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1. Introduction

There have been extensive studies in traveling wave solutions for reaction-diffusion equations
without delay in the literature, see, e.g., Murray [12]. Consider the following reaction-diffusion equa-
tion

we(t, x) =dwx(t, %) +h(w(t, %)), x€R, t>0, (1.1)

where h satisfies h(0) = h(K) =0, K > 0, and 0 < h(w) < W' (O)w, w € (0,K). A traveling wave
solution of (1.1) is a special translation invariant solution of the form w(t, x) = u(x + ct), where
u € C2(R, R) is the profile of the wave that propagates through the one-dimensional spatial domain
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at a constant velocity ¢ > 0. Substituting w(t, x) = u(x+ct) into (1.1) and letting £ = x + ct, we obtain
the associated ordinary differential equation

du”(&) —cu'(§) +h(u(®) =0, £eR. (1.2)

It has been shown that there is a minimal wave speed cpin = 2+4/dh’(0) such that for every ¢ > cpin,
there exists an increasing traveling wave solution of (1.1) with the form w(t,x) = u(x + ct) and
u(—o0) =0, u(oo) =K.

Reaction-diffusion equations with delays often arise in biology and other disciplines. Schaaf [13]
systematically studied scalar reaction-diffusion equations with a discrete delay. Wu and Zou [19], Ma
[10,11], and Wang, Li and Ruan [17] and others obtained the existence of traveling wave solutions by
constructing lower solutions and upper solutions of the associated ordinary differential equation and
applying monotone iteration techniques or fixed point theorems. Al-Omari and Gourley [1], Gourley
[6] studied the traveling wave solutions of an age-structured reaction-diffusion model with nonlocal
delay and a nonlocal Fisher equation. Related results can also be found in [5,21].

In a recent paper [2], Boumenir and Nguyen revisited the existence of traveling wave solutions of
reaction—diffusion equations with delays by the monotone iteration method. They pointed out upper
and lower solutions of the associated ordinary differential equations are required to be smooth func-
tions due to a failure of the Perron Theorem for weak solutions. A counterexample is given in [2] to
explain the pitfalls of non-smooth upper solutions. However, as pointed in [2] it is often more difficult
to construct smooth upper and lower solutions. More recently, Wu and Zou [20] addressed the prob-
lem by adding extra conditions on the upper and lower solutions at these points where smoothness
is not satisfied. A related result can also be found in [22].

In this paper, we present a remedy to the problem due to the non-smooth upper and lower so-
lutions. Instead of verifying upper and lower solutions through the associated ordinary differential
equation, we carefully analyze and calculate the associated integrals and are able to verify upper and
lower solutions through the associated integral equations. Smoothness is not required for the up-
per and lower solutions for the associated integral equations (see Definition 4.1). Identities between
parameters are established to simplify the proof. The monotone iteration technique combined with
upper and lower solutions has also been used to construct wave fronts for integral equations. See
Diekmann [3], Weinberger [18], Thieme and Zhao [16], and more recently, Hsu and Zhao [8]. How-
ever, as remarked by Wu and Zou [19, Remark 5.2.9], the associated integral equations in this paper
are derived from reaction-diffusion equations with delays and more complicated than those integral
equations in [3,8,16,18].

One of the common assumptions to guarantee the existence of traveling wave solutions is quasi-
monotonicity assumptions on reaction terms. In general, reaction-diffusion equations with delay are
not necessarily monotone and even may not satisfy quasi-monotonicity assumptions. For equations
without quasi-monotonicity assumptions, Ma [11] obtained the existence of traveling wave solutions
of (1.7) by the Schauder’s fixed point theorem. Hsu and Zhao [8] also established the existence of
traveling waves for a class of nonmonotone discrete-time integrodifference equation models by the
Schauder’s fixed point theorem. Other related results for nonmonotone equations can also be found
in [4,9,15].

In this paper, we consider a more general reaction-diffusion equation with nonlocal delays (1.3)
where the term f may not be monotone or quasi-monotone:

wt(t,x)zdwxx(t,x)+g(w,/f(w(t—r, t))](x—r)dr), (1.3)
R

where g, f, J satisfy (H1)-(H4). (1.3) includes several important reaction—-diffusion systems from the
literature. When g(x, y) = —o1x + a2y, aq,03 > 0, and J(x) = §(x), the Dirac delta function, (1.3)
reduces the equation

Wi (t, X) =dwx (£, X) —oqw(t, x) +az f(wW(t —1,%). (1.4)
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(1.3) also includes the nonlocal reaction-diffusion equation by So, Wu and Zou [14]

1 _(x-1)?

e _
me 3 f(w(t—r,1))dr, (1.5)

we(t, X) =dwx(t, X) — a1 w(t, X) +ay /
R

where a3 > 0. Clearly, (1.3) also includes the nonlocal reaction-diffusion equation by Gourley and
Kuang [7]

