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1. Introduction

In this paper we consider the existence, multiplicity and nonexistence of
positive solutions for the periodic boundary value problem

X"+ m’x = AG(HF(x) 0<r<2n,

x(0) = x(2n), x'(0) = x'(2n), (1.1
where m € (0,1/2) is a constant, x = [x,...,x,]", G(t) = diag[g(?),
2@, ..., 8.®0], Fx) = [f1(x), f2(x), ..., f"(x)]", and A > 0 is a positive
parameter.

The existence of positive solutions for the periodic scalar boundary value
problem have been studied in many papers, see Jiang-Chu-O’Regan-Agar-
wal [3] and Torres [5] and the references therein. It was shown that the
scalar periodic boundary value problem has one positive solution provided
f 1is superlinear or sublinear at zero and infinity. Periodic boundary value
problems are closely related to the Dirichlet/Neumann boundary value
problems, which have been extensively investigated in the literature (see,
e.g., Agarwal-O’Regan-Wong [1] and Wang [7]). Our arguments as in Jiang-
Chu-O’Regan-Agarwal [3] and Torres [5] are based on the fixed point index
in a cone. We are able to establish several criteria for the existence, multi-
plicity and nonexistence of positive solutions of (1.1). The same approach
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also was used in Wang [6, 7] to prove analogous results for the existence,
multiplicity and nonexistence of positive solutions of boundary value prob-
lems solutions for other boundary data.

Let R = (—o0,00), Ry = [0,00), R = I Ry, and for any u =
(ui, ..., up) € R, Jull =37, lu;|. Our assumptions for this paper are:

(H1) f:R% — [0, 00) is continuous, i =1,...,n.

(H2) g;(¢t) : [0,27r] — [0, 00) is continuous and fozn giydr > 0,i =

1,...,n.
(H3) fi(u) >0 for Jlu| >0,i =1,...,n.
In order to state our results we introduce the notation

; . flw ; A () .
= lim , ! = lim , uelR" i=1,...,
O jul>0 ull foo lul—co ||ul] + ! "
Fo = max {fp}, Foo = max (£}, (1.2)

.....

Our main results are:

THEOREM 1.1.  Assume (H1)—-(H2) hold.
(a). If Fp =0 and F, = oo, then for all A > 0 (1.1) has a positive solu-
tion.
(b). If Fy = 0o and F,, =0, then for all » > 0 (1.1) has a positive solu-
tion.

THEOREM 1.2. Assume (H1)~(H3) hold.

(a). If Fo = 0 or F,, = 0, then there exists a Ao > 0 such that (1.1) has
a positive solution for A > Ag.

(b). If Fy = o0 or Fy, = oo, then there exists a Ay > 0 such that (1.1)
has a positive solution for 0 < A < Ao.

(c). If Fy = F, = 0, then there exists a Ay > 0 such that (1.1) has two
positive solutions for A > Ao.

(d). If Fy = Fo, = oo, then there exists a Ao > 0 such that (1.1) has two
positive solutions for 0 < A < Ao.

(e). If Fy < oo and F, < oo, then there exists a Ao > 0 such that for all
0 < A < X (1.1) has no positive solution.

(). If Fp > 0 and F,, > 0, then there exists a Ao > 0 such that for all
A > Ao (1.1) has no positive solution.

This paper is organized in the following ways. In Section 2, we trans-
form (1.1) into a fixed point problem. Furthermore, we establish several
inequalities. In Section 3, we apply the fixed point index to show the exis-
tence, multiplicity and nonexistence of positive solutions of (1.1) based on
the inequalities.
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2. Preliminaries

We recall some concepts and conclusions on the fixed point index in a cone
in Guo-Lakshmikantham [2] and Krasnoselskii [4]. Let E be a Banach
space and K be a closed, nonempty subset of E. K is said to be a cone
if () aou+ Bv € K for all u,v € K and all o, 8 > 0 and (ii) u, —u € K
imply u = 0. Assume 2 is a bounded open subset in E with the boundary
9Q, and let T: K N Q — K be completely continuous such that Tx # x
for x € Q2 N K, then the fixed point index i(7, K N 2, K) is defined. If
i(T,KNQ,K)#0, then T has a fixed point in K N Q2. The following well-
known result of the fixed point index is crucial in our arguments.

