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Abstract

In this note, we analyze how the agent’s initial wealth affects the principal’s
expected profits in the standard principal-agent model with moral hazard and
additively separable utility function in income and effort.

We show that if the principal prefers a poorer agent for all specifications of ac-
tion sets, probability distributions, and disutility of effort, then the agent’s utility
of income must exhibit a coefficient of absolute prudence less than three times the
coefficient of absolute risk aversion for all levels of income, thus strengthening the
sufficiency result of Thiele and Wambach (1999).

We also prove that the principal always prefers a poorer agent in applications
in which the task involved entails a small (in a precise sense) disutility of effort.
The important implication of this result is that there is no condition on the agent’s
utility of income alone that will make the principal prefer richer agents.

Finally, we show that, for an interesting class of principal-agent problems, the
principal prefers a relatively poorer agent if the agent’s wealth is sufficiently large,
as it would be the case in applications in which the agent is a CEO.
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1 Introduction

The principal-agent problem with moral hazard is one of the cornerstones of the theory
of incentives. In its standard formulation, a risk neutral principal hires a risk averse
agent to perform an unobservable task, and their relationship is regulated by a contract
that is based on a stochastic observable outcome whose distribution is affected by the
agent’s actions[!] In many applications, it is realistic to assume that the principal faces
a pool of agents who are heterogeneous in their wealth. A natural question to ask then
is whether the principal prefers to hire a poorer or a richer agent. More formally, Are

agency costs increasing or decreasing in agent’s wealth?

One can grasp the main difficulty in answering this question by looking at the sim-
plest case with two actions (‘high’ and ‘low’) and two possible outcomes (‘success’ and
‘failure’). If the principal wants to implement the high action, then the richer the agent
is, the more difficult it is to satisfy the incentive constraint (i.e., the larger must be
the difference between the wages paid when each outcome is observed), thereby making
the incentive problem more severe. The impact of agent’s wealth on the participation
constraint, however, is ambiguous. For instance, if the agent exhibits increasing absolute
risk aversion, then this constraint tightens, and thus agency costs increase as the agent’s
wealth increases. But if she exhibits decreasing absolute risk aversion, then participation
may be easier to satisfy, and if this effect is strong enough it may be possible for the

principal to implement the high action in a cheaper way as the agent becomes wealthier.

Thus, it is a priori unclear that anything of interest can be said about wealth effects
and agency costs. In a nice paper, Thiele and Wambach (1999) (TW henceforth) proved
that if the agent’s utility function is additively separable in income and effort, and her
utility of income exhibits a coefficient of absolute prudence that is less than three times
its coefficient of absolute risk aversion, then the cost of implementing any given effort

level increases in agent’s wealth. As a result, the principal prefers a poorer agent.

Many common utility functions satisfy TW'’s sufficient condition, including CARA
(constant absolute risk aversion) and CRRA (constant relative risk aversion) with coeffi-
cient of relative risk aversion bigger than a half. Hence, their result yields an interesting

class of problems in which a clear answer to the aforementioned question obtains.

!The obvious references are Holmstrom (1979) and Grossman and Hart (1983). For a recent contri-
bution to the development of the principal-agent framework, see Jewitt, Kadan, and Swinkels (2008).



To be sure, several open questions remain. For instance, Can a weaker condition
suffice? Also, Is there an analogous condition under which the reverse result holds?
That is, a sufficient condition on the agent’s utility function of income such that the
principal prefers a richer instead of a poorer agent. Finally, Does the principal prefer a
poorer agent in ‘extreme’ cases, such as when the disutility of effort becomes small or

the agent’s wealth becomes large? This note provides answers to all these questions.

First, we show that TW’s sufficient condition is tight in the following meaningful
sense: if we want the principal to prefer a poorer agent across all principal-agent problems
(i.e., for all action sets, probability distribution of the observable outcomes, disutility of
effort, and wealth levels), then the agent’s utility of income must satisfy TW’s condition.
We prove that if their condition fails for some level of income, then one can construct a

robust principal-agent problem where the principal prefers a richer agent.

Second, we show that given a principal-agent problem, the principal always prefers
a poorer agent if the task involved entails a small (in a precise sense) disutility of effort.
An important implication of this result is that one cannot find an analogous condition

to TW'’s that would define a class of problems where the principal prefers a richer agent.

Finally, we show that in a class of principal-agent problems that includes those with
two outcomes and with HARA (hyperbolic absolute risk aversion) utility functions of
income, the principal always prefers a poorer agent if her wealth is sufficiently large. As
an illustration, consider the shareholders/CEO application of the principal-agent model.
Clearly, the pool of available candidates from which shareholders select a CEO consists
of fairly wealthy individuals. Our result suggests that shareholders would prefer to hire

a relatively poorer CEO from the pool of potential candidates for the job.