1 _x-1)?
We(t, X) = dwx(t, X) — g W2 (L, X) +a2f e " f(w(t—r,1))dr. (1.6)
Janr
R *3

Finally, with appropriate conditions on f1, fo and g(x, y) = —f1(x) + fo(x)y, (1.3) also covers the
reaction-diffusion equations (1.7) with nonlocal delays in Ma [11]

we(t, X) =dwx(t, X) — fr(w) + fa(w) / fwt—r,1))Jx—1)dr. (1.7)
R

2. Main results
We are interested in finding traveling waves w(t, x) = u(x + ct) of (1.3), where u € C2(R, R). To

this end, we need to find a solution u(¢) where & = x + ct, for the following associated ordinary
differential equation:

du" (&) — cu' (&) +g<u<s>, / FluE—7— cr))](r)dr) —o. (28)
R

Based on the above examples, we make the following assumptions.

(H1) Let r > 0. J(t) >0 is integrable on R, and J(t) = J(—71), T € (—00, +00), and

/](r)dr:l, /](r)e“dr<oo,
R R

for all A > 0.

(H2) Let K > 0. f is Lipschitz continuous on [0, K] and f”(0) exists, f(0) =0, f’(0) > 0, f(x) > 0 for
xe (0,K], f(x) < f(K) for x € [0, K], and there is a 6 (0 <6 < K) such that f is increasing on
[0, 8]. Further assume

fe < fO)x, xel0,K].
(H3) g(x.y) € C2(10,K] x [0, f(K).R), gy(x.y) >0 for (x,y) € [0,K] x [0, f(K)], g(0,0) =0,

g(K, f(K)) =0 and g(x, f(x)) > 0 for x € (0, K); gx(0,0) + gy(0,0) f'(0) > 0. Further assume
that

g(X7 J’) g gX(O’ O)X + gy(oa O)J’; (x! .V) € [Oa I(] X [Oa f(1<)]'

(H4) There exists a positive 81 < K such that for each y € (0, 67), g(x, y) =0 has a solution x € (0, 0)
(6 is defined in (H2)).

We now can state our main results on the existence of a traveling wave to (1.3).
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Theorem 2.1. Assume (H1)-(H4) hold. Then there exists a c* > 0 such that for ¢ > c*, (1.3) admits a traveling
wave solution w(t, x) = u(x + ct) such that 0 <u(§) < K, &£ e R, liminfs oo u(§) > 0, limg—, _c u(§) =0.
If, in addition, f is nondecreasing on [0, K1, then u(§) is nondecreasing on R and limg_, oo u(§) = K.

Remark 2.2. The traveling wave solution w(t,x) = u(x + ct) in Theorem 2.1 also satisfies
limg— —oo u(§)e~418 =1, where Ay is defined in Lemma 3.1.

Remark 2.3. With appropriately choosing the parameters and f1, f;, it is easy to see that g(x,y) =
—a1x+ a2y, g(x, y) = —o1x* + o2y and g(x, y) = — f1(x) + fo(x)y satisfy (H3) and (H4). Thus, The-
orem 2.1 covers corresponding results in the literature. It is worthwhile to note that the linearities
g(w(t,x), w(t —r,x)) in Schaaf [13] do not cover some of the models above. For example, [13] re-
quires g(x, y) >0 for (x,y) € [0, K] (f(x) = x). For the case that g admits an intermediate steady
state, [13] requires gx(0,0) 4+ g,(0,0) <0 (f(x) =x).

Remark 2.4. For the case that f is nondecreasing, Theorem 2.1 is valid even without assumption (H4).
(H4) is only used in Section 6.

Remark 2.5. We believe it is equally important to present our theorems in a way that they can be
easily verified. As such, some of our conditions can be stated in more general ways. For example,
the assumption that f”(0) exists in (H2) can be replaced by the following conditions: there exists
some small number §' >0, 6! > 1 and a > 0 such that f(u) > f'(0)u —au®!, u € [0, 8] [8,16,18]; or

’ _M
FO-T 0, ve 1] [11].

limsup,_, o+ —v

Remark 2.6. With some additional assumptions (see [8,11]), the traveling wave solution u(¢) in The-
orem 2.1 can satisfy limg_, oo u(§) = K. Also the assumption that f(x) < f(K),x € [0, K], in (H2) can
be replaced with other conditions [8,11]. In this case, the function f* in Section 6 will be slightly
different. Theorem 2.1 can be extended to an n-dimensional system of reaction-diffusion equations.

