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Let Bgr be the ball of radius R in RV with N > 2. We consider the nonconstant
radial positive solutions of elliptic systems of the form

— Au+u = f(u,v) in Bg,

— Av+v=g(u,v) in Bpg,

u=0,v=0 on OBR,
where f and g are nondecreasing in each component. With few assumptions on the
nonlinearities, we apply bifurcation theory to show the existence of at least one

nonnegative, nonconstant and nondecreasing solution.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Very recently, Bonheure, Serra and Tilli [3] considered the Neumann problem

—Au+u = a(|z|)f(u,v) in Bpg,
—Av +v =0b(z|)g(u,v) in Bg, (1.1)
dyu=0,v=0 on 0Bg,

where Bp is the ball of radius R in RY with N > 2, a, b, f and g satisfy the assumptions:

(A) a,b € L'(0, R) are nonnegative, nondecreasing and not identically zero;
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(H1) f,g € C(RT x RT) are nonnegative and nondecreasing in each variable;
(H2)

A G0 o[ Gl P A C O (G )
s+t—0+ s+t T sft—oo s+t

Applying the cone of nonnegative and nondecreasing functions and the fixed point index theory [1,12], they
proved the following

Theorem A (/3, Theorem 1.1]). Under assumptions (A), (H1) and (H2), problem (1.1) admits at least one
solution (u,v) with u and v both nonnegative and nondecreasing.

If both a and b are constant, one cannot expect that the solution is nonconstant without further assump-
tions. Indeed, arguing as in [2, Proposition 4.1], one can provide examples of systems of the form (1.1) with
a = b = 1 whose unique positive solutions are constants. In [3], Bonheure, Serra and Tilli also considered
the existence of nonconstant solutions of the system

—Au+u= f(u,v) in Bpg,

—Av+wv=g(u,v) in Bpg, (1.2)
o,u=390,v=0 on 0Bp.

They proved the following

Theorem B (/3, Theorem 1.2]). Assume that f and g satisfy (H1) and (H2) and are differentiable. Assume
the only constant nontrivial solution of (1.2) is (o, B). Let P := («a, B). Let X be the j-th radial eigenvalues
of —A + I with Neumann boundary condition d,u =0 on OBg. Let the matriz

| fule,B) fule, B)
Mp= (gu(a,ﬁ) gdmﬂ)) (13)

(where f, = %7 v = %, Gu = g—ﬁ, Go = %) have two real eigenvalues A\p, A\p with Ap < Ap. If

Ap ¢ AL} and Ap > A, (1.4)
then problem (1.2) admits at least one nonnegative, nonconstant and nondecreasing solution.

Notice that they overcome the lack of compactness by considering the cone of nonnegative, nondecreasing
radial functions of H'(Bg), which was firstly introduced in [20]. Their approach is based on Dancer’s abstract
results on the local fixed point index for a map defined between wedges (see Dancer [7,8]). However, the
condition (H2) seems unduly restrictive.

The purpose of the present paper is to show the existence of nonnegative, nonconstant and nondecreasing
solutions of (1.2) when the nonlinearity is asymptotically linear growth at infinity and no growth restriction
at the origin. Our approach is based upon a global results for the solution set of

z = Ay, z),

where A : [0,00) x W — W is completely continuous, and W is a wedge in a real Banach space E :=
C1[0, R] x C'[0, R] such that W — W is dense in E, see Dancer |[7].
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We shall make the following assumptions:
(A0) f and g are differentiable, and the only constant nontrivial solution of (1.2) is (a, 8), and

fu(aaﬂ) Z Oa .fv(ay/ﬁ) Z 07 gu(avﬁ) Z 07 gv(aaﬂ) Z O
Moreover, there exist &, ¢ : R2 — R such that
f(’lL,U) —a= fu(Oé7ﬁ)(U - Ol) + f?)(aaﬂ)(v - ﬂ) +§(U -,V — B)a
g(u,v) - B = gu(a7ﬂ)(u - Oé) +gU(OL,ﬂ)(U - ﬂ) +<(u -,V — ﬂ)a
where

&(t,s) =o(WVt2 +s2), ((t,s) =o(Vt2+s2), as(t,s)— (0,0);

(A1) f,g € C(R* x RT) are nonnegative and strictly increasing in each variable, where R* = [0, 00);
(A2) f,g € C(RT x RT) are locally Lipschitz in RT x R*;
(A3) Ap - A5 # A= Ap, Ap > AL
(Ad)
hi  he
My, = ,

there exists a matrix

such that
f(t7 5) = hit + hos + é(t7 5)7
9(t,s) = kut + kos + (8, ),
Et,s) =o(Vs2+12), C(t,s) =o0(Vs2+12), as V12 +s2 — oo in RY x RT,
and

hl, kQ c [0,00), hg, k1 S (0, OO);

(A5) there exists d, > 0, such that one of the following conditions hold:
(1) y€(y,2) <0 and 2((y,z) <0 for 0 < |y + |2 < 0x;
(i) y&(y,z) > 0 and 2¢(y,2) > 0 for 0 < |y| + |2| < 0s.

Theorem 1.1. Assume that (A0)-(A5) hold. Then problem (1.2) admits at least one nonnegative, nonconstant
and nondecreasing solution (u,v).