As TW illustrate, the effects of agent’s wealth on agency costs has important impli-
cations for organizational design in a wide variety of economic environments. Moreover,
recent contributions show that they are also key for understanding some features of
dynamic moral hazard models (e.g., Chiappori, Macho, Rey, and Salanié (1994), Hopen-
hayn and Nicolini (1997), Park (2004), Spear and Wang (2005), and Chade (2009)).
Since contracting settings with moral hazard are usually complex, few comparative static
results are known. Thus, it is important for applications to find either a simple condition
imposed on preferences or on other primitives such that unambiguous wealth effects en-

sue| Our results provide an important extension of TW’s main result, thereby enlarging

2See also Chiu (2010), who provides another instance where the principal prefers a poorer agent by



the class of applications with moral hazard in which wealth effects can be signed.

The next section describes the model and TW’s result. Section 3 presents our main

results. Section 4 concludes.

2 The Model and Preliminary Results

THE MODEL. The set-up is the standard principal-agent problem with moral hazard
(e.g., Grossman and Hart (1983)). A principal hires an agent to perform a certain
task, but since her effort is unobservable, the contract is based on a stochastic output
generated by her effort. The only difference with the standard model is that we assume

that the agent has an observable ‘initial wealth,” a scalar denoted by 6.

The principal is risk neutral and maximizes expected profits defined as the difference
between expected output and expected compensation paid to the agent. The agent is risk
averse, with utility function for income-action pairs (I, a) given by V(I +6)—1(a), where
Vi (I;,00) = R, I, > —00, is three times continuously differentiable, strictly increasing,
and strictly concave; i.e., V'(-) > 0, and V”(-) < 0. Also, lim;,;, V(I) = —oo. In turn,

¥(+) is nonnegative for all actions a, and it is strictly increasing in a.

Let I be the (certain) income the agent could obtain elsewhere if she does not work

for the principal. Then her reservation utility is V(I + 6).
We denote by R(-) = =V”(-)/V'(:) and P(-) = =V"'(-)/V"(-) the coefficients of

absolute risk aversion and prudence, respectively, associated with V(-).

Let A be the set of feasible actions (e.g., effort levels) available to the agent. We
focus on the two most oft-used cases in applications, namely, A is either a finite set
a; < ag < -+ < G, or an interval [0,al. Wlog, we assume that the lowest action in
each case is costless for the agent (i.e., ¥(a1) = ¢(0) = 0).

The observable output ¢ assumes a finite set of values ¢ < g2 < --+ < ¢,. The
probability of observing ¢;, i = 1, ..., n, when the agent’s action is a is denoted by m;(a),

and it is positive for all ¢ and a. We denote by 7(a) the vector (m(a), ma(a), ..., m,(a)).

When A = [0, al, we will further assume that (-) and m;(-) are twice continuously
differentiable in a, and that v (-) is strictly convex in a, i.e., ¥"(-) > 0, with ¢/(0) =0

imposing conditions on other primitives of the model. We comment on this paper below.



Since the agent’s action is unobservable, the principal offers a compensation contract
(I1, I, ..., I,) contingent on output and recommends an action a to the agent. Let
B(a) =", m(a)g; be the expected value of output given action a, and let C(a,6) be
the minimum cost for the principal of implementing action a if the agent’s wealth is
0. As in Grossman and Hart (1983), one can split the analysis of the problem in two
steps: first, for each action a, find the contract that minimizes the expected cost to the

principal and obtain C(a, 6); second, find the action that maximizes B(a) — C(a,@).

This completes the description of the model. Notice that in terms of primitives, we

can succinctly denote a principal-agent problem by (V(-),%(-),7(-), 4, q,I,0).

Remark 1 We focus on the canonical case of additively separable utility function in
income and effort. Thiele and Wambach (1999) also provide an extension of their result
to the nonseparable case. Notice, however, that deterministic contracts need not suffice
in the nonseparable case, as the principal might profit from randomization. Hence, that
extension is of limited value if stochastic contracts are not allowed. For this reason, we

restrict attention to the set up used by most of the moral hazard literature.

THE CoOST MINIMIZATION PROBLEM. The function C(a,6) solves:

n

C(a,#) = min Zm(a)li

s.t. Z mi(a)V(I; +0) — ¥(a) > V(I + 0) (1)
a € argmax,c 4 Z mi(a" )V (I; 4+ 0) —(d), (2)

i=1
where is the participation constraint and is the incentive constraint.

