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Positive radial solutions for quasilinear systems in
an annulus
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Abstract

We show that either superlinearity or sublinearity assumptions can guarantee the existence of
positive radial solutions for quasilinear systems involving the p-Laplacian.
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1. Introduction

In this paper we consider the existence of positive radial solutions for the boundary
value problem for the quasilinear system

div(|Vu1|P72Vu) + Yy, ... uy) =0,

div(| Vi P~2Vin) + fur, ... tty) =0, M
ui=0on |x|=Ryand [x|=Rp, i=1,...,n,

in the domain 0 < Ry < |x| <Ry <00, x € [REN, N =2, where p > 1.

When p=2andn=1, (1) has been studied in [1,2,7,8] and others. In particular, when fis
nonnegative and continuous, [1,7] have established the existence of positive radial solutions
of the problem under the assumption that fis superlinear, i.e., fo =lim,_¢ f(u)/u =0 and
Jfoo =lim,_, » f(u)/u = oco. On the other hand, the author [9] established the existence
of positive radial solutions of the problem under the assumption that f is sublinear, i.e.,
fo=lim,—o f(u)/u = 00 and f = lim,_ o f(u)/u = 0. In a recent paper [10], the
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author proved that appropriate combinations of superlinearity and sublinearity of f at zero
and infinity can guarantee the existence, multiplicity and nonexistence of positive radial
solutions of the problem when n = 1.

In this short paper, we show that (1) has at least one positive solution if (1) is superlinear or
sublinear. For this purpose, we introduce notation fy and f, to characterize superlinearity
and sublinearity for (1). They are natural extensions of fy and f defined above for the
scalar equation.

Our arguments are based on the fixed point index. Many authors have used the fixed point
index for the existence of positive solutions of differential equations, see e.g. [3-5,9-11].
Variational methods have been frequently used for Hamiltonian systems and gradient sys-
tems. However, there is apparently no possibility of using variational methods for the
n-dimensional quasilinear elliptic system (1), and one has to use topological methods.

We now turn to general assumptions for this paper. Let (1) = |t|P%t, p>1, R =
(—00, 0), Ry = [0, co) and

R1=R+X"‘XR+.
—_—

n

Also, foru = (uy,...,u,) € R, let Jull = >/, [u;].
(H1) fi : R’i — Ry is continuous, i =1, ..., n.
In order to state our results, letu = (uy, ..., u,) € R and f(u) = (fl), ..., f (),

then we introduce the notation fi = limjuj—o f'(W/@(ul), fi = limjuj-oco f*

/e(l), i=1,....n,f0=3" fo, foa =21 fL.

Our main results are:

Theorem 1.1. Assume (H1) holds.

(a) Iffo =0 and foo = 00, then (1) has a positive radial solution.
(b) Iffy = oo and 5o = 0, then (1) has a positive radial solution.

2. Preliminaries

A radial solution of (1) can be considered as a solution of the system
N @y ) + VT e un) =0,
(2)

k}”*‘w(u;(r)))’ +rV Uy, L u,) =0,
ui(R\) =u;j(R) =0, i=1,...,n.

We shall treat classical solutions of (2), namely vector-valued functions u = (u(r), ...,
un(r)) € CH([Ry, R2], R") with ¢(u}) € C'(R1, Ry), i =1, ..., n, which satisfies (2) for
r € (R1, Ry). Asolutionu(r) = (u1(r), ..., u,(r))is positive if u; (r) >0,i =1, ..., n, for
all r € (Ry, R) and there is at least one nontrivial component of u. In fact, we shall show
that such a nontrivial component of u is positive on (R1, R2).
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Applying the change of variables, r = (Ry — R1)t + R1, we can transform (2) into the
form

(@O eCuy)) +hi(®) fl) =

(@)Ll + hy () f"(w) =0 ®)
u(0) =u(l) =0
0<t<1,whereu(t) = (u1(1), ..., u, (1)),
1
g@)=((Ry — RNt + RPN, (= o

and hj(1) = (Ry — R1)((Ry — Rt + RDN™Y, i=1,..., n. Itis clear that g (¢) € C[0, 1]
with ¢ > 0 and is nondecreasing for ¢ € [0, 1].
For (3) we shall prove Theorem 2.1, which immediately implies that Theorem 1.1 is true.

Theorem 2.1. Assume (H1) holds.

(a) Iffo =0 and f, = oo, then (3) has a positive solution.
(b) Iffo = 00 and 5, = 0, then (3) has a positive solution.

The following well-known result of the fixed point index is crucial in our arguments.

Lemma 2.2 (Guo and Lakshmikanthan [5], Krasnoselskii [6]). Let E be a Balzach space
and K a cone in E. Forr > 0, define K, ={u € K : ||x|| <r}. Assume that T : K, — K is
completely continuous such that Tx # x forx € 0K, ={u € K : |x| =r}.

