be thought

as a Lagrange multiplier. Basically, if α is large, then the term ‖Cxθ− z+ 2Cyθ‖ gets

penalized and, as a consequence, this term will be small. On the other hand, if α is

small, then the term ‖Cxθ − z‖ is penalized and, thus, this term will become small.

The parameter α has also the following influence on the interface. If α is large, then

the dynamics are smooth since limα→∞(1 + α)/4α = 1/4, while when α is small the

dynamics are stiff since limα→0+(1 + α)/4α = +∞.

Remark 7.2.2. In this section we have only imposed bounds on ẍ through the con-

straint µ. Bounds on the actual value of x are imposed through the allowed free

workspace X. If bounds on the velocity ẋ of Σ are also required, then these can be

computed from the equation of the interface uSδ since v, ẍ and ‖x(t) − z(t)‖ are

bounded. If the bounds on ẋ are not satisfied, then we can adjust µ and ν accordingly.

7.3 Robust Interpretation of LTL Formulas

In the previous section, we designed a control interface which enables the dynamic

model Σ to track its abstract kinematic model Σ′ with accuracy δ = 2ν. In this

brief section, we demonstrate how we can utilize the observation map Oeδ (see Section

3.1.2) in order take into account the bound δ on the tracking error.

Example 7.3.1. Revisiting Example 7.1.1, we need first to modify the input specifi-
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Figure 7.3: The modified workspace of Example 7.3.1 for δ = 1 + ε with ε sufficiently
small.

cation ψ1. The formula nnf(ψ1) is equal to

nnf(ψ1) = 2p0 ∧3(p2 ∧3(p3 ∧3(p4 ∧ (¬p2 ∧ ¬p3)U2p1)))

and the corresponding formula ψ′1 = pos(nnf(ψ1)) is

ψ′1 = 2ξp0 ∧3(ξp2 ∧3(ξp3 ∧3(ξp4 ∧ (ξ¬p2 ∧ ξ¬p3)U2ξp1))).

Note that after the translation no negation operator appears in the formula. We can

now apply the contraction operation on the regions of interest labeled by ΞAP and the

free workspace X and derive the δ-robust interpretation of the propositions in ΞAP

and the modified workspace Z (see Fig. 7.3). For the purposes of this example, we

define the map hδ : Z → P(ΞAP ) such that for any z ∈ Z we have hδ(z) = {ξ ∈

ΞAP | z ∈ Oeδ(ξ)}. Any point z in region a (yellow or light gray) is labeled by the

set of propositions hδ(z) = {ξp0 , ξp1 , ξ¬p2 , ξ¬p3 , ξ¬p4}, while any point z in the annulus

region a’ (red or dark gray) is labeled by the set hδ(z) = {ξp0 , ξ¬p2 , ξ¬p3 , ξ¬p4}. Notice

that Z = Oeδ(ξp0) and that Z0 = X0 = Oeδ(p1).
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Remark 7.3.1. The δ-contraction of a polyhedral set is not always a polyhedral set. In

order to maintain a polyhedral description for all the sets, we under-approximate the

δ-contraction by the inward δ-offset. Informally, the inward δ-offset of a polyhedral set

is the inward δ-displacement of its facets along the corresponding normal directions.

Since the δ-offset is an under-approximation of the δ-contraction, Corollary 7.3.1 still

holds.

The following corollary of Theorems 3.1.2 and 3.1.1 is the connecting link be-

tween the specifications satisfied by the abstraction Σ′ and the concrete system Σ.

Informally, it states that given δ > 0 if a trajectory z of Σ′ satisfies the δ-robust

interpretation of the input specification φ and the trajectories z and x always remain

δ-close, then x will satisfy the same non-robust specification φ.

Corollary 7.3.1. Consider a formula φ ∈ LTLB(AP ), a map O ∈ F(AP,P(X)) and

a number δ ∈ R>0, then for all trajectories x of Σ and z of Σ′ such that ‖z(t)−x(t)‖ <

δ for all t ≥ 0, we have 〈〈pos(nnf(φ)),Oeδ〉〉C(z) = > implies 〈〈φ,O〉〉C(x) = >.

It is easy to see that 〈〈φ,O〉〉C(x) = > does not imply 〈〈pos(nnf(φ)),Oeδ〉〉C(z).

For the sake of example, consider the simple specification φ = 3p and a trajectory x

that enters O(p) less than δ deep.

7.4 Temporal Logic Motion Planning

Having presented the connection between the dynamics model Σ and the kinematics

model Σ′, we proceed to solve the temporal logic motion planning problem for Σ′.

Formally, we solve the following more general problem.

Problem 7.4.1. Given the system Σ′, a set of atomic propositions ΞAP , an LTL

formula φ′ ∈ LTL+
B (ΞAP ) and a map Oeδ : ΞAP → P(Z), construct a hybrid con-
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troller H ′φ′ such that for all trajectories z(t) of Σ′ under controller H ′φ′ we have

〈〈φ′,Oeδ〉〉C(z) = >.

Our solution consists of the following three steps: (1) reduction of the continuous

environment Z into a discrete graph, (2) temporal logic planning over the discrete

graph, and (3) continuous implementation of the final discrete plan.

7.4.1 Discrete Abstraction of Robot Motion

In order to use discrete logics to reason about continuous systems, we need to con-

struct a finite partition of the continuous state space Z with respect to the map Oeδ .

For that purpose, we can use many efficient cell decomposition methods for polygonal

environments [35, 125]. The choice of a particular decomposition method depends on

the type of controllers that we wish to use. The affine controllers presented in [21]

require a triangular decomposition [53], while the potential field controllers of [43]

can be applied to any convex cell that can be represented by a polygon [110]. Note

that by employing any workspace decomposition method we can actually construct

a topological graph (or roadmap as it is sometimes referred to [125]). A topological

graph describes which cells are topologically adjacent, i.e., each node in the graph

represents a cell and each edge in the graph implies topological adjacency of the cells.

No matter what decomposition algorithm is employed, the workspace’s decomposition

must be proposition preserving with respect to the mapping Oeδ . In other words, we

require that all the points which belong in the same cell must be labeled by the same

set of propositions.

On a more formal note, we can partition the workspace Z with respect to the

map Oeδ and the set of initial conditions Z0 into a number of equivalence classes, that

is, into a number of sets of points which satisfy the same property (in this case the
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same set of propositions). Note that mathematically the set of equivalence classes

consists of the interior of the cells, the edges and the vertices. In the following, we

define Q = {q1, . . . , qn} to be the set of all equivalence classes. Let us introduce

the map T : Z → Q which sends each state z ∈ Z to one equivalence class in

Q. Then, we can formally state the proposition preserving property as follows :

∀zi, zj ∈ Z . T (zi) = T (zj) implies hδ(zi) = hδ(zj). Moreover, we define the “inverse”

map T−1 : Q → P(Z) of T such that T−1(q) maps to all states z ∈ Z which are

contained in the equivalence class q.

In the following paragraphs, we present how the topological graph resulting from

the decomposition of Z with respect to Oeδ can be converted into a Finite Transition

System (FTS) that serves as an abstract model of the robot motion. Posing the

topological graph as an FTS allows us to use standard automata theoretic techniques

[41] in order to solve the high level planning problem.

Definition 7.4.1 (FTS). The Finite Transition System that abstracts the continuous

dynamics is the tuple D = (Q,Q0,→D, hD,ΞAP ) where:

• Q is a set of states. Here, Q ⊆ Q is the set of equivalence classes that represent

the interior of the cells.

• Q0 ⊆ Q is the set of possible initial cells. Here, Q0 satisfies ∪q0∈Q0T
−1(q0) = Z0.

• →D⊆ Q × Q captures the topological relationship between the cells. There is a

transition from cell qi to cell qj written as qi →D qj if the cells labelled by qi, qj

are adjacent, i.e., T−1(qi) and T−1(qj) share a common edge. Finally, for all

q ∈ Q we add a self-loop, i.e., q →D q.

• hD : Q→ P(ΞAP ) is a map defined as hD(q) = {ξ ∈ ΞAP | T−1(q) ⊆ Oeδ(ξ)}.
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Figure 7.4: Convex cell decomposition (Example 7.4.1).

We define a path on the FTS to be a sequence of states (cells) and a trace to be

the corresponding sequence of sets of propositions. Formally, a path is a discrete-

time signal γ : N → Q such that for each i ∈ N we have γ(i) →D γ(i + 1) and the

corresponding trace is the function composition γ̃ = hD ◦ γ : N→ P(ΞAP ).

Example 7.4.1. To better explain the notion of a proposition preserving cell decom-

position, let us consider the convex decomposition of the workspace of Example 7.3.1

which appears in Fig. 7.4. The topological graph contains 40 nodes and 73 edges.

Notice that all the points in the interior of each cell satisfy the same set of proposi-

tions. For the following examples, we let D1 denote the FTS which corresponds to the

aforementioned topological graph.

7.4.2 Linear Temporal Logic Planning

The transition system D, which was constructed in the previous section, will serve

as an abstract model of the robot’s motion. In this work, we are interested in the

construction of automata that only accept the traces of D which satisfy the LTL

formula φ′. Such automata (which are referred to as Büchi automata [41, §9.1]) differ

from the classic finite automata [41, §9.1] in that they accept infinite strings (traces
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of D in our case).

Definition 7.4.2 (Büchi Automaton). A Büchi automaton is a tuple B = (SB, s0B,

Ω, λB, FB) where:

• SB is a finite set of states and s0B is the initial state.

• Ω is an input alphabet.

• λB : SB × Ω→ P(SB) is a transition relation.

• FB ⊆ SB is a set of accepting states.

In order to define what it means for a Büchi automaton to accept a trace, we must

first introduce some terminology. A run r of B is the sequence of states r : N → SB

that occurs under an input trace γ̃, that is for i = 0 we have r(0) = s0B and for

all i ≥ 0 we have r(i + 1) ∈ λB(r(i), γ̃(i)). Let lim(·) be the function that returns

the set of states that are encountered infinitely often in the run r of B. Then, a

run r of a Büchi automaton B over an infinite trace γ̃ is accepting if and only if

lim(r) ∩ FB 6= ∅. Informally, a run r is accepting when some accepting state s ∈ FB
appears in r infinitely often. Finally, we define the language L(B) of B to be the set

of all traces γ̃ that have a run that is accepted by B.

For each LTL formula φ′, we can construct a Büchi automaton

Bφ′ = (SBφ′ , s0Bφ′ ,P(ΞAP ), λBφ′ , FBφ′ )

that accepts the infinite traces which satisfy the specification φ′, i.e., γ̃ ∈ L(Bφ′) iff

〈〈φ′,OD〉〉D(γ) = >. Here, the observation map OD : ΞAP → P(Q) is defined as

∀ξ ∈ ΞAP . OD(ξ) = {q ∈ Q | T−1(q) ⊆ Oeδ(ξ)}.
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The translation from an LTL formula φ′ to a Büchi automaton B′φ is a well studied

problem and, thus, we refer the reader to [41, §9.4] and the references therein for the

theoretical details behind this translation.

We can now use the abstract representation of robot’s motion, that is the FTS,

in order to reason about the desired motion of the robot. First, we convert the

FTS D into a Büchi automaton D′. The translation from D to D′ enables us to

use standard tools and techniques from automata theory [41, §9] alleviating, thus,

the need for developing new theories. Translating an FTS into an automaton is a

standard procedure which can be found in any formal verification textbook (see [41,

§9.2]). The procedure consists of (i) adding a dummy initial state qd 6∈ Q that has

one transition to each state q0 in Q0, (ii) moving the label from each state q to all of

its incoming transitions, and (iii) making all the states accepting.

Definition 7.4.3 (FTS to Automaton). The Büchi automaton D′ which corresponds

to the FTS D is the automaton D′ = (Q′, qd,P(ΞAP ), λD′ , FD′) where:

• Q′ = Q ∪ {qd} for qd 6∈ Q.

• λD′ : Q′ × P(ΞAP )→ P(Q′) is the transition relation defined as: qj ∈ λD′(qi, l)

iff qi →D qj and l = hD(qj) and q0 ∈ λD′(qd, l) iff q0 ∈ Q0 and l = hD(q0).

• FD′ = Q′ is the set of accepting states.

Similarly to B, we define the language L(D′) of D′ to be the set of all possible

traces that are accepted by D′. Note that any path generated by D has a trace that

belongs to L(D′).

Now that all the related terminology is defined, we can give an overview of the

basic steps involved in the temporal logic planning [74]. Our goal in this section is to

generate paths on D that satisfy the specification φ′. In automata theoretic terms,
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we want to find the subset of the language L(D′) which also belongs to the language

L(Bφ′). This subset is simply the intersection of the two languages L(D′)∩L(Bφ′) and

it can be constructed by taking the product D′×Bφ′ of the Büchi automaton D′ and

the Büchi automaton Bφ′ . Informally, the Büchi automaton Bφ′ restricts the behavior

of the system D′ by permitting only certain acceptable transitions. Then, given an

initial state in the FTS D, which is an abstraction of the actual initial position of the

robot, we can choose a particular trace from L(D) ∩ L(Bφ′) according to a preferred

criterion. In the following, we present the details of this construction.

Definition 7.4.4 (Product). The product automaton A = D′×Bφ′ is the automaton

A = (SA, s0A,P(ΞAP ), λA, FA) where:

• SA = Q′ × SBφ′ and s0A = {(qd, s0Bφ′ )}.

• λA : SA × P(ΞAP ) → P(SA) such that (qj, sj) ∈ λA((qi, si), l) iff qj ∈ λD′(qi, l)

and sj ∈ λBφ′ (si, l).

• FA = Q′ × F is the set of accepting states.

By construction, the following theorem is satisfied (recall that γ̃ is a trace of D if

and only if γ̃ is accepted by D′).

Lemma 7.4.1 (Adapted from [74]). A trace γ̃ of D that satisfies the specification φ′

exists iff the language of A is non-empty, i.e., L(A) = L(D′) ∩ L(Bφ′) 6= ∅.

Checking the emptiness of language L(A) is an easy algorithmic problem [41,

§9.3]. First, we convert automaton A to a directed graph and, then, we find the

strongly connected components (SCC) [44, §22.5] in that graph. If at least one SCC

that contains an accepting state is reachable from s0A, then the language L(A) is

not empty. The rationale behind this construction is that any infinite path on a
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finite graph must visit at least one node of the graph infinitely often. However, we

are not just interested in figuring out whether L(A) = ∅. We need to construct an

accepting run of A and from that to derive a discretized path for the robot on D.