If the action set is finite, then consists of a finite number of incentive constraints
Yo mi(a)V (L +0) —(a) > Y0 m(d)V(L +60) — (), for all «’. If the action
set is an interval, then we replace by the first-order condition of the agent’s prob-
lem > " wi(a)V(I; + 0) — ¢'(a) = 0, and we assume that 7(-) satisfies the monotone
likelihood ratio property (henceforth MLRP) and the convexity of the distribution func-
tion condition (henceforth CDFC), so that the ‘first-order approach’ is valid (Rogerson
(1985)) Y| Also, to avoid dealing with the uninteresting case in which the constraint set

3All we need is the validity of the first-order approach. We use MLRP and CDFC for simplicity.
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is empty for some a, we assume that, for each a, there exists an ¢ such that 7}(a) # 0.

(A simple sufficient condition is to assume the strict MLRP for every a.)
An equivalent formulation of the problem with the contract written in utility units is

.....

a € argmaxycy, » .y m(a')v; — ¥(a’), where h(-) denotes the inverse function of V(-);

ie., h(-) = V~1(-). We use both formulations interchangeably.

A key issue is to understand the behavior of C(a,#) as 6 changes. The Envelope
Theorem plus the binding constraint (1)) yield (see TW Propositions 1 and 2 )

1

0C(a,0)
V'(I; 4+ 0)

50 = —1+V(I+9)Zzl7ri(a)

L = 1 1
- Voo @“(a)v«h(w)) - v'<h<w>>>’ @

where we have set ¥ = V(I + 6) for notational simplicity.

TW’S RESULT. From , the cost of implementing an action is increasing (decreas-
ing) in agent’s wealth if Y "  (m;(a)/V'(h(v;))) is bigger (smaller) than 1/V'(h(7)).
Thiele and Wambach (1999) provided the following condition on V'(+) for the principal

to prefer poorer agents for all choices of the other primitives of the model. We include

an alternative simple proof that relies on convexity and Jensen’s inequality.

Proposition 1 (Sufficiency, TW) If V() satisfies P(I+6) < 3R(I+0) for all I +0,
then the principal’s cost of implementing any action higher than the lowest one is an
increasing function of the agent’s wealth 0. As a result, the principal’s expected profit is

a decreasing function of the agent’s wealth 6.

Proof. Since (1)) binds and a is not the lowest action (i.e., ¢ (a) > 0), Y7 | m(a)v; > T.
Simple algebra shows that P(I + 0) < 3R(I + 0) for all I + @ if and only if 1/V’(h(v))
is convex in v[] Now apply Jensen’s inequality to (3) (recall 1/V’(h(v)) is increasing in
v). As B(a) — C(a, ) is decreasing in 6 for every a, so is max,ea B(a) — C(a,0). O

As we stated in the Introduction, many common utility functions satisfy this condi-

tion, and hence the result holds for an interesting class of principal-agent problems.

4See Amir and Czupryna (2004) for more on the behavior of the derivatives of inverse utility and
their connections with absolute risk aversion and prudence.
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3 Main Results

3.1 Tightness of TW’s Condition

How tight is TW’s sufficient condition for the principal to prefer a poorer agent? The
proof of Proposition [I] reveals that there is some unused slack in the participation con-
straint, namely, > m;(a)v; = U+ t(a) implies Y | m;(a)v; — 0 > 0 since ¢(a) > 0 for
all actions above the lowest one. That is, convexity of 1/V'(h(-)) and the application
of Jensen’s inequality to obtain Proposition [I] seem far from being tight. This begs the
question of whether a weaker condition on V() would suffice. The next result shows

that the answer is negative: TW’s condition is indeed necessary in a precise sense.

Proposition 2 (Tightness) (i) If the principal’s cost of implementing an action higher
than the lowest one is increasing in the agent’s wealth 0 for all choices of (V(-), 7(-), A, q,I,0),
then V (-) satisfies TW'’s condition.

(13) If V(+) does not satisfy TW’s condition, then the principal prefers a richer agent

i some principal-agent problem.

Proof. (i) Suppose that V(-) is such that P(I + ) > 3R(I + 6) for some I and 6. We
will show that there exists a principal-agent problem with V(-) as the agent’s utility
function such that, for some action a, 9C(a,8)/96 < 0 in an open neighborhood of 0.

To this end, assume a continuum of actions A = [0, a]; two output levels ¢; and gs,
with g2 > ¢1; a probability distribution 7(-) that is three times continuously differentiable
with 75(a) > 0, 75(a) < 0; a disutility of effort #(-) that is three times continuously
differentiable in a, with ¥"(0) > 0; and let I and @ be arbitrary.