Remark 1.1. It can also be of interest to compare our results to those concerning a single equation. Miciano
and Shivaji [17] showed the existence and multiplicity of positive solutions for a class of semipositone
Neumann problems via quadrature method. In [2], Bonheure, Noris and Weth used a variational approach
to obtain the first existence result for nonconstant solutions of

—Au+u=nh(u) in Bg,
(1.5)
O,u=20 on JBg,
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where ug = h(ug) is the unique positive fixed point, h'(ug) > A5, h'(0) = 0, liminf,_, @ > 1. We may
use the global bifurcation theory due to Dancer [7] to establish the existence of at least one nonnegative,
nonconstant and nondecreasing solution of (1.5) when the nonlinearity h is asymptotically linear growth at
infinity and no growth restriction at the origin.

For other results on the global bifurcation structure of positive solutions of nonlinear elliptic systems,
see Cheng and Zhang [4], Tian and Zhang [21], Zou [22], Ma, Gao and Lu [16] and the references therein.

The rest of the paper is organized as follows. In Section 2, we state some results on the spectrum structure
of the linear Neumann problem and give some preliminary results. In Section 3, we introduce some functional
setting and state some global results on the solution set of abstract operator equations. Finally in Section 4
we prove our main results on the existence of nonconstant radial positive solutions by applying the abstract
global result due to Dancer [7].

2. Some preliminary results
Let us consider the linear eigenvalue problem

—Au(r) = pa(|z|)u(r), in Bg,

(2.1)
Oyu =0, on 0Bk,
where a € C|0, R satisfies
a(r) >0, rel0,R]. (2.2)
Lemma 2.1. Assume that (2.2) is fulfilled. Then the radial eigenvalues of (2.1) are as follows:
0=pgy < pi <ps<--— o0. (2.3)

Moreover, for each k € N* :={0,1,-- -}, the radial eigenvalue 1, is simple, and the radial eigenfunction vy,
being regarded as a function of v, possesses exactly k simple zeros in [0, R], and ¢}, is radially monotone if

and only if k € {0,1}.

It is easy to see that Lemma 2.1 is an immediate consequence of the following results on singular linear
eigenvalue problems, see [15, Theorem 2.2] for detail.

Lemma 2.2 ([15, Theorem 2.2]). Assume that (2.2) is fulfilled. Then the eigenvalues of the problem

N -1

u'(r) = pa(rju(r), € (0,R), (2.4)

are as follows:
0=pgy < py < phy<---— o0.

Moreover, for each k € N*, up is simple, and the eigenfunction ¢}, possesses exactly k simple zeros in [0, R},
and 7, is monotone if and only if k € {0,1}.
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Lemma 2.3. Let (0, (Yn, 2n)) be a sequence of solutions of the problem
— (N ) Ny = 0N T P (g, 2)
- (TN_lZ;z)l +rN e, = nnTN_lQ(ym Zn)

Un(0) =0=y,(R), 2,(0)=0=2,(R),

, T
, T

€ (0, R), (2.5)

where |n,| <0 (7 is a positive constant), there exist nonnegative constants p; and q; for i = 1,2 such that
P:RxR—=>Rand Q:R xR — R satisfy

P(s,t) < pils| +p2ltl,  Q(s,t) < quls| + galt].
Then ||(y),, 2, |loo — 00 as n — 0o implies ||(Yn, 2n)]|co — 00 as 1 — 00.

Proof. Assume on the contrary that |[(yn, zn)||co 7 00 as m — oo. Then, after taking a subsequence and
relabeling, if necessary, it follows that

for some My > 0. From (2.5), we get

T

S _ S _
Y, = —Tn /(;)N 1P(ymzn)d8+/(;)N Yynds
0

and

0

oo (f)NAQ( d S\N-1, 4

n — —Tin , Yn, Zn)ds + (T) Znas,
0 0

which imply that

lynlloo < (A(p1 + p2)Mo + Mo)R,
25 oo < (A(q1 + g2) Mo + Mo)R.

However, this is a contradiction. O

Lemma 2.4. Let (A0) hold. Then for every A € (0,00), the matriz A\Mp has two real eigenvalues v¥()\) and
¥ (A) with 4 (A) < 73" (A).

Proof. Denote
a:= fula,B), b:=fola,B), c:=gula,f), d:=gu(a,f).
Since the characteristic equation
(Aa —5)(Ad — ) — A\2cb = 0,
ie.

7v? — Xa+d)y + N\*(ad — cb) = 0
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has roots

PO = Ma+d) = A/(a—d)* +4cb PO — Ma+d) +2/(a—d)F T dcb
' 2 ) V2 5 .

Then ¥ (A) <5 (N). O
Remark 2.1. Obviously,
(1) =Ap, (1) =Ap. |
Lemma 2.5. Let (A0) hold. Assume that
7 (1) > A5,

Then there exists a unique A2 € (0,1), such that the larger eigenvalue of A 2Mp is A}, i.e.

