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Abstract

We consider the existence, multiplicity and nonexistence of positive o-periodic solutions for
the periodic equation x0ðtÞ ¼ aðtÞgðxÞxðtÞ � lbðtÞf ðxðt � tðtÞÞÞ; where a; bACðR; ½0;NÞÞ are

o-periodic,
Ro
0 aðtÞ dt40;

Ro
0 bðtÞ dt40; f ; gACð½0;NÞ; ½0;NÞÞ; and f ðuÞ40 for u40; gðxÞ is

bounded, tðtÞ is a continuous o-periodic function. Define f0 ¼ limu-0þ
f ðuÞ

u
; fN ¼ limu-N

f ðuÞ
u
;

i0 ¼ number of zeros in the set f f0; fNg and iN ¼ number of infinities in the set f f0; fNg: We

show that the equation has i0 or iN positive o-periodic solution(s) for sufficiently large or

small l40; respectively.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider the existence, multiplicity and nonexistence of positive
o-periodic solutions for the periodic equation

x0ðtÞ ¼ aðtÞgðxðtÞÞxðtÞ � lbðtÞf ðxðt � tðtÞÞÞ; ð1:1Þ

where l40 is a positive parameter.
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Chow [2], Freedman and Wu [5], Hadeler and Tomiuk [8], Kuang [12,13], Kuang
and Smith [14], Mallet-Paret and Nussbaum [16] and many others studied the
existence of periodic solutions of this type or its generalized forms. This type of
equation has been proposed as models for a variety of physiological processes and
conditions including production of blood cells, respiration, and cardiac arrhythmias.
See, for example, the above references, and [7,15,21].

In this paper, we shall show that the number of positive o-periodic solutions of

(1.1) can be determined by the asymptotic behaviors of the quotient of
f ðuÞ

u
at zero

and infinity. Specifically, let

f0 ¼ lim
u-0þ

f ðuÞ
u

and fN ¼ lim
u-N

f ðuÞ
u

: ð1:2Þ

Then we introduce new notation

i0 ¼ number of zeros in the set f f0; fNg;

iN ¼ number of infinities in the set f f0; fNg: ð1:3Þ

It is clear that i0; iN ¼ 0; 1; or 2. Then we shall show that (1.1) has i0 or iN positive
o-periodic solution(s) for sufficiently large or small l; respectively.

Let R ¼ ð�N;NÞ: We make the assumptions:

(H1) a; bACðR; ½0;NÞÞ are o-periodic functions,
Ro
0

aðtÞ dt40;
Ro
0

bðtÞ dt40:

tACðR;RÞ is o-periodic function.
(H2) f ; g : ½0;NÞ-½0;NÞ are continuous. 0olpgðuÞoLoN for uX0; l;L are

positive constants. f ðuÞ40 for u40:

Also, let s ¼ e
�
R o

0
aðtÞ dt

; MðrÞ ¼ max0ptpr f f ðtÞg and mðrÞ ¼ minf f ðtÞ :
sLð1�slÞ
1�sL rptprg:

Our main results are

Theorem 1.1. Assume (H1)–(H2) hold.

(a) If i0 ¼ 1 or 2, then (1.1) has i0 positive o-periodic solution(s) for

l4 1�sL

mð1ÞsL
R o

0
bðsÞ ds

40:

(b) If iN ¼ 1 or 2, then (1.1) has iN positive o-periodic solution(s) for

0olo 1�sl

Mð1Þ
R o

0
bðsÞ ds

:

(c) If i0 ¼ 0 or iN ¼ 0; then (1.1) has no positive o-periodic solution for sufficiently

large or small l40; respectively.

Theorem 1.2 is a direct consequence of the proof of Theorem 1.1(c). Under the
conditions of Theorem 1.2 we are able to give explicit intervals of l such that (1.1)
has no positive o-periodic solution.
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Theorem 1.2. Assume (H1)–(H2) hold.

(a) If there is a c140 such that f ðuÞXc1u for uA½0;NÞ; then there exists a l0 ¼

ð1�sLÞ2

s2Lð1�slÞ
R o

0
bðsÞ ds c1

such that for all l4l0 (1.1) has no positive o-periodic solution.

(b) If there is a c240 such f ðuÞpc2u for uA½0;NÞ; then there exists a l0 ¼ 1�sl

c2

R o

0
bðsÞ ds

such that for all 0olol0 (1.1) has no positive o-periodic solution.