The good news are that if L(A) is nonempty, then there exist accepting (infinite)

runs on A that have a finite representation. Each such run consists of two parts. The

first part is a finite sequence of states r(0)r(1) . . . r(mf ) which corresponds to the

sequence of states starting from r(0) = s0A and reaching a state r(mf ) ∈ FA. The

second part is a periodic sequence of states r(mf )r(mf + 1) . . . r(mf +ml) such that

r(mf + ml) = r(mf ) which corresponds to the part of the run that traverses some

part of the strongly connected component. Here, mf ,ml ≥ 0 is less than or equal to

the number of states in D, i.e., mf ,ml ≤ |Q|.

Since in this paper we are concerned with a path planning application, it is de-

sirable to choose an accepting run that traverses as few different states on D as

possible. For example, we could select an accepting run with a finite representation

of a minimal size. The heuristic rule that we employ for the construction of such a

run is to find the accepting run with the shortest finite part and the shortest periodic

part. The high level description of the algorithm is as follows. First, we find all the

shortest sequences of states from s0A to all the accepting states in FA using Breadth

First Search (BFS) [44, §22.2]. The running time of BFS is linear in the number of

states and the number of transitions in A. Then, from each reachable accepting state

qa ∈ FA we initiate a new BFS in order to find the shortest sequence of states that

leads back to qa. Note that if no accepting state is reachable from s0A or no infinite

loop can be found, then the language L(A) is empty and, hence, the temporal logic

planning problem does not have a solution. Moreover, if L(A) 6= ∅, then this algo-

rithm can potentially return a set R of accepting runs r each leading to a different

accepting state in FA with a different periodic part. From the set of runs R, we can
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easily derive a corresponding set of paths Γ on D such that for all γ ∈ Γ we have that

the trace γ̃ satisfies φ′.

Proposition 7.4.1. Let pr : SA → Q be the projection on Q, i.e., pr(q, s) = q. If r is

an accepting run of A, then γ = (pr◦r)|1 is a path on D such that 〈〈φ′,OD〉〉D(γ) = >.

Any path γ ∈ Γ can be characterized by a pair of sequences of states (γf , γl).

Here, γf = γf1 γ
f
2 . . . γ

f
nf

denotes the non-periodic part of the path and γl = γl1γ
l
2 . . . γ

l
nl

the periodic part (infinite loop) such that γfnf = γl1. The relation between the pair

(γf , γl) and the path γ is given by γ(i) = γfi+1 for 0 ≤ i ≤ nf − 2 and γ(i) = γlj with

j = ((i− nf + 1) mod nl) + 1 for i ≥ nf − 1.

Example 7.4.2. The Büchi automaton Bψ′1 that accepts the paths that satisfy ψ′1 =

pos(nnf(ψ1)) has 5 states (one accepting) and 13 transitions. For the conversion

from LTL to Büchi automata, we use the python toolbox LTL2NBA by Fritz and

Teegen, which is based on [70]. The product automaton A1 = D′1 × Bψ′1 has 205

states. The shortest path on the topological graph starting from cell 5 is: (γf , γl)

= ({5, 41, 1, 25, 24, 8, 10, 6, 37, 35, 14, 16, 15, 34, 18, 21, 19, 36, 38, 23, 4,

44, 5}, {5}). Using Fig. 7.4, the reader can verify that this sequence satisfies ψ′1

under the map Oeδ. A prototype MATLAB implementation of the planning part of

our framework took 0.61 sec for this example.

The set Γ as computed above might not contain a path for every q0 ∈ Q0 and

in certain cases some of the paths that were computed might not have a minimal

finite representation. To see this, consider the runs which start from s0A and pass

through the set of states Q0 × SBφ′ . It is possible that all these runs converge to the

same shortest sequence of states (γf ) before reaching an accepting state. Since BFS

constructs a tree, this implies that only one run would be the shortest and the rest
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would either reach an accepting state at a longer distance or not reach an accepting

state at all. One practical solution to this problem is to start a new BFS from each

accepting state that belongs to an accepting cycle, i.e., the state qa in the above

high-level algorithm, and find which states in Q0×SBφ′ are backward reachable from

it. Then, we can repeat the procedure by starting from a different qa ∈ FA until all

the states in Q0 have been covered.

Remark 7.4.1. Under the assumption that the initial workspace X is a connected

space and due to the fact that the system Σ′ models a fully actuated kinematic model

of a robot, there can exist only two cases for which our planning method can fail

to return a solution. First, when the workspace Z becomes disconnected or the sets

Oeδ(ξ) for ξ ∈ ΞAP become empty due to the dynamics of the system Σ, and second,

when there exist logical inconsistencies in the temporal logic formula φ′ with respect

to the environment Z. As an example, consider a simple environment with two rooms

connected through a corridor. The first case occurs when the corridor is contracted

so much that no longer connects the two rooms. The second case occurs when the

specification is : “Go from one room to the other while avoiding the corridor”.

7.4.3 Continuous Implementation of Discrete Trajectory

Our next task is to utilize each discrete path γ ∈ Γ in order to construct a hybrid

control input v(t) for t ≥ 0 which will drive Σ′ so that its trajectories z(t) satisfy

the LTL formula φ′. We achieve this desired goal by simulating (or implementing)

at the continuous level each discrete transition of γ. This means that if the discrete

system D makes a transition qi →D qj, then the continuous system Σ′ must match

this discrete step by moving from any position in the cell T−1(qi) to a position in

the cell T−1(qj). Moreover, if the periodic part in the path γ consists of just a single
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state ql, then we have to guarantee that the position of the robot always remains in

the invariant set T−1(ql).

These basic control specifications imply that we need at least two types of con-

tinuous feedback control laws. We refer to these control laws as reachability and cell

invariant controllers. Informally, a reachability controller drives each state inside a

cell q to a predefined region on the cell’s boundary, while the cell invariant controller

guarantees that all the trajectories that start inside a cell q will always remain in that

cell.

(a) (b)

Figure 7.5: (a) Reachability and (b) Cell invariant controller.

Let us assume that we are given or that we can construct a finite collection of

continuous feedback control laws {gκ}κ∈K indexed by a control alphabet K such that

for any κ ∈ K we have gκ : Zκ → V with Zκ ⊆ Z. In our setting, we make

the following additional assumptions. First, we define the operational range of each

controller to be one of the cells in the workspace of the robot, i.e., for any κ ∈ K

there exists for some q ∈ Q such that Zκ = T−1(q). Second, if gκ is a reachability

controller, then we require that all the trajectories which start in Zκ must converge

on the same subset of the boundary of Zκ within finite time while never exiting Zκ

before that time. Finally, if gκ is a cell invariant controller, then we require the all

the trajectories which initiate from a point in Zκ converge on the barycenter bκ of

Zκ. Examples of such feedback control laws for Σ′ appear in Fig. 7.5. A formal

presentation of these types of controllers is beyond the scope of this chapter and the
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interested reader can find further details in [21, 43, 127].

The way we can compose such controllers given the pair (γf , γl), which character-

izes a path γ ∈ Γ, is as follows. First note that it is possible to get a finite repetition of

states in the path γ, for example there can exist some i ≥ 0 such that γ(i) = γ(i+ 1)

but γ(i+ 1) 6= γ(i+ 2). This situation might occur because we have introduced self-

loops in the automaton D′ in conjunction with possibility that the Büchi automaton

Bφ′ might not be optimal (in the sense of number of states and transitions). There-

fore, we first remove finite repetitions1 of states from γ. Next, we define the control

alphabet to be K = Kf ∪ K l ⊆ Q × Q where Kf = ∪nf−1
i=1 {(γfi , γfi+1)} ∪ {(γfnf , γl1)}

and K l = ∪nl−1
i=1 {(γli, γli+1)} ∪ {(γlnl , γl1)} when nl > 1 or K l = ∅ otherwise. For any

κ = (qi, qj) ∈ K\{(γfnf , γl1)}, we design gκ to be a reachability controller that drives

all initial states in Zκ = T−1(qi) to the common edge T−1(qi) ∩ T−1(qj). Finally for

κ = (γfnf , γ
l
1), we let gκ be a cell invariant controller for the cell γl1.

It is easy to see now how we can use each pair (γf , γl) in order to construct a

hybrid controller H ′φ′ . Starting anywhere in the cell T−1(γf1 ), we apply the control

law g(γf1 ,γ
f
2 ) until the robot crosses the edge T−1(γf1 ) ∩ T−1(γf2 ). At that point, we

switch the control law to g(γf2 ,γ
f
3 ). The above procedure is repeated until the last cell

of the finite path γf at which point we apply the cell invariant controller g(γfnf ,γ
l
1). If

the periodic part γl of the path has only one state, i.e., nl = 1, then this completes

the construction of the hybrid controller H ′φ′ . If on the other hand nl > 1, then we

check whether the trajectory z(t) has entered an ε-neighborhood of the barycenter of

the cell invariant controller. If so, we apply ad infinitum the sequential composition

of the controllers that correspond to the periodic part of the path γl followed by the

cell invariant controller g(γfnf ,γ
l
1).

1Removing such repeated states from γ does not change the fact that 〈〈φ′,OD〉〉D(γ) = >. This
is true because LTL formulas without the next time operator are stutter invariant [41, §10].
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The cell invariant controller is necessary in order to avoid Zeno behavior [131].

Since there can only exist at most one Zeno cycle in the final hybrid automaton and

this cycle is guaranteed to not generate Zeno behaviors due to the existence of the

cell invariant controller, the following proposition is immediate.

Proposition 7.4.2. The trajectories z of the system [Σ′, H ′φ′ ] satisfy the finite vari-

ability property.

In the following, we denote the hybrid controller which corresponds to the path γ

that satisfies formula φ′ starting at position i on the path by H ′φ′(γ, i). If we use the

whole path γ for the construction of the controller, then we just write H ′φ′(γ) for the

corresponding hybrid controller. Assuming now that Σ′ is controlled by the hybrid

controller H ′φ′(γ) which is constructed as described above, we can prove the following

theorem.

Theorem 7.4.1. Let φ′ ∈ LTL+
B (ΞAP ), Γ be a set of paths on D such that ∀γ ∈ Γ

we have 〈〈φ′,OD〉〉D(γ) = > and H ′φ′(γ) be the corresponding hybrid controller, then

for all the trajectories z(t) of Σ′ under controller H ′φ′(γ) we have 〈〈φ′,Oeδ〉〉C(z) = >.

Theorem 7.4.1 concludes our proposed solution to Problem 7.4.1. The following

example illustrates the theoretical results presented in Section 7.4.

Example 7.4.3. For the construction of the hybrid controller H ′φ′(γ) based on the

path of Example 7.4.2, we deploy the potential field controllers of Conner et. al. [43]

on the cellular decomposition of Fig. 7.4. The resulting trajectory with initial position

(35, 20) and velocity bound ν = 0.5 appears in Fig. 7.6.
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Figure 7.6: A trajectory of system Σ′ for the path of Example 7.4.2 using the potential
field controllers of [43].

7.5 Putting Everything Together

At this point, we have presented all the pieces that comprise our proposed solution

to Problem 7.1.1. Now we are in position to put all the parts together according to

the hierarchy proposed in Fig. 7.2. The following theorem, which is immediate from

Proposition 7.2.2, Lemma 3.1.2, Corollary 7.3.1 and Theorem 7.4.1, states the main

result of this chapter.

Theorem 7.5.1. Let Sδ be an approximate simulation relation of precision δ between

Σ′ and Σ and uSδ be the associated interface. Consider a formula φ ∈ LTLB(AP )

and an observation map O ∈ F(AP,P(X)) and set φ′ = pos(nnf(φ)). Let H ′φ′ be a

controller for Σ′ and Hφ the associated controller for Σ obtained by interconnection

of the elements as shown on Fig. 7.2. Consider some ε > δ. If for all the trajectories

z(t) of Σ′ under controller H ′φ′ we have 〈〈φ′,Oeε〉〉C(z) = >, then for all the trajectories

x(t) of Σ under controller Hφ we have 〈〈φ,O〉〉C(x) = >.

Remark 7.5.1. Assume that we are given the formula φ, the bound µ and the param-

eter α. It is possible that the maximum allowable value of ν that we can compute from

(7.6) renders formula φ′ unsatisfiable in the modified workspace Z. In this case, we
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can look for a smaller value of ν that will provide a solution to the motion planning

problem. The most straightforward solution is to recursively divide ν by 2 until we

reach a value where there exists a solution to Problem 7.4.1. Obviously, this procedure

might not terminate therefore we need an upper bound on the number of iterations.

Note that the more robust the system is with respect to the specification, the faster the

robot can go.

Even though our framework regards as input the bound on acceleration µ and

then derives the velocity bound ν, in the following examples we give as input the

bound ν. We believe that this makes the presentation of the examples clearer.

Example 7.5.1. The trajectory of system Σ which corresponds to the trajectory of

Example 7.4.3 of system Σ′ appears in Fig. 7.7. The parameters for this problem

are ν = 0.5 and α = 100 which implies that µ should at least be 0.5475. Notice

that the two trajectories are almost identical since the velocity of Σ′ is so low. The

total computation time for this example in MATLAB - including the design of the

controllers and generation of the trajectories - is about 10 sec. Figure 7.8 shows the

modified environment for system Σ′ when ν = 2.7, i.e., δ = 5.4. In this case, Problem

7.4.1 does not have a solution, i.e., the formula ψ′1 is unsatisfiable, since there is no

path from ξp4 back to ξp1 while remaining in ξ¬p2 and ξ¬p3.

The next example considers larger velocity bounds than Example 7.5.1 and a

non-terminating specification.

Example 7.5.2. Consider the environment in Fig. 7.9 and the LTL formula φ =

2(p0 ∧ 3(p1 ∧ 3p2)). This specification requires that the robot first visits O(p1) and

then O(p2) repeatedly while always remaining in O(p0). For this example, we use the

controllers developed in [21] and for the triangulation of the environment we use the
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Figure 7.7: The trajectory of system Σ which corresponds to the trajectory of system
Σ′ presented in Fig. 7.6.

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

z
1

z 2

Figure 7.8: Modified workspace for ν = 2.7, i.e., δ = 5.4.

C library [147]. We consider ν = 3 and a = 100, therefore, δ = 6. The resulting tra-

jectories appear in Fig. 7.9 and 7.10. The black region in the center of the workspace

represents a static obstacle in the environment which is modeled as a hole in O(p0).