For any action a € (0,a), constraints (I)—(2)) are (1 — ma(a))vy + m(a)vy — ¢¥(a) =T
and 7)(a)(vy — v1) = ¢’'(a). Thus, the optimal contract that implements a is given by
Y'(a)

v = 5+¢(a)—ﬂ2(a)m

(4)

<

/(a/

2(a

~—

vy = T+P(a) + (1 —m(a)) 7. (5)

~—

3

Notice that v; and vy are twice continuously differentiable in @ and C'(a, ) = ma(a)h(ve)+
(1 — m(a))h(vy). It then follows from Lemma 1| in the Appendix that there exists an



a > 0 such that 9C(a,#)/00 > 0 for all § when a € (0, a) if

(m3(0)*V'(I + 6)
m2(0)(1 — 72(0))¢"(0)°

P(I+0)<3R(I+0)+ (6)

and, conversely, if there is such an action a, then @ holds with less than or equal to.

To complete the proof, recall that P(I + 0) > 3R(I + 0) for some I and 6, and set
I =1 and 0 = 0. Then there exists a threshold & > 0 such that if ¥ (0) > k,

(m5(0))2V'(I +0)
m(0)(1 — m2(0))y"(0)

P(I+6)>3R(I+0)+

and therefore dC(a,0)/80 < 0 for some action & € (O,EL). But then 0C(a,0)/06 < 0

for all levels of wealth 6 in an open neighborhood of 0.

(i7) Consider the principal-agent problem constructed in (7). Since there are two
output levels, B(a) = ¢ + ma(a)A, where A = g3 — ¢ > 0. Moreover, 74(a) < 0 implies
that any action can be made optimal for the principal (i.e., solve max,c4 B(a) —C(a, ))
by a judicious choice of A. In particular, this applies to action a. Thus, for wealth levels

in an open neighborhood of é, the principal prefers a richer agent. 0

For some intuition, notice that the aforementioned slack is smaller for low levels of
effort (i.e., actions such that ¢ (a) is small). Thus, if TW’s condition does not hold, the
natural place to look for a violation of the result is in a principal-agent problem where
the principal finds it optimal to implement a relatively low action. This is what the
proof of Proposition [2| accomplishes. The task is not straightforward, for one needs to
analyze nontrivial second-order effects to pin down the behavior of near the lowest

action (see Lemma (1| in the Appendix).

In short, the analysis reveals that we cannot weaken TW’s condition if we want a
parsimonious condition imposed solely on the utility of income that yields a preference

for poorer agents for all principal-agent problems with primitives (¢(-), 7(-), 4,q, I, Q)H

5As an example, let 9(a) = ka?/2, k > 0, so that ¢ (0) = k. The result holds for k > k.

6This does not contradict a recent paper by Chiu (2010) that shows that risk aversion alone is
sufficient for the principal to prefer a poorer agent if all wages in the contract are nonnegative, since
nonnegativity requires restrictions on other primitives besides the agent’s utility of income.



3.2 Wealth Effects for Small Disutility of Effort

Suppose we restrict attention to contracting situations in which the task involved entails
a small disutility of effort for the agent, as it would be the case in applications where

the agent is hired to perform some minor task. Will the principal prefer a poorer agent?

The answer to this question will also shed light on the following important one:
Could we find a condition analogous to TW’s under which the principal always prefers
a richer agent? Such a condition would be useful in applications in the same way as

TW'’s condition is. As we shall see below, the answer is negative.

Let us fix a principal-agent problem (V(-), ¥ (), 7(+), A, ¢, I, 8) without imposing TW’s
condition. Following Grossman and Hart (1983) (Section 5), we parameterize the agent’s
disutility of effort by 1 > 0 as follows: 1(a) = n(a). Also, assume that the solution of

the cost minimization problem is continuously differentiable in 7 (e.g., as when n = 2)[]

Note that if the disutility of effort were zero, then the optimal contract would pay
a flat wage equal to the reservation wage; i.e., if n = 0, then v; = ¥ for all 7. Hence,
implies that 0C'(a, #)/06 vanishes when evaluated at n = 0. We will show that this
derivative is positive for n > 0 small enough; i.e., the principal’s cost of implementing an
action is increasing in agent’s wealth when her disutility of effort is small. As a result,

the principal prefers a poorer agent in this case.

Proposition 3 (Small Disutility of Effort) (i) For any action a above the lowest
one, there is an n, > 0 such that the cost of implementing action a strictly increases in

agent’s wealth for all 0 < n < n,;

(13) The principal prefers a poorer agent if her disutility of effort is sufficiently small.

