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Abstract. In this paper, we consider the spatial dynamics for a non-cooperat-
ive diffusion system arising from epidermal wound healing. We shall estab-
lish the spreading speed and existence of traveling waves and characterize the
spreading speed as the slowest speed of a family of non-constant traveling
wave solutions. We also construct some new types of entire solutions which
are different from the traveling wave solutions and spatial variable independent
solutions. The traveling wave solutions provide the healing speed and describe
how wound healing process spreads from one side of the wound. The entire
solution exhibits the interaction of several waves originated from different lo-
cations of the wound. To the best of knowledge of the authors, it is the first
time that it is shown that there is an entire solution in the model for epidermal
wound healing.

1. Introduction. In this paper, we study the spatial dynamics, including spread-
ing speeds, traveling wave solutions and entire solutions of a non-cooperative react-
ion-diffusion systems arising from wound healing. Wound healing is complex and
remains only partially understood, despite extensive research. Several reaction-
diffusion models have been developed in Sherratt and Murray [22,23], Dale, Maini,
Sherratt [3] and others to understand the biological process of epidermal wound
healing through mathematical analysis and numerical simulations. We refer to
Murray [18] for more detailed discussions and further references. The models con-
sist of two conservation equations, one for the epithelial cell density per unit area
(u1(x, t)) and one for the concentration of the mitosis-regulating chemical (u2(x, t)).
There are two types of the chemicals, one in which the chemical activates mitosis
and the other in which it inhibits it. The following simplified model was proposed

2010 Mathematics Subject Classification. 35K57, 92C50.
Key words and phrases. Traveling waves, spreading speed, entire solution, non-cooperative

diffusion systems, epidermal wound healing.

1215

http://dx.doi.org/10.3934/mbe.2014.11.1215


1216 HAIYAN WANG AND SHILIANG WU

in [18, 22] for the activator

∂u1

∂t
= d1∆u1 + s(u2)u1(2− u1)− u1

∂u2

∂t
= d2∆u2 + b(h(u1)− u2)

(1.1)

where b > 0, κ ∈ (0, 12 ), s(u2) = κu2 + 1 − κ is the linearized function which
reflects the chemical control of motosis. The term s(u2)u1(2−u1) is chosen so that,
at u2 = 1, the sum of it and the natural decay −u1 is of logistic growth form,
u1(1 − u2) [18]. Here κ < 1

2 is a necessary condition as we shall see that the rate
of change of u1 of (3.19) must be positive, which is the linearization of (1.1) at the

origin. The chemical production by the function h(u1) =
u1(1+ζ2)
u2
1
+ζ2 , ζ ∈ (0, 1) reflects

an appropriate cellular response to injury. The qualitative form of the solution of
(1.1) in the linear phase is of a wave moving with constant shape and speed. Such
a solution is amenable to analysis if we consider a one dimensional geometry rather
than the two dimensional radially symmetric geometry. Mathematically, we look for
a traveling wave solution of the form u1(x, t) = φ1(ξ), u2(x, t) = φ2(ξ), ξ = x + ct
where c is the wave speed, positive since here we consider waves moving to the
left. In Section 3, we shall establish the existence of traveling waves as well as the
results on the speed of propagation to (1.1). We also characterize the minimum
speed as the slowest speed of a family of non-constant traveling wave solutions of
(1.1). In addition, we construct some new types of entire solution which describe
the interactions of traveling wave solutions. Traveling wave solutions and spreading
speeds for reaction-diffusion equations have been studied by a number of researchers.
Fisher [6] studied the nonlinear parabolic equation

wt = wxx + w(1 − w). (1.2)

for the spatial spread of an advantageous gene in a population and conjectured c∗

