MULTIPLE POSITIVE RADIAL SOLUTIONS
FOR QUASILINEAR EQUATIONS
IN ANNULAR DOMAINS
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We study the number of positive radial solutions of elliptic equations when nonlinearity
has zeros. We show that the problem has k positive solutions if the nonlinearity has k
zeros. Similar results are also true for elliptic systems.
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1. Introduction

In this paper we consider the multiplicity of positive radial solutions for the quasilinear
equations

div (A(IVul)Vu) +Ab(Ix]) f(u) =0 in D,

(1.1)
u=0 forxeoaD,
div (A(IVul)Vu) +Aby (Ix])g1(u,v) =0 in D,
div (A(IVv])Vv) +Aby(Ix])g2(u,v) =0 in D, (1.2)

u=v=0 forxeaD,

where D={x:x€R", n>2, 0<R; < |x| <R, < o0}.

The function A originates from a variety of practical applications, for instance, the
degenerate m-Laplace operator, namely, A(|p|) = [p|™2, m > 1. When A = 1, we recall
that (1.1) reduces to the classical semilinear elliptic equation

Au+2Ab(|x])f(u) =0 inD,

(1.3)
u=0 forxeoadD.

In the recent paper [5], the author discussed the problem under assumption (H1) on
the function A, which covers the two important cases A = 1 and A(|p|) = |p|™ %, m > 1,
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1122 Positive solutions of elliptic equations

that is, the degenerate m-Laplace operator. It was proved that appropriate combinations
of superlinearity and sublinearity of the quotient f (#)/A(u) at zero and infinity guarantee
the existence, multiplicity, and nonexistence of positive radial solutions of (1.1) and (1.2).

The purpose of this paper is to study the number of positive radial solutions of (1.1)
if f has zeros. We will show that (1.1) has at least k positive radial solutions if f has
k zeros. A similar result is also true for (1.2). For the scalar equation (1.1) and the case
A = 1, previous work on this problem has been done by Hess [2]. We also obtain a similar
multiplicity result for elliptic systems. Our arguments are based on a fixed point theorem
in a cone due to Krasnoselskii.

2. Multiplicity results

Let R = (—co,), ¢(t) = A(|t])t. We make the following assumptions.
(H1) ¢ isan odd increasing homeomorphism of R onto R and there exist two increas-
ing homeomorphisms y; and y;, of (0, 0) onto (0, ) such that

y1(0)e(t) < p(at) < yr(0)e(t), Vo,t>0. (2.1)

(H2) b: [Ry,R;] — [0, 00) is continuous and b # 0 on any subinterval of [R;,R;].

(H3) f:[0,00) — [0, 0) is continuous.

(H4) There exist k numbers a; > ax—; > - - - >a; >0 such that a; >4a,_, f(a;) = 0 for
i=1,..,kand f(u) >0 fora,_y <u<a;i=1,...,k, where ag = 0.

Our multiplicity result for (1.1) is as follows.

THEOREM 2.1. Assume (H1)—(H4) hold. Then there exists Ay such that for A > Ay (1.1) has
k positive solutions, uy,us,...,uk, such that

ai-1 < sup ui(t) <a;, i=1,...,k (2.2)
te(0,1]

We assume the following additional conditions for (1.2).

(H5) b; : [R1,R;] — [0,) is continuous and b; # 0 on any subinterval of [R;,R;],
i=1,2.

(H6) gi: [0,00) — [0, 0) is continuous, i = 1,2.

(H7) There exist k numbers ax >ag_1 > - - - >a; >0 such that a; > 4a;_;, g1(u,v) =0,
and g(u,v) =0 for u+v=a;, i =1,...,k, and g (4,v) >0 and g(u,v) >0 for
ai_1<utv<a;i=1,...,k, where ay = 0.

Our multiplicity result for (1.2) is as follows.

THEOREM 2.2. Assume (H1) and (H5)—(H7) hold. Then there exists Ay such that for A > Ag
(1.2) has k positive solutions, (uyv1), (U2, v2),..., (U, Vk), such that

ai-1 < sup (wi(t)+vi(t)) <a;, i=1,....k (2.3)
te[0,1]
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3. Preliminaries

A radial solution of (1.1) can be considered as a solution of the equation

(" o' (r)) + A" 'b(r) f (u(r)) =0 inR, <r<Ry, o)
3.1
M(Rl) = M(Rz) =0.

We will treat classical solutions of (3.1), namely, functions u of class C' on [Ry,R;]
with ¢(u’) € C'(Ry,R,), which satisfies (3.1). A solution u is positive if u(r) > 0 for all
re (Rl,Rz).