@) IfIITx|| = x|l for x € OK,, then i(T, K, K) = 0.
(i) If | Tx||< x| for x € OK,, theni(T, K,, K) = 1.

In order to apply Lemma 2.2 to (3), let X be the Banach space

C[0,1] x --- x C[0, 1]

and, foru=(ui, ..., u,) € X, |u)|=)"7_, Sup;c(o.1) [4i (t)|. Foru € X or R, [lu|| denotes
the norm of u in X or R’ , respectively. Define K be a cone in X by

K={u=(@u,...,un) € X :u;(t)>0, t €[0,1], i=1,...,n,

H>-
an 1/42123/4 Zu > ”u”}

Also, define, for r a positive number, Q, by Q, ={u € K : |lu|| <r}. Note that 0Q, = {u €
K :ul=r}.
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Let T : K — X be a map with components (Tl,...,T").We define T',i=1,...,n,
by

fi Lot (L I hi(r)f'(u(r))dr) ds, 0<r<a;,
Tiu(t) — C Q(S) (4)

/! %qf (% Iy hi(r)fi(u(r))dr) ds, o;<r<1,

where og; € (0,1) is a solution of the equation o' u(r) =0, 0<r<1, where the map
@' : K — (][0, 1] is defined by

t t
@"u(z):/ 1(,)—‘ (L/ hi(r)fi(u(f))dt> ds
0 C CI(S) s

1 1 1 1 s ;
- r ZQD (m/t hi(v) f (u(r))dr> ds.

By virtue of Lemma 2.3, the operator T is well defined.

Lemma 2.3 (Wang [10,11]). Assume (H1) holds. Then, for anyu € K andi =1, ...,n,
@iu(t)zohasatleastonesolution in (0, 1). Inaddition, ifal-1 < al-z e (0,1),i=1,...,n,are
two solutions of @' u(t) =0, then h; (t) fi(u(t)) = 0 fort € [al.l, 0'1-2] and any o; € [O'l-l, 01.2]
is also a solution of @iu(t) = 0. Furthermore, T'u(t),i =1, ..., n,is independent of the
choice of 0; € [ail, 01-2].

The following lemma is a standard result due to the concavity of u(¢) on [0, 1] (see e.g.
[5,10,11] for proofs).

Lemma 2.4. Let u € CL0, 1] with u(t) >0 for t € [0,1]. Assume q(t) € CJ[0,1]
with g > 0 and is nondecreasing for t € [0, 1]. If g(t)({u’) is nonincreasing on [0, 1],
then u(t) = min{z, 1 — t}sup,co ylu(®)|, ¢ € [0, 11. In particular, minyja <, <3/4 u(t) =
18P0, 1 ()],

We remark that, according to Lemma 2.4, any nontrivial component of nonnegative
solutions of (3) is positive on (0, 1).

Now it is easy to see that T(K) C K and T : K — K is compact and continuous (see

[11]), and that (3) is equivalent to the fixed point equation Tu =u in K.
Note that fort > 0, @(r) =P}, p>1and o~ (t) = 11/ D),

Lemma 2.5. Forall 6, x € (0,00), o~ (cp(x)) = ¢~ (0)x.
Fori=1,...,n,andt € [}t, %],let

[ (G [ e [ o (5 [ merer) ]
v (1) = — - — | hi(v)de) d - —— [ hi(v)dt) ds|.
i) 8[/1/45*” g J @A)t e (G ), e dr) s

It follows that

I' =min{y; () : gxg%, i=1,...,n}>0.
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Lemma 2.6. Assume (H1) ho{ds. Letu=u1(t),...,u,(t)) € K andn > 0. Ifthere exists a
component [ of f such that f*(u(t)) 2(/)(112;’:1 u;(t)) fort € [4—1‘, %], then || Tu|| = I'nlu].

Proof. Note, from the definition of Tu, that 77 u(s;) is the maximum value of 7%u on [0,1].
Ifo; € [}T, %], we consider

2| Tul|>2 sup [T u(r)|
r€f0,1]

>/Gi l(p_l (L /Ui h,-(r)f"(u(r))dr> ds
1/4 € q(s) Js
3/4 1 . 1 h q
+/ Zo (ﬂf (0 f (u(o) r)
il (1 f -
> - — hi i dr)d
/1/4C¢ (q(s) S (r)<p<17§u(r)> r) s
. 1 s n )
+f o q()f (@9 gw) v ds
2 (g [ oo (rzm) )
> - —_— h; - dr) d
/1/4 C‘P (q(s) i (e 174II11|| T)ds
T (! hy ! de)d
+/6i Zq) (m fa[ z(T)QD(WzﬂllH) T> s.
Now, because of Lemma 2.5, we have

nllulli[/"il 1( 1 / >
Tul| > - _ hi(t)dt ) d
It 2 1/4 CQ) q(s) Jg (@ dr) ds
3/41 o 1 s
* /(,,, 34 (m /0,. ’“‘”‘“) ‘“}