is the asymptotic speed of propagation of the advantageous gene. His results show
that (1.2) has a traveling wave solution of the form w(x+ ct) if only if |c| ≥ c∗ = 2.
Kolmogorov, Petrowski, and Piscounov [11] proved the similar results with more
general model. Those pioneering work along with the paper by Aronson and Wein-
berger [1,2] confirmed the conjecture of Fisher and establish the speeding spreads for
nonlinear parabolic equations. Lui [17] established the theory of spreading speeds
for cooperative recursion systems. In a series of papers, Weinberger, Lewis and
Li [14, 15, 31] studied spreading speeds and traveling waves for more general coop-
erative recursion systems, and in particular, for quite general cooperative reaction-
diffusion systems by analyzing of traveling waves and the convergence of initial
data to wave solutions. However, mathematical challenges remain because many
reaction-diffusion systems are not necessarily cooperative due to various biologi-
cal or physical constraints. Thieme [25] showed that asymptotic spreading speed
of integral equations with nonmonotone growth functions can still be obtained by
constructing monotone functions. For a related nonmonotone integro-difference
equation, Hsu and Zhao [10], Li, Lewis and Weinberger [16] extended the theory of
spreading speed and established the existence of traveling wave solutions. The first
author and Castillo-Chavez [27] prove that a class of nonmonotone integro-difference
systems have spreading speeds and traveling wave solutions. Such an extension is
largely based on the construction of two monotone operators with appropriate prop-
erties and fixed point theorems in Banach spaces. A similar method was also used
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in Ma [19] and the author [26] to prove the existence of traveling wave solutions
of non-quasimonotone delayed nonlocal reaction-diffusion equations. Weinberger,
Kawasaki and Shigesada [33] established the spreading speeds of propagation for a
partially-cooperative system describing the interaction between ungulates and grass
by employing comparison methods. In a recent paper [28], one of the authors studied
traveling waves and spreading speeds of propagation for a class of non-cooperative
reaction-diffusion systems and the model discussed in [33].

In addition to the traveling wave solutions and spreading speeds, another impor-
tant issue in population and epidemic dynamics is the interaction between traveling
wave solutions, see e.g., [4, 5]. Mathematically, this phenomenon can be described
by a class of entire solutions that are defined for all space and time. From the view-
point of biology and epidemiology, such entire solutions provide some new spread
of epidemic and invasion ways of the species. In recent years, there are quite a few
significant works devoted to the interaction of traveling waves and entire solutions
for various monotone diffusion equations, see e.g., [7, 8, 13, 20, 29, 36] and the ref-
erences cited therein. Recently, in [35], we studied the entire solutions for a class
of non-cooperative reaction-diffusion systems with monostable nonlinearity and ap-
plied these results to some biological and epidemiological models. The traveling
wave solutions provide the healing speed and describe how wound healing process
spreads from one side of the wounded area. The entire solution exhibits the inter-
action of several waves (local repairing process) originated from different locations.
The entire solution may better describe epidermal wound healing. To the best of
knowledge of the authors, it is the first time that it is shown that there is an entire
solution in the model for epidermal wound healing.

In this paper, we first state the general results on non-cooperative systems in
[28, 35]. In Section 3 we apply the general result to obtain the spreading speed,
minimal wave speed and entire solutions for the non-cooperative system (1.1). The
main results for the epidermal wound healing model in this paper are summarized
in Theorems 3.1. Finally we present simulations of traveling wave solutions of (1.1)
and discuss biological implications of traveling wave solutions and entire solutions
in Section 4.

2. General results on non-cooperative systems. We begin with some nota-
tion. We shall use R, k, k±, f, f±, r, u, v to denote vectors in R

N or N -vector valued
functions , and x, y, ξ the single variable in R. Let u = (ui), v = (vi) ∈ R

N , we
write u ≥ v if ui ≥ vi for all i; and u � v if ui > vi for all i. A vector u is positive
if u � 0. For any r = (ri) � 0, r ∈ R

N let

[0, r] = {u : 0 ≤ u ≤ r, u ∈ R
N} ⊆ R

N

and

Cr = {u = (ui) : ui ∈ C(R,R), 0 ≤ ui(x) ≤ ri for x ∈ R, i = 1, ..., N},
where C(R,R) is the set of all continuous functions from R to R.