Moreover,

Proof. It is easy to see that 74 ()\) is strictly increasing continuous function on A € (0,00). Combining

this with the fact 44’ (0) = 0 and using the assumption 74 (1) > A5, it deduces that there exists a unique

A2 € (0,1), such that 74 (A, 2) = A5. It is easy to check that the larger eigenvalue of the matrix vﬁ—fl)Mp
2

is Ay, and A, 2 = O

Ay
ZHCON
3. Functional setting and preliminary results

3.1. Crandall-Rabinowitz theorem

Let X and Y be two real Banach space, V' be an open neighborhood of 0 in X. Let J = (a,b) C R
be an open interval, and let F' : J X V — Y be a twice continuously Fréchet differentiable mapping. Let
F,., F\, F\:, etc., denote the various derivative of F' with respect to A € J and x € V. The null space
and range of a linear operator A are denoted by N(A) and R(A). Let dim and codim denote, respectively,
dimension and codimension.

Lemma 3.1 (/5, Crandall-Rabinowitz theorem]). Suppose that Ao € J and also that

(B1) F(X,0)=0 forall A € J;
(B2) dimN(F,(\g,0)) = codimR(F, (Ao, 0)) = 1;
(B3) Fyx(Mo,0)zo ¢ R(Fy(Xo,0)), where xg € X spans N(Fy(Xo,0)).

Let Z be any complement of span{xg} in X. Then there exist a neighborhood U of (Xg,0) in R x X, an
open interval J containing 0 and continuously differentiable functions X : J = R and (S J = Z such that

A0) = Ao, (0) =0,
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and, if x(s) = sxo + s1(s), then
F(A(s),2(s)) = 0.
Moreover, F~1(0) near (\o,0) consists precisely of the curves x =0 and (\(s),z(s)),s € J, i.e.,
F7H0)NU = {(A\(s),y(s)) : s € JFU{(X,0): (\,0) € U}

8.2. Preliminaries in wedge

Let W be a wedge in X, namely a closed convex subset of X such that oW C W for every a > 0. Recall
that a wedge is said to be a cone if W N —W = {0}.
To apply the abstract results it is necessary to assume that

W — W is dense in X. (3.1)
Definition 3.1. Let W be a wedge satistying (3.1), and let y € W. We define
Wy :={x € X| 3y > 0 such that y + vz € W}
and
Sy:={zxeW,| —zeW,}L

Note (for all details we refer to [7,8]) that the set W, is convex, contains W and +y, and aW, C W, for
every a > 0. Thus Wy is a wedge containing W and +y.

Concerning S, it can be easily proved that it is a closed subspace of X containing .

Still following [7,8], we introduce the following notion.

Definition 3.2. We say a compact operator L : X — X mapping Wy into itself has property « if
there exist ¢t € (0,1) and w € W, \ S, such that w — tLw € S,,.

We can now turn to the statement of the main result.
Let ® : W — X be a (nonlinear) map satisfying

(C1) @ is completely continuous,

(C2) (W) C W,

(C3) Dly) =y,

(C4) @ is differentiable at y in “W?” (see [7]),
(C5) @'(y) =: L is compact from X to X.

Under these assumptions, it can be proved that L maps W, into W,,.
Denoting by

ZW((bay)

the local fixed point index of y in W, see for example [11], the results by Dancer that we need, precisely
Theorem 1 in [7] and Proposition 1 in [8] can be collected in a single statement as follows.
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Lemma 3.2 (/7.8]). Let X be a Banach space and let W C X be a wedge satisfying (3.1). Let & : W — X
satisfy (C1)-(C5). Then the following statements hold:

(i) If I — L is invertible and L has property «, then iy (®,y) = 0;
(ii) If I — L is not invertible but Ker(I — L) "W, = {0}, then iw (®,y) = 0.

Lemma 3.3 (/7. Theorem 1]). Let X be a Banach space and let W C X be a wedge satisfying (3.1). Let
O W — X satisfy (C1)-(C5). Let I — L be invertible. Then

iw(é, y) = isy (L,O) = Zx(L,O)
if L does not have property o on Wy.
Lemma 3.4 (/7, Proposition 1]). Assume that A : [0,00) x W — W is completely continuous, that p > 0,
and that y is an isolated solution in W of x = A(u,x) with iw (A(w,-),y) # 0. Suppose €,6 > 0 are such

that © # A(\, x) if either

1) zeW,0<|lz—y|| <eand A= p, or
(2) zeW, [z -yl =€ and |\ — pu| < 6.

Let T denote the component of
{(\a) €[0,00) x Wi = A ) (A o) s o —yll S & p—d < A< pi}

containing (u,y). Then

(i) T is unbounded, or
(if) inf{\: (\,z) €T} =0, or
(i) TN{(Az): A=p—=90, [z -yl <} #0.
8.8. Index Jump Principle in wedge

Let W C X be a Wedge. We consider the parameter-dependent equation

x—H(p,z)=0, peR zeW (3.2)

and require the following

(D1) The operator H : U(ug,0) — W is compact with H(u,0) = 0;
(D2) For py < po we have iy (H(p1,),0) # iw (H (u2, ), 0).

Here we naturally require the indices to be defined and in (D1) we let

U(:U’an) = [,u‘la/IQ] X U(O),

where 1 < po < pe, U(0) is a neighborhood of the origin in W.
The index jump condition (D2) can also be expressed in the form

degW(I - H(Mla ')’ U(O)v 0) 7£ degW(I - H(ﬂ’Qv ')a U(O)v 0)
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Lemma 3.5 (Index Jump Principle).

(a) If (D1) is satisfied and if (po,0) is not a bifurcation point of the equation (3.2), then iw (H(p,-),0) is
defined and constant on a neighborhood of p = pg.
(b) If (D1) and (D2) are satisfied, then the equation (3.2) has a bifurcation point (u,0) with p < p < po.

