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Abstract
The paper deals with the existence and nonexistence of nontrivial nonnegative solutions for the sublinear
quasilinear system
div(|Vu; [P 2Vu;) + Afi(ug, ... un) =0 in €2,
u;=0 ondf2,i=1,...,n,

where p > 1, §2 is a bounded domain in RN (N > 2) with smooth boundary, and f;, i =1,...,n, are
continuous, nonnegative functions. Let u = (u1,...,up), |u|| = Z?:l |u;|, we prove that the problem has

a nontrivial nonnegative solution for small A > 0 if one of limy|— ¢ ”l]:l”% is infinity. If, in addition, all

lim g - 00 i l{"”(;l_)l is zero, we show that the problem has a nontrivial nonnegative solution for all A > 0.

A nonexistence result is also obtained.
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1. Introduction

In this paper we consider the existence and nonexistence of nontrivial nonnegative solutions
for the quasilinear elliptic system

—Apui =Afi(uy,...,u,) in2,i=1,...,n,
uj=0 onadf2,i=1,...,n,

(1.1)

where A pu; = div(|Vu;|P~2Vu;),i=1,...,n, p > 1, 2 is a bounded domain in RY (N > 2)
with smooth boundary 92, and A > O is a parameter.

Problem (1.1) covers several important cases. When p = 2, (1.1) becomes the semilinear
elliptic system

—Au; =Afi(uy,...,uy) Inf2,i=1,...,n, (1.2)
uj=0 ondf2,i=1,...,n, '
and when n =1, (1.1) becomes the p-Laplacian problem

{—Apuzkf(u) in £2, (1.3)

u=0 onds2.
In particular, when n =1 and p =2, (1.1) becomes the usual Laplacian problem

{—Au:ka)lnﬂ, (1.4)

u=0 onas2.

Problem (1.4) has received extensive investigations in the past several decades, see, e.g.,
[1,2,7] and references therein. Lions [7] discussed, under various combinations of superlinearity
or sublinearity of f at infinity, f(0) =0 and f(0) > 0, the existence and nonexistence of pos-
itive solutions of (1.2). The results of [7] are also interpreted in terms of bifurcation diagrams.
Recently, Hai and Shivaji [3-5] studied elliptic systems related to (1.1) and proved the existence
of positive solutions to (1.1) in some sublinear cases. The results in [4,5] do not impose any
sign conditions on the nonlinearities at zero. A necessary and sufficient condition for the exis-
tence of positive solutions for a class of sublinear quasilinear system was obtained in [3]. The
main approach in [3] is based on the Schauder Fixed-Point Theorem and maximum principles.
In several papers [9-11], Wang studied the number of nontrivial radial solutions of (1.1) on an
annular domain and ball. For ODE case (N = 1) and annular domains, it was shown in [9] and
other papers that the existence, multiplicity and nonexistence of positive solutions of (1.1) can
be determined by appropriate combinations of superlinearity and sublinearity of f(u) at zero and
infinity. When the domain is a ball, Wang [10,11] showed (1.1) has a nontrivial nonnegative
solution for sublinear cases in a ball.

In this paper we shall study (1.1) in general domains. We shall show that (1.1) has at least one
nontrivial nonnegative solution under sublinear assumptions. We also provide a nonexistence re-
sult. Our proofs make use of the Schauder Fixed-Point Theorem and weak comparison principles.
Variational methods have been frequently used for Hamiltonian systems and gradient systems.
However, there is apparently no possibility of using variational methods for the n-dimensional
quasilinear elliptic system (1.1), and one has to use topological methods.

We now turn to the general assumptions for this paper. Let R = (—o0, 00), Ry = [0, 00)
and R = [[/_,R*. Also, for u = (uy,...,u,) € R, let Ju = >, |u;| and f(u) =
(fi@), ..., fa@) = (frui,....un), ..., fa(ui, ..., un)).

We make the following assumptions:
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(H1) f;:R’} — Ry is continuous, i =1,...,n.
(H2) There exists ig € {1, ..., n} such that

fow

im — = 09,
lull=0 [lal/?
where u = (uy,...,u,) e R
(H3) Foralli €{1,...,n},
fiw

b

im T =
ul—o0 ||ul|P~
where u = (uy,...,u,) € RL.