In Fig. 7.11, we present the distance between the trajectories x(t) and z(t). Notice

that the distance is always bounded by 6 and that this bound is quite tight.
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Figure 7.9: The initial environment of Example 7.5.2 and the resulting trajectory x(t)
of the dynamic robot Σ.
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Figure 7.10: The modified environment of Example 7.5.2, its triangulation and the
trajectory z(t) of the kinematic model Σ′.
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Figure 7.11: The distance between the trajectories x(t) and z(t).
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7.6 Related Research

There exist several related approaches to motion planning using hybrid or symbolic

methods. For example, the maneuver automata in [68] generate trajectories for he-

licopters by composing simple dynamic maneuvers. The control quanta [151] solve

the navigation problem for non-holonomic vehicles using quantized control. The mo-

tion description language [104] and the framework in [115] utilize regular languages

in order to guide the construction of hybrid systems. In [112], the author presents

a framework for the synthesis of distributed hybrid controllers for an assembly fac-

tory given basic controllers and descriptions of the tasks. Finally in [2], the authors

present a hierarchical framework for the programming and coordination of robotic

groups using the modelling language CHARON.

Our work fundamentally builds upon the concept of sequential composition of con-

trollers [28, 162]. Particularly, we employ methodologies [21, 43, 127] that decompose

the workspace or the state space of the robot into convex operational regions and

then apply simple controllers in every such region. The advantage of these methods

is that they solve the motion planning problem for point robots in complex maze-like

environments. However, the deployment of controllers for second order systems [43]

is not automatic and it requires user intervention.

The applicability of temporal logics in discrete event systems was advocated as

far back as in 1983 [73]. Some of the first explicit applications in robotics appear

in [12] and [108]. The first paper deals with the controller synthesis problem for loco-

motion, while the second with the synchronization of plans for multi-agent systems.

In [145], the authors synthesize robust hybrid automata starting from specifications

expressed in a modal logic. In [129], generators of models for LTL formulas (Büchi

automata) have been utilized as supervisors of multi-robot navigation functions. The
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Uppaal model checking toolbox for timed automata has been applied to the multi-

robot motion planning problem in [163], but without taking into account kinematic

or dynamic models of the robots. The design of discrete-time controllers that satisfy

LTL specifications is addressed in [171]. In [63], controller specifications are derived

from a fragment of LTL. These specifications are used to design simple motion con-

trollers that solve the basic path planning problem : “move from I to the goal G”.

When these controllers are composed sequentially, the desired motion is generated.

More recently, the authors in [114] have demonstrated the applicability of LTL motion

planning techniques for swarms of robots building upon their previous work [113].

The work that is the closest related to ours appears in [113]. The authors in

[113] extend the framework presented in [61] in order to design hybrid automata with

affine dynamics with drift using the controllers presented in [85]. The framework in

[113] can also solve Problem 7.1.1, but we advocate that our approach has several

clear advantages when one explicitly considers the motion planning problem. First,

the hierarchical approach enables the design of control laws for a 2D system instead

of a four dimensional one. Second, our approach avoids the state explosion problem

introduced by (i) the fine partitioning of the state space with respect to the predicates,

and (ii) the consequent tessellation2 of the 4D space (see [113]). Finally, the freedom

to choose a δ greater than 2ν enables the design of hybrid controllers that can tolerate

bounded inaccuracies in the system. For these reasons, we strongly believe that a

hierarchical approach can provide a viable solution to a large class of control problems.

2In higher dimensions there do not exist exact space decomposition algorithms and, hence, one
has to resort on such approximate partitioning techniques as the tessellation.
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7.7 Conclusions and Future Work

We have presented an automatic framework for the solution of the temporal logic

motion planning problem for dynamic mobile robots. Our framework is based on hi-

erarchical control, the notion of approximate bisimulation relations and the robustness

theory for temporal logic formulas. In the process of building this new framework we

have also derived two intermediate results. First, we presented a solution to Problem

7.4.1, i.e., an automatic framework for the solution of the temporal logic motion plan-

ning problem for kinematic models. Second, using Theorem 3.1.2, we can construct

a more robust solution to Problem 7.4.1, which can account for bounded errors of

measure δ in the trajectories of the system. To the best of our knowledge, this thesis

presents the first computationally tractable approach to all the above problems.

Future research will concentrate on several directions. First, we are considering

employing controllers for nonholonomic systems [42] at the low hierarchical level.

Complementary to the first direction, we are investigating new interfaces that can take

into account nonholonomic constraints. Another important direction is the extension

of this framework to 3D motion planning with application to unmanned aerial vehicles

[18]. Finally, we are currently working on converting our single-robot motion planning

framework into a reactive multi-robot motion planning system [118].
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Part III

Appendix
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Chapter 8

Proofs of Part I

8.1 Proofs of Section 3.1

8.1.1 Proof of Theorem 3.1.1

In this proof, we will use the following lemmas.

Lemma 8.1.1. Let (X, d) be a metric space and {Sa}a∈A be an arbitrary collection

of subsets of X. For any x ∈ X, distd(x,∪a∈ASa) = infa∈A distd(x, Sa).

Proof. For any x ∈ X, we have

distd(x,∪a∈ASa) = inf
y∈∪a∈ASa

d(x, y) = inf
y∈∪a∈ASa

d(x, y)

= inf
a∈A

inf
y∈Sa

d(x, y) = inf
a∈A

inf
y∈Sa

d(x, y)

= inf
a∈A

distd(x, Sa)

Lemma 8.1.2. Let (X, d) be a metric space and {Sa}a∈A be an arbitrary collection

of subsets of X. For any x ∈ X, distd(x,∩a∈ASa) ≥ supa∈A distd(x, Sa).
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Proof. We have that ∩a∈ASa ⊆ Sa for any a ∈ A. Therefore, distd(x,∩a∈ASa)

≥ distd(x, Sa). Since this holds for any a ∈ A we get that distd(x,∩a∈ASa) ≥

supa∈A distd(x, Sa).

Lemma 8.1.3. Consider an atomic proposition p ∈ AP , an observation map O ∈

F(AP,P(X)) and a continuous-time signal s ∈ F(R,X), then for any time t ∈ R, we

have Distρ(s,Lt(p)) = [[p]]C(s, t).

Proof. We only show the proof for the case that s ∈ Lt(p), because the proof for the

case s 6∈ Lt(p) is similar. We have

Distρ(s,Lt(p)) = depthρ(s,Lt(p)) = distρ(s,Lt(¬p))

= inf
s′∈Lt(¬p)

ρ(s, s′) = inf
s′∈Lt(¬p)

sup
t′∈R

d(s(t′), s′(t′))

= inf
s′∈Lt(¬p)

max{d(s(t), s′(t)), sup
t′∈R 6=t

d(s(t′), s′(t′))}

For each s′ ∈ Lt(¬p) with d(s(t), s′(t)) < supt′∈R 6=t d(s(t′), s′(t′)), there exists some

s′′ ∈ Lt(¬p) with s′′(t) = s′(t) and s′′(t′) = s(t′) for all t′ ∈ R6=t. That is, 0 =

supt′∈R 6=t d(s(t′), s′′(t′)) ≤ d(s(t), s′′(t)) = d(s(t), s′(t)) < supt′∈R 6=t d(s(t′), s′(t′)) or in

other words ρ(s, s′′) < ρ(s, s′). Thus,

Distρ(s,Lt(p)) = inf
s′∈Lt(¬p)

d(s(t), s′(t)) = inf
x∈X\O(p)

d(s(t), x)

= distd(s(t), X\O(p)) = [[p]]C(s, t)

The proof of Theorem 3.1.1 is by induction on the structure of formula φ.
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Constant φ = >: We have Lt(>) = F(R,X), thus

0 = −distρ(s,Lt(>)) ≤ [[>]]C(s, t) = +∞ = distρ(s, ∅) = depthρ(s,Lt(>))

Atomic Propositions φ = p: Immediate from Lemma 8.1.3.

Negation φ = ¬φ1: By the induction hypothesis, we have

−distρ(s,Lt(φ1)) ≤ [[φ1]]C(s, t) ≤ depthρ(s,Lt(φ1)) =⇒

−distρ(s,Lt(φ1)) ≤ −[[¬φ1]]C(s, t) ≤ depthρ(s,Lt(φ1)) =⇒

distρ(s,Lt(φ1)) ≥ [[¬φ1]]C(s, t) ≥ −depthρ(s,Lt(φ1)) =⇒

depthρ(s,Lt(¬φ1)) ≥ [[¬φ1]]C(s, t) ≥ −distρ(s,Lt(¬φ1)) =⇒

−distρ(s,Lt(φ)) ≤ [[φ]]C(s, t) ≤ depthρ(s,Lt(φ))

Disjunction φ = φ1 ∨ φ2: By the induction hypothesis we get that for i = 1, 2

−distρ(s,Lt(φi)) ≤ [[φi]]C(s, t) ≤ depthρ(s,Lt(φi))

for i = 1, 2. Thus, by the monotonicity property of the supremum, we get

⊔

i=1,2

−distρ(s,Lt(φi)) ≤
⊔

i=1,2

[[φi]]C(s, t) ≤
⊔

i=1,2

depthρ(s,Lt(φi))

Note that by the definition of the language we get

Lt(φ) = Lt(φ1 ∨ φ2) = Lt(φ1) ∪ Lt(φ2) (8.1)
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Moreover, by eq. (8.1) and Lemma 8.1.1, we have

⊔

i=1,2

−distρ(s,Lt(φi)) = −
l

i=1,2

distρ(s,Lt(φi)) =

= −distρ(s,Lt(φ1) ∪ Lt(φ2)) = −distρ(s,Lt(φ))

Also, by eq. (8.1) and Lemma 8.1.2, we have

⊔

i=1,2

depthρ(s,Lt(φi)) =
⊔

i=1,2

distρ(s,F(R,X)\Lt(φi)) ≤

≤ distρ(s,
⋂

i=1,2

F(R,X)\Lt(φi)) = distρ(s,F(R,X)\
⋃

i=1,2

Lt(φi)) =

= depthρ(s,
⋃

i=1,2

Lt(φi)) = depthρ(s,Lt(φ))

Thus, by definition we have

−distρ(s,Lt(φ)) ≤ [[φ]]C(s, t) ≤ depthρ(s,Lt(φ))

Until φ = φ1 UIφ2: By definition, we have

[[φ1 UIφ2]]C(s, t) =
⊔

t′∈(t+RI)

(
[[φ2]]C(s, t′) u

l

t<t′′<t′

[[φ1]]C(s, t′′)
)

By the induction hypothesis, we get

−distρ(s,Lt′(φ2)) ≤ [[φ2]]C(s, t′) ≤ depthρ(s,Lt′(φ2))

for any t′ ∈ (t+R I) and

−distρ(s,Lt′′(φ1)) ≤ [[φ1]]C(s, t′′) ≤ depthρ(s,Lt′′(φ1))
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for any t′′ ∈ (t, t′). By the monotonicity property of infimum we have

l

t′′∈(t,t′)

−distρ(s,Lt′′(φ1)) ≤
l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤
l

t′′∈(t,t′)

depthρ(s,Lt′′(φ1)).

Also, by Lemma 8.1.2 we have that

distρ(s,
⋂

t′′∈(t,t′)

Lt′′(φ1)) ≥
⊔

t′′∈(t,t′)

distρ(s,Lt′′(φ1)) =⇒

−distρ(s,
⋂

t′′∈(t,t′)

Lt′′(φ1)) ≤
l

t′′∈(t,t′)

−distρ(s,Lt′′(φ1))

and by Lemma 8.1.1 we have that

l

t′′∈(t,t′)

depthρ(s,Lt′′(φ1)) =
l

t′′∈(t,t′)

distρ(s,F(R,X)\Lt′′(φ1)) =

= distρ(s,
⋃

t′′∈(t,t′)

F(R,X)\Lt′′(φ1)) =

= distρ(s,F(R,X)\
⋂

t′′∈(t,t′)

Lt′′(φ1)) = depthρ(s,
⋂

t′′∈(t,t′)

Lt′′(φ1)).

Therefore, we have that

−distρ


s,

⋂

t′′∈(t,t′)

Lt′′(φ1)


 ≤

l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤ depthρ


s,

⋂

t′′∈(t,t′)

Lt′′(φ1)


 .

Similarly, we get that for any t′ ∈ (t+R I)

−distρ


s,Lt′(φ2) ∩

⋂

t′′∈(t,t′)

Lt′′(φ1)


 ≤ [[φ2]]C(s, t′) u

l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤

≤ depthρ


s,Lt′(φ2) ∩

⋂

t′′∈(t,t′)

Lt′′(φ1)


 .

152



Finally, similar to the disjunction case, we get that

−distρ


s,

⋃

t′∈(t+RI)


Lt′(φ2) ∩

⋂

t′′∈(t,t′)

Lt′′(φ1)




 ≤

⊔

t′∈(t+RI)


[[φ2]]C(s, t′) u

l

t′′∈(t,t′)

[[φ1]]C(s, t′′)


 ≤

≤ depthρ


s,

⋃

t′∈(t+RI)


Lt′(φ2) ∩

⋂

t′′∈(t,t′)

Lt′′(φ1)




 .

Since

Lt(φ) = {s ∈ F(R,X) | 〈〈φ〉〉C(s, t) = >} =

=



s ∈ F(R,X) |

⊔

t′∈(t+RI)

(
〈〈φ2〉〉C(s, t′) u

l

t<t′′<t′

〈〈φ1〉〉C(s, t′′)
)

= >



 =

=



s ∈ F(R,X) |

∨

t′∈(t+RI)

(
〈〈φ2〉〉C(s, t′) = > ∧

∧

t<t′′<t′

〈〈φ1〉〉C(s, t′′) = >
)


 =

=
⋃

t′∈(t+RI)


Lt′(φ2) ∩

⋂

t′′∈(t,t′)

Lt′′(φ1)


 ,

we conclude that −distρ(s,Lt(φ)) ≤ [[φ]]C(s, t) ≤ depthρ(s,Lt(φ)).

8.1.2 Proof of Proposition 3.1.2

Note that the first statement – i.e., if [[φ]]C(s, t) > 0, then 〈〈φ〉〉C(s, t) = >, and if

[[φ]]C(s, t) < 0, then 〈〈φ〉〉C(s, t) = ⊥ – is immediate from Corollary 3.1.1. Therefore,

we will only prove by induction on the structure of the formula φ ∈MTLB the second

statement, that is, if 〈〈φ〉〉C(s, t) = >, then [[φ]]C(s, t) ≥ 0, and if 〈〈φ〉〉C(s, t) = ⊥, then

[[φ]]C(s, t) ≤ 0.
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Case φ = > or φ = ⊥: Immediate from the semantics.