=yl

For g; > %, it is easy to see

34 | 34 ‘
T > / Ly (— / hl-mfl(u(r))dr) ds
14 € q(s) Js

On the other hand, we have
3/4 1 1 K )
[Tl > / <o (— / hi(z) f* (u(f))dr) ds.
2N q(s) Jija
if 0; < 4—1‘. Therefore, similar arguments show that || Tul| > I'n|lu|| if o; > % or g; < ‘—11. (|

Foreachi =1, ..., n, define anew function f ) Ry — [RE+ by f (1) _max{f (u) :
u e R and |lu] <t} Note that f0 =lim;_,¢ fl (t)/p(t) and foo =1lim;— o f’ )/ ().
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Lemma 2.7 (Wang [11]). Assume (H1) holds. Then fé =f(§ and féo =féo, i=1,...,n.

)

Lemma 2.8. Assume (H1) holds and letr > 0. Ifthere exists an ¢ > 0 such that fi r) <o)
breakvarphi(r), i =1, ..., n, then | Tu| <eC|ul for u € 0Q,, where the constant

. 1 n 1 1
C=- —1<—/ hi d>.
cg(" @ Jo MO

Proof. From the definition of T, for u € 0Q,, we have

n

ITul =) sup |T'u@)

21 telo]

<3 Z oL / 1 hi(f)fi(u(r))dr]
(= Lg(0) Jo

Ly L | e drf’rr)}
{ = L4(0) Jo

<1 Z ot [ f o dw(sr)]
{5 L4(0) Jo

Then Lemma 2.5 implies that

||Tu||<ar— Z ! (q(o) f h,-(r)dr):sé”u”. O

3. Proof of Theorem 2.1

Proof. Part (a): fp = 0 implies that fé =0,i=1,...,n. It follows from Lemma 2.7
that fé =0,i =1,...,n. Therefore, we can choose r; >0 so that fi r)<oeEoe(r)),
i =1,...,n, where the constant ¢ > 0 satisfies ¢C < 1, and C i is the positive constant de-

fined in Lemma 2.8. We have by Lemma 2.8 that ||Tu]| <8C||ll|| < ||u|| for u € 0Q,,.

Now, since fOo = oo, there exists a component f' of f such that foo = oo. Therefore,
there is an H > 0 such that f w=eme(ul) foru= (u1,...,uy) € IR+ and ||ul| >H,
where 7 > 0 is chosen so that I'y > 1. Let ro = max{2ry, 41:1}. Ifu=(uy,...,u,) €02,
then miny/s<, <34 Y iy ui(t) > Slull = §r2>H, which implies that f'(u(t))>q(ne
Qo ui@) =@y i_ ui(r)) for t € [zlp %]. It follows from Lemma 2.6 that || Tu|| > Iy
[ull > [[u]| for u € 0%,. By Lemma 2.2, i(T, Q,,K) = 1 and i(T, 2,,,K) = 0. It
follows from the additivity of the fixed point index that i (T, Q,Z\Q,,, K) = —1. Thus,

i(T, Q, \er, K) # 0, which implies T has a fixed point u € Q,,\€, by the existence

property of the fixed point index. The fixed pointu € Q,,\€,, is the desired positive solution
of (3).
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Part (b): If fo = oo, there exists a component f I such that fé = 00. Therefore, there is an
r1 > O such that £ (w) = o) e(u]) foru=(uy,...,u,) € R’i and |lu|| <ry, where 7 > 0
ischosenso that I'n > 1. Ifu=(uy, ..., u,) € 0Q,,, then fiu(r)) > oMl ui() =
(p(nZ;-;] ui(t)) for ¢t € [0, 1]. Lemma 2.6 implies that | Tu|| > I'yy|lu|| > [Ju| foru € 0€,,.
We now determine €,,. foo =0 implies that f{ =0,i=1, ..., n.Itfollows from Lemma 2.7
that f:;o =0,i=1,...,n.Therefore there is an r» > 2r; such that fi () <eE) (), i=
1, ..., n, where the constant ¢ > 0 satisfies eC < 1, and C is the positive constant defined
in Lemma 2.8. Thus, we have by Lemma 2.8 that || Tu|| <aé||u|| < |lu|| for u € 0€,,. By
Lemma 2.2, i(T, ,,, K) =0 and i(T, ©,,, K) = 1. It follows from the additivity of the
fixed point index that i (T, Q,Z\S_?,l , K)=1.Thus, T has a fixed point in Q,Z\S_?,l , which is
the desired positive solution of (3). [
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