Consider the system of reaction-diffusion equations

ut = Duxx + f(u) for x ∈ R, t ≥ 0. (2.3)

with
u(x, 0) = u0(x) for x ∈ R, (2.4)

where u = (ui), D = diag(d1, d2, ..., dN ), di > 0 for i = 1, ..., N

f(u) = (f1(u), f2(u), ..., fN (u)),
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u0(x) is a bounded uniformly continuous function on R. In this paper, by a solution
we mean a continuous function u, which is twice continuously differentiable with
respect to x or ξ and once continuously differentiable with respect to t, satisfies an
appropriate system of equations.

In order to deal with non-cooperative system, we shall assume that there are two
additional cooperative systems

ut = Duxx + f+(u) for x ∈ R, t ≥ 0, (2.5)

ut = Duxx + f−(u) for x ∈ R, t ≥ 0, (2.6)

where f+ lies above and f− below f . Such an assumption will enable us to make use
of the corresponding results for cooperative systems in [17,31] to establish spreading
speeds for (2.3).

(H1) i. Assume that D = diag(d1, d2, ..., dN ), di > 0 for i = 1, ..., N . Let k+ =
(k+i ) � 0 and f : [0, k+] → R

N be a continuous and twice piecewise
continuously differentiable function. Assume that Ck+ is an invariant set
of (2.3) in the sense that for any given u0 ∈ Ck+ , the solution of (2.3) with
the initial condition u0 exists and remains in Ck+ for t ∈ [0,∞).

ii. Let 0 � k− = (k−i ) ≤ k = (ki) ≤ k+. Assume there exist continuous and
twice piecewise continuously differentiable function f± = (f±

i ) : [0, k+] →
R

N such that for u ∈ [0, k+]

f−(u) ≤ f(u) ≤ f+(u).

iii. f(0) = f(k) = 0 and there is no other positive equilibrium of f between
0 and k. f±(0) = f±(k±) = 0. There is no other positive equilibrium of
f± between 0 and k±. f has finite number of equilibria in [0, k+].

iv. (2.5) and (2.6) are cooperative (i.e. ∂if
±
j (u) ≥ 0 for u ∈ [0, k±], i 6= j).

v. f±(u), f(u) have the same Jacobian matrix f ′(0) at u = 0.

Note that an entire solution of (2.3) is a classical solution defined for (x, t) ∈ R
2.

A traveling wave solution u of (2.3) is a special entire solution of the form u =
φ(x+ ct), u ∈ C(R,RN ) .

It is clear that the characteristic equation for (2.3) with respect to the trivial
equilibrium 0 can be represented by

1

λ
Aληλ = cηλ, (2.7)

where

Aλ = (ai,jλ ) = diag(diλ
2) + f ′(0).

The matrix f ′(0) has nonnegative off diagonal elements. In fact, there is a
constant α such that f ′(0) + αI has nonnegative entries, where I is the identity
matrix.

Let

M(A) = ρ(A+ αI)− α.

Here A+αI is irreducible and nonnegative, and ρ(A+αI) is the spectral radius of
A+ αI. ( [9, 31])

We shall need the following assumption (H2).
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(H2) Assume that Aλ with irreducible blocks is in block lower triangular form.
Further assume that its first diagonal block has the positive principal
eigenvalue M(Aλ), and M(Aλ) is strictly larger than the principal eigen-
values of all other irreducible diagonal blocks for λ ≥ 0. In addition,
assume that there is a positive eigenvector νλ = (νiλ) � 0 of Aλ cor-
responding to M(Aλ), and that νλ is continuous with respect to λ for
λ > 0.

Let

Φ(λ) =
1

λ
M(Aλ) > 0.

From the arguments of [17,28,32], there exist two numbers c∗ > 0 and λ∗ > 0 such
that

c∗ = Φ(λ∗) = inf
λ>0

Φ(λ), (2.8)

and for any c > c∗, there exists λ1 := λ1(c) ∈ (0, λ∗) such that Φ(λ1) = c and
Φ(λ) < c for any λ ∈ (λ1, λ∗].