Case φ = p ∈ AP : If 〈〈φ〉〉C(s, t) = >, then by definition s(t) ∈ O(p), which

implies that Distd(s(t),O(p)) ≥ 0, and, thus, that [[φ]]C(s, t) ≥ 0. If on the other hand

〈〈φ〉〉C(s, t) = ⊥, then by definition s(t) 6∈ O(p), which implies that Distd(s(t),O(p))

≤ 0 and, thus, that [[φ]]C(s, t) ≤ 0.

Case φ = ¬φ1: (i) If 〈〈φ〉〉C(s, t) = >, then by definition 〈〈φ1〉〉C(s, t) = ⊥. By the

induction hypothesis, we get that [[φ1]]C(s, t) ≤ 0, which implies [[¬φ1]]C(s, t) ≥ 0. (ii)

If 〈〈φ〉〉C(s, t) = ⊥, then by definition 〈〈φ1〉〉C(s, t) = >. By the induction hypothesis,

we get that [[φ1]]C(s, t) ≥ 0, which implies [[¬φ1]]C(s, t) ≤ 0.

Case φ = φ1 ∨ φ2: (i) If 〈〈φ1 ∨ φ2〉〉C(s, t) = >, then by definition we get

that 〈〈φ1〉〉C(s, t) = > or 〈〈φ2〉〉C(s, t) = >. By the induction hypothesis, we have

[[φ1]]C(s, t) ≥ 0 or [[φ2]]C(s, t) ≥ 0. Thus, [[φ1]]C(s, t) t [[φ2]]C(s, t) ≥ 0, which implies

[[φ]]C(s, t) ≥ 0. (ii) If 〈〈φ1 ∨ φ2〉〉C(s, t) = ⊥, then by definition 〈〈φ1〉〉C(s, t) = ⊥

and 〈〈φ2〉〉C(s, t) = ⊥. By the induction hypothesis, we get that [[φ1]]C(s, t) ≤ 0 and

[[φ2]]C(s, t) ≤ 0. Thus, [[φ1]]C(s, t) t [[φ2]]C(s, t) ≤ 0, which implies [[φ]]C(s, t) ≤ 0.

Case φ = φ1 UIφ2: (i) If 〈〈φ1 UIφ2〉〉C(s, t) = >, then by the definition of un-

til, there exists some time t′ ∈ (t +R I) such that 〈〈φ2〉〉C(s, t′) = > and for all

t′′ ∈ (t, t′), we have 〈〈φ1〉〉C(s, t′′) = >. Using the induction hypothesis we get that

[[φ2]]C(s, t′) ≥ 0 and for all t′′ ∈ (t, t′), we have [[φ1]]C(s, t′′) ≥ 0. Therefore, [[φ]]C(s, t) =
⊔
t′∈(t+RI)

(
[[φ2]]C(s, t′) ud

t<t′′<t′ [[φ1]]C(s, t′′)
)
≥ 0. (ii) If 〈〈φ1 UIφ2〉〉C(s, t) = ⊥, then

(t+RI) = ∅ or for all time t′ ∈ (t+RI), we have 〈〈φ2〉〉C(s, t′)ud
t<t′′<t′〈〈φ1〉〉C(s, t′′) =

⊥. In the former case, we immediately get by the definition that [[φ]]C(s, t) = −∞.

In the latter case, for all time t′ ∈ (t+R I), we have 〈〈φ2〉〉C(s, t′) = ⊥ or there exists

some time t′′ ∈ (t, t′) such that 〈〈φ1〉〉C(s, t′′) = ⊥. Using the induction hypothesis

we get that for all t′ ∈ (t +R I), [[φ2]]C(s, t′) ≤ 0 or there exists t′′ ∈ (t, t′) such that

[[φ1]]C(s, t′′) ≤ 0. Therefore, [[φ]]C(s, t) ≤ 0 by definition.
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8.1.3 Proof of Theorem 3.1.2

We prove by induction on the structure of φ′ = pos(nnf(φ)) that 〈〈φ′,Oeε〉〉C(s, t) = >

implies [[φ′,Oe]]C(s, t) ≥ ε. Then, the result follows by Lemma 3.1.2.

Case φ′ = ξ ∈ ΞAP : We have 〈〈ξ,Oeε〉〉C(s, t) = > iff s(t) ∈ Oeε(ξ) = Cd(Oe(ξ), ε).

The later implies that Bd(s(t), ε) ⊆ Oε(ξ) or [[ξ,Oe]]C(s, t) = Distd(s(t),Oε(ξ)) =

depthd(s(t),Oε(ξ)) ≥ ε.

Case φ′ = φ1 ∨ φ2: 〈〈φ′,Oeε〉〉C(s, t) = > or by definition 〈〈φ1,Oeε〉〉C(s, t) = > or

〈〈φ2,Oeε〉〉C(s, t) = >. Using the induction hypothesis, we get that [[φ1,Oe]]C(s, t) ≥ ε

or [[φ2,Oe]]C(s, t) ≥ ε. That is, [[φ′,Oe]]C(s, t) = [[φ1,Oe]]C(s, t) t [[φ2,Oe]]C(s, t) ≥

ε t ε = ε.

Case φ′ = φ1 ∧ φ2: 〈〈φ′,Oeε〉〉C(s, t) = > or by definition 〈〈φ1,Oeε〉〉C(s, t) = > and

〈〈φ2,Oeε〉〉C(s, t) = >. Using the induction hypothesis, we get that [[φ1,Oe]]C(s, t) ≥ ε

and [[φ2,Oe]]C(s, t) ≥ ε. That is, [[φ′,Oe]]C(s, t) = [[φ1,Oe]]C(s, t) u [[φ2,Oe]]C(s, t) ≥

ε u ε = ε.

Case φ′ = φ1 UIφ2: We have 〈〈φ′,Oeε〉〉C(s, t) = > iff by definition there ex-

ists t′ ∈ (t +R I) such that 〈〈φ2,Oeε〉〉C(s, t′) = > and for all t′′ ∈ (t, t′) we have

〈〈φ1,Oeε〉〉C(s, t′′) = >. By the induction hypothesis, we get that [[φ2,Oe]]C(s, t′) ≥

ε and that for all t′′ ∈ (t, t′), [[φ1,Oe]]C(s, t′′) ≥ ε. Therefore, [[φ2,Oe]]C(s, t′) u
d
t<t′′<t′ [[φ1,Oe]]C(s, t′′) ≥ ε ud

t<t′′<t′ ε = ε and, thus,

⊔

t′∈(t+RI)

(
[[φ2,Oe]]C(s, t′) u

l

t<t′′<t′

[[φ1,Oe]]C(s, t′′)

)
≥ ε

or [[φ1 UIφ2,Oe]]C(s, t) ≥ ε.

Case φ′ = φ1RIφ2: We have 〈〈φ′,Oeε〉〉C(s, t) = > iff by definition either (t+RI) =

∅ or for all t′ ∈ (t+R I) we have 〈〈φ2,Oeε〉〉C(s, t′) = > or there exists some t′′ ∈ (t, t′)

such that 〈〈φ1,Oeε〉〉C(s, t′′) = >. In the first case, we get [[φ1RIφ2,Oe]]C(s, t) = +∞ by

155



definition. In the latter case, by the induction hypothesis, we get that for all t′ ∈ (t+R

I) we have [[φ2,Oe]]C(s, t′) ≥ ε or there exists t′′ ∈ (t, t′) such that [[φ1,Oe]]C(s, t′′) ≥ ε.

Therefore, for all t′ ∈ (t +R I) we have [[φ2,Oe]]C(s, t′) t⊔t<t′′<t′ [[φ1,Oe]]C(s, t′′) ≥ ε

and, thus,
l

t′∈(t+RI)

(
[[φ2,Oe]]C(s, t′) t

⊔

t<t′′<t′

[[φ1,Oe]]C(s, t′′)

)
≥ ε

or [[φ1RIφ2,Oe]]C(s, t) ≥ ε.

8.1.4 Proof of Proposition 3.1.3

The proof of Proposition 3.1.3 is by induction on the structure of φ.

Constant φ = >: We have

Distρ(s,Lt(>)) = depthρ(s,Lt(>)) = distρ(s, ∅) = +∞ = [[>]]C(s, t)

Atomic Propositions φ = p or φ = ¬p with p ∈ AP : Immediate from Lemma

8.1.3.

Conjunction φ = φ1 ∧ φ2: Since 〈〈φ〉〉C(s, t) = >, we have 〈〈φ1〉〉C(s, t) =

> and 〈〈φ2〉〉C(s, t) = >. By the induction hypothesis we get that [[φ1]]C(s, t) =

distρ(s,Lt(¬φ1)) and [[φ2]]C(s, t) = distρ(s,Lt(¬φ2)). Moreover,

Lt(¬φ) = Lt(¬φ1 ∨ ¬φ2) = Lt(¬φ1) ∪ Lt(¬φ2).

Hence, using Lemma 8.1.1, and the induction hypothesis we have

Distρ(s,Lt(φ)) = distρ(s,Lt(¬φ)) = distρ(s,Lt(¬φ1) ∪ Lt(¬φ2))

= min{distρ(s,Lt(¬φ1)),distρ(s,Lt(¬φ2))}
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= [[φ1]]C(s, t) u [[φ2]]C(s, t) = [[φ]]C(s, t)

Always φ = 2Iφ1: Since 〈〈φ〉〉C(s, t) = >, we get that (t+R I) = ∅ or that for all

t′ ∈ (t+R I), we have 〈〈φ1〉〉C(s, t′) = >. In the former case, we immediately get that

Lt(φ) = F(R,X) and

Distρ(s,Lt(φ)) = distρ(s, ∅) = +∞ = ut′∈∅[[φ1]]C(s, t′) = [[φ]]C(s, t)

In the latter case, by the induction hypothesis we get that for all t′ ∈ (t +R I), we

have [[φ1]]C(s, t′) = distρ(s,Lt′(¬φ1)). Also, Lt(¬φ) = ∪t′∈(t+RI)Lt′(¬φ1). Hence,

using Lemma 8.1.1, and the induction hypothesis we have

Distρ(s,Lt(φ)) = distρ(s,Lt(¬φ)) = distρ(s,∪t′∈(t+RI)Lt′(¬φ1))

= inf
t′∈(t+RI)

distρ(s,Lt′(¬φ1)) = ut′∈(t+RI)[[φ1]]C(s, t′)

= [[φ]]C(s, t)

8.1.5 Proof of Corollary 3.1.2

Note that if φ ∈ MTLB(∨,3), then ψ = nnf(¬φ) ∈ MTLB(∧,2). Also, since

〈〈φ〉〉C(s, t) = ⊥, we have 〈〈ψ〉〉C(s, t) = >. Then, by Proposition 3.1.3, we have

[[φ]]C(s, t) = −[[¬φ]]C(s, t) = −[[ψ]]C(s, t)

= −distρ(s,Lt(¬ψ)) = −distρ(s,Lt(φ)) = Distρ(s,Lt(φ))
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8.2 Proofs of Section 3.2

Most of the proofs in Section 3.2 are essentially identical to the proofs of Section 2

and, hence, we omit these proofs.

8.2.1 Recursive Formulation of Until in Section 3.2.3

Starting from the definition of until, we have

[[φ1 UIφ2]]D(µ, i) =
⊔

j∈τ−1(τ(i)+I)

(
[[φ2]]D(µ, j) u

l

i≤k<j
[[φ1]]D(µ, k)

)

=
⊔

j≥i

(
K∞∈ (τ(j), τ(i) +R I) u [[φ2]]D(µ, j) u

l

i≤k<j
[[φ1]]D(µ, k)

)

=
(
K∞∈ (τ(i), τ(i) +R I) u [[φ2]]D(µ, i)

)
t

t
⊔

j≥i+1

(
K∞∈ (τ(j), τ(i) +R I) u [[φ2]]D(µ, j) u

l

i≤k<j
[[φ1]]D(µ, k)

)

=
(
K∞∈ (τ(i), τ(i) +R I) u [[φ2]]D(µ, i)

)
t
(
[[φ1]]D(µ, i)u

u
⊔

j≥i+1

(
K∞∈ (τ(j), (τ(i+ 1)− δτ(i)) +R I) u [[φ2]]D(µ, j)u

u
l

i+1≤k<j
[[φ1]]D(µ, k)

))

=
(
K∞∈ (τ(i), τ(i) +R I) u [[φ2]]D(µ, i)

)
t

t
(
[[φ1]]D(µ, i) u [[φ1 U(−δτ(i))+RIφ2]]D(µ, i+ 1)

)

Since τ(i) ∈ R for all i ∈ N , we have τ(i) ∈ (τ(i) +R I) iff τ(i) ∈ (τ(i) + I) iff

0 ∈ I. Also, when N is finite and i = maxN , we have τ(i + 1) +R I = ∅. Hence,

[[φ1 U(−δτ(i))+RIφ2]]D(µ, i + 1) = −∞. Thus, we derive the recursive formulation of

until in Section 3.2.3.
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8.2.2 Proof of Lemma 3.2.2

The proof uses induction on the structure of φ. Since i < maxN , we have last = ⊥.

Base case φ = p ∈ AP : then

[[p]]D(µ, i) = Distd(σ(i),O(p)) = Derive(φ, σ(i), δτ(i),⊥,O)

= [[Derive(φ, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

since Distd(σ(i),O(p)) ∈ R. The proof is similar when φ = > or φ = c ∈ R.

Negation φ = ¬φ1: then

[[φ]]D(µ, i) = −[[φ1]]D(µ, i)

= −[[Derive(φ1, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1) by I.H.

= [[¬Derive(φ1, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

= [[Derive(φ, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

Disjunction φ = φ1 ∨ φ2: then

[[φ]]D(µ, i) = [[φ1]]D(µ, i) t [[φ2]]D(µ, i)

= [[Derive(φ1, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)t by I.H.

t [[Derive(φ2, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

= [[Derive(φ1, σ(i), δτ(i),⊥,O)∨

∨Derive(φ2, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

= [[Derive(φ, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)
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Until φ = φ1 UIφ2: Now using the equivalence from Section 8.2.1, we derive

[[φ]]D(µ, i) =
(
K∞∈ (0, I) u [[φ2]]D(µ, i)

)
t

t
(
[[φ1]]D(µ, i) u [[φ1 U(−δτ(i))+RIφ2]]D(µ, i+ 1)

)

=
(
K∞∈ (0, I)u by I.H.

u [[Derive(φ2, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)
)
t

t
(
[[Derive(φ1, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)u

u [[φ1 U(−δτ(i))+RIφ2]]D(µ, i+ 1)
)

= [[Derive(φ, σ(i), δτ(i),⊥,O)]]D(µ, i+ 1)

8.3 Proofs of Section 4.2

8.3.1 Proof of Theorem 4.2.3

Fix a point p1 ∈ P1 and a point p2 ∈ P2. Then, by Corollary 4.2.1, F(x1, x2) =
√
V(x1, x2) is a bisimulation function between the systems

Σ1′ = (R,X1, X
0
1 , Y, f1(·, p1), g1)

and

Σ2′ = (R,X2, X
0
2 , Y, f2(·, p2), g2).