3. Preliminary results

Let

A(c, 1) =di? — ch + g4(0,0) + g,(0,0) f'(0) f e M () dr. (3.9)
R

Then it is easy to verify the following properties:
A(c,0) = gx(0,0) + g4(0,0) f'(0) > 0,

lim;_ o0 A(c,A) =00 for all c >0,

ZA(c, M
% =2d + gy (0, O)f/(O)/rze"\(””)](r)dr >0,
R
A(c,
3AER) ;‘; ) s — Argy(0,0)f'(0) / e T (1) dr <0,
R

lime_, 00 A(c,1) = —o0 for A > 0 and finally A(0,A) > 0. Based on these properties of A(c, 1), we
state Lemma 3.1 which is similar to Lemma 2.1 [11] and Lemma 2.5 [13].
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Lemma 3.1. Assume that (H1)-(H3) hold. Then there exists a unique c¢* > 0 such that:

(1) If ¢ > c*, then there exist two positive numbers A1, Ay (which are dependent on c) with A1 < A such
that

A(C, Al) = A(C, A2) =0.

(2) Ifc < c*, then A(c, 1) > 0 forall » > 0.
(3) Ifc =c*, then A1 = Ay; andif c > c*, then A1 < Ay,

A(c,A) <0, forke (Aq, Ay), A(c,)) >0, forxe[0,00)\[A1, A2l

Now let B > maXx, yyefo,kx[0, f (k)] |€x (X, ¥)| > 0. For ¢ > c*, the two solutions of the following
equation

d2—ch—B=0 (3.10)
are —Aq and A where

—c++/c? +4pd
= >

c++/c2+4pd
—_— >

A= 2 0, Ay = 2 0.
We choose g sufficiently large so that
A2 > A1 > max{2A1, Az}. (3.11)
Define an operator by
& o0
TulE) = m< / e MEIH (u(s))ds + E/ eI H (u(s)) ds), (3.12)

where

H(u(s)) = Bu(s) + g(u(s), / flus—1— cr))](r)dr)A
R

7T [u] is defined on R if H(u) is a bounded continuous function. In fact, the following identity holds:

1 ; r
—A1(E—s) A2 (§—s)
- e Kds + / e Kds
d(r +22) ( [ p / p )
—0oQ0

_ BK ( L ) _ BK
S dGa ) \M A2/ d(ada)
=K. (3.13)
We shall show that a fixed point u of 7 or solution of the equation
u€)="T[ulE), &eR, (3.14)

is a traveling wave solution of (1.3). Similar results for different reaction terms can be found in [10,11,
19] and others. More additional properties of 7 will be discussed in Section 5.
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Lemma 3.2. Assume (H1)-(H3) hold. If u € C(R, [0, K1) is a fixed point of T [u],

u@) =TIlul¢), &R,

thenu e CZ(]R, [0, K1) and is solution of (2.8).

Proof. First if u € C(R, [0, K]), then fRf(u(t — 1T —cr))J(r)dt is a bounded continuous function.
Indeed, for s, t € R,

‘/f(u(t—r—cr))](r)dr—ff(u(s—t—cr))](r)dt
R

R

g/f(u(s—t—cr))}](t—ﬂ—t)—](t)\dr

R

<f<1<)/|f(r—s+r>—1(r>\dr.
R

The fact that [ |J(t —s+T) — J(r)|dT — O if |t —s| — O implies that [ f(u(t — 7 —cr))J(z)dt
and H(u(s)) are continuous functions on R. Thus 7 [u](¢) is defined and differentiable on R. Direct
calculations show

£ o0

(Twl®) = m (—Al f e I H (u(s)) ds + A2 / 267N (u<s>)d5>
. 4
and
) £
(T[u](f))// = m (K% / eikl(éis)H(u (S)) ds

oo

+g/}“@”H@@”ﬁ—MH@@»—MH@@»)
Noting that —Xq, Ap are solutions of (3.10), one can evaluate the following expression

&
dr? 4 cx
1o e MEIH(u(s)) ds

d(TTu1®)" - c(TTul®) - BTul(E) = d0i

BI—cha [ ey
PTER ) 26 H(u(s)) ds — H(u(®)) — BT [ul (&)

= BTul) — H(u®) — BTul&)
=—H(u@).
Now if u(&) = T[ul(&), &€ € R, then u € C2(R, [0, K]) and is solution of (2.8). O

We also need the following two lemmas to estimate 7 [u] in Section 4.



