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1. Introduction

In recent years, there has been considerable interest in the existence of positive periodic solutions of the following
equation:

X (t) = a(t)g(x(£)x(t) — Ab()f (x(t — T(1))). (1.1)
See, for example, [1-6]. (1.1) has been proposed as a model for a variety of biological processes. See, for example, the above
references and [7,8].
The existence results in the literature are largely based on the assumption that g(x(t)) is constant or bounded. It is
interesting to know whether there is a positive solution to (1.1) when g (x(t)) is not necessarily bounded. In this short note,
we take g(x) = e* and consider the existence of an positive w-periodic solution of the equation

X (t) = a(t)e*x(t) — Ab()f (x(t — T(1))), (1.2)

where A > 0 is a positive parameter. We shall show that (1.2) has a positive w-periodic solution when A is sufficiently
large. Apparently, our results can be extended to more general g(x). Our arguments are based on a well-known fixed point
theorem (Lemma 2.1).

Let R = (—o0, 00). We make the following assumptions:
(H1) a, b € C(R, [0, 00)) are w-periodic functions, fow a(t)dt > 0, fow b(t)dt > 0.t € C(R, R) is an w-periodic function.
(H2) f : [0, 00) — [0, 00) is continuous. f(u) > 0 foru > 0.

(0] EL
Also, let ¢ = e~ Jo 90 — 1 m(L) = min{f (u) : 701 A9 <y<I}>0,L>0.
70-6

Our main result is:

eL
Theorem 1.1. Assume (H1)-(H2) hold and lim,_, o+ f(T”) = 0. For each L > 0, there exists a Ay = L(L)lziaf‘”b()d > 0 such
m(L)o® o b(s)ds

that (1.2) has a positive w-periodic solution u with sup;o ., u(t) < Lfor A > Ao.
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2. Preliminaries

We consider the modified equation

X (6) = a(O)g(x(0))x(t) — Ab(O)f (x(t — T(1))), (2.3)

where g;(u) = e* for 0 < u < Land g;(u) = e! foru > L. For each L > 0, if we can find a positive w-periodic solution u for
(2.3) and sup;pg ., U(t) < L, then u is also a positive w-periodic solution to (1.2).
The following well-known result of the fixed point index is crucial in our arguments.

Lemma 2.1 ([9-11]). Let E be a Banach space and K a cone in E. For r > 0, define K, = {u € K : ||| < r}. Assume that
T : K. — K is completely continuous and such that Tx # x for x € 0K, = {u € K : ||x|| =r}.

() If ITx]l = lIx]| for x € 9K;, then
i(T,K,,K) =0.
(ii) If | Tx|| < ||x|| for x € 0K, then
i(T, K, K) = 1.
In order to apply Lemma 2.1 to (2.3), let X be the Banach space {u(t) : u(t) € C(R,R), u(t + w) = u(t)} with |lu| =

SUDtepo. ) IU(D)], u € X.
Let K be a cone in X defined by
L

o (1—o0)
eL

K={ueX:u(t)z flull, t € [0, w] ¢,

and denote £2, by
2, ={uek:|u|| <r}.

Note that 02, = {u € K : |Ju|| =r}.
Following Wang [5], let T, : K — X be a map defined by

t+w
Tu(t) = A/ GL(t, $)b(s)f (u(s — 7(s)))ds, (2.4)
t
where
e JF a@)zLu®))do
Gi(t,s) = 1 effg"a(e)gL(u(o))de'
Note that

1<g@<e

and

e

1
SGL(t,s)fl t<s<t+o.

1—0¢
Lemma 2.2. Assume (H1)-(H2) hold. Then T, (K) C K and T, : K — K is compact and continuous.