Since this holds for any p1 ∈ P1 and any p2 ∈ P2 we derive the desired result.
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Chapter 9

Proofs of Part II

9.1 Proofs of Chapter 5

9.1.1 Proof of Proposition 5.3.1

The proof is by induction on the structure of formula φ. The cases for >, p and

¬p are immediate from the definitions. Similarly, the cases φ1 ∧ φ2 and φ1 ∨ φ2 are

immediate from the induction hypothesis.

Case φ = φ1 UIφ2: We have 〈〈str∆τ̂ (φ1)UCd1 (I,∆τ̂)str∆τ̂ (φ2)〉〉D(µ, i) = >. Thus,

by definition and the induction hypothesis, there exists some

j ∈ τ̂−1(τ̂(i) + Cd1(I,∆τ̂)) ⊆ τ̂−1(τ̂(i) + I)

such that 〈〈φ2〉〉D(µ, j) = > and for all k such that i ≤ k < j we have 〈〈φ1〉〉D(µ, k) = >.

We conclude that 〈〈φ1 UIφ2〉〉D(µ, i) = > by the definition of until. Note that if

Cd1(I,∆τ̂) = ∅, then str∆τ̂ (φ) would evaluate to ⊥ which is a contradiction.

Case φ = φ1RIφ2: We have 〈〈str∆τ̂ (φ1)REd1 (I,∆τ̂)str∆τ̂ (φ2)〉〉D(µ, i) = >. Thus,

by definition and the induction hypothesis, for all j ∈ τ̂−1(τ̂(i) + E(I,∆τ̂)), we
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have 〈〈φ2〉〉D(µ, j) = > or there exists k ∈ [i, j) such that 〈〈φ1〉〉D(µ, k) = >. Since

τ̂−1(τ̂(i) +Ed1(I,∆τ̂)) ⊇ τ̂−1(τ̂(i) + I), by the definition of release, we conclude that

〈〈φ1RIφ2〉〉D(µ, i) = >.

9.1.2 Proof of Lemma 5.3.1

If both R and I are unbounded, then we immediately get τ̂−1(τ̂(i) +I) 6= ∅ since τ̂ is

strictly increasing and diverging. Assume now that I is bounded and that for some

i ∈ I we get that τ̂−1(τ̂(i) + I) = ∅. In other words, we assume that for all j ≥ i

(since τ̂ is strictly increasing), we have τ̂(j) 6∈ (τ̂(i) + I). Then, one of the following

two options must hold since τ̂(i) + I is an interval of R:

1. All the samples j ≥ i map to points in time that occur sooner than the minimum

required time by τ̂(i)+I. Formally, for all j ∈ N≥i we have τ̂(j) ≺ inf(τ̂(i)+I),

where ≺∈ {<,≤} depending on the bounds of I. Note that this can only be the

case when R is bounded, i.e., N is bounded and, thus, τ̂(maxN) ≺ inf(τ̂(i)+I).

Hence, we get that supR− τ̂(maxN) � supR− inf(τ̂(i) +I) ≥ sup(τ̂(i) +I)−

inf(τ̂(i) + I) ≥ sup I − inf I > ∆τ̂ , which is a contradiction by Assumption

5.3.1.

2. There exists some sample j ≥ i such that the time interval τ̂(i)+I fits between

the samples j and j + 1. Formally, there exists j ∈ N≥i such that τ̂(j) ≺

inf(τ̂(i) + I) and sup(τ̂(i) + I) ≺ τ̂(j + 1), where ≺∈ {<,≤} depending on the

constraints of I. That is, τ̂(j + 1) − τ̂(j) � sup(τ̂(i) + I) − inf(τ̂(i) + I) =

sup I − inf I > ∆τ̂ , which is a contradiction by definition (equation (5.2)).

Note that the case where all the samples j ≥ i map to points in time that happen

later than the maximum required time by τ̂(i) + I cannot be considered since the

time τ̂(i) cannot occur after the time interval τ̂(i) + I. Thus, τ̂−1(τ̂(i) + I) 6= ∅.
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9.1.3 Proof of Lemma 5.3.2

If R is unbounded, then the result is immediate from Lemma 5.3.1. If now R is

bounded, we have by definition that
∑

j≥k sup Ij ≤ dur(str∆τ̂ (φ)) < supR. Thus,

for any i ∈ I, we have τ̂(i) + sup Ik < supR and, therefore, (τ̂(i) + Ik) ⊆ R. Thus,

(τ̂(i)+Ik) = (τ̂(i)+RIk). The result follows by Lemma 5.3.1. Since τ̂−1(τ̂(i)+Ik) 6= ∅,

we also get that τ̂−1([0,
∑

j≥k sup Ij]) 6= ∅ (note that by assumption τ̂−1(T ) 6= ∅).

9.1.4 Proof of Theorem 5.3.1

The proof of the theorem is by induction on the structure of formula φ. In the

following, we set σ = s ◦ τ̂ , µ = (σ, τ̂) and Ti = [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R for i ∈ N .

Case φ = >: [[str∆τ̂ (>)]]D(µ, i) = +∞ > E(∆τ̂). Therefore, for all t ∈ Ti, we

have 〈〈>〉〉C(s, t) = >.

Case φ = p ∈ AP : [[str∆τ̂ (p)]]D(µ, i) > E(∆τ̂), i.e., depthd(σ(i),O(p)) > E(∆τ̂).

Therefore, d(σ(i), x) > E(∆τ̂) for any x ∈ X\O(p). Moreover by Assumption 5.2.1,

we get that d(σ(i), s(t)) ≤ E(∆τ̂) for all t ∈ Ti and d(σ(i), s(t)) ≤ E(∆τ̂) < d(σ(i), x).

Also, since d is a metric : d(σ(i), x) ≤ d(σ(i), s(t)) + d(s(t), x). Hence, d(s(t), x) > 0.

Since this holds for any x ∈ X\O(p), we conclude that s(t) ∈ O(p) and, thus,

〈〈p〉〉C(s, t) = > for all t ∈ Ti.

Case φ = ¬p ∈ AP : [[str∆τ̂ (¬p)]]D(µ, i) > E(∆τ̂), i.e., distd(σ(i),O(p)) > E(∆τ̂).

The proof is similar to the previous case.

Case φ = φ1 ∧ φ2: We have that [[str∆τ̂ (φ1) ∧ str∆τ̂ (φ2)]]D(µ, i) > E(∆τ̂). Thus,

both [[str∆τ̂ (φ1)]]D(µ, i) > E(∆τ̂) and [[str∆τ̂ (φ2)]]D(µ, i) > E(∆τ̂). By the induction

hypothesis, we get that for all t ∈ Ti, we have 〈〈φ1〉〉C(s, t) = > and for all t ∈ Ti,

we have 〈〈φ2〉〉C(s, t) = >. That is, for all t ∈ Ti, we have 〈〈φ1〉〉C(s, t) = > and

〈〈φ2〉〉C(s, t) = >. Hence, for all t ∈ Ti, we have 〈〈φ〉〉C(s, t) = >.
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Case φ = φ1 ∨ φ2: The proof is similar to the previous case.

Case φ = φ1 UIφ2: We know that [[str∆τ̂ (φ1)UCd1 (I,∆τ̂)str∆τ̂ (φ2)]]D(µ, i) > E(∆τ̂).

By Lemma 5.3.2, we have J = τ̂−1(τ̂(i) + Cd1(I,∆τ̂)) 6= ∅. By the definition of

until, there exists some j ∈ J such that [[str∆τ̂ (φ2)]]D(µ, j) > E(∆τ̂) and for all

k such that i ≤ k < j, we have [[str∆τ̂ (φ1)]]D(µ, k) > E(∆τ̂). By the induction

hypothesis, we get that 〈〈φ2〉〉C(s, t) = > for all t ∈ Tj and 〈〈φ1〉〉C(s, t) = > for all

t ∈ Tk and for all k ∈ [i, j). We set t′ = τ̂(j). Note that for all t ∈ Ti, we have

τ̂(j) ∈ τ̂(i) + Cd1(I,∆τ̂) ⊆ (t + I). But τ̂(j) ∈ τ̂(i) +R Cd1(I,∆τ̂), thus we have

t′ = τ̂(j) ∈ (t +R I) 6= 0. Also, since τ̂(j) ≤ τ̂(j − 1) + ∆τ̂ , we get that for all

t′′ ∈ (t, t′), we have 〈〈φ1〉〉C(s, t′′) = >. Hence, we conclude that 〈〈φ1 UIφ2〉〉C(s, t) = >

for all t ∈ Ti.

Case φ = φ1RIφ2: We have [[str∆τ̂ (φ1)REd1 (I,∆τ̂)str∆τ̂ (φ2)]]D(µ, i) > E(∆τ̂). By

Lemma 5.3.2, we have J = τ̂−1(τ̂(i) + Ed1(I,∆τ̂)) 6= ∅. By the definition of release,

for all j ∈ J , we have [[str∆τ̂ (φ2)]]D(µ, j) > E(∆τ̂) or there exists k such that i ≤ k < j

and [[str∆τ̂ (φ1)]]D(µ, k) > E(∆τ̂). By the induction hypothesis, we get that for all

j ∈ J , we have 〈〈φ2〉〉C(s, t) = > for all t ∈ Tj and 〈〈φ1〉〉C(s, t) = > for all t ∈ Tk.

Let jm = min J and jM = max J . For all t′ ∈ [τ̂(jm) − ∆τ̂ , τ̂(jM) + ∆τ̂ ] ∩ R, we

have 〈〈φ2〉〉C(s, t′) = >. Moreover, for all t ∈ Ti, we have (t+ I) ⊆ τ̂(i) +Ed1(I,∆τ̂).

But by Lemma 5.3.2, we get τ̂(i) +R Ed1(I,∆τ̂) = τ̂(i) + Ed1(I,∆τ̂). We conclude

that (t +R I) 6= ∅ since (t +R I) ⊆ τ̂(i) +R Ed1(I,∆τ̂). Hence, for all t ∈ Ti, for all

t′ ∈ (t +R I), we have 〈〈φ2〉〉C(s, t′) = > or there exists some t′′ ∈ (t, t′) such that

〈〈φ1〉〉C(s, t′′) = >. Hence, 〈〈φ1RIφ2〉〉C(s, t) = > for all t ∈ Ti.

9.1.5 Proof of Lemma 5.4.2

If R is unbounded, then the result is immediate from Lemma 5.4.1. If R is bounded,

we need to consider two cases.
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• Case 1 of Assumption 5.4.3: Consider any t ∈ [τ̂(i) −∆τ̂ , τ̂(i) + ∆τ̂ ] ∩ R. We

have that t + sup Ik ≤ τ̂(i) + ∆τ̂ + sup Ik ≤ dur(φ) + ∆τ̂ < supR. Thus,

t+R Ik 6= ∅ and τ̂−1(τ̂(i) + Ik) 6= ∅.

• Case 2 of Assumption 5.4.3: Since 0 ∈ I, we immediately get that i ∈ τ̂−1(τ̂(i)+

Ik) 6= ∅ and that for all t ∈ [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R, t ∈ (t+R Ik) 6= ∅.

Since τ̂−1(T ) 6= ∅ and τ̂−1(τ̂(i) + Ik) 6= ∅, we also get that τ̂−1([0,
∑

j≥k sup Ij]) 6= ∅.

9.1.6 Proof of Theorem 5.4.1

The proof is by induction on the structure of formula φ. In the following, we always

set σ = s ◦ τ̂ , µ = (σ, τ̂) and ψ = mtc(φ). For the sake of brevity, we also define

Ti = [τ̂(i)−∆τ̂ , τ̂(i) + ∆τ̂ ] ∩R

for i ∈ N . By Assumption 5.4.2, there exists some α ∈ Q>0 such that τ̂(i) = ai for

i ∈ N . Thus, ∆τ̂ = α and

Ti = [a(i− 1), a(i+ 1)] ∩R

Case φ = >: We have ψ = >. By definition, for all t ∈ Ti, we have [[>]]C(s, t) =

+∞ and, also, [[>]]D(µ, i)− E(∆τ̂) = [[>]]D(µ, i) + E(∆τ̂) = +∞.

Case φ = p ∈ AP : We have ψ = p. In the following, we let t ∈ Ti. By Assumption

5.2.1, we have

d(σ(i), s(t)) ≤ E(∆τ̂) (9.1)

We must consider 4 cases according to the values of 〈〈p〉〉D(µ, i) and 〈〈p〉〉C(s, t).

1. Assume that s(t), σ(i) ∈ O(p), that is, [[p]]D(µ, i) = distd(σ(i), X\O(p)) and
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[[p]]C(s, t) = distd(s(t), X\O(p)). Since distd(σ(i), X\O(p)) ≤ d(σ(i), x) for

any x ∈ X\O(p), from the triangle inequality, we have

distd(σ(i), X\O(p)) ≤ d(σ(i), x) ≤ d(σ(i), s(t)) + d(s(t), x)
(9.1)
=⇒

[[p]]D(µ, i)− E(∆τ̂) ≤ d(s(t), x)

That is, [[p]]D(µ, i)− E(∆τ̂) is a lower bound on d(s(t), x) over the set X\O(p)

and, thus, [[p]]D(µ, i)− E(∆τ̂) is less than or equal to the greatest lower bound

(glb) on d(s(t), x) over the set X\O(p) or

[[p]]D(µ, i)− E(∆τ̂) ≤ inf{d(s(t), x) | x ∈ X\O(p)} = [[p]]C(s, t)

By symmetry, we get

[[p]]C(s, t)− E(∆τ̂) ≤ [[p]]D(µ, i) =⇒ [[p]]C(s, t) ≤ [[p]]D(µ, i) + E(∆τ̂)

2. Assume that s(t), σ(i) ∈ X\O(p), i.e., [[p]]D(µ, i) = −distd(σ(i),O(p)) and

[[p]]C(s, t) = −distd(s(t),O(p)). Since distd(σ(i),O(p)) ≤ d(σ(i), x) for any

x ∈ O(p), using the triangle inequality and the glb argument from the previous

case, we have

distd(σ(i),O(p)) ≤ d(σ(i), x) ≤ d(σ(i), s(t)) + d(s(t), x)
(9.1)
=⇒

−[[p]]D(µ, i)− E(∆τ̂) ≤ d(s(t), x)
(glb)
=⇒

−[[p]]D(µ, i)− E(∆τ̂) ≤ distd(s(t),O(p)) = −[[p]]C(s, t) =⇒

[[p]]C(s, t) ≤ [[p]]D(µ, i) + E(∆τ̂)
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By symmetry, we get

[[p]]D(µ, i)− E(∆τ̂) ≤ [[p]]C(s, t)

3. Now, we prove the case where σ(i) ∈ O(p) and s(t) ∈ X\O(p). Let εD =

[[p]]D(µ, i) and εC = −[[p]]C(s, t).