Applying the change of variables, r = (R, — Ry)t + Ry, we can transform (3.1) into the
form

(q)p(pu)) +AR(t) f(u) =0, 0<t<1,
u(0) = u(1) =0,

(3.2)

where

1

n—1 _
q(t) = ((Ra—Ry)t+Ry)" 7, P—R42_Rl,

(3.3)
h(t) = (R, — Ry) (R, —Rl)t+R1)nilb((R2 —Ri)t+Ry).

We will prove there are k positive solutions for (3.2), which immediately implies that
Theorem 2.1 is true.
The following well-known result of the fixed point index is crucial in our arguments.

LemmMa 3.1 [1, 3]. Let E be a Banach space and K a cone in E. For r >0, define K, =
{ueK:|xl|l <r}. Assume that T : K, — K is completely continuous such that Tx + x for
x€0dK, ={ueK:|x| =r}.

1) If ITxll = llx|l for x € K, then

i(T,K,,K) = 0. (3.4)

(ii) If | Tx|l < lIx|| for x € K, then
i(T,K,,K) = 1. (3.5)
In order to apply Lemma 3.1 to (3.2), let X be the Banach space C[0,1] with [Jull =

sup;coq lu(®)l, u € X.
Define K to be a cone in X by

. 1
K - {ueX.u(t) =0, min u(t)= Z||u||}. (3.6)
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Also, define, for r a positive number, Q. by
Q,={uekK:|ull <r}. (3.7)

Note that 0Q, = {u € K : [lul]| = r}.
Fori=1,...,k,let f; satisfy

> O<ux i>
ﬁ(u)={f w, O=u=a (3.8)

0, a; < u,

and let the map Ti : K — X be defined by

Jp ! 71( (ls) La/lh(r)ﬁ(u(‘r))dr)ds, 0<t<o,
Tiu(t) (3.9)

Jp“ “( (15) E)Lh(r)ﬁ(u(r))dr)ds, o<t<l,

where ¢ € (0,1) is a solution of the equation
Qu(t)=0, 0<t=<l, (3.10)

where the map ®; : K — C[0,1] is defined by

®u(t) = Jot ¢! (ﬁ Jj/\h(‘[)ﬁ(u(‘f))d‘[)ds

(3.11)
_f(p (q(s)th‘r)f(u(T ir)ds, 0=t

By virtue of Lemma 3.2, the operator T} is well defined.

LEmMMA 3.2 [4, 5]. Assume (H1)—(H3) hold. Then, for any u € K, ®O;u(t) =0, i=1,...,k,
has at least one solution in (0,1). In addition, if o' < 0% € (0,1) are two solutions of ®;u(t) =
0, then h(t) fi(u(t)) = 0 fort € [o',0%] and any o € [0',02] is also a solution of ®;u(t) =0
Furthermore, Tju(t) is independent of the choice of 0 € [0',0?].

Lemma 3.3 follows from the concavity of u.

LEMmMA 3.3 4, 5] Assume (H1)-(H2) hold. Let u and v € X with u(t) = 0 and v(t) < 0 for
te [0,1]. If (q(t)p(pu’)) = v, then

u(t) = min{t,1 —t}ull, te<][0,1]. (3.12)
In particular,
min u(t) > *Ilull (3.13)
1/4<t<3/4

We remark that, according to Lemma 3.3, any nonnegative solution of (3.2) is positive
unless it is identical to zero.
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LEmMA 3.4. Assume (H1)—(H3) hold. If u € K such that T)"Lu =uin K, then u is a solution
of (3.2) such that

sup u(t) < a;. (3.14)
te(0,1]

Proof. It is easy to see that u satisfies the following problem:

(q()e(pu')) +Ah(D) fiw) =0, 0<t<1,
u(0) = u(1) = 0.

(3.15)

Let £y € (0,1) such that u(fy) = sup,¢q,;; u(t). It follows that u'(fy) = 0. If u(to) > a;, then
there exist two numbers 0 < t; < ty < t, < 1 such that u(t) > a; for t € (t1,t,) and u(t;) =
u(ty) = a;. Since fi(u) = 0 for u > a;, we have

(gq(e(pu' (1)) =0 forte [t,t]. (3.16)

Thus, ¢(pu’(t)) is constant on [t;,1,]. Since u'(ty) = 0, it follows that u'(¢) = 0 for t €
[t1,12]. Consequently, u(t) is constant on [t;,t;]. This is a contradiction. Therefore,
SUPc(o,1) 4(t) < a;. On the other hand, since f(u) = fi(u) for 0 < u < a;, u is a solution
of (3.2). O

LemMa 3.5 [4, 5]. Assume (H1)—(H3) hold. Then ©;: K — C[0,1], i = 1,...,k, is compact
and continuous.

LEMMA 3.6 [4, 5]. Assume (H1)—(H3) hold. Then T)\(K) C K and T,{ :K—-K,i=1,...,k
are compact and continuous.

