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POSITIVE PERIODIC SOLUTIONS OF SYSTEMS OF FIRST ORDER ORDINARY
DIFFERENTIAL EQUATIONS

Donal O’'Regan and Haiyan Wang*

Abstract

Consider the n-dimensional nonautonomous system %(t) = A(t)G(x(t)) — B(t)F(x(t — 7(t))) Let
u = (e tn), f§ = Impuiao G802, fh = Impupece G382, i = 1,0m, F = (£, /%), Fo =
maxi=1,..n{f§} and Fo = maxi=1,.. n{f%}. Under some quite general conditions, we prove that ei-
ther Fg = 0 and Fo, = oo, or Fy = 0o and F, = 0, guarantee the existence of positive periodic solutions
for the system for all A > 0. Furthermore, we show that Fg = Foo = 0, or Fp = F = 0o guarantee the
multiplicity of positive periodic solutions for the system for sufficiently large, or small A, respectively.
We also establish the nonexistence of the system when either Fy and Foo > 0, or Fg and F, < oo for

sufficiently large, or small A, respectively. We shall use fixed point theorems in a cone.

Keywords: positive periodic solutions, existence, fixed point theorem.

1 Introduction
The existence of periodic solutions of the equation of the form

z'(t) = a(t)g(x(t)) — Ab(t) f(z(t — 7(£))). (1.1)

and its generalizations have attracted much attention in the literature. See, e.g., Chow [1], Hadeler and

Tomiuk [5], Kuang [8, 9], Kuang and Smith [10], Tang and Kuang [12]. The equation of the form (1.1) has
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been proposed as models for a variety of population dynamics and physiological processes such as production
of blood cells, respiration, and cardiac arrhythmias, See, for example, the above references, and [4, 11, 16].

Motivated by multiple-species ecological models, it is natural to explore nonautonomous n-dimensional
systems. Nonautonomous systems are more realistic since real-world models often require us to incorporate
temporal inhomogeneity in the models. One of the methods of incorporating temporal nonuniformity of the
environments in models is to assume that the parameters are periodic with the same period of the time
variable. In this paper, we shall study the existence of positive w-periodic solutions for the nonautonomous
n-dimensional system

x(t) = A()G(x(1)) = AB(H)F (x(t — 7(1))), (1.2)

where A (t) = diag[ay (t),az(t), ..., an(t)], B(t) = diag[bi (), b2(t), ..., b, ()], F(x) = [f1(x), f2(x),..., ["(x)]T,
G(x) = [¢'(x), ¢%(x),...,¢9"(x)]" and X > 0 is a positive parameter.
Let R = (—o00,00), Ry = [0,00), R =" R, and for any u = (u1, ...,u,) € R%, [Jul| = 37 |ul.

In(1.2), we assume that

(H1) a;,b; € C(R,[0,00)) are w-periodic functions such that ["a;(t)dt > 0, [ b;(t)dt > 0,i=1,...,n.

7 € C(R,R) is an w-periodic function.
(H2) f":R7% — [0,00) is continuous, ¢* : R? — [I,L],0 < < L < oo is continuous, i = 1,...,n.
(H3) fi(u) >0 for |[ul| >0,i=1,...,n.

In order to state our theorems, we introduce some notation. Let

) L

fi = lim
O ul=o0 [l lal—oc [|ull

,2ueRY, i=1,..,n
(1.3)

..........

A solution u(t) = (u1(t), ..., us(t)) is positive if, for each ¢ = 1,...,n, u;(¢t) > 0 for all ¢ € R and there is
at least one component which is positive on R.

Our main results are:



Theorem 1.1 Assume (H1)-(H2) hold.
(a). I Fy =0 and Fy = 00, then for all A > 0 (1.2) has a positive w-periodicsolution.

(b). If Fy = 0o and F, = 0, then for all A > 0 (1.2) has a positive w-periodic solution.

Theorem 1.2 Assume (H1)-(H3) hold.