Proof. (i) Since 9C(a,0)/d0|,—o = 0, it suffices to show that 9°C(a,8)/d00n|,—¢ > 0,
for then 0C(a,#)/06 would be positive for values of 1 in a (right) neighborhood of zero.

Straightforward differentiation yields

0*C(a,0)/000n = V'(h(®) 3 ”Z’<“)% 881;;'

" Actually, Proposition [3{ only uses continuous differentiability at 1 = 0.

~—
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where the third equality follows from the binding participation constraint. By continuity,

there exists a threshold 7, such that C(a,-) is strictly increasing in 6 if n € (0,7,).

(17) If A is a finite set, then part (i) implies that the cost of implementing any
action a € A is increasing in 0 if n € (0,7*), where 0 < 7* = mingea—{q,} naﬂ Thus,
max,eca B(a) — C(a,0) is decreasing in 6 for all n € (0,7").

Suppose A = [0,a]. Note that the optimal action when n = 0 is a, for it solves
max,e(o,q) B(a) — I and MLRP implies that B(-) is increasing in a. Consider an action a
arbitrarily close to @. Since C(a, ) is continuous in 7 and equal to I when 1 = 0, there
exists a 7 > 0 such that B(a) — C(a,#) > B(0) — I for n € (0,7]. Appealing again to
continuity, B(a) — C(a,0) > B(a) — C(a,0) for all a € [0,a,) and all n € (0,7]. Hence,
if n € (0,7), the optimal action is in [ap,a]. Let v = (R(h(0))/V'(h(v)))(as) > 0.
For any a € [ay, a], we have that 9*°C(a,6)/900n |,—0> v > 0. By the continuity of this
second derivative, there is an open neighborhood W, of @ and a non-empty neighborhood
U, = (0,n,) of values of n such that 9*°C(d’,0)/000n > ~v/2 > 0, for all « € W, and
n € U,. Since 0C(a,d))/00 = 0 at n = 0, it follows by the Mean Value Theorem that
0C(a’,0)/06 > 0 for all @’ € W, and n € U,. The compactness of |as,a] implies the
existence of finitely many ay, as, ..., a, in [ay, a] such that [a,,a] C U™, W,,. Setting

n* = min{na,, Yay, - - - » Ma,, } > 0 completes the proof. O

There is a clean intuition of part () which follows from the known fact in decision

theory that an expected utility maximizer would be willing to take a ‘small gamble” with

8The cost of implementing the lowest action a; is simply I, which is trivially increasing in 6.



positive meanf] To see the relationship, consider and let u(-) = 1/V'(h(-)). Recall
that C'(a,0) is increasing in 6 if >  m(a)u(v;) — uw(v) > 0. Now, this is akin to a
decision maker with utility function u(-) considering a choice between v for sure, and
v plus a lottery with mean niy(a) (recall that the participation constraint binds), and
riskiness that also vanishes as 1 goes to zero. By the aforementioned result, the decision
maker would choose the lottery for sufficiently small 1, which is tantamount to proving

that C'(a, @) is strictly increasing in € when 7 is sufficiently small.
Part (i7) shows that the bound found in (i) for each a can be made uniform.

The most important implication of Proposition (3| is that there cannot exist a class
of utility functions of income such that the principal prefers richer agents. Hence,
there is no condition on V(-) such that the principal’s cost of implementing an action is
decreasing in agent’s wealth for all (¢(-),7(-), A, q,I,0). The proof is simple. If such a
condition existed, then the principal would prefer a richer agent when the disutility of
effort has the functional form assumed in Proposition [3] i.e., parameterized by n. But

the principal always prefers poorer agents when 1 > 0 is close to zero, contradiction.

Thus, there is no hope in finding a condition solely on V() such that the principal

prefers a richer agent. This result would require restrictions on more than one primitive.

3.3 Rich Agents and Agency Costs

Suppose the pool of agents from which the principal draws the one he hires consists of
fairly rich individuals. For instance, the principal could be a firm seeking to hire a CEO.

In this case, when would the principal prefer a relatively poorer agent from that pool?

In this section we fix a principal-agent problem (V(-),%(-),7(-), A4,q,I,0) and ask

whether the principal prefers a poorer agent when wealth is sufficiently large.

Despite the technical complexity of the analysis, we are able to provide a result that
holds in a class of principal-agent problems with moral hazard that subsumes cases that
are commonly used in applications.ﬂ We leave it as an open problem the generalization

of the result beyond the class of principal-agent problems considered.

9For a simple proof, consider z(n) = E[u(w + ni)] — u(w), where w is the agent’s initial wealth,
u'(+) > 0, and Z is a random variable with positive mean. Then z(0) = 0 and 2'(0) = v/(w)E[Z] > 0.