In addition to (H1)-(H2), we also need assumption (H3) which guarantees that
the nonlinearity does not display an Allee effect along the particular function
νλe

−λx.

(H3) Assume that for any α > 0, λ ∈ [0, λ∗],

f+(ανλ) ≤ αf ′(0)νλ, where νλ = (νiλ).

The following theorem on traveling wave solutions and spreading speed for gen-
eral non-cooperative systems is from [28].

Theorem 2.1. ( [28]) Assume (H1) − (H3) hold. Then the following statements
are valid:

(i.) For any u0 ∈ Ck with compact support, the solution u(x, t) of (2.3) with (2.4)
satisfies

lim
t→∞

sup
|x|≥tc

u(x, t) = 0, for c > c∗.

(ii.) For any vector ω ∈ R
N , ω � 0, there is a positive Rω with the property that

if u0 ∈ Ck and u0 ≥ ω on an interval of length 2Rω, then the solution u(x, t)
of (2.3) with (2.4) satisfies

k− ≤ lim inf
t→∞

inf
|x|≤tc

u(x, t) ≤ k+, for 0 < c < c∗.

(iii.) For each c > c∗ (2.3) admits a traveling wave solution φ(x + ct) such that
0 � φ(ξ) ≤ k+, ξ ∈ R,

k− ≤ lim inf
ξ→∞

φ(ξ) ≤ lim sup
ξ→∞

φ(ξ) ≤ k+

and
lim

ξ→−∞
φ(ξ)e−λ1(c)ξ = νλ1

. (2.9)

If, in addition, (2.3) is cooperative in Ck, then u is nondecreasing on R.
(iv.) For c = c∗ (2.3) admits a nonconstant traveling wave solution φ(x + ct) such

that 0 ≤ φ(ξ) ≤ k+, ξ ∈ R.
(v.) For 0 < c < c∗ (2.3) does not admit a traveling wave solution φ(x + ct) with

lim infξ→∞ φ(ξ) � 0 and φ(−∞) = 0.

To obtain the results on entire solutions, we need a more stronger condition (H3)
′

as follows:
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(H3)
′: For any n ∈ Z

+, α1, · · · , αn > 0 and λ1, · · · , λn ∈ [0, λ∗],

f+(α1vλ1
+ · · ·+ αnvλn

) ≤ f ′(0)(α1vλ1
+ · · ·+ αnvλn

).

For convenience, let φ−
c (ξ) and Γ−(t) be the traveling wave solution and spatially

independent solution of the lower auxiliary system (2.6), respectively. The existence
of spatially independent solutions of such cooperative systems follows from [35,
Lemma 2.12]. Further, we denote

u−(x, t) =max
{

max
1≤i≤l

φ−
ci

(

x+ cit+ hi

)

,

max
1≤j≤m

φ−
c′
j

(

− x+ c′jt+ h′
j

)

, χΓ−(t+ h)
}

,

Π+(x, t) =

l
∑

i=1

v(λ1(ci))e
λ1(ci)(x+cit+hi)

+
m
∑

j=1

v(λ1(c
′
j))e

λ1(c
′

j)(−x+c′jt+h′

j) + v∗eλ
∗(t+h).

Here and in the sequel, v∗ = v0 and λ∗ = M(A0).
From the argument of [35], we obtain the following result on the entire solutions

for general non-cooperative systems.

Theorem 2.2. ( [35]) Assume (H1), (H2) and (H3)
′ hold. For any l,m ∈ N∪ {0},

h1, · · · , hl, h
′
1, · · · , h′

m, h ∈ R, c1, · · · , cl, c′1, · · · , c′m > c∗ and χ ∈ {0, 1} with l +
m+ χ ≥ 2, there exists an entire solution Up(x, t) of (2.3) such that

u−(x, t) ≤ Up(x, t) ≤ min{k+,Π+(x, t)} for (x, t) ∈ R
2, (2.10)

where p := pl,m,χ = (c1, h1, · · · , cl, hl, c
′
1, h

′
1, · · · , c′m, h′

m, χh). Furthermore, the fol-
lowing results hold.