(a). If Fg = 0 or Fo = 0, then there exists a Ay > 0 such that (1.2) has a positive w-periodic solution for
A > A

(b). If Fg = o0 or F, = 0o, then there exists a Ag > 0 such that (1.2) has a positive w-periodic solution for
0< A< Ao

(c). If Fg = Fo = 0, then there exists a Ag > 0 such that (1.2) has two positive w-periodic solutions for
A > Ao.

(d). If Fy = Fo = o0, then there exists a A9 > 0 such that (1.2) has two positive w-periodic solutions for
0< A< Ag.

(e). If Fo < 0o and Fo, < 00, then there exists a Ag > 0 such that for all 0 < A < Ag (1.2) has no positive
w-periodic solution.

(f). If Fyp > 0 and F, > 0, then there exists a Ay > 0 such that for all A > ¢ (1.2) has no positive w-periodic

solution.

For n = 1, the existence, multiplicity and nonexistence of positive w-periodic solution of (1.2) with a
parameter A was discussed in Wang [14]. Jiang, Wei and Zhang [6] obtained some existence results for the
case when when ¢ = 1,7 = 1,...,n. In a recent paper, Wang, Kuang and Fen [15] proved multiplicity and
nonexistence results for a similar equation when ¢ =1, i =1,...,n.

This paper is organized in the following ways. In Section 2, we transform (1.2) into a system of integral
equations, and then to a fixed point problem of an equivalent operator in a cone. Further, we establish two
inequalities which allow us to estimate the operator. In Section 3, we apply the fixed point index to show the

existence, multiplicity and nonexistence of positive w-periodic solutions of (1.2) based on the inequalities.



2 Preliminaries

In this section, we recall some concepts and conclusions on the fixed point index in a cone in [2, 3, 7]. Let E
be a Banach space and K be a closed, nonempty subset of E. K is said to be a cone if (i) cu + fv € K for
all u,v € K and all o, 8 > 0 and (41) v, —u € K imply u = 0. Assume (2 is a bounded open subset in F with
the boundary 99, and let T : K N Q — K is completely continuous such that Tz # x for x € 9Q N K, then
the fixed point index (T, K N Q, K) is defined. If (T, K N Q, K) # 0, then T has a fixed point in K N €.

The following well-known result on the fixed point index is crucial in our arguments.

Lemma 2.1 ([2,3,7]). Let E be a Banach space and K a cone in E. Forr > 0, define K, = {u € K : ||z|| <
r}. Assume that T : K, — K is completely continuous such that Tx # x for v € 0K, = {u € K : ||z|| = r}.
(i) If |Tx| > ||z|| for « € OK,, then i(T,K,,K) = 0.

(i) If | Tx|| < ||z|| for x € OK,., then i(T,K,, K) = 1.
In order to apply Lemma 2.1 to (1.2), let X be the Banach space defined by
X ={u¥) e CR,R") : u(t +w) = u(t),t € R}

n
with a norm |ju| = Z sup |ui(t)|, for u = (uy,...,u,) € X. For u € X or R, |lul| denotes the norm of u
i—1 t€[0,w]

in X or R%, respectively.
Define

of(1- 0

U2 up o)) i =1t € f0.6])
—0; te[0,w]

K={u=(ug,...,up) € X 1 u;(t) >
where o; = e~ Jo ai®dt ; — 1 . Tt is clear K is cone in X.

For r > 0, define 2, = {u € K : |ju|| < r}. It is clear that 9Q, = {u € K : ||u|| =r}. Let Ty : K — X

be a map with components (T4, ...,T3%):
Tiu(t) = )\/ Git, 8)bs(s)f (uls — 7(s))ds, i=1,....n, (2.1)
t

where
e J ai(8)g' (u(9))do

Gi(t,s) = 1 — o= J5 ai(0)gi (u(6))do




Note that

! 1
T < Gilts) < T
7

t<s<t4+w,t=1,...,n

Lemma 2.2 Assume (H1)-(H2) hold. Then T»(K) C K and T, : K — K is continuous and completely

continuous.
PROOF In view of the definition of K, for u € K, we have, i =1,...,n,
) t+2w
(Taw)(t +w) = A Gi(t +w,s)bi(s)f*(u(s — 7(s)))ds
t+w
t+w )
= Gi(t+w,0+w)b(@+w)f'(ul+w-—7(0+w)))do

t

t+w
= )\/t Gi(t,8)bi(s)f (u(s — 7(s)))ds
= (Tu)(t).