1075 get an idea of the difficulty, notice that 6 enters in both © and v; in equation (3]). Instead, the
disutility of effort, which was the focus of the previous section, only affects v;.
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To simplify the notation, set u(-) = 1/V’(h(-)). Since we know from TW that the
agent prefers a poor agent when u(-) is convex in v, we focus on the troublesome case
with u(-) strictly concave in v, or P(I +0) > 3R(I +6) for all 1 46, and we also assume
that V(-) is unbounded above. Notice that —u”(-)/u/(-) = (P(h(-)) —3R(h(-)))/V'(h()).

In the next results we will make use of the following three conditions:
(@) lim, o —u"(v) /U (v) =

(b) For any a € A there is an optimal (vq,ve,...,v,) with |v; — 9| < K, for all 4,
where K, > 0 is independent of ©.

(¢) SUPyea a>a Ko <00 fora € A.

Proposition 4 (Rich Agents) (i) Assume (a) and (b). Then, for any action a above
the lowest one, there is a threshold 6, < co such that the cost of implementing action a
strictly increases in agent’s wealth for all 0 > 0,. Furthermore, if in addition condition
(c) holds for some a € A then there is some 0* < oo such that the cost of implementing

action a strictly increases in agent’s wealth for all a > a and all 0 > 6*.

(17) Assume (a), (b), and (c). Then the principal prefers a poorer agent when agent’s
wealth is sufficiently large.

Proof. (i) Let a be any action above the lowest one, and let vy, vs, ...v,, be an optimal
contract that implements a, such that |v; — 0| < K,, where K, > 0 and does not depend
on v. We must show that if 6 is sufficiently large, then ). m; (a) u (v;) > u ().

Consider a Taylor expansion of u(-) around v = v. Then

(v3) = w () + o (9) (v = 5) + g (6) (v — 07

for some &; between v; and v, i = 1,2, ...,n. Multiply by m;(a) and sum over i to obtain

Zm(a)u(v u (0) +u' (T Zm u” (&) (v — 0)°,

and thus .
Zm —u() = () (w @+ %) , )
where k; = 3m; (a) (v; — 7)* and therefore 0 < x; < K2.

11



Notice that |v; — v| < K, and K, independent of v imply that v; — oo as v — o0,
and so does ;. Lemma [2[ in the Appendix shows that limg_,o v” (&) /u' (v) = 0. It
follows that the expression in parenthesis in the right-side of is positive for v large,
i.e., above a threshold @,. Thus ' (9) (¢ (a) + > i, ki (&) /u’ (v)) > 0 for © > 7,. As
o=V (I +6) and V(-) is unbounded, the result follows by taking 6, = h(7,) — I.

Let A = [0,a] (the case with A finite is immediate). Assume that (c) holds for some
a € (0,al. Take 0 < K < oo with sup,¢(z 5 Ko < K and choose v* large enough so that

n

D

=1

for all v > v* (by using K instead of K|, in the proof of Lemma [2[in the Appendix one
can realize that this threshold v* can be chosen depending only on @ and K). From

>>0

(17) If A is finite, then the result is clear as the cost of implementing any ac-

it follows that for any a € [a,a] and v > 0",

Z?Ti (a) u(v;) —u(0) > ' () <¢ (@) — K2Z

u” (52)
u' ()

Finally, letting 0* = h (v*) — I completes the proof of the result.

tion is increasing in 6 if 6 € (0*,00), where 6* = maxgca_{q,} 0o This implies that

max,eca B(a) — C(a, ) is decreasing in 6 for all 6 € (6%, 00).

Suppose A = [0,a]. One can show that there exists a constant A < oo such that
[v(0)] < A for all i and for all values of [T It follows from Lemma [I] that there is an
action a such that 0C(a, 0)/90 for all a € (0,a) if P(I +6) < 3R(I +6) + (¢"(0)V'(I +
0)/A?), which can be written as

P(H(s)) — 3R() _ 4(0)
V@) A ©

By condition (a) the left-side of goes to zero as 0 goes to infinity. Thus, there exists
a threshold 6 such that if # > 6, then 0C(a,0)/06 > 0 for all a € (0,a). Consider
now the interval [@,a]. We know from Proposition 4] that there exists a threshold 6, <

"The proof is available from the authors upon request. It uses the property that v/(0), i = 1,...,n,
is the solution of a linear system of equations generated by the derivatives of a Lagrangian function.
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oo such that if 6 > 6y, then 0C(a,d)/00 > 0, for each a € [a,a]. This shows that
max,eca B(a) — C(a,0) is decreasing in 0 for all 6 € (6%, 00), where 0* = max {0, 6,}. O

For an intuition, consider once again a decision maker with utility function u(-) =
1/V'(h(-)) facing a choice between v and v plus a lottery with mean ¢ (a) and riskiness
that is independent of v. As wealth grows large, the agent becomes approzrimately risk

neutral, and the positive mean of the lottery eventually dominates its riskiness.