(i.) Up(x, t) � 0 for (x, t) ∈ R
2 and limt→−∞ sup‖x‖≤A ‖Up(x, t)

∥

∥ = 0 for any
A ∈ R+.

(ii.) If χ = 1, then lim inf t→+∞ infx∈R Up(x, t) ≥ k− and for every x ∈ R,

Up(x, t) ∼ v∗eλ
∗(t+h) as t → −∞.

(iii.) If χ = 0, then lim inft→+∞ inf‖x‖≤A Up(x, t) ≥ k− for any A ∈ R+ and for

every x ∈ R
N ,

Up(x, t) = O
(

eϑ(c1,··· ,cl,c
′

1,··· ,c′m)t
)

as t → −∞,

where ϑ(c1, · · · , cl, c′1, · · · , c′m) = min1≤i≤l,1≤j≤m

{

ciλ1(ci), c
′
jλ1(c

′
j)
}

.

3. Results on a model arising from epidermal wound healing. In Section
3, we shall apply Theorems 2.1 and 2.2 to the model (1.1) arising from epidermal
wound healing. This model is not cooperative because of the fact that h(u1) is not
monotone. We shall establish the existence of traveling waves as well as the results
on the speed of propagation to (1.1). We also characterize the spreading speed as
the slowest speed of a family of non-constant traveling wave solutions of (1.1). In
addition, we shall construct some new types of entire solutions which are different
from the traveling wave solutions and spatial variable independent solutions. The
spreading speed for (1.1) was discussed in [18,23] based on numerical methods and
singular perturbation techniques for several special cases, for example, d1 = 0.

Our main result in this paper is Theorem 3.1.
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Theorem 3.1. Let d1, d2 be all positive numbers and κ ∈ (0, 1
2 ), ζ ∈ (0, 1),

d2
d1

< 2 +
b

1− 2κ
(3.11)

and

2κh′(0)

1− κ
≤











1 +
1− 2κ

b
if d1 ≥ d2,

(2− d2
d1

)
1− 2κ

b
+ 1, if d1 ≤ d2.

(3.12)

Then the conclusions of Theorem 2.1 hold for (1.1) where the minimum speed

c∗ = 2
√

(1− 2κ)d1, λ1 := λ1(c) =
c−
√

c2−4d1(1−2κ)

2d1
> 0

and νλ1
is defined in (3.22). That is, the solution (u1(x, t), u2(x, t) of (1.1) satisfies

(i.) If the functions (u1(x, 0), u2(x, 0)) ≤ (k1, k2) are nonnegative continuous and
have compact support, then

lim
t→∞

sup
|x|≥tc

(u1(x, t), u2(x, t)) = (0, 0) for c > c∗.

(ii.) If the functions (u1(x, 0), u2(x, 0)) ≤ (k1, k2) are nonnegative continuous and
u1(x, 0) 6≡ 0, then

(k−1 , k
−
2 ) ≤ lim inf

t→∞
inf

|x|≤tc
(u1(x, t), u2(x, t)) ≤ (k+1 , k

+
2 ), for 0 < c < c∗.

(iii.) For each c > c∗ (1.1) admits a traveling wave solution (φ1(ξ), φ2(ξ)) such that
(0, 0) � (φ1(ξ), φ2(ξ)) ≤ (k+1 , k

+
2 ), ξ ∈ R,

(k−1 , k
−
2 ) ≤ lim inf

ξ→∞
(φ1(ξ), φ2(ξ)) ≤ lim sup

ξ→∞
(φ1(ξ), φ2(ξ)) ≤ (k+1 , k

+
2 )

and

lim
ξ→−∞

(φ1(ξ), φ2(ξ))e
−λ1(c)ξ = νλ1

. (3.13)

(iv.) For c = c∗ (2.3) admits a nonconstant traveling wave solution (φ1(ξ), φ2(ξ))
such that (0, 0) ≤ (φ1(ξ), φ2(ξ)) ≤ (k+1 , k

+
2 ), ξ ∈ R.