It is easy to see that fter (s)fi(u(s—7(s)))ds is a constant because of the periodicity of b; (t) fi(u(t—7(t))).

Notice that, foru € K and t € [0,w], i =1,...,n,

. O'.L ttw
Tiu() > —7 / bis)(u(s — 7(5)))ds
ol w )
=1 —ZO'-L )\-/0 bi(s)f*(u(s — 7(s)))ds
_ fi;a A/ bi(s) fiu(s — 7(s)))ds
g3 (1 - Uf)

1 sup [T{u()|.
—0;  telow]

Thus T»(K) C K and it is easy to show that T : K — K is continuous and completely continuous. [

Lemma 2.3 Assume that (H1)-(H2) hold. Then u € K is a positive periodic solution of (1.2) if and only if

it is a fixed point of T in K.



Proor If u=(uj,...,u,) € K and Tyu = u, then, for i =1,...,n,

d t+w )
i) =2 (O Gi(t, 5)bi(s) f*(u(s = 7(s)))ds)

t

= AG; (Lt +w)bi(t+w) fr(ult +w — 7(t +w)) — AGi(t, )b () fi(u(t — 7(t)))
+ai(t)g' (u(t)) Tiu(t)
= AGi(t t +w) = Gi(t, O)]bi(t) f* (u(t — (1)) + as(t)g" (u(t)) Tu(t)
= a;(t)g' (u(t))ui(t) — Abs(t) f* (u(t — 7(t))).
Thus u is a positive w-periodic solution of (1.2). On the other hand, if u = (uy,...,u,) is a positive

w-periodic function of (1.2), then A\b;(t) fi(u(t — 7(t))) = a;(t)g* (u(t))u;(t) — ul(t) and

. tw .
Tiu(t) = A /t Git, 5)bs(s)F (uls — 7(s)))ds

t+w
= /t Gi(t, S)(ai(S)gi(u(S))Ui(S) — uj(s))ds
t4w t+w

= G,(t, s)ai(s)gi(u(s))ui(s)ds — Gi(t, s)ui(s)ds

t t

t+w
- / Gilt, s)ai(s)g" (u(s))ui(s)ds — Gi(t, s)uq(s)| o+
t+w
- / Gi(t, $)ai(s)g* (u(s))ui (s)ds

= ui(t).

L 1
Thus, Tyu = u, Furthermore, in view of the proof of Lemma 2.2, we also have u;(t) > Jil(_lgfi) SUPyeo,w] Wi(t)

k3

for ¢ € [0,w]. That is, u is a fixed point of Ty in K. O

Define I' = mini:l,...,n{% o bi(s)ds} Hlinz’:L...,n{UiLl(_l;fﬁ)} > 0 and we have the following lemma.

Lemma 2.4 Assume that (H1)-(H2) hold. For any n > 0 and u = (uy,...,u,) € K, if there exists a

component f? of F such that fi(u(t)) > Z?zl u;(t)n for t € [0,w], then

[Taul| = AL'n[[ul].



PRrOOF Since u € K and f*(u(t)) > >°7_, u;(t)n for t € [0,w], we have

L w
) = 173 [ (o) s = (s))ds
1-— o; 0
O'iL w n
> 1 —JL)\/ bl(s);u]‘(s—r(s))nds
ok /‘” " ol(1-ob)
> L\ b;(s)ds ] sup w;(t)n
—or ), (s) ; [ i(t)

Thus || Tyl > ATyljull. O

For each i = 1,..,n, let fi(t): Ry — Ry be the function given by

Fi(t) = max{f'(u) : u € R} and |Ju < t}.

Let fé = lim;_,g @ and féo = lim;_, fit(t).