Theorem 1.3. Assume (H1)–(H2) hold and i0 ¼ iN ¼ 0: If

ð1� sLÞ2

s2Lð1� slÞ
Ro
0 bðsÞ ds

1

maxf f0; fNgolo
1� slRo
0 bðsÞ ds

1

minf f0; fNg;

then (1.1) has a positive o-periodic solution.

Our arguments are based on a well-known fixed point theorem (Lemma 2.1). In
order to use the fixed point theorem, some a priori estimations of possible periodic
solutions are obtained. Similar arguments have been employed in [4,18,19] to prove
analogous results for the existence, multiplicity and nonexistence of positive
solutions of boundary-value problems. We remark that the problem of the existence
of positive periodic solutions of the equation and the problem of the existence of
positive solutions of boundary-value problems of similar equations have much in
common in certain sense. Once we transfer both the problems into equivalent fixed
point problems, the arguments for dealing with the two problems are essentially the
same.

When g � 1; some related results for similar problems were shown in [1,9,10,17,20]
based on the fixed point theorem. The construction of the function Guðt; sÞ in this
paper, which allows us to rewrite the differential equation into an equivalent integral
equation, is motivated by Jiang and Wei [9] and their other subsequent work.

In addition, we are able to obtain explicit intervals of l such that (1.1) has no, one
or two positive o-periodic solution(s). From numerical and computational points of
view, the expressions for the intervals of l are more useful although they are not
optimal. It would be interesting to further investigate the relationship between the
nonlinearities and the intervals of l such that (1.1) has no, one or two positive
o-periodic solution(s).

2. Preliminaries

The following well-known result of the fixed point index is crucial in our
arguments.
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Lemma 2.1 (Deimling [3], Guo and Lakshmikantham [6] and Krasnoselskii
[11]). Let E be a Banach space and K a cone in E: For r40; define Kr ¼ fuAK :

jjxjjorg: Assume that T : %Kr-K is completely continuous such that Txax for

xA@Kr ¼ fuAK : jjxjj ¼ rg:

(i) If jjTxjjXjjxjj for xA@Kr; then

iðT ;Kr;KÞ ¼ 0:

(ii) If jjTxjjpjjxjj for xA@Kr; then

iðT ;Kr;KÞ ¼ 1:

In order to apply Lemma 2.1 to (1.1), let X be the Banach space fuðtÞ :
uðtÞACðR;RÞ; uðt þ oÞ ¼ uðtÞg with jjujj ¼ suptA½0;o
 juðtÞj; uAX :

Define K be a cone in X by

K ¼ uAX : uðtÞXsLð1� slÞ
1� sL

jjujj; tA½0;o

� �

;

Also, define, for r a positive number, Or by

Or ¼ fuAK : jjujjorg:

Note that @Or ¼ fuAK : jjujj ¼ rg:
Let the map Tl : K-X be defined by

TluðtÞ ¼ l
Z tþo

t

Guðt; sÞbðsÞf ðuðs � tðsÞÞÞ ds; ð2:1Þ

where

Guðt; sÞ ¼ e
�
R s

t
aðyÞgðuðyÞÞ dy

1� e
�
R o

0
aðyÞgðuðyÞÞ dy

:

Note that

sL

1� sL
pGuðt; sÞp 1

1� sl
; tpspt þ o:

Lemma 2.2. Assume (H1)–(H2) hold. Then TlðKÞCK and Tl : K-K is compact and

continuous.
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Proof. In view of the definition of K ; for uAK ; we have

ðTluÞðt þ oÞ ¼ l
Z tþ2o

tþo
Guðt þ o; sÞbðsÞf ðuðs � tðsÞÞÞ ds

¼ l
Z tþo

t

Guðt þ o; yþ oÞbðyþ oÞf ðuðyþ o� tðyþ oÞÞÞ dy

¼ l
Z tþo

t

Guðt; sÞbðsÞf ðuðs � tðsÞÞÞ ds

¼ðTluÞðtÞ:

It is easy to see that
R tþo

t
bðsÞf ðuðs � tðsÞÞÞ ds is a constant because of the periodicity

of bðtÞf ðuðt � tðtÞÞÞ: One can show that, for uAK and tA½0;o
;