H. Wang /]. Differential Equations 247 (2009) 887-905 893

Lemma 3.3. Assume (H2)-(H3) hold. There exist positive constants D1, D, D3 such that
g(x, ) > gx(0,0)x + gy(0,0)y — D1 — D2y?, forx, y € [0, K1 x [0, f(K)],
and
f®) > f(0)x — D3x*, forxe[0,K].
Proof. According to Taylor's theorem in two variables, there exist positive constants D1, D, such that
g(x,y) > gx(0,0)x + g,(0,0)y — D1x* — Doy?, for x,y € [0, K] x [0, f(K)].
Since f”(0) exists, we can find an interval [0, 7], 0 <1 < K, and D4 > 0 such that
f'w) — f'(0) > —2D4u, ue(0,n].
Integrating from 0 to u will produce, for u € [0, 1],
f@) > f'(Ou — Dau?.
For u € [n, K], we can always find positive constant Ds such that
f@ > f'(Ou - Dsu®.
Now take D3 = max{D4, D5} and we have, for u € [0, K],
f@ > f'©@u-Dsu’. O
4. Upper and lower solutions of integral equations

In this section, we give the definition of upper and lower solutions of (3.14) and show ¢* and ¢~
defined below are an upper and lower solution of (3.14).

Definition 4.1. A bounded continuous function u(t) € C(R, [0, 0c0)) is an upper solution of (3.14) if
Tlul¢) <u(), forall§eR;

a bounded continuous function u(t) € C(R, [0, 00)) is a lower solution of (3.14) if
Tul¢) >u(¢), forall &eR.

Letc>c* y>1,g>1 and

¢T(E) =min{K, e}, EeR,

and

¢~ (6) = max{0,eM5 —ge? M5}, £ eR.

It is clear that if £ > l“K Lot (€)=K, and £ < X an , ¢t (&) = eME, Similarly, if £ > Anm y)A Lo () =

and & < 3 “}‘,‘gm e (5) =eME _ gevME By choosmg q > 1 large so that 1% > (1_1';)A], we have

p~(E) <97 () E€R
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Before verifying the upper and lower solutions, we give an identity which will simply our proof in
this section. First for A > 0 let

M(A) = B + gx(0,0) 4 g,(0, 0) f'(0) / e~ AT+ 1(ydr > 0. (4.15)
R

Then we can show the following lemma.

Lemma 4.2. Assume (H1)-(H3) hold. Then

MM”( LIS )—1 (4.16)
dOg+r)\M+41  A—A4A1) '

Proof. Since A; is a zero of (3.9), it follows that

M(A1) ( 1 . 1 )_ M(Aq1) (M +A2)
dr+r2)\ M+ 41 A — Ay A +2X2) MAz 4+ (o — A1) A1 — A%
_ M(4Ay) 1
O RV

M4y

B+cAy—dA?
_ B+8x(0,0)+gy(0,0)f(0) [pe= 1T () dT
B B+cAy —dA?
=1. O (417)

Lemma 4.3. Assume (H1)-(H3) hold. For any ¢ > c*, ¢ defined above is an upper solution of (3.14).

Proof. Let £* = “A‘—f. T (E) =K if £ > €% and ¢ (€) =eME if £ < £*. Note that ¢ (¢) <eMé £ eR,
and then

fdﬁ(é —T—cn)J(r)dr <eMF /e*’“(”")j(r)dr, £cR.
R

R

In view of (H2)-(H3) we have, for s € R,
H(¢+<s>)=ﬂ¢+<s>+g<¢>+<s>,/f(¢+<s—r—cr))f(r)dr)
R

< BT (5) + £x(0,00¢7 () + g0, O)f/(O)/¢+(S— T —cn)j(v)dt
R

< M(Apedts,

For s > &*, because of (H2) and (H3), we have

H(¢*(s)) =BK + g<1<, / flots—7— cr))](r)dr) <BK +g(K, f(K)) = BK.
R
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Thus, for & > £*, we get

M(A1) (e
T + < r(E—s) ,Aqs
[71() d0n 1) e ds
—00
1 'E 7
+ m[/e)‘1(55>ﬁl<ds+/e“(fs)ﬂl<ds}. (4.18)
1 2

& §

Thus in view of (3.13), we add and subtract the term %ff; e 16=9 ds at the left of (4.18).
Now for £ > £*, noting that e415” = K, (4.18) can be written as

& £*
T[¢+]@)<K+m(wm> [ ereenas—pic [ e_)‘l@_s)ds)
s S
e—MEp+AE” e—MEphiE”
R TeeEe (M(Al) mra P )
ks Ke MEph&* ( M(A7) - E)
dri+i2) \M+A41 A

KeM1&ehé”
K+
d(A +22) (M + A

(M(M(Ay) = B) — BAY). (4.19)
And noting A; is a zero of (3.9), we have

A (M(A7) — B) — BA1 = A1 (cAy —dAT) — BA

= Lﬁd(m1 —dA?) - A
2d(/c2 + 4Bd + ¢) !
_ 4Bd(cAy —dAT) —2d(\/c? +4Bd + 0)B A
B 2d(v/c2 + 4Bd + ¢)
_2dBA1(2c—2d Ay —/c? +4Bd —0)
B 2d(v/c® +4Bd + ©)
_ 2dBA1(c—2d Ay — /2 +4pd)
B 2d(v/c2 + 4Bd + )
<0. (4.20)