Proof. (a) If (110, 0) is not a bifurcation point, then there exists a neighborhood V' of (19, 0) in which (0, 0)
is the only solution of (3.2) in W N V. Homotopy invariance yields the constancy of iy (H (k, ), 0).

(b) Suppose that such a bifurcation point does not exist. Then iy (H (4, -),0) as a function of y is locally
constant by (a) and integer valued, and thus constant on [u1, pe]. But it contradicts (D2). O

8.4. Leray—Schauder degree of the linear Neumann system

In this subsection, we attempt to compute the Leray—Schauder degree of the linear system

(—A+I)<y> :)\Mp<y) in B, 0,y =0,z =0 on 0Bp, (3.3)
z z

where A > 0.
Let X := C1[0, R]. Then it is a Banach space under the norm

lully = max{{[ufloc, fJu'lloc}-
Let E := C'0, R] x C'[0, R]. Then it is a Banach space under the norm
1Cu, 0)1* = Jlull§ + [lv]3-
Let
Nii=1+up;_y, JeEN,

where p7_; is given in Lemma 2.1. By the similar argument to establish [9, Proposition 1.1] (in which the
Leray—Schauder degree of the corresponding Dirichlet problem was considered), with obvious changes, we
may get the following

Lemma 3.6. Let V be a bounded open subset in E with 0 € V. Assume that o(AMp) No(—=A + 1) = (.
Here and after, o(—A + 1) denotes the spectrum of the operator —A + I subject to the Neumann condition.
Denote by By the Jordan canonical form of AMp. Then

degpg(I — (—A+1)"'AMp,V,0) = deg,s(I — (A +1)"'By, V,0).

Moreover,

(i) 1f

v 0
By = .

Then
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deg, o(I — (~A+1)"'By,V,0) = (—1)"0)+m02),

where m(7y;) is the sum of the algebraic multiplicity of the eigenvalues Aj € o(—A+1T) such that AT <,
and m(v;) = 0 if all eigenvalues AL of =A+1I are such that A} > ;.

(ii) If
By = (V O), or (7 —77> forn #0.
Ly no

degrs(I = (~A+1)7'By,V,0) = 1. o

Then

4. Proof of the main results
4.1. Equivalent operator equation in cones

Since (A4) implies that f and g are asymptotically linear growth at infinity, we only need to work in the
Banach space E rather than H!(Bg) x H}(Bgr).

Let us define the wedge W = K x K where K is the cone of nonnegative radially nondecreasing functions
defined in

K={ueX|0<u(r) <u(s), VO<r<s<R}

with X = C'[0, R]. Of course, in this case W is not just a wedge, but a true cone.

First of all, it is easy to see that W satisfies E = W — W; this is a consequence of the fact that K — K
is dense in X.

Now consider the (nonlinear) map ® : W — E defined according to

—Au+u= f(p, ¥), in Bg,
¢W,W—4%v%¢¢{ﬁv+v—gw,w,ian (4.1)
dyu = 0,v =0, on OBpg.

Lemma 4.1 (/3, Lemma 3.2]). The map ® is well defined and, in fact, ® : W — W. Moreover, ® is
continuous and, if U C W is a bounded set, then ®(U) has compact closure.

4.2. Equivalent operator equation in wedges

Let us consider the problem
—Au+u = f(u,v), in Bpg,
—Av+wv =g(u,v), in Bpg,
w>0, v>0, in Bg,

oyu = 0,v =0, on OBpg.

Let



552 R. Ma et al. / J. Math. Anal. Appl. 443 (2016) 542-565

Then (4.2) can be rewritten as

-Ay+y=fly+ao, 2+8)—a, in Bg,
—Az+z=g(y+a, 2+ ) — B, in Bg,

(4.4)
y>—a, z>—pf, in Bpg,
Oy =0,z =0, on 0BR.
Define
fs+a, t+p8)—a, s> —-aandt>—p,
fO,t+8)—a, s<-aandt>-4,
h(s,t) = (4.5)
fs+a, 0)—a, s> —-aandt< —p,
f(0,0) —a, s<-aandt< -4,
and
g(s+a, t+8)—pB, s>—aandt> -0,
g(Ovt"i_ﬁ)_ﬁv s<—aandt2—ﬂ,
k(s,t) = (4.6)
g(s+a, 0)—p, s>—aandt< —p0,
9(0, 0)— 3, s<—caandt< —p.
Then, it follows from (A0) that
h(y, 2) fule, B) fola, B)\ [y
= +o(vVy?+ 22), as(y,z) — (0,0).
(M%Z)) (gu(cu B) gule, B) )\ 2 ( b )= 0.0
Moreover, (4.4) is equivalent to
_Ay+y: h(y7z)7 in BRa
—Az+2z=k(y,z), in Bpg,
(4.7)
y>—a,z>—0F, in Bg,
Oy =0,2=0, on 0Bg.
To study the nonconstant radial positive solutions of (4.2), let us consider the auxiliary problem
—Ay+y = Ah(y,z), in Bg,
—Az+z=MXk(y,z), in Bg, (4.8)

Oy =0,2=0, on 0Bg,

where A > 0 is a parameter.
As prescribed by Definition 3.1 we observe that

Wo ={(y,z) € E | y, z are both bounded and nondecreasing}
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and
So ={(y,2) € E | y, z are both constants}.
Notice that Wy is not closed in E, and that
Wo ={(y,2) € E |y, z are both nondecreasing}.