Lemma 2.5 ([13]) Assume (H2) holds. Then fi = féand fi = fi, i=1,..,n.

Lemma 2.6 Assume (H1)-(H2) hold and let r > 0. If there exits an € > 0 such that

fiir)y <er, i=1,..,n,

then

ITxul| < ACel[uf], for u e dQ,

where C' = Y27 —L [ b;(s)ds.

1=1 1—0% 0
PROOF From the definition of Ty, for u € 9%,., we have
ITaul <37 1) [ B)f als — r())ds
=1 % Jo
n
<X
i=1

n 1 w R
<> / bi(s)dsellu| = ACel[ul|.
i=1 0

l
1—o;

1 w A
ne /O bs(s) fi(r)ds

O

The following two lemmas are weak forms of Lemmas 2.4 and 2.6.



Lemma 2.7 Assume (H1)-(H3) hold. If u € 99, r > 0, then

L w
vl = Ny win (57 [ bs)ds)
1=1...,n —0; 0

. L l
where 7, = min{f*(u) :u € R} andor < [Jul| <r, i=1,..,n.} >0, and 0 = minizl’m,n{%;;i)}.

PROOF Note 7 = [Ju|| = Y, supjg, [wi(t)] > D07 infio ) [ui(t)| > o X7, supyg ) |ui(t)| = or. Thus
fi(u(t)) > m, for t € [0,w], i = 1,...,n. A slight modification of the proof in Lemma 2.4 yields the result.

O

Lemma 2.8 Assume (H1)-(H3) hold. If u € 99, r > 0, then
| Taul| < AM,C,
where M, = max{fi(u): u € R? and [ul| <r,i=1,..,n} > 0 and C is the positive constant defined in

Lemma 2.6

PROOF Since fi(u(t)) < M, for t € [0,w], i = 1,...,n, a slight modification of the proof in Lemma 2.6

guarantees the result. [

3 Proof of Theorem 1.1

PROOF Part (a). Fy = 0 implies that fi = 0, i = 1,...,n. It follows from Lemma 2.5 that fi = 0,
i = 1,...,n. Therefore, we can choose r; > 0 so that fi(rl) < ery, i = 1,...,n, where the constant ¢ > 0
satisfies

\eC < 1,
and C is the positive constant defined in Lemma 2.6. We have by Lemma 2.6 that
ITxul| < AeCllul < [[u]| for ue dQ,,.

Now, since Fo, = oo, there exists a component f* of F such that fi = co. Therefore, there is an H > 0

such that

(@) = l|ul



for u = (u1,...,u,) € R%} and [jul| > H , where 1) > 0 is chosen so that
Al'p > 1.

~ L l
Let ro = max{2ry, %H}, where ¢ = mini=1,_“7n{%;g”)}. Ifu=(u,..u,) € 9Q,,, then

n

OrgntléleEUi(t) >o|u||=0r; > H,
1=

which implies that

n

Fiu(t) = 0> ui(t) for t € [0,

i=1

It follows from Lemma 2.4 that

ITxu|| > A'n|ju|| > ||u|| for wu € 9Q,,.
By Lemma 2.1,

Z'(T)\,QTI,K) =1 and i(T)\,QT27K) =0.

It follows from the additivity of the fixed point index that
i(Tx, 2y \ Q) , K) = —1.

Thus, (T, 2, \ Q,,, K) # 0, which implies T}, has a fixed point u € ., \ Q,, by the existence property
of the fixed point index. The fixed point u € €., \ Q,, is the desired positive solution of (1.2).
Part (b). If Fg = oo, there exists a component f? such that fi = oco. Therefore, there is an 71 > 0 such

that

f(w) > l|ul

for u = (u1,...,u,) € R} and ||u| < ry, where 7 > 0 is chosen so that
A'p > 1.

If u=(u1,...,un) € 0y, , then

n

Fiut) =0 ui(t), for te0,w].

i=1



Lemma 2.4 implies that

ITaull > AT'n|lu|| > |lu|| for uedQ,,.