Proof. In view of the definition of K, for u € K, we have

t+2w
(L) (t + w) = A/ GL(t + w, )b(s)f (u(s — t(s)))ds

t+w

t+w
= /\/ Gi(t+ w,0 4+ w)b(@ + o)f WO +w — (0 + w)))do
t

t+w
Y / Gu(t. IB(S)f (uls — 7()))ds

= (Tau)(t).
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It is easy to see that f:“’ b(s)f (u(s — t(s)))ds is a constant because of the periodicity of b(t)f (u(t — t(t))). One can show
that, foru € K andt € [0, w],

L

e t+w
nu® =~ / bES (s — 7())ds
—o¢ ¢
_ L,\/w b(s)f (u(s — 7(s)))ds
1—o0¢ 0
- 06(17_?);)\ /w b(s)f (u(s — 7(s)))ds
1—-0¢ 1—0 0
> A=,
1—o0¢

Thus T, (K) C K and it is easy to show that T; : K — K is compact and continuous. O

Lemma 2.3. Assume (H1)-(H2) hold. Then a positive w-periodic solution of (2.3) is equivalent to a fixed point of T, in K.
Proof. Ifu € K and T, u = u, then

u'(t)

d t+w
@ (A/ GL(t, s)b(s)f (u(s — T(S)))dS)

AGL(t, t + w)b(t + o)f (u(t + @ — T(t + w))) — AG(t, ObOf (u(t — (1)) + a(t)g(u(®)) Tru(t)
AGL(E, &+ w) — Gu(t, Db (u(t — (1)) + a()g (u(t)) Tru(t)
a(t)g(u(®)u(t) — Ab(t)f (u(t — 7(t))).

Thus u is a positive w-periodic solution of (2.3). On the other hand, if u is a positive w-periodic solution of (2.3), then

Ab(O)f (u(t — (D)) = a(t)gL(u(®)u(t) — u'(t) and

t+w
Thu(t) = /\f G (t, s)b(s)f (u(s — t(s)))ds
t
t+w
- / Gu(t. 9) (@) uE)u(s) — 1/(5))ds

t+w t+o
:/ GL(t,s)a(s)gL(u(s))u(s)ds—/ Gi(t, $)u'(s)ds
t t

t+w t+o
/ GL(t, )a(s)gL(u(s))u(s)ds — Gy (¢, s)u(s) [ — / Gi(t, s)a(s)gu(u(s))u(s)ds
t t
= u(t).
eL
Furthermore, in view of the proof of Lemma 2.2, we also have u(t) > % |lu|| fort € [0, w]. Thus u is a fixed point of T;,
inK. O
Lemma 2.4. Assume (H1)-(H2) hold. If u € 9$2;, then
L ro
o€ b(s)ds
IToul > AfoiLm(L)-
1—-o0¢

Proof. Since f(u(t)) > m(L) for t € R, itis easy to see that

el

(T (0)

%

T /w b(s)f (u(s — t(s)))ds
1—o0¢ 0

L rw
o€ b(s)ds
%Am@). O

Lemma 2.5. Assume (H1)-(H2) hold and let r > 0. If u € 92, and there exists an ¢ > 0 such that f(u(t)) < eu(t) for
t € [0, w], then
Jy b(s)ds

IToull < Aeflull
1—0
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Proof. From the definition of T, for u € 9£2,, we have

‘l w
ITull < 71/ b(s)f (u(s — ©(s)))ds
1—0 0
w
< A/ b(s)eu(s — 7(s))ds
1—0 0
1 w
<1 / b(s)dse ul
1—0 0
“ b(s)ds
= ﬁ']%kenuu. a
3. Proof of Theorem 1.1
eL
Proof. Let r; = L. By Lemma 2.4 we infer that there exists a Ag = LW > Osuch that, for u € 082;,A > Ao,
m o 0 s)das
L ro
o® b(s)ds
Tl = 220 PO%
1—o0°¢

L 1= o o [ b(s)ds
>

mL)oe [ b(s)ds  1—o¢

= L= |ull.

m(L)

Since lim,_, o+ f(T”) = 0, we can choose 0 < r, < rq such that f(u) < eufor0 < u < r,, where the constant ¢ > 0 satisfies

“ b(s)d
A8M<l

1-o0
Thus f (u(t)) < su(t) foru € 952, and t € [0, w]. We have by Lemma 2.5 that
* b(s)ds
[Toul < Asunun < Jlull foru e dg2,.

=< 1=
It follows from Lemma 2.1 that
i(T,, $2-,,K) =0, i(Ty, £2r,,K) = 1.

Thus i(Ty, £2, \ fzrz, K) = —1and T, has a fixed point u in £2;, \ .(_Zrz, which is a positive w-periodic solution of (2.3) for
A > Ag. Note that ||u|| < L; itis also a positive w-periodic solution to (1.2). O
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