Define a nonlinear map ¥ : RT x Wy — E,

—Ay+y = Ah(p, ) in B,
V(A (0, V) = (y,2) <= { —Az+4z=M(p, ¥) in Bg,
Oy = 0,z =0, on 0Bg.

As an immediate consequence of Lemma 4.1, we have

Lemma 4.2. The map ¥ is well defined and, in fact, ¥ : RT x Wy — Wy. Moreover, ¥ is continuous and,
if U CRT x Wy is a bounded set, then W(U) has compact closure.

4.8. Local bifurcation at (A2, (0,0)) in E

Recall that A.» = —p.
2

In what follows, we use the terminology of Rabinowitz [19]. Let S,;" denote the set of functions in X
which have exactly k — 1 interior nodal (i.e. non-degenerate) zeros in (0, R) and are positive near r = 0, and
set S, = —S,j, and Sy = S, U S,j.

Lemma 4.3. Assume that (A1) holds. Let (), (y,2)) € [0,1] x (S} x SY) be a solution of (4.8). Then
y(r) > —a, 2z(r)>-6, rel0,R]

Proof. Suppose on the contrary that there exist zg, 21 € [0, R] such that one of the following cases occur:

(1) y(r) > —a, r € [0, R]; z(x9) = min _z(r) = —p;

r€[0,R]
(2) z(r) > =B, 7€ [0,R]; y(x1) = min y(r) = —o;
rel0,R)]
3 = i = — , = 1 = — .
(3) y(x1) oo, y(r) = —a; z(zo) Tg[l(})r}ﬂZ(T) B

If Case (1) occurs, then there exists 79 € [0, R] such that either
2(ro) =0, 2(r) <0 for r € [zg,70), 2'(r) > 0 for 7 € (xg,70]; (4.9)
or
2(ro) =0, 2(r) <0 for r € (ro,z0], 2’ (r) <0 for r € [rg, o). (4.10)

We only deal with the case (4.9), the case (4.10) can be treated by the similar way.
Since h and k are monotone increasing in both y and z, we have, for A € [0, 1], that

—A(=p) + (=8) < Me(—a, —p).
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Combining this with

—Az+ 2z = Mk(y, 2)

implies
—A(z+B) + (2 +8) =2 Mk(y, 2) — k(—a,=p)) = 0.
Denote
w:=z+f,
then

, N-—-1,
w + —w —w < 0.
r

It follows from [10, Theorem 3.5] or [18, Theorem 3 in Chapter 1] that, w can not achieve a non-positive
minimum in the interval (zg,ro) unless it is constant. From (4.9), it follows that

[migvlfo] w(r) = min{w(zo), w(re)} = w(wo) = 0.

This together with w’(xg) = 0 imply that
w(r) =0, 7€ [xo,ro

However, this contradicts the fact that w'(r) > 0, r € (xg,r0)-
Using the same method with obvious changes, we may get the desired contradiction in Case (2) and

Case (3).
Therefore, we always have that y(r) > —«, z(r) > =3, r € [0, R]. O

To show that (4.8) with A =1 has a S; x S5 -solution, let us consider the auxiliary problem
Ay ty ) _ o ( fulas B) folas B) ) () (6, 2)
—Az+z gula, B) gu(a, B) J\ 2 ((y,2) )’ (4.11)
Oy =0,z =0, on OBg

as a bifurcation problem from the trivial solution (y, z) = (0,0).
Notice that for a given radial function h € X, there exists a unique radial function v := Th € X which
solves the Neumann problem

—Av+v=nh, in Bg,
o,v =0, on OBR.

Moreover, the operator T : X — X is compact, and it follows from (A0) that

1T¢(y, 2)llx [T lx—x
1y, 2)Ile = (v 2)le

< Tl x ]

(IDC(Y, 2)lloo + 11<(y: 2) )

o 191106 IVe] | 602l

_ | —_ 7 + _
3y T o)ls 122 Tl s 2)le
— 0, as|/(y,2)|g—0.
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[Vyl
y,2) e

[Vz|
Y,z HIE

Here we have used the facts that I and I are bounded and

oC aC
By — 0, 9 =0, as|(y,2)|lg — 0.

Similarly, ”ﬂféy;ﬁﬂx —0as [|(y,2)|le = 0.

Let us define

P Ay_y fu(av B) fv(av B) Yy g(ya Z)
F(X (y,2)) = (Az_z> +>\<gu(a’ 8 oa 6)) <Z> +/\<C(y,2)>’

and
Fuatninn(12) - (3078 ) ea e 0 1o (1)
a(Em ) ()
then
oo (i) - (30) o (e ) L) ()
and so

AL €Tq 1A
(e 0m) = (25

2

where ¢} is the nondecreasing eigenfunction corresponding to Aj and

MP(Z) :%P(l)(i;)

By the well-known Perron—Frobenius Theorem, z1 > 0, 2 > 0 and 2% + 23 # 0. It is not difficult to prove
that

R(F(y,z)(7§?1)3(070))> C {(u,v) € [C(Br)]*: /(uxl + va9)ph = 0}.