Combining (4.19) and (4.20), we see that for & > &%,
T¢T1¢) <K. (4.21)

Similarly, noting e415" = K, one can see that, for & < £*,
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& £* [
M(Aq) (e _ 1 _
TlpT1E) < / e ME=9eA1s gg —|—/e“(g Setisds | + 7/6“(5 9 BK ds
IO 26 +)»2)( d(h1 +22) g
M(A1) eMé eMé er2bp—(a—ApE” BK ek p—raE”
d(r +22) <)~1 +A1 -4 Ay — Ay ) d(A +22) A2
_ eAlfM(m)( 1 N 1 )
T dm+a) \ M+ AT A — Ay
M(Ap)er2s—t" 1 g K
(Ar)e ( 4P ) (4.22)
d(A +22) Ay — A1 M(AA,
Note that
—K n BK _ (—M(A1) + B)r2 — A1 B
Ay — A1 M(A)A, (A2 — A1)A2M (A7)
_ —80.022 — 8y(0,0)f'(0) fe= MV () dT dz — M1
(A2 — A1)A2M (A7)
<0. (4.23)
Combining (4.16), (4.22) and (4.23) leads to for & < &%,
T(pT1E) <e™s.
And therefore, for £ € R,
Tlp*16) <¢™ (). (4.24)

This completes the proof of Lemma 4.3. O

Lemma 4.4. Assume (H1)-(H3) hold. For any ¢ > c*, ¢~ defined above is a lower solution of (3.14)if 1 <y <
min{2, ﬁ—f} and q (which is independent of &) is sufficiently large.

Proof. Again let £* = af‘ﬁ If € >&% ¢ (£) =0, and if £ < £*, ¢~ (&) = eM5 — ge? 1€, For £ € R,
it follows that

H(¢™ (&) =Bo~ (&) +g(¢‘<é), / flo¢E—1- cr))j(r)dr)
R

>Bo~ () +g(¢™(%).0
=Bo (6 +g(¢ (5.0
= (B +8x(£1,0))¢~ ()

20,

)
)

—£0,0

where ¢1 € [0, K].
Thus, for & > &%,

TlPp~1¢6) =2 ¢~ (4).
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We now consider the case & < £*. It is easy to see that
e > 97 (E) 2 e —qe? M, £eR,

and, for £ e R,

e/‘@/e*/"“*”)](r)dr > /df(g —T—cn)J(r)dr
R R

>e/‘1’~*fe—/‘1<f+”>](r)dr _ qev /it /e—VAﬂ””)](r)dr.

R R

In view of Lemma 3.3, (4.25) and (4.26), we have, for &£ € R,
H(¢™(©) =po~ (&) +g<¢‘<s>, / flo~E -7~ Cr))j(r)df>
R

> Bo~(§) + 2x(0,0)¢p™ (§) + g, (0, 0) / f@~E—t—cn)j(r)dr
R

2
—Di(¢™®)° —Dz(ff(as‘(s —1 —cr))J(r)dr)
R

Z Bo~(6) +2x(0,0)0¢7 (§) + gy(0, O)f’(O)/df(%‘ —T—cn)J(n)dr
R

2
—-Di(¢p~ )" - Dz(f'(O))2< / ¢ (E—T— cr)](t)dr)
R

— g,(0,0)D3 / (0~ —7—cn)’J(x)dr

R

> M(Ape™® —qM(y Ape? 15 — Me* s,
where M(-) is defined in (4.15) and

2
M = D1 + Dy(f'(0))* ( / e‘“”mf(r)dr)

R

+8y(0,0)D3 / e 2MTHD () dr
R
> 0.

Observe that

g(o, f Fl¢~E—1— cr))J(r)dr) >g(0,0)=0

R

897

(4.25)

(4.26)

(4.27)

(4.28)
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and we ignore the term f;? 2= H (¢~ (s))ds in (4.29). Now we are able to estimate 7[¢] for
E<En

£
- ; —+1(E—s) Axs
T(¢ ](E)>d(k1+kz)</e M (ADe ds

; 3
_q / e MEIM(y Ap)e? V15 ds — B / o= M(E=9) 2415 g
—0oQ

—00
& & &*
+ / e2E9IM(A1)eM 1 ds — g / e2EIM(y Ap)e? 415 ds — I\A/I/e“(fs)ez"'sds>
§ 5
_ 1 <M(A1)€A15 q’VI(J/Al)GVAls
T A+ A+ A Mty
e2i€ eME"—12E"+h2E _ oAk
- M M(A
A+ 244 + A1 — Ay (A1)
eV AME =228 +haE _ oy Ak @2 ME —ETHIRE _ o208
—q M(y A1) —M (4.29)
)/A] — )\.2 2A1 — Xz