LEMMA 3.7 [4, 5]. Assume (H1) holds. Then for all o,t € (0,),

v (o)t < 97 (op(1) < yi ' (0)t. (3.17)

Set
3/4

y(t)=%[ t p1w21<$£h(r)dr)ds+ t

1/4

s (ﬁ fh(r)dT) ds] , (3.18)

where t € [1/4,3/4]. It follows from (H1)-(H2) that

I‘=inf{y(t):ists%}>0. (3.19)

LeEmMma 3.8. Assume (H1)—(H4) hold. Fori = 1,...,k, letr > 0 such that [r/4,r] C (aj_1,a;)
for some 1 < j <i. Then

| Tiul| = Tyy ' Mo~ (@) foru € 0Q,, (3.20)

where wi = minyar<¢<- { fi(£)} > 0.



1126  Positive solutions of elliptic equations

Proof. Note, from the definition of Tiu, that Tiu(o) is the maximum value of Tiu on
[0,1]. If 0 € [1/4,3/4], we have

||Tju||z%[ o -l(q( J/\h (T))d‘f)ds

3/4 1 s (3.21)
+ p‘1<p‘1< e L/\h(‘[)ﬁ(u(‘f))d‘[)dS].
Since fi(u(t)) = wi = ¢(¢p~'(w!)) for t € [1/4,3/4], we find, by condition (H1),
. 1! -1
Imjull= 5[ [, 2707 (g |, mmwe v ete! i) )
3/4 1 s )
o], oo (g ), o ety (wi)) ) as|
) | " (3.22)
=51 (o ), deetys g i) s
3/4 1 s )
ef 077 (g ), ey g7 i) )
Now, because of Lemma 3.7, we have
j v Mo W) [ (7 a1 (°
| Tiul| = 5 [ a7 (q(S)L h(T)dT)ds
3/4 o 1 s (323)
1, -1 1
o rw (q(s) Lh(‘r)d‘r)ds]
> Ty, ' Ve H(wl).
For o > 3/4, it is easy to see
3/4
||TW||>J ! *1( e h(T)ﬁ(u(T))dT) (3.24)

On the other hand, we have
il = [ ptg ( AJ hx) £ u(r))dr) s foro<t.  (3.25)
1/4 q(s) Jua 4
Therefore, the same arguments show that

|| Tiul| = Ty5 'V (wl) ifo> Z oro< i (3.26)
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4. Proof of Theorem 2.1

For each i = 1,...,k, in view of condition (H4), there is an r; < a; such that r; > 4a;_;. It
follows that [ri/4,7;] C (ai-1,a;). By Lemma 3.8, we infer that there exists a A; > 0 such
that

|| Tiul| > llull  for u € 9Q,, A > A;. (4.1)
On the other hand, since f;(u) is bounded, there is an R; > r; such that
|| Tiu|| < llull  for u € 0Qg,, A > A.. (4.2)
It follows from Lemma 3.1 that
i(Ti,Q,,K) =0, i(T},Qr,,K) =1, (4.3)

and hence i(T/{,QRi \ Qn,K) = 1. Thus, Tj has a fixed point u; in Qg, \Qri. Lemma 3.4
implies that the fixed point u; is a solution of (3.2) such that a; < [|u;|| < a;. Consequently,
(3.2) has k positive solutions, uy,u,,...,uk, such that

O=ao<||u||<ar<|lua]| <a2< - <ar_r <||uk|]| <ax  for A > Ao, (4.4)

..... n{/\i}'

where Ag = max;_;

5. Elliptic systems

With the same transformation for (1.1), we can transform (1.2) to the following system:

(g (pu)) + A (g (uv) =0, 0<t<1,
(q)e(pv')) + Ay ()ga(,v) =0, 0<t<1, (5.1)
u(0) = u(1) = v(0) = v(1) = 0,
where
hi(t) = (R, = Ry) (R, = R)t+R)" 'bi((Ry—R)E+Ry), i=12,  (52)

q(t) and p are the same as in (3.2).
In this section, let X be the Banach space C[0,1] x C[0, 1] with

[[(u,v)|| = sup |u(t)]|+ sup |u(t)|, (u,v)EX. (5.3)
t€[0,1] te[0,1]

Define K to be a cone in X by

K = {(u,w EX:u(® V(0= 0, min (u(t)+v(t) = ¢ (lul + ||v||)}, (5.4)

where ||u|| = SUP;c(o.1] u(t), u e C[0,1].
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Also, define, for r a positive number, U, by
Uy = {(u,v) € K:[|(w,v)|| < r}. (5.5)

Note that U, = {(1,v) € K: [[(u,)]| = r}.
Fori=1,....,k, j=1,2, letg]’- satisfy

) gilu,v), 0<u+v<a,
gj(u,v) = { ' (5.6)