Br

then
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It follows from the fact

—Apy 4+ ¢y = Ay in Br, 0,95 =0 on 0Bgr

[wesr=0s- [

BR BR

that

Since A5 — 1 > 0, it follows that

This implies

A5
73 (1)

0.0))):

T2¥3

Fy2)A (A, (0,0)) (ng) # R(Fu

So we may apply the Crandall-Rabinowitz Theorem [5] (or see Lemma 3.1) on bifurcation from a simple
eigenvalue. Thus bifurcation occurs at Q) := ()\*,2, (0, 0))7 and there exists a ball B,(Q) with the center @
and the radius p in R x E:

B,(Q) = {(A (,2) €RXE: A= Ao +[[(y, 2)lle < p},

an interval J = (—¢, €), continuously differentiable functions

zpj:R%{ueX: /(uml—l—ua:g)(pg:(]}, ji=1,2,
Br

and p: R — R, such that v;(0) =0, u(0) =0,

FH(0,0)) nB,(Q) = {(A(s), (y(s), 2(5))) = |s] < e} U{(X,(0,0)) : (A,(0,0)) € B,(Q)}, (4.12)

and
(y(s), 2(5)) = s(a175 + Y1 (5), @20} +va(s)), As) = Aua +pals), for —e<s<e
Denote
Do o= {4 pi(s), s(e105 + 1 (s), @ah +12(s)) : 0 < 5 < e}, (4.13)
Lemma 4.4.

(1) Assume (A5)(i) holds. Then there exists a constant so > 0, such that
w(s) >0, for 0 < s < sp.
(2) Assume (A5)(ii) holds. Then there exists a constant sg > 0, such that

w(s) <0, for 0 < s < sp.
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Proof. For 0 < s < ¢, let
Als) = A+ puls),  (y(s), 2(s)) = s(@1p5 + ¥1(s), w2y + 1a(s)),
where p: R — R and
Y R—= X, j=1,2

are smooth functions satisfying

/(5511/)1 + @292)py = 0.

Br

Since
y\ _ [ h(y,2)
o) (i)

then

—sA(xz105 +P1(5)) + s(z195 +P1(s))

—sA (2205 + P2(5)) + s(wah + 1P2(s))

o s fu(aa 5) fv(av ﬁ) 3(551905 ‘H/JI(S)) s f(y,z)

= (As2 +u(s)) <gu(0[7 B) gula, B) ) (s(ngog + a(s)) ) + ()\*,2 + p(s)) ( Cly, 2) >a
and also

—A(z10h + Y1(s)) + 2105 4+ P1(s)
—A(.Z‘QQOS + wg(s + 2295 + ’(/JQ S

B

B

s +M(S))<fu( B ula,

)\ [ 2165+ Pa(s) +(/\*,2+M(5)) §(y, 2)
gula, B)  gula, B) ) \ zagph +1ba(s) s C(y,2) |

Multiplying both sides by ¢4 and integrating over Bg, it deduces

% (j) [
Br

- (/\*72+u(8))<fu(a’ G e

1 o (Ao 4 p(s fRSDQf z)
() Jor i (e 2505)

From Lemma 2.5, we have that

0\ P 1 2 M fR%g 2
<0>_“(%(1)<x2>/(%) T (fga%C )>'

Br

Multiplying both sides by the eigenvector (x1,z2), and we get that

0= uenf W +ad) [+ B2 (o [ otey o)+ [ ety )

Br Br Br
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and

ol S, 4 4 f, 394

pls) = — - .
B ()@t +23) [, (08)? + 1 [, 552D + 0 [, 5L

Combining this with the fact

i W26

5—0 S s—0 S
and using Condition (A5)(i), it deduces

w(s) >0 if s > 0 is small enough;
using Condition (A5)(ii), it deduces
u(s) <0 if s > 0 is small enough. a

4.4. Unbounded connected component containing (A 2, (0,0)) in the wedge Wy
Lemma 4.5.

(1) Assume (A3) and (A5)(i) hold. Then there exists a positive constant d, such that

Z'Wo (\II()\7 ('a ))7 (0’ 0)) 7é 0, A€ O‘*,Q — 4, )‘*,2),
iwe (TN, (+,9)),(0,0) =0, A€ (A2, A2+9).

(2) Assume (A3) and (A5)(ii) hold. Then there exists a positive constant §, such that

Z.VVO (\IJ()‘v ( : AE (>‘*,27 )‘*,2 + 6)7
iwe (TN, (+,)),(0,0)) 0, A€ (A2 —10, Ac2).

~
~
—~
=
(=}
Il
<o

Proof. We only prove (1) is valid. The proof of (2) can be treated by the similar way.

(4.14)

(4.15)

By Crandall-Rabinowitz local bifurcation theorem and (4.14), there exists a constant dg > 0 and a ball

Bs={(y,2) € E|||(y, 2)||[g < d}, such that
Le N ([As,2 = 60, Aiz + 80] X Bg) =T N ([As2, Av2 + o] X Ba)
and
Lo (Do Ao+ 80] % Ba) = {(he2 + 1i(5), (5(9), 2(5)) = 5 € [0,51]}

for some s1 € (0,00). Moreover, u(s) > 0 for s € (0, s1].