In view of the identity (4.16), we subtract two terms to make up a term —qe?41¢ and thus we need
to add the terms. Recall that y A1 <2A1 < A». We ignore two positive terms

M(y Av) eV AI=32)E +22E  qp4 u

(A2 —yADd( +22) (A2 —2A71)d(A1 + 22)

QA1=12)E" +128

Thus,

_ M(A1) 1 1\ ae
T > 1
716 d(MHz)(M 7y +A2—A1)e

- M(A1)( 1o, 1 )quAlé
dr+2)\ M+ A1 Ap— A

eV Mk ((M(A1) M(A1)  M(yAy) M(VAl))

+ — —
d(A +A2) M+A da—A1 Mt+yAL M-y

-~

(Ar-hp)E*
M ey MADETTEE oyang
(A1 +247) (A2 — A1)
_ Le(szmf). (4.30)
(A2 —24A1)

For & < &*, e@MAi§ 002=v41E gre bounded above. Because of the identity (4.16), (4.30) can be
further simplified as

TI¢71€) > e™® —qer™®

4 eV Mé ( (M(A1) M) My4A) M()”h))
d(A1 +22) AMF+AT A—A1 Mt+yAL -y
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~ A1 —Ap)E*
LM e MU e
(A1 +249) (A2 — A1)
M .
__ M e ) (431)
(A2 —249)

Now we only need to show that

M(Aq) M(Aq) M(y Aq) M(y Ay)

— — > 0.
Mt+A A—Ar M+yYAL YA

Note M(A1)=B+cAq — dA% because A; is a zero of (3.9). Lemma 3.1(3) implies that

M(y Aq)
B+cy A —d(y Ar)?

Thus, we have

M(Aq) M(A)  M(yA) My A
MAAT A —A M+yAL A —yA

(M +A2)M (A7) _ (21 +22)M(y A1)
Miz+ (A2 —A)A1— A2 Mo+ (g — A1)y A1 = (Y A1)?

/c2 /21 48d
%WM(AQ %4/31\/1()//}1)

E+5m—41 G+9yaM—(ya)?
S M(A M(y A
— C2+4ﬁd( (A1) - - (J/ 1) 2)
B+cAr—dA]  B+cyAr—d(yA)

M(y Ay)
_ 2 _
—Ve +4ﬁd(1 Btoyn —d(yAnZ)

> 0. (4.32)

Finally, from (4.31) and (4.32), we conclude that there exists q > 0, which is independent of &, such
that, for & < &%,

Tlp~1(€) > eM® —ger M. (433)
And therefore,

Tlp16) 29 (5), el
This completes the proof. O
5. Proof of Theorem 2.1 with the monotonicity of f

In this section, we assume that f is nondecreasing on [0, K] and prove Theorem 2.1. To this end,
define the following Banach space

Co= {u: ueC(R), suplu@)|e <oo}
£eR
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equipped with weighted norm

llull, = sup|u(&)|e~"%,
EeR

where C(R) is the set of all continuous functions on R and p is a positive constant such that p < Ajy.
It follows that ¢+ € C, and ¢~ € C,. Consider the following set

A={u: ueCp, ¢ ) <u<P™ (), £cR}.
We shall show the following lemma.

Lemma 5.1. Assume (H1)-(H3) hold and f is nondecreasing on [0, K]. Then 7T defined in (3.12) is monotone
and therefore T (A) C A. Furthermore, 7 [u] is nondecreasing if u € A and u is nondecreasing.

Proof. In the same way as in Lemma 3.2, it can be verified that H(u(¢)) and 7 [u](§) are bounded
continuous functions on R if u € A. Note 8 > maxX yye[o,k]x[0, f(k)] 18x(X, )], &y(X, ¥) =0, (x,¥) €

[0, K] x [0, f(K)] and that f is nondecreasing. For any u, v € A with u(¢) > v(&), § € R, we have, for
§ eR,

H(u©)) — H(v(©) = B(uE) — v(&)) + gx(t1. ) (uE) — v(®))
+ 8y (g3, 4“4)/ (flug—t—cn)—f(vE —1t—cn))J(n)dr
R
>0, (5.34)

where ¢1,¢3 € [0, K], ¢2, ¢4 € [0, f(K)]. Therefore 7 [u](€) > 7 [v]() for & e R.
If u € A is nondecreasing, consider £ € R and & > 0 and

E+&1 00
T[u](&ﬁﬂ—ﬂu](&hﬁ( / e METETIH (u(s)) ds + f 26T H (u(s)) ds
— §+&

S oo
_ / e MEIH(u(s)) ds_/eh(f-S)H(u(s))ds)

—00 £

& &
1 (/e*1(5S)H(u(s-f—gl))ds—/e“E”H(u(s))ds

- d(A1 +A2) K K
+/e*2<E*S>H(u(s+s1))ds— fe*z@*s)H(u(s)) ds). (5.35)
3 3

It follows from (5.34) that 7 [u](é + &) —7[u](¢) >0for§ eRand & >0. O
Now we shall show that 7 [u] is continuous and maps a bounded set in A into a compact set.