We now determine ©,.,. Fo, = 0 implies that fi_ =0, =1,...,n. It follows from Lemma 2.5 that fi =0,

i =1,...,n. Therefore there is an ro > 2r; such that
fi(TZ) <ery,i=1,...,n,

where the constant € > 0 satisfies

\eC < 1,

and C' is the positive constant defined in Lemma 2.6. Thus, we have by Lemma 2.6 that
ITxul| < AeCllu|| < [[u]| for u e dQ,,.

By Lemma 2.1,

i(Tr,Q, , K)=0 and i(Ty,Q,,K)=1.

It follows from the additivity of the fixed point index that i(Ty,Q,, \ Q,,,K) = 1. Thus, T, has a fixed

point in €, \ Q,,, which is the desired positive solution of (1.2). O

4 Proof of Theorem 1.2

PrROOF Part (a). Fix a number r; > 0. Lemma 2.7 implies that there exists a Ay > 0 such that
ITxul > |lul], for ue 90, A > Ao.

If Fo =0, then f{ =0, i=1,...,n. It follows from Lemma 2.5 that

Therefore, we can choose 0 < ro < 11 so that

fi(’l“g) <erg,i=1,..,n,

10



where the constant € > 0 satisfies

A\eC < 1,
and C' is the positive constant defined in Lemma 2.6. We have by Lemma 2.6 that
ITyu| < AeCllufl < [lu]| for u € dQ,,.

If Foo =0, then fi =0,i=1,....,n. It follows from Lemma 2.5 that féo =0, i =1,...,n. Therefore there is
an rz > 2r; such that

f’(rd) <ers,i=1,..,n,

where the constant ¢ > 0 satisfies

AeC < 1,
and C' is the positive constant defined in Lemma 2.6. Thus, we have by Lemma 2.6 that
ITaul < AeCllul| < [lu]| for uedQ,,.
It follows from Lemma 2.1 that
i(Tr, 2y, K) =0, i(Ty,Q,, K)=1 and i(Ty,Q,,K)=1.

Thus i(Ty, 2, \ Oy, K) = =1 and i(Ty, 2, \ Q,, K) = 1. Hence, T has a fixed point in Q,, \ Q,, or
2, \Q,, according to Fy = 0 or Fo, = 0, respectively. Consequently, (1.2) has a positive solution for A > Xo.

Part (b). Fix a number r; > 0. Lemma 2.8 implies that there exists a A\g > 0 such that
ITxul| < |lull, foru € 9, 0 < A < Ag.

If Fy = oo, there exists a component f? of F such that f¢ = co. Therefore, there is a positive number ro < rq

such that
F1(w) = n]ull
for u = (u1,...,u,) € R and [|u|| < 72, where 7 > 0 is chosen so that
Al'p > 1.

11



Then
1) =Y ul)
i=1

for u = (uy,...,un) € 0y,, t € [0,w]. Lemma 2.4 implies that
T ul| > ATn|lul| > |Ju|| for u € oQ,,.
If Fo, = 00, there exists a component f? of F such that fi = oo. Therefore, there is an H > 0 such that
fi(u) = l|u|

for u = (u1,...,u,) € R} and [jul| > H | where 1) > 0 is chosen so that

Al'p > 1.
Let r3 = max{2ry, g}, where 0 = min;— n{ } If u=(uy,...,un) € 00y, then
n
i > = >
omin 1 wi(t) > oljul| = ors > H,
i

which implies that
) > WZW ) for t € [0, w].

It follows from Lemma 2.4 that
ITxul| > ATp|lul| > |lu|| for u € oQ,.
It follows from Lemma 2.1 that
i(Tx, 0, K) =1, i(Tx,Q,,K)=0 and i(Ty,Q,,K)=

and hence, i(Ty,Q2,, \ Q,, K) = 1 and i(Ty,Q,, \ Q,, K) = —1. Thus, T) has a fixed point in Q,, \ ,,
or Q. \ Q,, according to Fy = oo or F, = oo, respectively. Consequently, (1.2) has a positive solution for
0 <A< .