• Case εD > 0 and εC > 0 : let BD = Bd(σ(i), εD) and BC = Bd(s(t), εC).

Since σ(i) ∈ O(p) and s(t) ∈ X\O(p), we have BD ⊆ O(p) and BC ⊆

X\O(p). Hence, BD ∩BC = ∅, which implies that εD + εC ≤ d(σ(i), s(t)).

• Case εD = 0 and εC > 0 : σ(i) is on the boundary of the set O(p) and,

thus, on the boundary of the set X\O(p). Since εC is the shortest distance

from s(t) to the boundary of the set X\O(p), we get that d(σ(i), s(t)) ≥

εC = εD + εC .

• Case εD > 0 and εC = 0 : similarly to the previous case, we have

d(σ(i), s(t)) ≥ εD = εD + εC .

• Case εD = 0 and εC = 0 : this case is included in the cases (1) or (2) above

since both points belong to the same sets.

Therefore in every case, by using the inequality (9.1), we get

εD + εC ≤ E(∆τ̂) =⇒ [[p]]D(µ, i)− E(∆τ̂) ≤ [[p]]C(s, t)

Moreover, since [[p]]D(µ, i) ≥ 0 and [[p]]C(s, t) ≤ 0, we immediately get

[[p]]C(s, t) ≤ [[p]]D(µ, i) + E(∆τ̂)

4. Similarly to the previous case, when s(t) ∈ O(p) and σ(i) ∈ X\O(p), then
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εD = −[[p]]D(µ, i) and εC = [[p]]C(s, t)

εD + εC ≤ E(∆τ̂) =⇒ [[p]]C(s, t) ≤ [[p]]D(µ, i) + E(∆τ̂)

Moreover, since [[p]]D(µ, i) ≤ 0 and [[p]]C(s, t) ≥ 0, we immediately get

[[p]]D(µ, i)− E(∆τ̂) ≤ [[p]]C(s, t)

Therefore, we conclude that for all t ∈ Ti we have

[[p]]D(µ, i)− E(∆τ̂) ≤ [[p]]C(s, t) ≤ [[p]]D(µ, i) + E(∆τ̂)

Case φ = ¬φ1: Let ψ1 = mtc(φ1). By the induction hypothesis, for all t ∈ Ti, we

have

[[ψ1]]D(µ, i)− E(∆τ̂) ≤ [[φ1]]C(s, t) ≤ [[ψ1]]D(µ, i) + E(∆τ̂) =⇒

−[[¬ψ1]]D(µ, i)− E(∆τ̂) ≤ −[[¬φ1]]C(s, t) ≤ −[[¬ψ1]]D(µ, i) + E(∆τ̂) =⇒

[[¬ψ1]]D(µ, i) + E(∆τ̂) ≥ [[¬φ1]]C(s, t) ≥ [[¬ψ1]]D(µ, i)− E(∆τ̂) =⇒

[[ψ]]D(µ, i)− E(∆τ̂) ≤ [[φ]]C(s, t) ≤ [[ψ]]D(µ, i) + E(∆τ̂)

Case φ = φ1 ∨ φ2: Let ψ1 = mtc(φ1) and ψ2 = mtc(φ2). By the induction

hypothesis, we get that for j = 1, 2, for all t ∈ Ti, we have

[[ψj]]D(µ, i)− E(∆τ̂) ≤ [[φj]]C(s, t) ≤ [[ψj]]D(µ, i) + E(∆τ̂)
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Since t is monotonic with respect to the relation ≤, for all t ∈ Ti, we have

([[ψ1]]D(µ, i)− E(∆τ̂)) t ([[ψ2]]D(µ, i)− E(∆τ̂)) ≤ [[φ1]]C(s, t) t [[φ2]]C(s, t) ≤

≤ ([[ψ1]]D(µ, i) + E(∆τ̂)) t ([[ψ2]]D(µ, i) + E(∆τ̂)) =⇒

([[ψ1]]D(µ, i) t [[ψ2]]D(µ, i))− E(∆τ̂) ≤ [[φ1]]C(s, t) t [[φ2]]C(s, t) ≤

≤ ([[ψ1]]D(µ, i) t [[ψ2]]D(µ, i)) + E(∆τ̂) =⇒

[[ψ1 ∨ ψ2]]D(µ, i)− E(∆τ̂) ≤ [[φ1 ∨ φ2]]C(s, t) ≤ [[ψ1 ∨ ψ2]]D(µ, i) + E(∆τ̂)

Case φ = φ1 UIφ2: We have ψ = ψ1 UIψ2, where ψ1 = mtc(φ1) and ψ2 =

mtc(φ2). Formally, the discrete-time robust semantics of the temporal operator U

are defined as

[[φ1 UIφ2]]D(µ, i) :=
⊔

j∈τ−1(τ(i)+I)

(
[[φ2]]D(µ, j) u

l

i≤k≤j
[[φ1]]D(µ, k)

)

Let J = τ̂−1(τ̂(i) + I). By Lemma 5.3.2, we know that the set J is nonempty. Now

let t ∈ Ti and consider any t′ ∈ (t +R I), which is a non-empty set by Lemma 5.3.2.

Since t +R I ⊆ ∪j∈JTj, there exists some j ∈ J such that t′ ∈ Tj. Note that for all

l = i, i + 1, . . . ,max J , we have Tj 6= ∅. By the induction hypothesis, for all t̃ ∈ Tj,

we get that

[[ψ2]]D(µ, j)− E(∆τ̂) ≤ [[φ2]]C(s, t̃) ≤ [[ψ2]]D(µ, j) + E(∆τ̂) (9.2)

and for all k ∈ [i, j], for all t̄ ∈ Tk, we have

[[ψ1]]D(µ, k)− E(∆τ̂) ≤ [[φ1]]C(s, t̄) ≤ [[ψ1]]D(µ, k) + E(∆τ̂) (9.3)
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Let Qt,t′

k = Tk ∩ (t, t′). Note that for any k ∈ [i, j], we have Qt,t′

k 6= ∅. From (9.3), for

any k ∈ [i, j], for all t̄ ∈ Qt,t′

k , we have

l

t′′∈Qt,t′k

[[φ1]]C(s, t′′) ≤ [[φ1]]C(s, t̄) ≤ [[ψ1]]D(µ, k) + E(∆τ̂) (9.4)

Also, since [[ψ1]]D(µ, k)− E(∆τ̂) is a lower bound on [[φ1]]C(s, ·) over the set Qt,t′

k and
d
t′′∈Qt,t′k

[[φ1]]C(s, t′′) is the greatest lower bound, we have

[[ψ1]]D(µ, k)− E(∆τ̂) ≤
l

t′′∈Qt,t′k

[[φ1]]C(s, t′′) (9.5)

Then, using the last two inequalities and the monotonicity of u with respect to the

ordering relation ≤, we get

l

k∈[i,j]

([[ψ1]]D(µ, k)− E(∆τ̂)) ≤
l

k∈[i,j]

l

t′′∈Qt,t′k

[[φ1]]C(s, t′′) ≤

≤
l

k∈[i,j]

([[ψ1]]D(µ, k) + E(∆τ̂))

Note that ∪jk=iQ
t,t′

k = (t, t′). We should point out that this is true only because we

are using the matching until operator. If instead we were using the non-matching

operator, then there would exist some t ∈ Ti and some t′ ∈ (t +R I) such that

∪j−1
k=iQ

t,t′

k ⊂ (t, t′). Thus, we have

l

k∈[i,j]

[[ψ1]]D(µ, k)− E(∆τ̂) ≤
l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤

≤
l

k∈[i,j]

[[ψ1]]D(µ, k) + E(∆τ̂)

(9.6)
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Again, by using the monotonicity of u and by pulling out the constant E(∆τ̂) from

the min operator, from (9.2) and (9.6), for any t′ ∈ Tj, we have


[[ψ2]]D(µ, j) u

l

k∈[i,j]

[[ψ1]]D(µ, k)


− E(∆τ̂) ≤

≤ [[φ2]]C(s, t′) u
l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤

≤


[[ψ2]]D(µ, j) u

l

k∈[i,j]

[[ψ1]]D(µ, k)


+ E(∆τ̂)

Let P t
j = Tj∩(t+RI). Note that if Assumptions 5.4.1 and 5.4.2 do not hold, then it is

not true that P t
j 6= ∅. Next, we prove by contradiction that P t

j 6= ∅ since Assumptions

5.4.1 to 5.4.3 hold.

Claim 9.1.1. For any j ∈ J , the set P t
j = Tj ∩ (t+R I) is not empty.

Proof. First note that since t ∈ Ti, we have

max{0, α(i− 1)} ≤ t ≤ min{α(i+ 1), supR} (9.7)

Moreover, we have Tj 6= ∅ and (t +R I) 6= ∅. Assume now that P t
j = ∅. We consider

two cases which depend on I:

1. I = [αi1,+∞) for some i1 ∈ N: This is possible only if R is unbounded or

i1 = 0, i.e., I = [0,+∞). Since j ∈ J , we have

τ̂(j) ∈ (τ̂(i) +R I) =⇒ αj ∈ (αi+R [αi1,+∞)) =⇒

αj ∈ [αi+ αi1,+∞) ∩R =⇒ αj ≥ α(i+ i1) =⇒ i+ i1 ≤ j (9.8)

Also, P t
j = ∅ implies that
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• either supTj < inf(t+R I), that is,

0 ≤ min{α(j + 1), supR} < inf([t+ αi1,+∞) ∩R) = min{0, t+ αi1} =⇒

min{α(j + 1), supR} < t+ ai1

supR < t+ αi1 is a contradiction, because in this case t+R I = ∅. Thus,

α(j + 1) < t+ αi1
(9.8)
=⇒ α(i+ i1 + 1) < t+ αi1 =⇒ α(i+ 1) < t

which is a contradiction by eq. (9.7).

• or sup(t +R I) < inf Tj. If supR = +∞, then this is immediately a

contradiction. If R is bounded, then sup(t +R [0,+∞)) = supR < inf Tj,

which is a contradiction since Tj 6= ∅.

2. I = [αi1, αi2] for some i1, i2 ∈ N such that i1 < i2: R can be bounded or

unbounded. In either case, we have t +R I ⊆ R by assumption and, thus,

t+R I = t+ I. Since j ∈ J , we have

τ̂(j) ∈ (τ̂(i) + I) =⇒ αj ∈ (αi+ [αi1, αi2]) =⇒

αj ∈ [αi+ αi1, αi+ αi2] =⇒

α(i+ i1) ≤ αj ≤ α(i+ i2) =⇒ i+ i1 ≤ j ≤ i+ i2 (9.9)

Also, P t
j = ∅ implies that supTj < inf(t + I) or sup(t + I) < inf Tj. The case

supTj < inf(t + I) is the same as above. For the case sup(t + I) < inf Tj, we

have

sup[t+ αi1, t+ αi2] < α(j − 1) =⇒ t+ αi2 < α(j − 1)
(9.9)
=⇒
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t+ αi2 < α(i+ i2 − 1) =⇒ t < α(i− 1)

which is a contradiction by eq. (9.7).

Since ∪j∈JP t
j = (t+R I), similarly to the derivation of (9.6), for any t ∈ Ti, we get


⊔

j∈J
[[ψ2]]D(µ, j) u

l

k∈[i,j]

[[ψ1]]D(µ, k)


− E(∆τ̂) ≤

≤
⊔

t′∈(t+RI)

[[φ2]]C(s, t′) u
l

t′′∈(t,t′)

[[φ1]]C(s, t′′) ≤

≤


⊔

j∈J
[[ψ2]]D(µ, j) u

l

k∈[i,j]

[[ψ1]]D(µ, k)


+ E(∆τ̂) =⇒

[[ψ]]D(µ, i)− E(∆τ̂) ≤ [[φ]]C(s, t) ≤ [[ψ]]D(µ, i) + E(∆τ̂)

9.2 Proofs of Chapter 6

9.2.1 Proof of Theorem 6.2.1

Equation (6.3) is equivalent to eq. (4.8). The fact that eq. (6.4) implies equation

∀p̂1 ∈ P1 . ∀p̂2 ∈ P2 . A
T
? (p̂1, p̂2)M +MA?(p̂1, p̂2) ≤ 0,

which is equivalent to eq. (4.9), is established in Theorem 1 in [102].
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9.2.2 Proof of Proposition 6.2.1

First, let us rewrite the function V as

V(xi, xu) =

[
xTi xTu

]


M11 M12

M21 M22






xi

xu


 = xTi M11xi + 2xTi M12xu + xTuM22xu

Note that V is convex in both arguments since X0 is convex and M11 and M22 are

positive semidefinite (see §3.1.4 in [26]) as principal minors of the positive semidefinite

matrix M (see §7.1.2 in [103]). Let us first consider the game

max
x0
u∈EP(X0)

inf
x0
i∈X0

V(x0
i , x

0
u).

The function

h(x) = inf
x0
i∈X0

V(x0
i , x)

is a convex function since V is convex in both of its arguments and X0 is a convex

and nonempty set (see §3.2.5 in [26]). Note that h attains its minimum in the set X0.

The supremum of a convex function over a (bounded) polyhedral set is achieved on

one of its extreme points (see Theorem 32.2 in [166]). Thus, we have

sup
x0
u∈X0

h(x0
u) = max

x0
u∈EP(X0)

h(x0
u).

Since square root is a strictly increasing function, we have

β(x) = arg min
x0
i∈X0

F(x0
i , x) = arg min

x0
i∈X0

V(x0
i , x)
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for any x ∈ X0 (see §4.1.3 in [26]). Now, set

x∗u = arg max
x0
u∈X0

V(β(x0
u), x

0
u).