Lemma 5.2. Assume (H1)-(H3) hold. Then T : A — C,, is continuous with the weighted norm ||. .
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Proof. Let Ly > 0 be the Lipschitz constant of f on [0, K] and

te = (x,y>e[o,ml<?f[o,f<1<>1{ lgxCe - gy (x ]}

For any u, v € A, we have, for £ € R,

|H(u@) — H(v(®))]e ™ < Blu@) — v(E)|e " + |gu(t1. &2)|[u@) — v(&)|e **

+ |8y (g3, 2a)| / |f(u@E —1—cn)— f(vE —T—cn)|e P J(r)dr
R

<ﬂ||u—v||p+Lg||u—v||p+LgLf/e‘f’<’+”>J<r>dr||u—v||p
R
<Ljju—=vlp, (5.36)

where ¢1,¢3 €[0,K1, £2,¢4 €10, f(K)], L=B+Lg+LgLs [ e P T+ J(7)dt. Furthermore, we obtain

£
1
| TTul®) - TIvlE)|e™ < m( / e M E I H(u(s)) — H(v(s))|ds

—0o0

+ / 2679 [H(w)(s) — HW)(s)| dS)e“’E
§

E o0
< Hiu=vip / e ME9ePs 4 4 / 26l ds e "
d(x1 +A2)

_ A+ A2 Lilu—=vl,
M +p)(h2 —p)dr1 +22)

(5.37)

and

L

Tul—-7 <"
I7e0 =701, < g o6 = o)

lu—=vlp.
Thus, 7[u] is continuous. O
Lemma 5.3. Assume (H1)-(H3) hold. Then the set T (A) is relatively compact in Cp.

Proof. Let M1 = maxyuc 4, ecr H(u(£)) > 0. Recall that

t o0

1 s B 1
—_ e M s)cis—k/e“([ Ods | = —.
d( +42) |: / B

—00 t

Ifue A & eR and § > 0 (without loss of generality), we have
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§+6 o
T[u](§+5)—7[u](€)=m< / e MERIH (u(s)) ds + / eP2EH-IH(u(s)) ds
—00 £+3
: o
_[ e H(u(s)) d /exz@ 9 H(u(s)) d )
S /

&
= ; =21 (E=s) (p—M10 _
T d(A 4+ 22) ( f € (e™*°H(u(s)) — H(u(s)))ds

—00

+/ek2(5’5)(e)‘25H(u(s)) — H(u(s))) ds
&
£E48 £E48
+ / e MEPIH (u(s)) ds — / 2691 (u(s)) ds), (5.38)
§ &
and
_ M My M
ST r2d _q1 2L I s M1
| Tl +8) — TTul)| < max{le 1, le 1/} 3 e T ey
Thus we establish that
{%in})(?’[u](é +8) —T[ul(¢))=0, uniformly for all u € A, & eR. (5.39)

Take any sequence (u) € A and let v, = 7 (up). From Lemma 5.1 and (5.39), (vp) is uniformly
bounded on R and uniformly equicontinuous. For I, = [—k, k], k € N, by Ascoli’s theorem and the
standard diagonal process, we can construct subsequences (up,) of (uy) such that there is a function
v e C(—00,00) and (vy, = T [up,]) uniformly converges to v on each I for k € N. Now we need to
show that v € A and |vy, — v||, — 0 as ny — co. By Lemma 5.1, ¢~ (&) < v(§) < ¢T(§) for all £ e R,
and therefore v € A. Note that

li TE) —¢ (@)e P =0.
Jim (67 97 @)e
For any € > 0, we can find My such that if |§| > Mo, then, for all k € N,

[Vn (8) — v]e 5 < (¢ (E) — ¢ (§))e " <e.

On the other hand, on I, (vy,) uniformly converges to v. Thus there exists an N > 0 such that, for
ng > N,

[V (&) —v]e™* <€, & e[—Mo, Mol.
Consequently, if ny > N, the following inequality is true for all £ € R
[Vn (8) — v|e " <e.