0, a<u+v,

and let the map T? = (T!,T4) : K — X be defined by

1 gj .
J 7o (9 965 |, An g o, v(eae)ds, 0=t <0,
T' (,v)(8) (5.7)

J o —1< (15) J )th(r)g;(u(T),v(‘r))d‘r)ds, oj<t=<l,
gj
where 0; € (0,1) is a solution of the equation
Oi(u,v)(t) =0, 0=t<1, (5.8)

and the map ®j~ : K = C[0,1] is defined by

t t
@' (u,v)(1) = JO o (ﬁ f Ahf(r)g;i(uu),v(f))df)ds
(5.9)

_f ¢_1<$fghj(f)g;ﬁ(u(f),v(f))dr)ds, 0<t<1.

Lemma 5.1 can be proved in a similar manner as in [4, 5].

LemMA 5.1. Assume (H1), (H5), and (H6) hold. Then for i = 1,...,k, T' is well defined,
TI(K) C Kand T': K — K are compact and continuous.

LEmMMA 5.2. Assume (H1) and (H5)—(H7) hold. If (u,v) € K such that T (u,v) = (u,v) in
K, then (u,v) is a solution of (5.1) such that

sup (u(t) +v()) <a;. (5.10)
te[0,1]

Proof. Tt is easy to see that (u,v) satisfies the following problem:
(@(p(p')) +Ahi (gl (w,v) =0, 0<t<]l,

(q(Dp(pv')) + Ay (t)gi(u,v) =0, 0<t<1, (5.11)
u(0) =u(1) =v(0) =v(1) =0.
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Let to € (0,1) such that u(ty) +v(to) = sup,c o ;) (u(£) +v(1)). It follows that u’ (£o) +v'(f)=0.
If u(ty) + v(ty) > ai, then there exist two numbers 0 < t; < fy < t, < 1 such that u(t) +
v(t) > a; for t € (t1,,) and

u(ty) +v(h) = u(ty) +v(t) = ai. (5.12)
Since g}(u,v) =0, j=1,2, for u+v = a;, we have

(q()e(pu' (1)) =0 forte [t,t],

) (5.13)
(ge(pv' (1)) =0 forte [t,t,].

Thus, ¢(pu'(t)) and ¢(pu'(t)) are constant on [t1,1,], and so are u'(¢) and v'(¢). Since
u'(to) +v'(ty) = 0, it follows that (u(t) +v(t))" =0 for t € [f1,1,]. Consequently, u(t) +
v(t) is constant on [t1,%,]. This is a contradiction. Therefore, sup,c (o, (u(t) +v(t)) < a;.
On the other hand, since g}(u,v) =gj(u,v) forO<u+v=<a;,j=12,(uv)is a solution

of (1.2). O
Set
1 t R 1 t 3/4 R 1 s
nt =] ], o (g ) mmae)ase | ost (g | mioe) s,
(5.14)
where t € [1/4,3/4], j = 1,2. It follows from (H1) and (H5) that
A 1 3 .
F:mf{yj(t):zsts 1,121,2}>0. (5.15)

The following lemma can be proved in the same manner as in Lemma 3.8.

LEmMA 5.3. Assume (H1) and (H5)—(H7) hold. Fori=1,...,k, let r > 0 such that [r/4,r] C
(am-1,am) for some 1 <m < i. Then

T (,v)]] = Ty "N~ (@) for (u,v) € AU, (5.16)
where w}. = miny g, <5<, 1gj(t,5), j = 1,2} > 0.

6. Proof of Theorem 2.2

For each i = 1,...,k, in view of condition (H7), there is an r; < a; such that r; > 4a; . It
follows that [ri/4,7;] C (ai-1,a;). By Lemma 5.3, we infer that there exists a A; > 0 such
that

|| T (u,)|| > [|(u,)||  for (u,v) € OU,.,, A > A (6.1)
On the other hand, since ff(u,v), j = 1,2, are bounded, there is an R; > r; such that

[T (u,v)|| < ||(u,v)||  for (u,v) € AUg,, A > A, (6.2)
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It follows from Lemma 3.1 that
i(T,U,,K) =0, i(T,Ug,K) =1, (6.3)

and hence, i(T?,Ug, \ U,,,K) = 1. Thus, T* has a fixed point (u;,v;) in Ug, \ U,,. Lemma 5.2
implies that the fixed point (u;,v;) is a solution of (1.2) such that a;_; < sup,¢ o, (ui(t) +
vi(t)) < a;. Consequently, (1.2) has k positive solutions, (u,v1), (42,v2),..., (tk, Vi), such
that

ai-1 < sup (u;(t)+vi(t)) <a;, i=1,....k, for A >, (6.4)
te[0,1]

where 1 = max;_1,_,{Ai}.
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