LEMMA 2.1. (Guo-Lakshmikantham [2] and Krasnoselskii [4]). Let E
be a Banach space and K a cone in E. For r > 0, define K, = {v € K :
x| < r}. Assume that T : K, — K is completely continuous such that
Tx #x for x € 0K, ={ve K : |x|=r}
(i) If ITx]| > x|l for x € 9K,, then
i(T,K,,K)=0.
(ii) If |Tx| < |x|| for x € 0K,, then
i(T,K,,K) = 1.

Following Jiang-Chu-O’Regan-Agarwal [3], we consider the function

sin m(t—s)+sin m2mx —t+s)
G(t S) — ) 2m(1—cos 2mm) 0 < 5 < ? < 27.[’ (2 3)
’ sin m(s—t)+sin m (2w —s+t) 0<t<s <2 .
~ AN ~ .

2m(1—cos2mir)

Let G(x) = (sin(mx) + sinm (2w — x))/(2m(1 — cos 2mn)), x € [0, 27]. It
is easy to check that G is increasing on [0, 7] and decreasing on [, 2],
and G(t,s) = G(|t — s|). Thus

sin 2mw sin mir

2m(1 — cos 2mm) © ¢, 5) () m(l — cos 2mm)

for s,t € [0, 27].
Let X be the Banach space C[0,27] x ---x C[0,27] and for u =

n

(ul"~~au}’l)€X7

n

laf =) sup |u; (@),

‘7 1€[0.27]
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For u € X or R, ||u]| denotes the norm of u in X or R, respectively. Let
K be the cone given by

K={u=w,...,u) e X:u;(t) 20, rel0,2x], i=1,...,n,

n

and min ui(t) = oluall},
012 4
i

where o = cos mmr > 0. Also, define, for r a positive number, 2, by
Q ={uekK : |u <r}

Note that 02, ={ue K : |u|| =r}.

Let T;: K — X be a map with components (7}, ..., 7). We define T,
i=1,...,n, by
. 2” .
T)u(z) =/ AG(t,s)gi(s)f'(u(s))ds, 0 <t < 2m. 2.4)
0

LEMMA 2.2. Assume (H1)-(H2) hold. Then T)(K) C K and T, : K —
K is compact and continuous.

Proof. Letue K, then, fori=1,...,n

21
min T{u(t) > G(0)A / 8i(5) f* (u(s))ds
0

0<r <27

2
=oG(n)A fo gi(s) fl(u(s))ds

>0 sup T)\iu(t).
0< <2

Thus, T;(K) C K (note mingg o, Y oy 1TV u(@)| = Y ming o [T u()]). It
is easy to verify that 7, is compact and continuous. O

Notice that u € K is a positive fixed point of T, if only if u is a positive
solution of (1.1).
Let

,,,,,
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LEMMA 2.3. Assume (H1)-(H2) hold. Let u = (u;(¢),...,u,(t)) € K and
n > 0. If there exists a component f' of f such that

Fiu) = nZu(t) for t € [0, 27]

i=1

then
(Tyull = A7 (ul.

Proof- From the definition of T,u it follows that

IT;u]] > max T’u(t)
0<r<2

SISem

2
> 26(0) fo gi(5) £ (u(s))ds

2
2360 [ wom Y us)ds
0 i=1

2w
> 1G(0)0 /O gi()dsnllul
= An]u|. O
For each i =1,...,n, let fi(r): Ry — R, be the function given by
f (1) = max{fi(u):u e R% and Jlu|| < t}.
f‘ )

and fl = lim,_, » @

Let f0 = lim,_,¢
LEMMA 2.4. (Wang [7]). Assume (H1) holds. Then
fi=f and f_=f, i=1,...,n

LEMMA 2.5. Assume (H1)-(H2) hold and let » > 0. If there exits an & >
0 such that

then
ITu] < )»Cs||u|| for u € 0%2,,

where the constant € = G(r) Y f02” gi(s)ds.