The main results of this paper are Theorems 1.1-1.3.

Theorem 1.1. Assume (H1) and (H2) hold. Then there is Lo > 0 such that (1.1) has a nontrivial
nonnegative solution for 0 < A < Ag.

Theorem 1.2. Assume (H1)-(H3) hold and suppose that, for ig in (H2),
fio@) >0 for0<ul, ueR].

Then (1.1) has a nontrivial nonnegative solution for all . > 0.
The following assumption will allow us to establish a nonexistence theorem:

(H4) Foralli €{1,...,n},

fi(w) . fi(w)
im — <09, 1 — ,
lul—0 [lal? lull—oo |[u||?
where u = (uy,...,u,) e R

Theorem 1.3. Assume (H1) and (H4) hold. Then there is Lo > 0 such that (1.1) has no nontrivial
solution for 0 < A < Xo.

We now give three examples to demonstrate these three theorems.

Example 1.
Apuy + rel1tFun) =0 in £,
Apui +Afi(uy,...,uy) In$2,i=2,...,n, (1.5)

uj=0 onads2,i=1,...,n,
where p > 1, f; are any nonnegative continuous functions. Then (1.5) has a nontrivial solution
for sufficient small A > 0 according to Theorem 1.1.

Example 2.
Apui +A(uy+---+u,)? =0 in2,i=1,...,n, (1.6)
uj=0 ondf2,i=1,...,n, '

where p > 1, 0 < p1, p2,..., pn < p — 1. Then (1.6) has a nontrivial solution for all A > 0
according to Theorem 1.2.
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Example 3.

{Apuz+)\(I/l1+"'+un)p_1€_(u1++M"):O ln Q’ i:]~"'-’n’ (1 7)
ui=0 ondf2, i=1,...,n, '

where p > 1. Then (1.7) has no nonnegative nontrivial solution for all sufficient small A > 0
according to Theorem 1.3.

2. Preliminaries

We recall some basic results for the p-Laplacian. We refer to A1 > 0 as the first eigenvalue
and ¢ as the principal eigenfunction of the p-Laplacian on 2, i.e.,

{ _AP¢1 :)Vl|¢l|p_2¢1 in §2, (21)
u=0 onds2.

It is known that ¢ belongs to C I+ (2) for some 0 < @ < 1 and has one sign and we assume
that ¢; > 0 in £2.

Lemma 2.1. Let ¢ € C'(2) be the solution of
{ —Apu=1 1inS$2,
u=0 onads2.

Then there exists a constant ¢ > 0 such that ¢ > c¢1 > 0 in 2.

(2.2)

Proof. For constant ¢ > 0, it is easy to see that —A p(%) = cl’l__l Now we choose ¢ > 0 so

that cl’%l > A1¢1 in £2. Thus —AP(%) > —Ap(¢1) in £2. It follows from the weak comparison
principle [8] that ¢ > c¢py > 01in 2. O

3. Proof of Theorem 1.1

Let E be the Banach space [['_;C(£2) with norm [v| = Y7, |lvillc for v =

(v1,...,vy) € E. Foreach (v, ...,v,) € E, define (uq,...,u,) =A(v1,...,v,) by

—Apuiz)»f,'(vl,....,vn) ms$,i=1,...,n, 3.1)
ui=0 onadf2,i=1,...,n.

Then A, : E — E is well defined, completely continuously, and fixed points of A, are solu-
tions of (1.1) (see, e.g., [2,6]). Since we have

Jip ()

m T =
lulj—0 |la|[”=

b

foru= (uy,...,u,) € R"_, we can choose § > 0 so that

fiow) >0 for0<|ul <nd, uwelRl.

_ _sr!
Let Ag = s, and

M =sup{fiw): lul| <ns, 1 <j<n, ueR}}>0.