Thus ||vy, —Vllp — 0 as ny — oo. O
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Now we are in a position to prove Theorem 2.1 when f is monotone.
Define the following iteration

u=T[o™], Ups1 =T [ug], n>1. (5.40)
From Lemmas 4.3, 4.4, 5.1, u, is nondecreasing on R and

¢~ () <unt1(§) <un§) <o), §eR, n>1.
By Lemma 5.3 and monotonicity of (uy), there is u € A such that limy_,  [luy — ull, =0. Lemma 5.2
implies that 7[u] = u. Furthermore, u is nondecreasing. It is clear that limg_, o u(§) = 0. As-

sume that limz_, o u(§) = K’. K’ > 0 because of u € A. Applying I'Hospital’s rule to (3.12), we get
K' = %(ﬂK/ + g(K’, f(K’))). By (H3), K’ = K. Finally, note that

ef —qe? M <uE) <eMf, £eR.
We immediately obtain

lim u(g)e M5 =1.
£——00

This completes the proof of Theorem 2.1 when f is monotone.
6. Proof of Theorem 2.1

Theorem 2.1 is proved when f is monotone in the last section. Now we need to prove it in
the general case. In order to find traveling waves for (1.3), we will apply the Schauder’s fixed point
theorem. First there is an xg > 0 such that f’(0)xo = f(K). Since f(K) < f'(0)K, we must have xg <
K. Define the function

f+(x)={f/(0)x, 0 <x < Xo,
fK), x<x<K.
Then

fO <P < fOx, xe[0,K],
and

g(K, fH ) =g(K, f(K)) =0,

and g(x, fT(x)) > g, f(x)) > 0 for x € (0, K).

According to (H2)-(H4), we can choose a positive o9 < 6 such that f(op) < min{6y,
minyepg, k] f(v)}. Because of (H4) there exists 0 < o < 6 such that g(o, f(0g)) = 0. Note that
£2(0, f(op)) > g(0,0) = 0 and we can assume that o > 0 is the smallest number such that
g(o, f(op)) = 0. Because g is nondecreasing with respect to the second variable, g(o, f(0)) >
g(o, f(op)) =0 implies that f(o) > f(0p), and furthermore o > 0p. Now define

fx), 0<x<og,
f(o0), oo<x<K.

f’(X)={
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It follows that g(o, f~(0)) = g(o, f(00)) = 0. Now it is clear that both f* and f~ are nondecreasing
on [0, K] and further, for 0 <x <K,

T <f@ < fre < fOox.

In fact, if x € [0,00], f~(X) = f(X). If x € [00,0], f~(X) = f(00) < f(x) because f is increasing
on [0p,0]. If x € [0,K], f~(x) = f(op) < minyep,x7 f(v) < f(x). In addition g(x, f~(x)) > 0 for
x € (0, 0) since o is the smallest number such that g(o, f(0¢)) =0, and for x € (0, 09), g%, f~ (X)) =

g, f(x)>0.
Now we examine two integral operators for f~ and f:

u@) =7 ulE)

& 00
S - —ME g /A@s>+
T d0a ) [/ IR ) d”é e ETIHT (u(s)) ds (6.41)
and
u)="7"[ul@)
1 y ?
=d7(k1+k2) |:/ e*m(ffs)H u(s) d5+%/e’\2@ s)H u(s))ds:|, (6.42)
where

H*(u(s)) = u(s) +g(u(s), / fEuGs -7 - cr))](r)dt).
R

As in Section 5, both 7% and 7~ are monotone. In view of Section 5 and the fact that f~
is nondecreasing, there exists a nondecreasing fixed point u~ of (6.42) such that 7 [u"]=u",
limg oo u™(§) = 0, and limg_, oo u™ () = 0. Furthermore, limg_, _oou™ (£§)e~41% = 1. According to
Lemma 4.3, ¢T is also an upper solution of 71 because the proof of Lemma 4.3 is still valid if
f is replaced by f*, and the corresponding upper solution of 7~ is min{o,e41¢}. It follows that
u= (&) <ot (&), £ eR. Now let

B={u: ueCp, u™(§) <u®) <¢* (), § € (~00,00)},

where C, is defined in Section 5. It is clear that B is a bounded nonempty closed convex subset
in C,. Furthermore, we have, for any u € 5,

um =T [ <T W <Tu<T ul<T ¢T]<¢.

Therefore, 7 : B — . Note that the proof of Lemmas 5.2, 5.3 does not need the monotonicity of f. In
the same way as in Lemmas 5.2, 5.3, we can show that 7 : B3 — B is continuous and maps bounded
sets into compact sets. Therefore, the Schauder fixed point theorem shows that the operator 7 has a
fixed point u in B, which is a traveling wave solution of (1.3) for ¢ > c*. Since u=(§) < u(§) < ¢ (&),
& € (—00,00), it is easy to see that limg—, o u(§) =0, limgﬁ,wu(S)e—Alf =1, liminfy_ o u(x) >
o>0and 0 <u™ (&) <u(¢) <K, & € (—o0, 00).
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