290 D. O'REGAN AND H. WANG Positivity

Proof. From the definition of T,, we have for u € 9%2,,

T, = gog& Tu()
n 2
<Y a6 [ w0 f wods
i=1
n 2
<Y i [ w0 f s
i=I

n 2
<Y AG(m) /0 gi(s)dseul
i=1

= ACe|ul. O

The following two lemmas are weak forms of Lemmas 2.3 and 2.5.

LEMMA 2.6. Assume (H1)-(H3) hold. If u € 922,, r > 0, then
o]
ITaull = Am,T—,
o

where /1, = min{f'(u) :u e R? and or< |lu| <ri=1...,n}>0.
Proof. Since fi(u(t)) > m, for t € [0,2x],i=1,...,n (we just note that

r=lull = supjaq 2y i) = infoo, Y0 lui(0)] > or if u € 9R,), a
slight modification of the proof in Lemma 2.3 yields the result. |

LEMMA 2.7.  Assume (H1)-(H3) hold. If u € 92,, r > 0, then
IT,ull < M. C,

where M, = max{fi(u) :u e R% and |ju]| <ri=1,...,n} >0 and C is the
positive constant defined in Lemma 2.5.

Proof. Since fi(u(t)) < Mr fort € [0,2n],7i =1,...,n, a slight modifi-
cation of the proof in Lemma 2.5 guarantees the result. O
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3. Proof of Theorem 1.1

Proof. Part (a). Fo = 0 implies that fi =0, i =1,...,n. It follows from

Lemma 2.4 that fA(f =0,i=1,...,n. Therefore, we can choose r; > 0 so
that fi(r;) <ery, i =1,...,n, where the constant & > 0 satisfies
reC < 1,

and C is the positive constant defined in Lemma 2.5. We have by Lemma
2.5 that

ITsull < AeCllull < [u]l for u € 98,

Now, since F, = 00, there exists a component f* of F such that fi = oco.
Therefore, there is an H > 0 such that

fi) = nlull

foru= (uy,...,u,) € R and [ju]| > I:I, where n > 0 is chosen so that
Aln > 1.

Let ry = max{2ri, LA} If u= (u1,...,u,) € 3%, then

n
min > "u;(t) > olull =or; > A,
0<r<2n 4 N

=

which implies that

fl@@) = n) i) forte[0,27].

i=1
It follows from Lemma 2.3 that

[Toull = Aln(ull > |lu]l  for u € 9€2,,.
By Lemma 2.1,

i(T,,2,.K)=1 and i(T;,Q,,K)=0.
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It follows from the additivity of the fixed point index that
i(Ty, 2, \ 2, K) =—1.

Thus, i (T, Qr2\§2rl, K) # 0, which implies T;, has a fixed point u € SZ,Z\S_Z,]
by the existence property of the fixed point index. The fixed point u € 2,,\
Q,, is the desired positive solution of (1.1).

Part (b). If Fy = oo, there exists a component f’ such that f(f = 0.
Therefore, there is an r; > 0 such that

fia) = nju|
for w= (uy,...,u,) € R} and [lu|| < ry, where n > 0 is chosen so that
Aln > 1.

Ifu=(uy,...,u,) € 09Q,,, then

fl@@) =0 ) ui@) for t €[0,1].
i=1
Lemma 2.3 implies that

[Toull = ATnlull > |lull for ue 9%,

We now determine ,,. Foo = 0 implies that /. =0,i =1,...,n. It follows

from Lemma 2.4 that féo =0,i=1,...,n. Therefore there is an r, > 2r;
such that
fitr) <ery, i=1,...,n,

where the constant ¢ > 0 satisfies

reC < 1,

and C is the positive constant defined in Lemma 2.5. Thus, we have by
Lemma 2.5 that

ITull < AeCllull < uf for u € 9%,,.
By Lemma 2.1,

i(T,,2,.K)=0 and i(T;,Q,,K)=1.
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I_t follows from the additivity of the fixed poin_t index that i(T;, ©2,,\
Q,, K) = 1. Thus, T, has a fixed point in 2,, \ €2,,, which is the desired
positive solution of (1.1). |

