Robugt Sampling for MITL Specifications
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Motivation - a study of transient dynamics

Black-box controller tuning

Mathematical model
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Motivation - a study of transient dynamics
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Desired Performance Characteristics

1. Overshoot

2. Rise time )

3. Delay time Can be captured with
4. Settling time f Metric Interval

5. Constraints on input/states | Temporal Logic

6. Response sensitivity
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Boolean Monitoring / Testing

® = Uro.9221(P1 2 Cpm2mP2)
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Monitoring

Algorithm

[Maler and Nickovic '04]
[Thati and Rosu '04]
[Rosu and Havelund '05]
[Geilen '01]
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Example - Bad sampling
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Problem formulation

S
/\f MITL
® = Uro.9221(P1 2 Cpm2mP2)
Monitor/Tester %

(signal dynamics + sampler)

>
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Signals & Timed State Sequences (TSS)

A signal is a function s : R—X, RCR*
A sampling function is a function t: N—R*, NCN
A discrete time signal is a function ¢ : N—X with ¢ =sot

A timed state sequence p is the pair (c,1)

(5(0),7(0))

(e(1),7(1))
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Metric Interval Temporal Logic (MITL)

Syntax:

g =p| ploNo, | o o, | 020, | 0,80,

I can be of any bounded or unbounded interval of R*, but +Q
i.e. [=[0,+00), I=[2.5,9.8]
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Boolean Continuous-time MITL Semantics

(-, N : Pp x F(AP,P(X)) — (F(R,X) x R — B)
(6.ONc(s.t) = T @ (0~ ost) o

T if s(t) € O(p)

1 otherunse

(Phe(s.) = Ke(s(t), Op) :{

t+Z:={t+t|t'eZ} and t+rZ:=(t+I)NR

x Uy = max({z,y}) My :=min({z,y})

g UNIVERSITY of PENNSYLVANIA

GRASP




MITL Discrete-time Semantics

Timed state sequence u = (o,1), where ¢ = sot

(P)p (i) == Kc(a(i). Op))
(=) (1) == =@ (p, 1)
(1 V D) (1) = (1) o, 1) U (o) (4. 1)
(o Uz (i) == | (Do) [] (o)l k)
jer— Y (7(i)+RrI) i<k<j
H_I n
NS
+ + +[-|:+A+:|-]+++
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Observation

Specification : op =T % p

—
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Metric Spaces

A meftric space (X, d) is a set X with a metric d
A meftric on a set X is a positive function d: X x X—~R*, such that
the three following properties hold

o for all x;,x,,x;eX it is d(x,,x;)<d(x,,X,)+d(X,,X;)

e forall x,,x,eX it is d(x,,x,)=0 iff x,=x,

o forall x,,x,eX it is d(x,,x,)=d(x,,x,)
Given a metric d, a radius eeR* and a point xeX, then the open ¢-
ball centered at x is defined as

B(x.e) = { yeX|d(x,y)<e }
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(Signed) Distance

Let xeX be a point, CcX be a set and d be a metric. Then we define

disty(z,C) := inf{d(z,y) | y € cl(C)}
depthy(x,C) := disty(z, X\O)

— distq(x, C)

Disty(x, C) := { depthq(z, C)

if v ¢ C
it £ € C

dist ,(x,C)

depth ,(x,C)

B (x,¢)
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Discrete-time Robust Semantics for MITL

[.-] p: (PR X F(AP,P(X))) — ( F(N.X) x Fyy(N,Rog) X N — R)
:RxR—R M:RxR — R

rUy :=max({z,y}) 2MNy:=min({z,y})

[c]p(p. i) == c
[Pl (2. 7) := Dista(o (i), O(p))
[=¢1 (. ) == —[:]p(p. 1)
[[gbl Vv ¢2D(M,Z) - [[(;bl]]D(/ia ) L [[ng]]D(ﬂ: )
[ Urn]p(pi) = || ([eelo(u.) 0 [ ] [61lo(u. k)
jer Y (7(i)+RT) i<k<j




Intuition - Example

Specification : Op =T % p

N

O(p)

[o1Uz o] p(p. i) = L ([[Gi’zﬂD(ﬂ--.j) N ﬂ@lﬂD(ﬂwk‘-))

jer Y7 (i) +RrT) 1 <k<j
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Observation

Specification : Op =T % p

If Vt e [1(j)-Ar, 1(j)*+At], where At = sup, ©(i+1)-1(i), the distance
d(s(?),0())) is bounded and smaller than depth (o(;),0(p)),
then both s(7) and o(j) satisfy p.
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Observation - 1D

Specification : Op=T % p

X

dsweon] | N | o)

)
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Assumption on signhal dynamics

Assumption 1 The signals in the set F(R, X) satisfy the condition

Vt,t' € R . d(s(t),s(t")) < E(]t — 1)),

where £ : R~y — R~q 1s a positive nondecreasing function.
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In order to use induction ...