Thus, for all xu ∈ X0, we have V(β(x∗u), x
∗
u) ≥ V(β(xu), xu) and because the square

root function is strictly increasing, we get F(β(x∗u), x
∗
u) ≥ F(β(xu), xu) for all xu ∈

X0. In other words, F(β(x∗u), x
∗
u) ≥ supx0

u∈X0
F(β(x0

u), x
0
u). But also by definition

F(β(x∗u), x
∗
u) ≤ supx0

u∈X0
F(β(x0

u), x
0
u). Therefore,

F(β(x∗u), x
∗
u) = sup

x0
u∈X0

inf
x0
i∈X0

F(x0
i , x

0
u),

that is, the optimal points x∗u and x∗i = β(x∗u) solve also the game

sup
x0
u∈X0

inf
x0
i∈X0

F(x0
i , x

0
u).

Similarly, we get the optimal points for the game

max
x0
i∈EP(X0)

inf
x0
u∈X0

V(x0
i , x

0
u)

and, thus, by solving the games in (6.7) we can get the upper bound δ for (4.3).

9.2.3 Proof of Theorem 6.3.1

From equation (4.7), it follows that for all t ∈ R≥0,

dF(x1(t), x2(t))

dt
=
∂F
∂x1

(x1(t), x2(t)) · f(x1(t)) +
∂F
∂x2

(x1(t), x2(t)) · f(x2(t)) ≤ 0,
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that is, the value of F is non-increasing with the parallel evolution of the two state

trajectories. Then, from equation (4.6), for all t ∈ R≥0,

‖y1(t)− y2(t)‖ = ‖Cx1(t)− Cx2(t)‖ ≤ F(x1(t), x2(t)) ≤ F(x1(0), x2(0)).

Therefore,

∀t ∈ R . ‖y1(t)− y2(t)‖ ≤ F(x1(0), x2(0)) =⇒ ρ(y1, y2) ≤ F(x1(0), x2(0)) =⇒

ρ(y1, y2) < [[φ,O]]C(y1)− δ =⇒ ρ(y1, y2) + δ < ε

where ε = [[φ,O]]C(y1). Now, consider any observation trajectory y in the δ neigh-

borhood of y2, i.e, y ∈ Bρ(y2, δ). We have

ρ(y1, y) ≤ ρ(y1, y2) + ρ(y2, y) < ρ(y1, y2) + δ < ε

Thus, y ∈ Bρ(y1, ε). But by the definition of the robustness estimate, we get

Bρ(y1, ε) ⊆ L(φ,O), which implies y ∈ L(φ,O) and, thus, Bρ(y2, δ) ⊆ L(φ,O).

From the last set inclusion and the definition of signed distance we get the desired

result, that is, Distρ(y2,L(φ,O)) ≥ δ.

9.2.4 Proof of Proposition 6.3.1

F is continuous on X0 ×X0 which is compact, therefore F is uniformly continuous

on X0 ×X0. Hence, for all ε, there exists ν such that

∀x, x′, z, z′ ∈ X0, ‖x− x′‖ ≤ ν and ‖z − z′‖ ≤ ν =⇒ |F(x, z)−F(x′, z′)| ≤ ε.
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Particularly, by setting x′ = z = z′ and remarking that F(x′, x′) = 0, we have

∀x, x′ ∈ X0, ‖x− x′‖ ≤ ν =⇒ F(x, x′) ≤ ε.

Now, let us assume that for all finite set of points {x1, . . . , xk} ⊆ X0, there exists

xr+1 ∈ X0, such that for all xi, ‖x − xi‖ ≥ ν. Then, starting from a point x1 ∈ X0,

we can construct a sequence {xi}i∈N such that for all i, j ∈ N, i 6= j, we have

‖xi−xj‖ ≥ ν. Therefore, we cannot extract a converging subsequence of {xi}i∈N and

X0 cannot be compact. Hence, we have proved by contradiction that there exists a

finite set of points {x1, . . . , xk} ⊆ X0 such that for all x ∈ X0, there exists xi, such

that ‖x− xi‖ ≤ ν which allows us to conclude (6.8).

9.2.5 Proof of Theorem 6.3.2

Let x ∈ Λ(Σ
LTI

) be a state trajectory and y ∈ L(Σ
LTI

) be the associated observation

trajectory such that y(t) = Cx(t). From Proposition 6.3.1, there exists xi such that

F(x(0), xi(0)) ≤ ε. Then, from Theorem 6.3.1 follows that Distρ(y,L(φ,O)) ≥ δ.

Since this holds for any x ∈ Λ(Σ
LTI

), the desired results follows.

9.3 Proofs of Chapter 7

9.3.1 Proof of Proposition 7.2.1

From Definition 7.2.2, we have that for all t ≥ 0, (z(t), θ(t)) ∈ Sδ. Then, from

Definition 7.2.1, for all t ≥ 0, ‖Cxθ(t)− z(t)‖ ≤ δ.
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9.3.2 Proof of Theorem 7.2.1

Let (z, θ) ∈ Sδ, then from (7.4),

‖z − Cxθ‖ ≤
√
F(z, θ) ≤ δ.

Let z be a trajectory of Σ′ associated to input v and such that z(0) = z. Let θ

starting at θ(0) = θ be given by

θ̇(t) = Aθ(t) +BuF(v(t), z(t), θ(t)).

From equation (7.5), we have that dF(z(t), θ(t))/dt ≤ 0. Therefore, for all t ≥ 0,

(z(t), θ(t)) ∈ Sδ. Furthermore, it implies that for all t ≥ 0, uF(v(t), z(t), θ(t)) ∈ U .

Thus, θ is a trajectory of Σ which allows to conclude.

9.3.3 Proof of Proposition 7.2.2

First, let us remark that (7.4) clearly holds. Now, consider the interface uF(v, z, θ) =

uSδ(v, z, θ). If Q(z, θ) ≤ 4ν2, then it is clear that (7.5) holds. If Q(z, θ) ≥ 4ν2, then

we can show that

∂F(z, θ)

∂z
v +

∂F(z, θ)

∂θ
(Aθ +BuF(v, z, θ)) =

= −2(Cxθ − z)Tv − 2α(Cxθ − z + 2Cyθ)
Tv + 2(Cxθ − z)TCx(Aθ +BuF)+

+2α(Cxθ − z + 2Cyθ)
T (Cx + 2Cy)(Aθ +BuF) =

= −2(Cxθ − z)Tv − α(Cxθ − z + 2Cyθ)
T (2v − 2(Cx + 2Cy)(Aθ +BuF))+

+2(Cxθ − z)TCx(Aθ +BuF).
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Also, we have

Cx(Aθ +BuF) = CxAθ + CxBuF = Cyθ + 0 = Cyθ

and

(Cx + 2Cy)(Aθ +BuF) = CxAθ + CxBuF + 2CyAθ + 2CyBuF

= Cyθ + 0 + 0 + 2uF

= Cyθ + v +
−1− α

2α
(Cxθ − z)− 2Cyθ

= v +
−1− α

2α
(Cxθ − z)− Cyθ.

Hence,

∂F(z, θ)

∂z
v +

∂F(z, θ)

∂θ
(Aθ +BuF(v, z, θ)) =

= −2(Cxθ − z)Tv − α(Cxθ − z + 2Cyθ)
T (2v − 2v +

1 + α

α
(Cxθ − z) + 2Cyθ)+

+2(Cxθ − z)TCyθ =

= −2(Cxθ − z)Tv − α(Cxθ − z + 2Cyθ)
T (Cxθ − z + 2Cyθ)−

−α(Cxθ − z + 2Cyθ)
T 1

α
(Cxθ − z) + 2(Cxθ − z)TCyθ =

= −2(Cxθ − z)Tv − α‖Cxθ − z + 2Cyθ)‖2 − (Cxθ − z)T (Cxθ − z)−

−2(Cyθ)
T (Cxθ − z) + 2(Cxθ − z)TCyθ =

= −Q(z, θ)− 2(Cxθ − z) · v ≤ −Q(z, θ) + 2ν‖Cxθ − z‖

because

−2(Cxθ − z) · v ≤ |2(Cxθ − z) · v| ≤ 2‖Cxθ − z‖‖v‖ ≤ 2ν‖Cxθ − z‖.
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Since ‖Cxθ − z‖2 ≤ Q(z, θ), we have

∂F(z, θ)

∂z
v +

∂F(z, θ)

∂θ
(Aθ +BuF(v, z, θ)) ≤

≤ −Q(z, θ) + 2ν
√
Q(z, θ) ≤

√
Q(z, θ)(2ν −

√
Q(z, θ)).

Since Q(z, θ) ≥ 4ν2, equation (7.5) holds and F is a simulation function of Σ′ by Σ,

and uF is an associated interface.

Moreover, for all v ∈ V , (z, θ) ∈ Sδ, the interface uF(v, z, θ) satisfies the velocity

constraints of Σ:

‖uF‖ = ‖uSδ‖ =

∥∥∥∥
v

2
+
−1 + α− 2α

4α
(Cxθ − z)− Cyθ

∥∥∥∥

=

∥∥∥∥
v

2
+
−1 + α

4α
(Cxθ − z)− 1

2
(Cxθ − z + 2Cyθ)

∥∥∥∥

≤
∥∥∥v

2

∥∥∥+

∣∣∣∣
−1 + α

4α

∣∣∣∣ ‖Cxθ − z‖+
1

2
‖Cxθ − z + 2Cyθ‖

≤ ν

2
+
| − 1 + α|

4α

√
F(z, θ) +

1

2

√
F(z, θ)

α

since ‖Cxθ− z‖2 ≤ F(z, θ) and α‖Cxθ− z + 2Cyθ‖2 ≤ F(z, θ). But, (z, θ) ∈ Sδ, that

is F(z, θ) ≤ 4ν2, and, hence, using (7.6):

uF ≤
ν

2
+
| − 1 + α|

4α
2ν +

1

2

2ν√
α
≤ ν

2

(
1 + |1− 1/α|+ 2/

√
α
)
≤ µ.

Therefore, Theorem 7.2.1 applies and Sδ is an approximate simulation relation of

precision 2ν of Σ′ by Σ and an associated interface is given by uSδ(v, z, θ) = uF(v, z, θ).
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9.3.4 Proof of Proposition 7.4.1

Let r be an accepting run of A. Then by definition, pr ◦ r is an accepting run of

D′. By construction of D′, the input trace γ̄ that corresponds to the run pr ◦ r is

γ̄ = hD ◦ (pr ◦ r)|1. Therefore, γ̄ is a trace of D and γ = (pr ◦ r)|1 is a path on D.

9.3.5 Proof of Theorem 7.4.1

For any γ ∈ Γ we prove that if 〈〈φ′,OD〉〉D(γ, i) = >, then 〈〈φ′,Oeδ〉〉C(z, t) = > for

any trajectory z of the system [Σ′, H ′φ′(γ, i)] starting at time t ∈ R≥0 and at position

z(t) ∈ T−1(γ(i)).

Case φ′ = ξ: We have 〈〈ξ,OD〉〉D(γ, i) = > or by definition γ(i) ∈ OD(ξ). That

is, T−1(γ(i)) ⊆ Oeδ(ξ) (note that by def. Oeδ(ξ) = Oeδ(ξ)). Since for some t ∈ R,

z(t) ∈ T−1(γ(i)), we get that z(t) ∈ Oeδ(ξ). Hence, 〈〈ξ,Oeδ〉〉C(z, t) = >.

Conjunction: Let φ′ = φ1 ∧ φ2. By definition, 〈〈φ1,OD〉〉D(γ, i) = > and

〈〈φ2,OD〉〉D(γ, i) = >. Moreover, we set H ′φ1
(γ) = H ′φ′(γ) and H ′φ2

(γ) = H ′φ′(γ). By

the induction hypothesis, for any trajectory z of Σ′ starting at some time t ∈ R

at position z(t) ∈ T−1(γ(i)) and then applying controller H ′φ′(γ, i), we get that

〈〈φ1,Oeδ〉〉C(z, t) = > and 〈〈φ2,Oeδ〉〉C(z, t) = >. Therefore, for any trajectory z of

Σ′ starting at some time t ∈ R at position z(t) ∈ T−1(γ(i)) and then applying con-

troller H ′φ′(γ, i), we get that 〈〈φ′,Oeδ〉〉C(z, t) = >.

Disjunction: Let φ′ = φ1 ∨φ2. By definition, we have that 〈〈φ1,OD〉〉D(γ, i) = >

or 〈〈φ2,OD〉〉D(γ, i) = >. Moreover, we set H ′φ1
(γ) = H ′φ′(γ) or H ′φ2

(γ) = H ′φ′(γ). By

the induction hypothesis, for any trajectory z of Σ′ starting at some time t ∈ R

at position z(t) ∈ T−1(γ(i)) and then applying controller H ′φ1
(γ, i), we get that

〈〈φ1,Oeδ〉〉C(z, t) = >, or for any trajectory z of Σ′ starting at some time t ∈ R

at position z(t) ∈ T−1(γ(i)) and then applying controller H ′φ2
(γ, i), we get that
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〈〈φ2,Oeδ〉〉C(z, t) = >. Therefore, for any trajectory z of Σ′ starting at some time

t ∈ R at position z(t) ∈ T−1(γ(i)) and then applying controller H ′φ′(γ, i), we get that

〈〈φ′,Oeδ〉〉C(z, t) = >.

Until: Let φ′ = φ1 Uφ2. There exists some j ≥ i such that 〈〈φ2,OD〉〉D(γ, j) =

> and for all k ∈ [i, j) we get that 〈〈φ1,OD〉〉D(γ, k) = >. We set H ′φ2
(γ) =

H ′φ1
(γ) = H ′φ′(γ). Consider now the trajectory z that is generated by Σ′ using

the controller H ′φ′(γ, i). The initial condition for the trajectory z is any point in

the initial cell, i.e., z(t) ∈ T−1(γ(i)). By construction, there exists a sequence of

times t = ti ≤ ti+1 ≤ · · · ≤ tj, where tk for k = i + 1, . . . , j is the time that the

trajectory z crosses the edge T−1(γ(k − 1)) ∩ T−1(γ(k)). Consider any time instant

t′′ ∈ [tk, tk+1] for any k ∈ [i, j). Then, we know that z(t′′) ∈ T−1(γ(k)). Now the

induction hypothesis applies and applying the hybrid controller H ′φ1
(γ, k) we get that

〈〈φ1,Oeδ〉〉C(z, t′′) = >. Therefore, for all t′′ ∈ [t, tj], we have 〈〈φ1,Oeδ〉〉C(z, t′′) = >.