Proposition 4] provide conditions under which the principal favors a relatively poorer
agent when the pool of agents consists of wealthy ones. To be sure, its usefulness hinges
on the plausibility of conditions (a)—(c). It is easy to show that (a) is satisfied by
any HARA utility function, which subsumes all the standard utility functions used in
applications. But conditions (b)—(c) are more delicate, as they refer to a property of
the optimum. Since little is known about the optimal contract’s functional form in the

principal-agent model with moral hazard, it is unclear when they would hold.

This difficulty notwithstanding, we can show that there is at least one important class
of principal-agent problems commonly used in applications that satisfy these conditions.
To wit, assume condition (a) (e.g., let V(-) be HARA), n = 2, and let 7(+) satisfy MLRP
and CDFC. It is easy to verify that, under these assumptions, conditions (b)—(c) hold

when the action set is finite or is an interval.

If A={ay,as,..,ay}, and the principal wants to implement a, > a;, then, under
the general assumptions made in Section 2 plus MLRP and CDFC, only the incentive
constraint corresponding to a;_; binds (Grossman and Hart (1983) p. 34). Thus, the

optimal contract to implement ay is

= U— ™ (ax) a
v = () — 772(ak—1)¢( ok
vy = U+ L= () Y (ag) .

Wz(ak) - 7T2((1k—1)

Since my(-) is strictly increasing, it follows that 7o (ay) — w2 (ag—1) > 0. Thus, we can set

Ko, = ¥ (ax) max {my (ax) /(m2(ar) — m2(ar-1)), (1 — m2) (ak) /(m2(ak) — m2(ar-1))} > 0.
Clearly, sup,, ¢4 K, < 00, thereby showing that (b)-(c) hold.

Assume now A = [0,a]. As in the proof of Proposition [2 the optimal contract that
implements an action a > 0 is given by equations f. Thus, we can set K, =

max {¢(a) + me(a) (V' (a)/mh(a)), ¥ (a) + (1 — me(a))(¢'(a)/m5(a))} > 0. The continuity

13



of the functions involved in the definition of K, and the fact that 7)(a) > 0, yield
SUp,ea Ko < 00. Hence, (b)—(c) hold, and we have thus proved the following result:

Corollary 1 (Two-Outcome Case) Assume (a). If n = 2 and MLRP and CDFC

hold, then the principal prefers a poorer agent when wealth is sufficiently large.

To shed further light on the results of this section, let us contrast them with the case
of small disutility of effort. Suppose first that V(I) = I%, « € (0.5,1), A = [0,al,
¥(a) = mp(a) and n = 2. Easy algebra (using (3)) and f) reveals that in this case
depends on n/v. Thus, for this utility function (the same is true for any HARA one)
and with two outcomes, Proposition [f] can be obtained as a corollary of Proposition [3

‘small” values of 7 have the same effect as ‘large’ values of 6 (and hence of v).

To be sure, this special case exploits the power functional form of the utility function
and also the property that, in the two-outcome case, the riskiness of the contract |v; — 0|
is independent of v. Assumptions (a)—(c) ensure that this logic extends beyond this
example to principal-agent problems where the riskiness of the contract is uniformly
bounded by an expression that does not depend on v. As Corollary |1 reveals, this class

contains interesting cases often used in the literature.

4 Concluding Remarks

Using the textbook principal-agent model with moral hazard, we analyze the principal’s
preferences over agents of differing wealth. First, we show that TW’s condition for the
principal to prefer a poorer agent is tight. Second, we prove that the principal always
prefers a poorer agent if the task involved entails a small disutility. This result implies
that there is no analogue of TW’s condition such that he would prefer a richer agent.
Third, we show that for an important class of problems, if agents are rich enough, then

the principal prefers a relatively poorer one.

We focused on the risk neutral principal case, which is the standard assumption in
applications. It would be interesting to know if the results generalize to the case where

the principal is risk averse, an extension that appears to be challenging/™]

12Tet the principal’s utility function be U(q — I), with U’(-) > 0 and U”(-) < 0. He prefers a poorer

agent if Y1 m;(a)U’ (¢ — I;) (% - 1) > 0. Notice that TW’s condition does not suffice anymore,
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A Appendix
Let A = [0,a]. With some abuse of notation, denote by v;(a), ¢ = 1,...,n the optimal
contract that implements a, and by v}(a) and v/ (a) their derivatives with respect to a.