(v.) For 0 < c < c∗ (2.3) does not admit a traveling wave solution (φ1(ξ), φ2(ξ))
with lim infξ→∞(φ1(ξ), φ2(ξ)) � (0, 0) and (φ1(−∞), φ2(−∞)) = 0.

(vi.) For any l,m ∈ N ∪ {0}, h1, · · · , hl, h
′
1, · · · , h′

m, h ∈ R, c1, · · · , cl, c′1, · · · , c′m
> c∗ and χ ∈ {0, 1} with l+m+χ ≥ 2, (2.3) admits an entire solution up(x, t),
where p := pl,m,χ = (c1, h1, · · · , cl, hl, c

′
1, h

′
1, · · · , c′m, h′

m, χh). Moreover, the
assertions (i)–(iii) in Theorem 2.2 still hold for up(·, ·) as for Up(·, ·).

We now apply Theorems 2.1 and 2.2 to prove Theorem 3.1. Recall that

h(u1) =
u1(1+ζ2)
u2
1
+ζ2 .

It is easy to show that (1.1) has two equilibria (0, 0) and (1, 1). In fact, the following
equalities hold at its non-trivial equilibrium

h(u1) =
1

2−u1
+ κ− 1

κ
, u2 = h(u1). (3.14)

Now it is clear that (3.14) has only one positive solution (1, 1). In fact, ( 1
2−u1

+κ−
1)/κ in (3.14) is increasing and convex on (0,∞) and the first equation of (3.14)
has only one solution u1 = 1.
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We shall define the two monotone systems. Note that h(u1) achieves its maximum
value (1 + ζ2)/(2ζ) when u1 = ζ.

h+(u1) =

{

h(u1), 0 ≤ u1 ≤ ζ,

h(ζ), u1 ≥ ζ.

and the corresponding cooperative system is

∂u1

∂t
= d1∆u1 + s(u2)u1(2− u1)− u1

∂u2

∂t
= d2∆u2 + b(h+(u1)− u2)

(3.15)

In a similar manner, one can find (3.15) has two equilibria (0, 0) and (k+1 , k
+
2 )

satisfying

h+(k+1 ) =

1
2−k

+

1

+ κ− 1

κ
, k+2 = h+(k+1 ).

(3.16)

Since h+ = h for u1 ≤ ζ, then k+1 > ζ (if k+1 ≤ ζ , then k+1 = 1 and ζ ≥ 1) and

h+(k+1 ) =
1+ζ2

2ζ . Solving k+1 directly from (3.16) gives that

k+1 = 2− 1

1+( 1+ζ2

2ζ
−1)κ

> 1 > ζ.

It follows that k+2 = h+(k+1 ) =
1+ζ2

2ζ > 1.

Now there is a h0 ∈ (0, ζ] such that h(h0) < min{1, h(k+1 )} and define

h−(u1) =

{

h(u1), 0 ≤ u1 ≤ h0,

h(h0), u1 > h0.

It is clear that

0 < h−(u1) ≤ h(u1) ≤ h+(u1) ≤ h′(0)u1, u1 ∈ (0, k+1 ]

and h−(u1) < 1 for u1 ≥ 0.
The corresponding cooperative system for h− is

∂u1

∂t
= d1∆u1 + s(u2)u1(2− u1)− u1

∂u2

∂t
= d2∆u2 + b(h−(u1)− u2)

(3.17)

In a similar manner, one can find (3.17) has two equilibria (0, 0) and (k−1 , k−2 )
satisfying

h−(k−1 ) =

1
2−k

−

1

+ κ− 1

κ
, k−2 = h−(k−1 ).

(3.18)

Since h− = h for u1 ≤ h0, then k−1 > h0 and h−(k−1 ) = h(h0). Solving k−1 directly
from (3.18) gives that

k−1 = 2− 1
1+(h(h0)−1)κ < 1 as h(h0) < 1.