Now, note that z(tj) ∈ T−1(γ(j − 1))∩ T−1(γ(j)). Hence, by the induction hypothe-

sis, using controller H ′φ2
(γ, j) we get that 〈〈φ2,Oeδ〉〉C(z, tj) = >. Thus, if we set t′ = tj,

then we are done and 〈〈φ1 Uφ2,Oeδ〉〉C(z, t) = >. Note that if 〈〈φ2,OD〉〉D(γ, i) = >,

then we are immediately done since the induction hypothesis applies directly.

Release: Let φ′ = φ1Rφ2. Then for all j ≥ i we have 〈〈φ2,OD〉〉D(γ, j) = > or

there exists k ∈ [i, j) such that 〈〈φ1,OD〉〉D(γ, k) = >. We set H ′φ2
(γ) = H ′φ1

(γ) =

H ′φ′(γ). Consider now the trajectory z that is generated by Σ′ using the controller

H ′φ′(γ, i). The initial condition for the trajectory z is any point in the initial cell, i.e.,

z(t) ∈ T−1(γ(i)). By construction, there exists a sequence of times t = ti ≤ ti+1 ≤

· · · ≤ tj, where tk for k = i + 1, . . . , j is the time that the trajectory z crosses the

edge T−1(γ(k − 1)) ∩ T−1(γ(k)). There exist two cases now.

First, assume that 〈〈φ1,OD〉〉D(γ, k) = > is true for some k ≥ i. The corresponding

controller is H ′φ1
(γ, k). Since there exists some time instant t′′ ∈ [tk, tk+1] such that
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z(t′′) ∈ T−1(γ(k)), we get by the induction that 〈〈φ1,Oeδ〉〉C(z, t′′) = >. Note that

for all k′ ∈ [i, k], it must also be 〈〈φ2,OD〉〉D(γ, k′) = > (it is easy to see that by

the recursive formulation of until in Section 3.2.3). Consider any time instant t′ ∈

[tk′ , tk′+1] for any k′ ∈ [i, k]. Then, we know that z(t′) ∈ T−1(γ(k′)). Now, the

induction hypothesis applies and we get that 〈〈φ2,Oeδ〉〉C(z, t′) = > using controller

H ′φ2
(γ, k′). Therefore, for all t′ ∈ [t, tk+1] we have 〈〈φ2,Oeδ〉〉C(z, t′) = >. We conclude

that 〈〈φ1Rφ2,Oeδ〉〉C(z, t) = >.

Second, assume that the solution path γ is given by the first part of the definition,

that is by “for all j ≥ i we have 〈〈φ2,OD〉〉D(γ, j) = >” . When we generate the

continuous trajectory using the corresponding hybrid controller H ′φ2
(γ, j), we get a

total order on the times that the trajectory z crosses each edge, i.e., ti+1 ≤ ti+2 ≤

ti+3 ≤ . . .. Using the same reasoning as in the first case we get that for all t′ ≥ t, we

have 〈〈φ2,Oeδ〉〉C(z, t′) = >.

Finally, we need to consider the case for a path γ whose unique periodic state

repeats indefinitely. This case implies that the specification requires that for all

j ≥ i we have 〈〈φ2,OD〉〉D(γ, j) = >, which is part of the semantics of the release

operator for a formula φ′ = φ1Rφ2. Here, φ2 is a Boolean combination of proposi-

tions from ΞAP . The hybrid controller H ′φ′(γ, i) realizes the “for all j ≥ i we have

〈〈φ2,OD〉〉D(γ, j) = >” part of the semantics by composing a cell invariant controller.

Therefore, for all t′ ≥ t, we get that z(t′) ∈ T−1(γ(j)) for any j ≥ i and we conclude

that 〈〈φ2,OD〉〉D(γ, j) = >. Hence, 〈〈φ1Rφ2,Oeδ〉〉C(z, t) = >.

Remark 9.3.1. Consider the release case in the above theorem (see proof in Section

9.3.5). If we had not required the existence of at least one cell invariant controller in

the periodic part of γ, then potentially this time sequence could have collapsed to a

single point in time, i.e., for some j ≥ i, tj+1 = tj+2 = tj+3 = . . .. This would have

been undesirable since the finite variability assumption would have been violated and,
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then, we would have introduced in our system Zeno behavior [131].
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Nomenclature

Logic

〈〈·, ·〉〉C Continuous-time Boolean semantics of a temporal logic formula, page 23

〈〈·, ·〉〉D Discrete-time Boolean semantics of a temporal logic formula, page 26

[[·, ·]]C Continuous-time robust semantics of a temporal logic formula, page 32

[[·, ·]]D Discrete-time robust semantics of a temporal logic formula, page 42

¬ Logical negation, page 21

∨ Disjunction, page 21

∧ Conjunction, page 21

+R Addition of a point with a set, intersected with the set R, i.e., t +R I :=

(t+ I) ∩R, page 22

3 Eventually, page 21

� Always, page 21

AP A set of atomic propositions, page 20

C A set of truth degree constants. Usually, C = B or C = R ∪ B, page 20
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c A logical constant, page 21

dur A function that computes the maximum time for which requirements are im-

posed by the temporal operators of an MTL formula, page 80

I Timing constraints on temporal operators, page 20

K∈ The characteristic function of the ∈ relation, page 23

K∞∈ A modified version of the characteristic function of the ∈ relation, page 44

Lt(φ,O) The set of all continuous-time signals that satisfy φ starting at time t,

page 23

L(φ,O) The set of all continuous-time signals that satisfy φ starting at time 0, page 23

L̂i(φ,O) The set of all discrete-time signals which satisfy an LTL formula φ, page 27

Lτi (φ,O) The set of all discrete-time signals which when paired with τ satisfy φ,

page 26

mtc A translation function that maps the temporal operators of an MTL formula

to the corresponding matching temporal operators, page 85

MTLC(AP ) The set of MTL formulas built upon AP with constants from C, page 21

MTL+
C(AP ) The set of MTL formulas built upon AP with constants from C in

Negation Normal Form, page 21

MTLC(AP, op1, op2, . . .) The set of MTL formulas built upon AP with constants

from C using the logical operators op1, op2, . . ., page 21

MITLC(AP ) The set of MITL formulas built upon AP with constants from C,

page 21
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LTLC(AP ) The set of LTL formulas built upon AP with constants from C, page 21

nnf A function that translates a formula φ into NNF, page 27

O Observation map, page 22

O−1 The inverse of an observation map, page 22

Oe The extended observation map, page 35

Oeε The ε-robustified extended observation map, page 35

I(φ) The set of all timing constraints I that appear in the temporal operators of

an MTL formula φ, page 80

p, p1, p2, . . . Atomic propositions, page 21

φ, φ1, φ2, ψ, . . . Temporal logic formulas, page 21

pos A translation function that replaces negated atomic propositions by new sym-

bols, page 34

R Release, page 21

R Matching release, page 85

str∆τ̂ A translation function that strengthens the timing constraints of the temporal

operators of an MTL formula by ∆τ̂ , page 79

TSSi(φ,O) The set of all timed state sequences that satisfy φ starting at time i,

page 26

TSS(φ,O) The set of all timed state sequences that satisfy φ starting at time 0,

page 26
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TSSτi (φ,O) The set of all timed state sequences that satisfy φ under a given timing

function τ , page 26

U Until, page 21

U Matching until, page 85

ΞAP The extended set of atomic propositions, page 34

Matrices

In The n× n identity matrix, page 97

Motion Planning

→D The transition relation of D, page 129

B A Büchi automaton, page 131

Bφ′ A Büchi automaton that accepts the infinite traces which satisfy the specifica-

tion φ′, page 131

A The Büchi automaton which corresponds to the product ofD′ withBφ′ , page 133

D A finite transition system, page 129

D′ The Büchi automaton which corresponds to the FTS D, page 132

FB The set of accepting states of the Büchi automaton B, page 131

γ A path on the FTS D, page 130

γ̃ The sequence of observations generated by a path γ, page 130

γf The non-periodic part of a path γ, page 135
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γl The periodic part of a path γ, page 135

hD A map from equivalence classes to atomic propositions, page 129

hδ A mapping from the modified workspace of the robot to the extended set of

atomic propositions, page 126

H ′φ′(γ) The hybrid controller which corresponds to the path γ that satisfies formula

φ′, page 139

H ′φ′(γ, i) The hybrid controller which corresponds to the path γ that satisfies formula

φ′ starting at position i of the path, page 139

λB The transition relation of the Büchi automaton B, page 131

µ The bound on the control input of the dynamics model of the robot, page 117

ν The bound on the control input to the kinematics model of the robot, page 120

Ω An input alphabet, page 131

OD An observation map that maps atomic propositions to equivalence classes,

page 132

Q The set of equivalence classes of points which satisfy the same set of atomic

propositions, page 129

Q The set of equivalence classes that represent the interior of the cells, page 129

Q0 The set of possible initial cells, page 129

r A run of a Büchi automaton, page 131

Σ A dynamics model of a mobile robot, page 117
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Σ′ A kinematics model of a mobile robot, page 120

SB The set of states of the Büchi automaton B, page 131

T A function which maps each state z ∈ Z to one equivalence class inQ, page 129

T−1 A function which maps each equivalence class in Q to the set of states in Z

that it represents, page 129

θ The position and velocity of the dynamics model of the robot, page 121

u The control input to the dynamics model of the robot, page 117

v The control input of the kinematics model of the robot, page 120

X The free workspace of the dynamics model of the robot, page 117

x The position of the dynamics model of the robot on the plane, page 117

X0 The set of possible initial positions of the dynamics model of the robot, page 117

y The velocity of the dynamics model of the robot, page 121

Z The free workspace of the kinematics model of the robot, page 120

z The position of the kinematics model of the robot on the plane, page 120

Z0 The set of possible initial positions of the kinematics model of the robot,

page 120

Other Symbols

dom(f) The domain of a function f , page 17

id The identity function, page 65
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◦ Function composition : (f ◦ g)(t) = f(g(t)), page 19

Sets and Metric Spaces

Bd(x, ε) The ε-neighborhood of point x under the metric d, page 17

B The set of Boolean constants, page 17

Cd(S, ε) Contraction of a set S by ε under the metric d, page 35

d A metric. Usually, the metric that induces the topology of X, page 15

d1 Manhattan distance, page 46

dd The discrete metric, page 18

depthd(x, S) The depth of point x in a set S under the metric d, page 16

de Euclidean distance, page 46

Distd(x, S) The signed distance of point x from a set S under the metric d, page 16

distd(x, S) The distance of point x from a set S under the metric d, page 16

EP(P ) The set of extreme points of a convex set P , page 99

Ed(S, ε) Expansion of a set S by ε under the metric d, page 35

N The set of natural numbers, page 19

P(S) The powerset of the set S, page 22

Q The set of rational numbers, page 83

R The reals, page 16

R The extended reals R = R ∪ {±∞}, page 16
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S A set. Usually, S ⊆ X, page 16

S The closure of a set S, page 16

X A metrizable topological space, page 15

Signals

∆τ̂ The maximum sampling step, page 78

δτ A function that returns the time difference between the current and the pre-

vious samples, page 44

E A function that bounds the dynamics of a continuous-time signal, page 78

F(A,B) The set of all functions from A to B, page 17

F(R,X) The set of all continuous-time signals from R to X, page 17

F(N,X) The set of all discrete-time signals from N to X, page 19

F(N,X)× F↑(N,R≥0) The set of all timed state sequences, page 19

µ A timed state sequence, i.e., µ = (σ, τ), page 19

µ(1) The discrete-time signal, i.e., σ, of a timed state sequence, page 19

µ(2) The timing function, i.e., τ , of a timed state sequence, page 19

R The domain of a continuous-time signal, R = [0, r] with r > 0 or R = R≥0,

page 17

ρ The supremum metric for continuous-time signals, page 29

ρ̂ The supremum metric for discrete-time signals, page 39
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s A continuous-time signal, page 17

σ A discrete-time signal, page 18

F↑(N,R) The set of timing functions, page 19

F↑c(N,R) The set of timing functions with constant time step, page 19

F↑(N,R) The set of sampling functions, page 20

τ A timing function, page 18

τ−1 The inverse of timing or sampling function, page 25

τ̂ A sampling function, page 20

Systems

�δ A δ-approximate simulation relation between systems, page 68

∼δ A δ-approximate bisimulation relation between systems, page 68

Σ A dynamical system, page 60

ΣLTI A Linear Time Invariant (LTI) system, page 62

ΣLTV A Linear Time Varying (LTV) system, page 62

ΣLPV A Linear Parameter Varying (LPV) system, page 62

ΣLPV(p0) An LTI system that is derived from an LPV system for a specific constant

specific constant parameter value p0 ∈ P , page 62

Σ A closed-loop dynamical system, page 63

Σ
LTI

A closed-loop Linear Time Invariant (LTI) system, page 63
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Σ
LTV

A closed-loop Linear Time Varying (LTV) system, page 63

Σ
LPV

A closed-loop Linear Parameter Varying (LPV) system, page 63

Σ
LPV

? A regular LPV system, page 95

Bδ A δ-approximate bisimulation relation, page 68

f System dynamics, page 60

g Observation function, page 60

Λ(Σ) Internal language of Σ : the set of state trajectories of system Σ, page 63

L(Σ) Language of Σ : the set of observable trajectories or traces of system Σ, page 63

P Parameter space, page 60

p A parameter function that takes values in P , page 61

Sδ A δ-approximate simulation relation, page 68

T Time domain, page 60

TSSτ (Σ) The set of timed state sequences of Σ that result by pairing the timing or

sampling function τ with the (sampled) observable trajectories of system Σ,

page 63

U Input space, page 60

u An input function that takes values in U , page 61

X State space, page 60

x State trajectory, page 61
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X0 Initial conditions, page 60

x(i) The i-th component of the state vector x(t), page 65

Y Observation space, page 60

y Observable trajectory, page 61

y(i) The i-th component of the observation vector y(t), page 65
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metrics for quantitative transition systems. In Proceedings of the 31st ICALP,

volume 3142 of LNCS, pages 97–109. Springer, 2004.

202



[52] Luca de Alfaro and Zohar Manna. Verification in continuous time by discrete

reasoning. In Proceedings of the 4th AMAST, volume 936 of LNCS, pages 292–

306. Springer, 1995.

[53] Mark de Berg, Otfried Schwarzkopf, Marc van Kreveld, and Mark Overmars.

Computational Geometry: Algorithms and Applications. Springer-Verlag, 2nd

edition, 2000.
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