4. Proof of Theorem 1.2

Proof. Part (a). Fix a number r; > 0. Lemma 2.6 implies that there
exists a Ag > 0 such that

Tul > |lul| for uwed;, A > Ao

If Fyp =0, then foi =0,i=1,...,n. It follows from Lemma 2.4 that
fi=o0, i=1,...,n

Therefore, we can choose 0 < r, < r; so that
fi(rz) <ery, i=1,...,n,

where the constant ¢ > 0 satisfies

reC < 1,

and C is the positive constant defined in Lemma 2.5. We have by Lemma
2.5 that

ITul < 2eCllull < ul for u € 392,..

If Foo = 0, then fi, = 0,i = 1,...,n. It follows from Lemma 2.4 that
fi =0,i=1,...,n. Therefore there is an r3 > 2r; such that
fitrs) <ers, i=1,...,n,

where the constant ¢ > 0 satisfies

A

reC < 1,

and C is the positive constant defined in Lemma 2.5. Thus, we have by
Lemma 2.5 that

IToul < AeClluf| < uf| for uedQ,.
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It follows from Lemma 2.1 that
i(T)u ervK):()a i(T)uQrgvK)=1 and i(T)m Qr37K)=1-

Thus i(Ty, 2,\Q,,, K) = —1 and i(Ty, 2,\Q,,, K) = 1. Hence, T; has a
fixed point in ,\Q,, or 2.\, according to Fy = 0 or F,, = 0, respec-
tively. Consequently, (1.1) has a positive solution for A > Ag.

Part (b). Fix a number »; > 0. Lemma 2.7 implies that there exists a
Ao > 0 such that

[Tu] < |ull for weod,, 0<i<Ai.

If Fy = oo, there exists a component f? of F such that f(f = oo. Therefore,
there is a positive number r, < r; such that

fi@) = null

for w= (uy,...,u,) € R} and [lu|| < ry, where n > 0 is chosen so that
Alp > 1.

Then

flu@) = n Zu ),

for u = (uy,...,u,) €92, t€[0,1]. Lemma 2.3 implies that
[Tl = ATnfull > Jlufl for wuwed,,.

If Foo = 00, there exists a component f* of F such that f! = co. There-
fore, there is an H > 0 such that

fi@) =l

for w= (ui,...,u,) € R} and [u| > H, where n > 0 is chosen so that
Alp > 1.

Let r3 = max{2r;, 2} If u = (u, ..., u,) € 0Q,,, then

n
min > "u;(t) > olull =ors > H,
0<r<2n 4

1=
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which implies that

fl@) = n Y i) fortel0, 2],

i=1

It follows from Lemma 2.3 that

[Taull = ATn[ul| > [ul| for wue d€,.
It follows from Lemma 2.1 that

i(Tk’eraK):1$ i(T)uQrst):O and i(T)uQer):O,
and hence, i (T}, er\fgm, K) =1 and i(T;, QrS\S_Z,,, K) = —1. Thus, T, has
a fixed point in ,\2,, or .\, according to fy = oo or fo = 00,
respectively. Consequently, (1.1) has a positive solution for 0 < A < Ay.

Part (c¢). Fix two numbers 0 < r3 < r4. Lemma 2.6 implies that there
exists a Ag > 0 such that we have for A > A,

Tul > |lul] for we a2, (i=3,4).

Since Fy = 0 and F,, =0, it follows from the proof of Theorem 1.2 (a)
that we can choose 0 < r| < r3/2 and r, > 2r4 such that

[Tul| < |ul| for wed, (i=1,2).
It follows from Lemma 2.1 that
i(T,,2,,,K)=1, i(T,, 2, K)=1,
and
i(T;,2,,,K)=0,  i(T;,Q,,K)=0
and hence, i(T;, 2,\Q,,, K) = —1 and i(Ty, Q,,\ Qs,, K) = 1. Thus, T, has
two fixed points u;(#) and wy(#) such that u(t) € 2,\2, and w (1) € 2, \

,, , which are the desired distinct positive solutions of (1.1) for 1 > A
satisfying

ro<|wll <r3 <ry <|mf <rs.
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Part (d). Fix two numbers 0 < r3 < r4. Lemma 2.7 implies that there
exists a Ag > 0 such that we have, for 0 < A < A,

Tu]| < |ul] for wed, (i=3,4).