On the other hand, because h(h0) > 0, a simple calculation shows that k−1 > 1−2κ
1−κ

>

0. As before we have 0 < k−2 = h−(k−1 ) = h(h0) < 1.
Thus,

(0, 0) � (k−1 , k
−
2 ) ≤ (1, 1) ≤ (k+1 , k

+
2 ).
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We can always extend (3.15),(3.17) to be Liptschz continuous in R
2 without chang-

ing the functions in the region [0, k+]. Then the Comparison Principle [28, 33]
implies that

0 ≤ u(x, t) ≤ k+, x ∈ R, t > 0.

Thus we are only interested in the invariant region. Now it is straightforward to
check all other conditions of (H1)(i)-(v).

We now need to check (H2). The linearization of (1.1) at the origin is

∂u1

∂t
= d1∆u1 + (1 − 2κ)u1

∂u2

∂t
= d2∆u2 + b(h′(0)u1 − u2)

(3.19)

where h′(0) = 1+ζ2

ζ2 . The matrix Aλ in (2.7) for (1.1) is

Aλ = (ai,jλ ) =

(

d1λ
2 + 1− 2κ 0

bh′(0) d2λ
2 − b

)

. (3.20)

It is easy to see that

h+(u1) < h′(0)u1, u1 ∈ (0,∞). (3.21)

Now we shall verify (H2) for (3.15). In fact, the principle eigenvalue of Aλ is
M(Aλ) = d1λ

2 + 1− 2κ, which is a convex function of λ. Furthermore,

Φ(λ) =
M(Aλ)

λ
=

d1λ
2 + 1− 2κ

λ
.

In fact Φ(λ) is also a strictly convex function of λ. The minimum of Φ(λ) is

c∗ = 2
√

(1− 2κ)d1 when λ =
√
1−2κ√
d1

. For each c ≥ c∗,

λ1(c) =
c−

√

c2 − 4d1(1− 2κ)

2d1
.

Let λ∗ =
√
1−2κ√
d1

. For each 0 ≤ λ ≤ λ∗, the positive eigenvector of Aλ corresponding

to M(Aλ) is

νλ =

(

ν1λ
ν2λ

)

=

(

(d1 − d2)λ
2 + 1− 2κ+ b
bh′(0)

)

(3.22)

Because of (3.11), νλ is a strictly positive vector for λ ∈ [0, λ∗]. This is clear when
d1 ≥ d2. If d1 < d2 and (3.11) holds, for 0 ≤ λ ≤ λ∗, we have

(d1 − d2)λ
2 + 1− 2κ+ b ≥ (d1 − d2)λ

2
∗ + 1− 2κ+ b > 0.

Further from (3.22) we can see that

ν2λ
ν1λ

=
bh′(0)

(d1 − d2)λ2 + 1− 2κ+ b
=

h′(0)

σ

where

σ = 1 +
(d1 − d2)λ

2 + 1− 2κ

b
.

For λ ∈ [0, λ∗], it is clear that

σ ≥
{

1 + 1−2κ
b

> 0, if d1 ≥ d2,

(2− d2

d1
)1−2κ

b
+ 1 > 0, if d1 < d2.
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Next, we verify the assumption (H3)
′. For any n ∈ Z

+, α1, · · · , αn > 0 and
λ1, · · · , λn ∈ [0, λ∗], denote

(z1, z2) :=
(

α1v
1
λ1

+ · · ·+ αnv
1
λn

, α1v
2
λ1

+ · · ·+ αnv
2
λn

)

� (0, 0).

Thus (H3)
′ for (3.15) is equivalent to the following two inequalities

(κz2 + 1− κ)z1(2− z1)− z1 ≤ (1− 2κ)z1

bh+(z1)− bz2 ≤ bh′(0)z1 − bz2.
(3.23)

Because h+(u1) ≤ h′(0)u1, (3.23) is equivalent to the following inequality

(2− z1)κ ≤ (1 − κ)
z1
z2

. (3.24)

Note that for any λ ∈ [0, λ∗],

z1
z2

≥
{

(1 + 1−2κ
b

)/h′(0), if d1 ≥ d2,
[

(2− d2

d1
)1−2κ

b
+ 1

]

/h′(0), if d1 < d2.