Specification: O,p=T %, p

O(p)
|
|
|
| A i"[ > . time
AT AT AT At
(i)
[d1 U] p(pe, ) = | | ([[@ﬂf)(#-sj)ﬂ |_| [[@1]]17(#--.13)) P

jger Y1 (i)+RrI) 1<k<j




Strengthening MITL formulas

t+1

.
— o

o -

t
t+C(l,47)

StI‘AT(Cbl Z/{ICbQ) — StrA'r(Cbl) Z/{O(I,AT)StrAT(CbQ)
StPAT(CblRICbQ) — StrAT(gbl)RE(I,AT)StPAT(ng)

t+1
- - N —>
t \ _
—~
t+E(,47)

StrAT(p) = P, StrAT(_'p) — P
Stra-(@1 V ¢2) = stras(¢1) V stra-(¢2)
Stra, (<b1 A\ gbg) = StI'AT(Cbl) A StI’AT(CbQ)
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The importance of the sampling function

Specification: O,p = LR,p

7(i)+1
4|-—+—+—+—+[—]+—+—+—+—+—> t!(z()+) = @
7(i)+1
P - +[ ] > t/(z(i)+, ) = P
(D1 Rzb2)) p(u; 1) = [T @2dpwi o [ (or)n(u. k)
jer Y 7(i)+r7) 1<k<j

GRASP
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Sampling Assumptions

Assumption 2 Given a formula ¢ € ®f, the sampling functions in the set
F.(N,R) satisfy the constraint:

AT < min {supZ —infZ}.
IE(jstrAT(¢)Uj¢)

When R 1s bounded, the sampling functions in the set Fg (N, R) must also
satisfy the constraint : sup R — 7(max N) < AT.

Assumption 3 [fthe time domain R of the set of signals F (R, X') is bounded,

1.€., sup R < 400, then for the MITL formula ¢ under consideration it must
be supZ < +oo for all T € T4 and, also, sup R > dur(stra-(o)).

g UNIVERSITY of PENNSYLVANIA

GRASP




Main Result

Theorem: Let @ be an MITL formula, seF(R,X) be a continuous time
signal, teF (N,R) be a sampling function and let Assumptions 1-3 hold.
Let u=(ser,7), then

[strar (@) p(p,1) > E(AT)

implies
Vte [r(i) — AT, 7(1) + AT N R. (o) (s, t) =T
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Relationship of discrete and continuous time
semantics

Proposition: Let @ be an MITL formula and ¢ be a TSS, then
(strar (@) p(p.i) = T implies  (&)p(ui) =T

Proposition: Let @ be an MITL formula and ybe a TSS, then

(1) [@lp(, 1) > 0= (@)p(p, 1) =T and [o]p(p,i) < 0= (&) pp, i) = L
(2) (&) p(p,1) = T = |olp(p, 1) =2 0 and (o) p(p.1) = L = [¢]p(p, 1) <0

Corollary: Let @ be an MITL formula, seF(R,X) be a continuous time
signal, 7eF(N,R) be a sampling function and let Assumptions 1-3 hold.
Let u=(ser,7), then [stra(¢)]p(u,i) > E(AT) implies

(D els) = (Npl) = T
& Penn <




Example 1

s1(t) = sint+ sin 2t
2 | | | | | | Ipu
| A AN |

T U U0 e

-20 3.1‘416 6.2‘832 9.4‘248 12.5;664 15.‘708 18.8‘496 21.9911
Time
ATl = 0.2 AISO,
N o s 151 (1)] < |cost| + 2|cos2t] < 1+2 =3
e T thus & (t) = 3t and & (A7) = 0.6
wg&zo@ We compute*
TR [strar(é)]p () — 0.7428

Time

thus | (¢1)c(s1) = T
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Example 2

s2(t) = sin(t) + sin(2t) + w(t), where |w(t)| < 0.1

O O 5
o A S
ONG)! EO ) O
& o OQ 777777777777 beeoooooo )
o | ? 11’22
| °© ol | |
Ll e SRR o " i
Oo i i o i O(p21) — [_494]
-20 3.1Ll16 6.2‘832 9.4‘248 12.5;664
Time
ATQ = 0.5

In this case, |s2(t1) — sa(t2)| < Lg, |t1 — to| + |w(ty)| + |w(t2)
thus E(Ar) — 1.7

We compute* [stra-(¢2)]p(p2) = 1.7372 thus | (P2)c(s2) =T

GRASP
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Example 3
linear system with nonlinear feedback

2(t) = Ax(t) — bsat(cx(t)), s3(t) = cx(t)

— - - (

—1

1 0
. b= , €= [2 1] sat(y) = Qv
0 1 |

. T \

} Psi

A1y = 0.045 and E3(A73) = 0.2182
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forlyl <1
fory >1

(@s))c(s3) =T

[[StI‘AT((}ﬁ;g)]]D(,LLg) — 0.2372
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Example 3 - Determination of &;
SN S S N N QO ={recR?|V(z)<0.34)
V(x) = 2! Px

P 0.4946 0.4834
0.4834 1.0774

x(t) € {x € R? | V() < V(x(0))}
P. = V(x(0))P*

1 1 1 1 1 1 1 1 1 1 1
-1 -08 -0.6 -04 -0.2 0 02 04 06 0.8 1

. (O < o)
2(t) = Ax(t) — bsat(cx(t)), s3(t) = cx(t)

le@)l < [ANz@ + 16l < IAlly Amax(Pe) + (16l = L.
Thus, for any t,t' € R, we have
[s3(t) — s3()] < [lefllle(t) — @) < llcl| Lo |t — ']
& Penn That is,|E4(t) = ||| L.t <=
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Related Research
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2. [Furia & Rossi] Integrating Discrete and Continuous
Time Metric Temporal Logics Through Sampling

3. [Henzinger; Manna & Pnueli] What Good Are Digital
Clocks?

el F
Pel I I I GRASP
‘ UNIVERSITY of PENNSYLVANIA V




Conclusions / Future Work

vI Continuous time satisfiability using discrete time
reasoning
© Derive conditions on the dynamics of the signal
© Derive conditions on the sampling function

M Derive bounds on the continuous time robustness from
the discrete time robustness of the signal

> Future work
O Use methods from optimization theory to determine £

O Design on-line monitoring algorithm
O improve bounds
o apply to hybrid systems

/4a

O use approximate metrics to compute bounds
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