We now only consider 0 < A < Ag. Define a function fl.gli“ :[0, né] — [0, co0) by

fin(t) = min{ f;,(w): w e R, and ¢ < [lu| < nés}.
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In view of Lemma A.1 in Appendix A, condition (H2) implies
f_min (t)
lim = =
-0+ tpP~1
Therefore, for each 0 < A < Ag, there exists a positive €] < § such that

. Mo
fif)nm(a) 2 Tap

if 0 < o < €1. Now choose an € > 0 such that A€||¢1 ]| < €1. We define a subset K of E by
K={(ui,...,uy) € E: 0<u; <Sforalli #ip, redy <ujy <3 in 2}

for each 0 < A < Ag. Note that Aeg; < A€]|P1]loc < €1 <8 in £2. It is easy to verify that K

is a closed, bounded, convex subset of E. We claim that A, : K — K. Let (uy,...,u,) =
A)(vy,...,vy) for (vi,...,v,) € K. First, by the maximum principle [8], u; > 0 in £2,
i =1,...,n.On the other hand, since ||v;|lco < 8,1 =1,...,n, we have

—Apu; =Afi(vy,...,0) <AM In$2,i=1,...,n, (3.2)

which implies, by the comparison principle [8], that

1 1

ui <AM)r-1o < (AM)r-1plloo <3, i=1,...,n.
Finally, in view of the definition of fl.g‘i“, we have
—Aptig = Afiy (V1. ..., va) = Af (he).
By the choice of €, for each 0 < A < Ag, we have
Al _ _
=By > 25 ()P =21 Gegn)
Again the comparison principle [8] implies that
uj, > A€ 1in £2.
Hence, (u1,...,u,) € K and A, : K — K. By the Schauder Fixed-Point Theorem, A, has a
fixed point in K, which is the desired nontrivial solution of (1.1).
4. Proof of Theorem 1.2
Let E and A, be defined as in the proof of Theorem 1.1. For eachi =1, ...,n, we define a
function f"**:{0, oo] — [0, c0) by
f¥(t) = max{ f(u): ue R’ and ||lul| <1}.
In view of Lemma A.2 in Appendix A, the fact that
Ji(w)

! 1
luj—oo [lu]|P~

=0, i=1,....,n,u=(uy,...,uy) eRY,

implies

. @) .
t1_1>rrolo pyo =0, i=1,...,n.
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We can choose a sufficient large § > 0 so that
fimax (nd)
(né)r~1

where o > 0 satisfying

o, i=1,...,n,

1

n(ao)rolloo < 1.

With this §, we define a function fl.‘;]i“ :[0, né] — [0, co) by
f0(t) = min{ f;,(w): w e RY, and ¢ < [luf| < nés}.

In view of Lemma A.1 in Appendix A, condition (H2) implies

tim T _
=0+ tP~1 o

It is easy to see that there exists a positive €] < § such that

. Mo,
i) > Sra?

if 0 < o < €1. Now choose a positive € such that Le||@1 ] < €1.
We now define a subset K of E by

K={(ui,...,up) € E: 0<u; <8foralli #ig, hedpy <ujy <8in 2}

Note that Leg; < A€||d1]looc < €1 <6 1n §2. Then K is a closed, bounded, convex subset of E.

We claim that A, : K — K. Let (uy,...,u,) = Ay(vy,...,vy,) for (vy,...,v,) € K. First, by
the maximum principle [8], u; > 0 in £, i = 1,...,n. On the other hand, since ||v;|c < §,
i=1,...,n,wehave, fori=1,...,n,

—Apu; = Afi (U1, ..., v,) KA 0S) < aonP718P7 i 2, (4.1)

which implies, by the comparison principle [8], that

1
ui <(\o)r-tndgp <8, i=1,...,n.

Finally, in view of the definition of fi?i“ and the choice of €, €1, we have

—Aplti = Afigi, ..., vg) = A" (hegpr) = A1 (hedy)P ™"
Again the comparison principle [8] implies that

Ui, > A€y in £2.
Hence, (uy,...,u,) € K and A, : K — K. By the Schauder Fixed-Point Theorem, A, has a
fixed point in K, which is the desired nontrivial solution of (1.1).