In view of (3.12), it is easy to see that (3.24) holds.
It remains to show that the condition (ii) in Theorem 2.1 can be satisfied if

u1(x, 0) 6≡ 0. The arguments here is the same as in Weinberger, Kawasaki and
Shigesada [33]. We choose positive constants ρ, η so small that

− d1ρ
2 + (1− 2κ)− (1− κ)η > 0. (3.25)

Since u2(x, t) ≥ 0, we have

∂u1

∂t
≥ d1∆u1 + (1− κ)u1(2− u1)− u1

= d1∆u1 + u1

(

(1− 2κ)− (1− κ)u1

)

(3.26)

By the strong maximum principle we have u1(x, t) > 0 for t > 0. Thus we can
require that η ≤ u1(x, t1) for some t1 > 0 and |x| ≤ π

2ρ and some t1 > 0 by choosing

η small enough. If (û1, û2) is the solution of

∂u1

∂t
= d1∆u1 + u1

(

(1− 2κ)− (1− κ)u1

)

∂u2

∂t
= d2∆u2 + b(h−(u1)− u2)

(3.27)

with the initial values

u1(x, t1) =

{

η cos(ρx) for |x| ≤ π
2ρ

0 for |x| ≥ π
2ρ

, u2(x, t1) = 0. (3.28)

It is clear that (3.27) has two equilibria

(0, 0) and (1−2κ
1−κ

, h−(1−2κ
1−κ

)) � 0.

Furthermore, there is no other stationary solution of (3.27) between the two equi-
libriums.

The comparison principle shows that the components of (û1, û2) are lower bounds

for (u1, u2) when t ≥ t1. The inequality (3.25) shows that both (∂û1

∂t
, ∂û2

∂t
) are non-

negative at t = t1, and the comparison principle then implies that (û1, û2) are non-
decreasing in t. It follows that (û1, û2) monotonically converges to (1−2κ

1−κ
, h−(1−2κ

1−κ
))

uniformly in x on every bounded x-interval. Because (u1, u2) ≥ (û1, û2), it follows
that if we choose two positive constants (ω1, ω1) with

(ω1, ω1) <
(1− 2κ

1− κ
, h−(

1− 2κ

1− κ
)
)
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Figure 1. The simulations of the traveling wave solutions of (1.1).
We choose d1 = d2 = 1, κ = 0.05, ζ = 0.1, b = 0.05.

then for all sufficiently large t, the condition (ii) in Theorem 2.1 is automatically
satisfied on the fixed interval |x| ≤ 2Rω. We thus obtain the statement (4.21)
without an extra condition.

4. Discussion. In this section, we first present two simulations for traveling wave
solutions. Fig. 1 are the simulations of the traveling wave solutions of (1.1). We
choose d1 = d2 = 1, κ = 0.05, ζ = 0.1, b = 0.05, which satisfy the conditions of
Theorem 3.1. Note that the traveling solutions are not monotone and the minimum
speed c∗ = 2

√

(1 − 2κ)d1 = 1.89. In general, it is often hard to simulate entire
solutions. Nevertheless [39] produces a number of entire solutions for a discrete
system.

Traveling solutions of reaction-diffusion equations are extensively used to describe
biological invasions from one state to another state. The existence of traveling waves
often indicates whether an invasion is successful. The minimum speed for a class of
traveling solutions often reveals how fast the invasion spreads. For wound healing
process, the existence of traveling waves of (1.1) indicates whether if the skin (or
another organ-tissue) can repair itself after injury. The minimum speed of the
traveling waves of (1.1) gives information on how long the healing process takes.

In general, epidermal migration, often start from differential locations from the
wound edge. The dynamics of epidermal wound healing is better characterized
by entire solutions which describe the interactions of travel waves (local repairing
processes ) with different speeds and originated from different locations. While our
understanding of the wound healing process is limited, to the best of the knowledge
of the authors, this is the first time that it is shown that there is an entire solution
in the model for epidermal wound healing. We anticipate more research on the
topics is forthcoming.
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