
MAE 384   Homework 5   Discussion

Prob. 1  The result for (b) is much more accurate than those for (a) and (c), because the 
scheme in (b) is "4th order" with a truncation error of O(h4), while the other two are of 
O(h2) accuracy.  This shows that the truncation error (O(h), O(h2), etc.) is a critical part 
of the numerical scheme and should be treated seriously.   Note that if the numerical 
scheme used in (c) is replaced by a 4th order scheme taken from Table 6-1, one will also 
obtain a much better result for f ''(x) that is comparable in accuracy to the result of (b).

Prob. 2  The key idea for this problem is to combine the Taylor series expansions at x = 
xi−1 and x = xi+1 to eliminate the terms with f '(xi) h.  This ensures that in the finite-
difference approximation f ''(xi) can be written as a function of f(xi−1), f(xi) and f(xi+1) 
only.  See sample solution.  Also, in this process, the terms with f ''' (xi) h3 cannot be 
eliminated entirely (this is different from the case when (xi − xi−1) = (xi+1 − xi) = h ), 
therefore the resulted truncation error is of order O(h) instead of O(h2).

Prob. 3 To obtain a formula for f '(xi) with O(h3) accuracy, we need to eliminate the 
terms with f ''(xi) h2 and f '''(xi) h3 in the Taylor series.  This requires the combination of 
3 Taylor series at 3 neighboring points of xi.  The sample solution is for the case when 
the Taylor series at x = xi−1, xi+1, and xi+2 are used.  Note that there is a systematic way to 
solve this type of problems. Using the notation in the sample solution, the 3 Taylor series 
are (L1), (L2), and (L4).  Our goal is to combine the three to form the finite difference 
formula with vanishing f ''(xi) h2 and f '''(xi) h3 terms.  Let's assume that the desirable 
formula is 
                              1 × (L1) + A × (L2) + B × (L4)  .                             (1)

(The coefficient for (L1) can be set to 1 because only the ratios among the 3 coefficients 
are relevant.)  The requirement for the h2 and h3 terms to vanish leads to 1 + A + 4B = 0 
and 1 − A + 8B = 0, or

                            1 4
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Plugging the solution, (A, B) = (−1/3 , −1/6) back to Eq. (1) one obtains the desirable 
formula. (Make sure you understand the argument.)

Prob. 4  With the designated value of h = 0.5, the interval [0,6] contains 12 sub-
intervals. Clearly, the numerical integration needs to be performed with the composite 
Trapezoidal method (Eq. 7.13) and composite Simpson's 1/3 method (Eq. 7.19).  See 
first sample solution.  This problem can be efficiently solved with a computer code since 
the summation is tedious but routine.  See second sample solution using Matlab. 



Sample solution, Prob 1  (Thanks to Chelsea Dickkut)



Sample solution, Prob. 2   (Thanks to Elie Chmouni)



Sample solution, Prob. 3  (Thanks to Elie Chmouni)



Sample solution, Prob. 4  (version 1, solved by hand)   (Thanks to Chelsea Dickkut)



Sample solution, Prob. 4 (version 2, using Matlab)    (Thanks to Shane Mello)