Since Fy = oo and F, = o0, it follows from the proof of Theorem 1.2 (b)
that we can choose 0 < r| < r3/2 and r, > 2r4 such that

Tul > |lul] for wead, (i=1,2).
It follows from Lemma 2.1 that

i(Ty, 2, K) =0, (T, 2,,,K) =0,
and

(T, Q. K)=1,  i(T;, Q. K)=1

and hence, i(T;, 9,3\5_2,1, K) =1 and i(T;, sz,z\s'zm, K) = —1. Thus, T, has
two fixed points u;(z) and uy(¢) such that u;(r) € Qr}\fz,1 and w (1) €
Q,\,,, which are the desired distinct positive solutions of (1.1) for A < Ag
satisfying

r < |wll <r3 <rg <|uf <rs.

Part (e). Since Fy < oo and Fs < o0, then fj < oo and f. < oo,
i =1,...,n. It is easy to show (see Wang [7]) that there exists an ¢ > 0
such that

flw) < elul| forueR: (i=1,...,n).

Assume v(¢) is a positive solution of (1.1). We will show that this leads to
a contradiction for 0 < A < Ay, where

1

)LO - n A 2 .
Yo GO [y gi(s)dse
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In fact, for 0 < A < Ay, since Tyv(t) = v(¢) for r € [0, 1], we find

vl = [ITvll

n
i
max 7T, v(?)
—0<i<2r
1=

n 2
<Y AG(m) fo 8i(s) f' (v(s))ds
i=l

n 2
<Y AG(m) /0 gi(s)dseul
i=1

< lIvll,

which is a contradiction.

Part (f). Since Fy > 0 and F,, > 0, there exist two components f' and
f7 of F such that fj > 0 and f > 0. It is easy to show (see Wang [7])
that there exist positive numbers 5, r; such that

f1@) = nful for weRy, fuf < r (4.5)

and
/@ = glf for weRy, |ul > or. (4.6)
Assume v(t) = (vy,...,v,) is a positive solution of (1.1). We will show

that this leads to a contradiction for A > Ay = rln In fact, if ||v|| < r,
(4.5) implies that

F{v@) = n) v for te[0,1].

i=1
On the other hand, if ||v| > r;, then

n

min vi(t) = o|lvll > ory,
0<r<2n 4
i=

which, together with (4.6), implies that

i) > nZvi(t) for r €0, 27].

i=1
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Since T,v(t) = v(r) for t+ € [0, 1], it follows from Lemma 2.3 that, for
A > )\0,

VIl = Tl
Z Alq|v]
> [Ivll,

which is a contradiction. O

References

1. Agarwal, R. O’'Regan, D. and Wong, P.: Positive Solution of Differential, Difference
and Integral Equations, Kluwer, Dordrecht, 1999.

2. Guo, D. and Lakshmikantham, V.. Nonlinear Problems in Abstract Cones, Academic
Press, Orlando, FL, 1988.

3. Jiang, D. Chu, J. O’Regan D. and Agarwal, R.: Multiple positive solutions to
superlinear periodic boundary value problems with repulsive singular forces, J Math.
Anal. Appl. 286 (2003), 563-576.

4. Krasnoselskii, M.: Positive Solutions of Operator Equations, Noordhoff, Groningen,
1964.

5. Torres, P.: Existence of one-signed periodic solutions of some second-order differential
equations via a Krasnoselskii fixed point theorem. J Diff. Egs. 190 (2003), 643-662.

6. Wang, H.: On the existence of positive solutions for semilinear elliptic equations in
the annulus, J Differential Equations 109 (1994), 1-7.

7. Wang, H.: On the number of positive solutions of nonlinear systems. J Math. Anal.
Appl. 281 (2003), 287-306.