5. Proof of Theorem 1.3

It follows from (H1) and (H4) that there exists a constant C > 0 such that

n

p—1
fi(u)gc(zul) in2,i=1,....,n, u=(u,...,u,) € R".

i=1
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Choose Ao > 0 so that

1
I

1
A C) P | @lloo < —-
n

Now assume v = (vq, ..., v,) € K is a nontrivial solution of (1.1). We will show that this leads
to a contradiction if 0 < A < Ag. Indeed, forO <A <Xipandi=1,...,n,

n p—1 n p—1
—Apv,«=Aﬁ(v1,...,vn><xc(2vi) <xc(2nv,~noo) :
i=1 i=1

Hence, by the comparison principle, we have

n n
1
vi < (AC) P E [villoo < E Vi ll oo
i=1 i=1

1

where o = (AgC) 71 |||l 0o. Thus

n n
D il <ne Y llvilloo.

which is a contradiction since na < 1.
Appendix A

In this appendix we provide two lemmas, which simplify the proofs of our existence theorems.
More importantly, they help to relax the monotonicity assumptions on the nonlinearities.

Let 6 >0, f:RY — R be continuous. We define two new functions: f min 4 - 10, §] — Ry
and f™*():R+ — Ry by

£™0(r) = min{ f(w): ueR? and ¢ < [u]| <)
and
S™(1) =max{ f(u): ueR" and [u| <1}.

It is clear that both f™™ and f™ are nondecreasing. Now we are able to prove the following
two lemmas.

Lemma A.1. If
fw>0 for0<|ul, ueRy,

and

fw

1m 1
[ul—0 |[u]|?

_ n
=00, uwelRl,

then

lim f =00
o+ =1
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Proof. Let M > 0. Since
fay

im T =
lufj—0 [[uf[P~

)

where u = (uq,...,u,) € R, there is §; € (0, §) such that
f(w)
lul|P—1

for 0 < [Jul| <4; and u € R’,. Now let

1
_ U\ r—T1
5:min{51, (—)" } -0,
M

where U = min{f(u): §; < [lul| <4, ueRY}.
We now claim that

)
tr—1
for 0 < t < 8. Indeed, for ¢ € (0, §), there is a vy € R% and ¢ < [luz|| < 8 such that frin() =
f(up). If |luy|| < 81, we have
U ) f )
P T 7 gl
On the other hand, if ||uy|| > &1, then
oy f w) U U
>

tp—=1  yp—l /tl?—l sp—1

> M

> M.

This proves the claim and so does the lemma. O

A more general form of the following lemma was proved in Wang [9]. We give a proof here
for completeness.

Lemma A.2. [9] Let u € R} and assume limjy|—0 ”uf”(—:,lzl and 1imjjy—0 ”uf”(—;,lzl exist (can be
infinity). Then

0 S

lim im
N e N T
and
S . S ()
t—>oo tP=1 7 >0 lu|P—1"

max
Proof. It is easy to show that lim,_,q+ £ - p_Y ) — limyjy|—o0 ”uﬂf—;‘ll For the second part, we con-

sider the two cases, (a) f(u) is bounded and (b) f(u) is unbounded. For case (a), it follows that
lim; o L =0 = lim y)— 0o ”uﬂf—;'ll For case (b), for any 6 > 0, let M = f™¥*(6) and

tp=1
Ns=inf{|lull: weRY, ul| >3, fu)>M} >3,
then
max{ f @) Jull < N5, we R} ) =M =max{f(w: Jul =N, ueR,}.
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Thus, for any é > 0, there exists Ns > & such that

S™(r) =max{ f(u): Ns<|ul| <t, ueR}} forsr> Ns.

(u)

Now, suppose that limjy)— ”uf”% = o < 00. In other words, for any ¢ > 0, there is § > 0 such
that

i
u
ot—e<”f”%<a+e forue R, |u| > 6. (A.1)
u

Thus, for t > Nj, there exist uy,up € R’} such that [[ui|| =1, # > |luz|| > N5 and f(uy) =
f™Max (). Therefore,

fa) M0 fan) o fu)

< = < . A2
Jay [P~ tp=1 P~ Jlugpt (A2
Now (A.1) and (A.2) yield that
max
t
a—e<%<a+e fort > Ns. (A.3)

fmax (t)

tp-1

U L W
Mo W

Hence lim;_, o

= «. Similarly, we can show

lim = 7
t—o0 P~ [ul|—occ |Ju||P~
1 f
if llm”u”_)OO W =00. O
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