Since 74’ (A 2) = Aj and 74’ ()) is increasing, it follows that there exists a constant d; € (0, dp), such that

N <P\ <A, A€ (Ao — 01, Aia)

Since 0 < A\v2 < 1 and v{ (As2) # A}, it follows that there exists a constant &5 € (0,dp), such that

/\g 7é 7f(>\)7 A S ()\*,2 - 52, /\*72 + 52)
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Take ¢ := min{dy, d2}. Then it follows from the fact v (\) <& ()\) that
o(AMp)No(=A+1)=0, e (A2—0 A 2).
Now, from Lemma 3.6, we may deduce that
deg(I — (~A+1)""AMp,B,,0) #0, A€ (M2 — 6, Ai2),

where o is a small positive constant.
For each fixed A € (0, 00), let us define a linear map Ly : Wy — E by

L/\(y7 Z) = (yvz)a
where (y, z) is the unique solution of (3.3). Then
Ly = (—A —i—I)_l)\Mp Wy — Wo.

Since I — Ly is invertible for A € (s 2 — 0, Ay 2), by applying the similar argument to get [3, Lemma 4.6],
we may deduce that Ly has no property «. Hence it deduces from Lemma 3.3 that

iwo (T(X, (), (0,0)) = ig(Ly, (0,0)) = (—1)™OT ON+mO2" ) L0 X e (A, — 6, Ava).

Therefore, (4.16) is valid.
Equation (4.17) is an immediate consequence of [3, Lemma 4.6] and Lemma 3.2(i). O

As an immediate consequence of the Lemma 4.5 and Index Jump Principle (Lemma 3.5), we get the
following

Lemma 4.6.

(a) Assume that (A5)(i) holds. Then there exists § > 0, such that
{(Ne2 + 1(s), s(@19h + P1(s), 25 +12(s))) : 0 < s < 8} C (Aey2, A2 + ) x Wo.
(b) Assume that (A5)(ii) holds. Then there exists § > 0, such that
{(Ne2 + p(s), s(@roh + P1(s), 205 +12(s))) : 0 < s <8} C (A2 — 6, A 2) X Wo. O

In the rest of this paper, we only deal with the case that (A5)(i) holds. The other case can be treated by
the same way.

Combining Lemma 4.4 and Lemma 4.6 and using Sard Theorem, it follows that for arbitrary n € N, there
exists s, > 0 such that |u(s,) — 0] < 1, and (y(ss), 2(sn)) is an isolated solution of (y, z) = W(A(s,), (y, 2))
in Wy, and p/(s,) # 0. Furthermore, it follows from the homotopy invariance of index in wedge that for

some § € (0,5), we may assume that
iwy (T(MB), (1)), (4(8), 2(8))) #0,
and
1 (3) > 0.

The case p/(8) < 0 can be treated by the similar method with obvious changes.
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Now, we take two small positive constants é and 3, such that

(PO) (y,2) # W(A, (y,2)) for (y,2) € Wo, 0 < [[(y,2) — (y(8), 2(8))[| < €and A= A(8);

(P1) (y,2) # W(A, (y,2)) for (y,2) € Wo, [[(y, 2) — (4(8), 2(8)) | = € and [A = A(8)[ < &5
(P2) p(s) # 0 and 1/'(s) # 0 for s € {s: [[(y(s), 2(s)) — (y(3), 2(3))[| < 26, [\ = A(5)| < 20}
(P3) {(\ (y:2)) € RF x Wy« [[(y,2) = (y(8), 2(8))[| < 2¢, |A—A(8)] <20} CB,(Q)

(O (2 € R x Wa' (02) = WO () {2 |07 5 4950

containing (A(8), (y(8), 2(8))). Then
(i) T is unbounded, or
(i) inf{A: (A, (y,2)) €T} =0, or.
(i) TO{O (5:2)) = A= AE) =, ll(5,2) — (3, 26| < 2} £ 0.

Notice that (ii) can not occur since (0, (0,0)) is not a bifurcation point.
Suppose on the contrary that (iii) occurs. Then there exists

(m, (wi,21)) € TO{(A (y,2) : A= AE) =, [l(y,2) = (4(3), 2(8)]| < €}
If

(771, (Y1, Zl)) el

then T will contain a loop O with (A\(8), (y(8), 2(8))) € O, which contradicts (4.12). If

(m, (y1,21)) ¢ T,

then we get a desired contradiction from (4.12) again.
So, we may assume that (iii) does not occur for ¢ and 0.
Thus, T" must be unbounded.

Lemma 4.7. T C (RT x (Wy \ (ST x 57))).

Proof. Assume on the contrary that there exists (X, (7,%)) € T'N (RT x (5 x 5)). Then there exists
(n,(9,2)) € T\ {( P(1)’ (0,0)) } such that one of the following cases must occur

(i) 5(0) = 0, 2(0) > 0;
(i) 9(0) > 0, 2(0) = 0;
(i) §(0) =0, 2(0) =0

§'(r) +4(r) = ah(g(r), 2(r)) (4.18)
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and the definition of i that
§"(0) <0,
and subsequently ¢ is concave down near r = 0. However, this contradicts the fact that ¢ is nondecreasing

in [0, R).
If (ii) holds, then we have from

2(r) + £(r) = 0k(g(r), £(r)) (4.19)

and the definition of k that

and subsequently 2 is concave down near r = 0. However, this contradicts the fact that Z is nondecreasing
in [0, R].
If (iii) holds, then

This together with (4.18) and (4.19) imply that
g(r)=2(r)=0, re€]|0,R],

and accordingly,

However, this contradicts the fact (7, (§,2)) € T\ {(%;\—%1), (0,0))}. ©
4.5. Proof of the main results

In view of Lemma 4.3, it is clear that any solution of (4.8) of the form (1, (y, 2)) with (y,2) € S5 x S5
yields a solution (y, z) of (4.4). We shall show T crosses the hyperplane {1} x E, i.e.