Part (c). Fix two numbers 0 < r3 < r4. Lemma 2.7 implies that there exists a Ay > 0 such that we have,
for A > Ag,

T ul| > |[ull, for uedQ,, (i=3,4).

12



Since Fp = 0 and F, = 0, it follows from the proof of Theorem 1.2 (a) that we can choose 0 < r; < r3/2
and ro > 2r4 such that

ITxu| < |lul], for ue o, (i=1,2).
It follows from Lemma 2.1 that
(Tx, Q. , K) =1, i(Tx,Q,,K) =1,
and
i(Tx, Qpy, K) =0, i(Tx,Q.,,K)=0

and hence, i(Ty, ., \ Q,,, K) = —1 and i(Ty, Q,, \ Q,,, K) = 1. Thus, T has two fixed points u;(¢) and
uy(t) such that ui(t) € Q. \ Q, and uz(t) € Q,, \ Q, , which are the desired distinct positive periodic

solutions of (1.2) for A > Ay satisfying

ry < HulH <rg <rgy < ||112|| < Tra.

Part (d). Fix two numbers 0 < r3 < r4. Lemma 2.8 implies that there exists a Ag > 0 such that we have,
for 0 < A < A,

ITxul < |lul], for ue 9y, (i=3,4).

Since Fg = 0o and F o, = 00, it follows from the proof of Theorem 1.2 (b) that we can choose 0 < 1 < 13/2
and ro > 2r4 such that

ITxul > |lul|, for uedQ,,, (i=1,2).

It follows from Lemma 2.1 that

i(Tx, Qr,, K) =0, (T, Qpry, K) =0,

and

i(Tx, Oy, K) =1, i(Ty,Q,,,K)=1

and hence, i(Ty, 2, \ Q,, K) = 1 and i(Ty,Q, \ Q,,, K) = —1. Thus, Ty has two fixed points u;(t) and

uy(t) such that u;(t) € Q,, \ Q,, and uy(t) € Q,, \ Q,, , which are the desired distinct positive periodic

13



solutions of (1.2) for 0 < A < Ag satisfying
< |lup]| < rg <7y < |uzl < ro.
Part (e). Since Fy < oo and Fo, < 00, then f¢ < oo and fi < oo, i = 1,...,n. It is easy to show (see
[13]) that there exists an € > 0 such that
fi(u) <gflul| forue Ry, i=1,..,n.

Assume v(t) is a positive solution of (1.2). We will show that this leads to a contradiction for 0 < A < Ag,

where
1
S Jy bi(s)dse

In fact, for 0 < A < Ag, since Tyv(t) = v(t) for ¢ € [0, w], we find

Ao =

vl =TV

= g max Tiv(t)
< 0<t<w
n

> ! )\/Owbi(s)fi(v(s—T(s)))ds

— ol
= Lo

n 1 w
S / bi(s)dshe|[v]
i—1 1 70'1» 0

< vl

IA

IN

which is a contradiction.
Part (f). Since Fg > 0 and Fo, > 0, there exist two components f and f7 of F such that f¢ > 0 and

fI > 0. It is easy to show (see [13]) that there exist positive numbers 7, r; such that

f1(w) Z glfull for ueRY, [uf < (4.2)
and

F(w) > glul for weRY, [juf > o7y, (4.3)

here 0 = min;—; n{#} Assume v(t) = (v1, ..., v,,) is a positive solution of (1.2). We will show that

this leads to a contradiction for A > Ao = Fin In fact, if ||v|| < ry, (4.2) implies that

v(t)) > nZvi(t), for ¢ € [0,w].

14



On the other hand, if ||v| > 71, then
n
min Zvi(t) > o||v| > ory,

0<t<w “
=1

which, together with (4.3), implies that

PO) =0 vilt), for te[0,w]

Since T\v(t) = v(t) for ¢t € [0,w], it follows from Lemma 2.4 that, for A > A,

vl = [ITav
> Aln|v
> vl

which is a contradiction. 0O
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