Lemma 1 Assume that v;(-) is twice continuously differentiable in a, i = 1,2,...,n

Then there ezists an action a > 0 such that 0C(a,0)/060 > 0 for all 6 and a € (0,a) if

V(OV'(I+6)
2 i mi0) (03(0))*

Conwversely, if there is such an action a, then (@ holds with the weak inequality §.E|

P(I+0) < 3R(I+0)+ (9)

Proof. Set z(a) = Y1 (mi(a)/V'(h(vi(a)))), and note that z(0) = 1/V'(h(v)). Thus,
0C'(a,0)/00 is positive for all § near a = 0 if and only if z(a) > z(0) for a close to zero.

Differentiating z(a), we obtain (after some algebra):
i M R(h(vi(a))) vi(a
= 2O g O )
Notice that z/(0) = 0. For
oy L BOE)
0= Tty 2O+ a2 OO)

and Y2, /(0) = 0 while 37, 7,(0)01(0) = (52, mi(a)04(@)) |azo = (5+1(a))']amo = 0, where

the second equality follows from the participation constraint.

Thus, to assess the behavior of z(a) near a = 0, we need to look at the second
derivative z”(0). If this derivative is positive at a = 0, then by continuity it will be

positive in a right neighborhood of zero, i.e., for a sufficiently small.

Differentiating 2’(a), we obtain after some tedious algebra:

R(h(@))(i%R(h(@))—P(h(@))) O
(V/(h(0)))? ZMO)( (0))°. (10)

131f there are only two outcomes, then (4)—(5) yield Y, 7;(0)(v}(0))* = 72(0)(1—m2(0))(x" (0) /7' (0))?,
and (9) reduces to (6], which is the exprebswn used in the proof of Proposition [2
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Differentiation of the participation constraint ), m;(a)v;(a) = v+ (a) yields >, 7 (a)v;(a)+
> mi(a)vi(a) = 4'(a). Since the incentive constraint is ) . m}(a)v;(a) = 9'(a), it follows
that ). mi(a)vi(a) = 0, and its derivative yields ) . m;(a)v) (a) = — >, mi(a)vi(a). Thus,

K3 [3 3

., R(h(v)) | R(@)BR(A(
0= RO 5+ BB PO 5
The derivative of the incentive constraint is Y, 7/ (a)v;(a)+_, wi(a)vi(a) = ¢"(a), which

converges to y . m(0)vi(0) = ¢"(0) as a goes to zero. Then 2”(0) becomes

oy = BO@) (0 BR(A()) - o
0 = GmEn) (w O+ ==V Zz ) (11)

Since h(v) = I + 0, implies that 2”(0) > 0 if and only if (9) holds. Also, z”(0) > 0
implies that 2’(a) > 0 for a near zero. Thus, there is an @ > 0 such that 0C(a,0)/060 > 0
for all 6 if a € (0,a). To prove the converse, note that if (9) did not hold with sign <,
then 2”(0) < 0, and thus 0C(a, 6)/00 would be negative for a near zero. O

Lemma 2 Under the conditions of Proposition[4), lim;_, v (&) /u/(0) = 0,1 =1,2,...,n.

Proof. Let 0 < ¢ < (2K,)™'. Since lim, o v’(v)/u/(v) = 0, there exists an M > 0
such that |u”(v)/u'(v)| < €/2 for v > M. Suppose that v > M + K,. If v < & < v,
then v’ (&) /v’ (v) < 1, as ¥/(+) is positive and decreasing. If v; < & < v, apply a linear
Taylor expansion to u/(-) around v = v to obtain v (v — K,) = u' (v) + " (§) K,, for
some §, 0 — K, < 6 < v. Using |u"(v)/u/'(v)| < e/2 and 0 < £ < (2K,)~', we obtain
. . " / 1 / 1 /-
|u' (0 — K,) —u (0)] = |u" (0)]| Ky < e (0) K, < U (0) < U (v — K,),
which gives |1 — (v (v) /u' (v — K,))| < 1/2 and thus 2/3 < ' (v — K,) /u' (v) < 2. In
particular, if v — K, <wv; <& <0, then 0 < v (&) /u' (0) <u' (v —K,) /u' (v) <2

Therefore, for v > M + K,,
u” (&)
w (&)

where the last inequality follows from limg_,o v” (&) /u' (&) = 0. This proves that
limg_yoo v(&) /W' (0) = 0,7 =1,2,...,n. O

€ .,

<&,
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