TN ({1} xE) £ 0. (4.20)

Let ng € N be such that

For n > ng, let (M, (Yn, 2n)) € T satisfy
N+ | (Yn, 20)|lE — 0.
It is easy to check that

>0, n>mng. (4.21)
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From (A3), it follows that A, 2 < 1, i.e.
Aj
<1 (4.22)
v (1)

Assume on the contrary that TN ({1} x E) = 0. Then
T C(0,1) xE,

and accordingly,

0<n, <L

Thus

[(Yns 2n) |l — 00, 71— o0, (4.23)
which together with Lemma 2.3 and (A4) imply that
[(¥ns 2n) oo = 00, 1 — o0 (4.24)
This means that T' is unbounded in C[0, R] x C[0, R].
We may assume that 7, — 7 € [0,1] as n — co. Let
G = Yn 5 . Zn
" 1y 20 )lloo” " e 2o
Then ||(Gn, 21)|loo = 1. From (A4) and (4.8), we can get that
N - 1 3 n7ZTL
- gg - —Q;L + gn =Tn [hlgn + h22n + M}a (S (O?R)a
r (Y 2n) lloo
N -1 C
g 245 =1 {klgn + ko2, + M} re (0,R), (4.25)
r [ 2n)

n(0) = 9, (R) = 0,

£,(0) = £,(R) = 0.
After taking subsequence if necessary, we may assume that

(s (ny 20)) — (7, (y*, 2%)), in RT x E. (4.26)
Here
(4.27)

1" 2 [0 = 1.
Let 7(1,n) and t(1,n) denote the zeros of y,, and z,, respectively. Then, after taking a subsequence if

necessary,
le T(1,n) =: 7(1,00), ILm t(1,n) =: t(1, 00). (4.28)

Denote
Ji = (0,7’(1,00)), Jo = (T(].,OO),R), L = (O,t(].,OO)), I = (t(laoo)vR)'
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Claim. We claim that

Ji=0=1 (4.29)
and
lim y,(r) = lim 2,(r) = 400 wuniformly in [¢', R, (4.30)
n—oo n—oo
where € > 0 is small constant.
In fact, suppose on the contrary that
Jl 7é (Z)a Il 7& @

Then we have from Lemma 4.3 that
—a <ynp(r) <0, re(0,7(1,n)).
Then, for any r € (0,7(1,n)), it follows from (4.24) and

o N-—-1_, h(Yn, 2
fyZ*Ty;+yn:nn” (G 2n)

mv r € (0,7(1,n)),

that

—y = My =0, re
y (1) =0=y" (1),
for some T € Jy. This implies that
y*(r)=0, re.J,
and so y*(r) = 0, r € (0,R). Similarly, it is easy to prove that z*(r) = 0, r € (0,R). However, this
contradicts (4.27).

Therefore, the Claim is true.

In the following, we shall use some idea from the proof of [13, Lemma 3.2] and the proof of main results
of [6,14] to show (4.20) is valid.

Let (y,)~ and (z,)~ be the negative part of y, and z,, respectively. Then it follows from Lemma 4.3
that 0 < (yn)” < @ and 0 < (z,)” < 8 since n, € (0, 1), and consequently,

(Jn)” =0, (2,)” =0, asn — oc.

Combining this with the Claim and using (4.25), it concludes that

22 =k (y") T+ k2(2%)T), ae r e (0,R), (4.31)
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where (y*)T and (2*)" are the positive part of y* and z*, respectively. It is easy to show that
y*(r) >0, 2°(r) >0, rel0,R].
Now, we only need to show that
y*(r)>0, 2z°(r) >0, rel0,R]. (4.32)
Suppose on the contrary that one of the sets
{re0,R]:y*(r)=0}, {rel0,R]:z"(r) =0}

is nonempty. Then one of the following cases must occur

If (i) holds, then it follows from

N -1
r

—y*"(r) —

y ' (r) +y () = q(ha(y) T+ ha(2)F) (4.33)
and hy > 0 that
y*"(0) <0,

and subsequently y* is concave down near r = 0. However, this contradicts the fact that y* is nondecreasing
in [0, R].
If (ii) holds, then we have from

N -1
T

—2*"(r) —

2 (r) + 2 (r) = (ki ()" + ka(25)F) (4.34)
and kq > 0 that
2*"(0) <0,
and subsequently z* is concave down near r = 0. However, this contradicts the fact that z* is nondecreasing
in [0, R].
If (iii) holds, then
y*(0) =y*'(0) = 2*(0) = 2*'(0) = 0. (4.35)

This together with (4.33) and (4.34) imply that

and accordingly,

n= 2
75 (1)

However, this contradicts the fact ||(y*, 2*)||oc = 1.
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Therefore, (4.32) is valid.
However, (4.32) contradicts Lemma 4.7. Thus, (4.20) is valid. This completes the proof of Theo-
rem 1.1. O
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