TluðtÞX sL

1� sL
l
Z tþo

t

bðsÞf ðuðs � tðsÞÞÞ ds

¼ sL

1� sL
l
Z o

0

bðsÞf ðuðs � tðsÞÞÞ ds

¼ sLð1� slÞ
1� sL

1

1� sl
l
Z o

0

bðsÞf ðuðs � tðsÞÞÞ ds

X
sLð1� slÞ
1� sL

jjTlujj:

Thus TlðKÞCK and it is easy to show that Tl : K-K is compact and
continuous. &

Lemma 2.3. Assume (H1)–(H2) hold. Eq. (1.1) is equivalent to the fixed point problem

of Tl in K :

Proof. If uAK and Tlu ¼ u; then

u0ðtÞ ¼ d

dt
l
Z tþo

t

Guðt; sÞbðsÞf ðuðs � tðsÞÞÞ ds

� �
¼ lGuðt; t þ oÞbðt þ oÞf ðuðt þ o� tðt þ oÞÞ � lGuðt; tÞbðtÞf ðuðt � tðtÞÞÞ

þ aðtÞgðuðtÞÞTluðtÞ

¼ l½Guðt; t þ oÞ � Guðt; tÞ
bðtÞf ðuðt � tðtÞÞÞ þ aðtÞgðuðtÞÞTluðtÞ

¼ aðtÞgðuðtÞÞuðtÞ � lbðtÞf ðuðt � tðtÞÞÞ:
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Thus u is a positive o-periodic solution of (1.1). On the other hand, if u is a positive
o-periodic function, then lbðtÞf ðuðt � tðtÞÞÞ ¼ aðtÞgðuðtÞÞuðtÞ � u0ðtÞ and

TluðtÞ ¼ l
Z tþo

t

Guðt; sÞbðsÞf ðuðs � tðsÞÞÞ ds

¼
Z tþo

t

Guðt; sÞðaðsÞgðuðsÞÞuðsÞ � u0ðsÞÞ ds

¼
Z tþo

t

Guðt; sÞaðsÞgðuðsÞÞuðsÞ ds �
Z tþo

t

Guðt; sÞu0ðsÞ ds

¼
Z tþo

t

Guðt; sÞaðsÞgðuðsÞÞuðsÞ ds � Guðt; sÞuðsÞjtþo
t

�
Z tþo

t

Guðt; sÞaðsÞgðuðsÞÞuðsÞ ds

¼ uðtÞ:

Furthermore, in view of the proof of Lemma 2.2, we also have uðtÞXsLð1�slÞ
1�sL jjujj for

tA½0;o
: Thus u is a fixed point of Tl in K : &

Lemma 2.4. Assume (H1)–(H2) hold and let Z40: If uAK and f ðuðtÞÞXuðtÞZ for

tA½0;o
; then

jjTlujjXl
s2Lð1� slÞ
ð1� sLÞ2

Z
Z o

0

bðsÞ ds jjujj:

Proof. Since uAK and f ðuðtÞÞXuðtÞZ for tA½0;o
; we have

ðTluÞðtÞX sL

1� sL
l
Z o

0

bðsÞf ðuðs � tðsÞÞÞ ds

X
sL

1� sL
l
Z o

0

bðsÞuðs � tðsÞÞZ ds

X
sL

1� sL
l
Z o

0

bðsÞ ds Z
sLð1� slÞ
1� sL

jjujj

¼ l
s2Lð1� slÞ
ð1� sLÞ2

Z
Z o

0

bðsÞ ds jjujj:

Thus jjTlujjXls
2Lð1�slÞ
ð1�sLÞ2 Z

Ro
0

bðsÞ ds jjujj: &
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Lemma 2.5. Assume (H1)–(H2) hold and let r40: If uA@Or and there exists an e40
such that f ðuðtÞÞpeuðtÞ for tA½0;o
; then

jjTlujjplejjujj
Ro
0 bðsÞ ds

1� sl
:

Proof. From the definition of T ; for uA@Or; we have

jjTlujjp
1

1� sl
l
Z o

0

bðsÞf ðuðs � tðsÞÞÞ ds

p
1

1� sl
l
Z o

0

bðsÞeuðs � tðsÞÞ ds

p
1

1� sl
l
Z o

0

bðsÞ ds ejjujj

¼
Ro
0

bðsÞ ds

1� sl
lejjujj: &

The following two lemmas are weak forms of Lemmas 2.4 and 2.5.

Lemma 2.6. Assume (H1)–(H2) hold. If uA@Or; r40; then

jjTlujjXl
sL

Ro
0 bðsÞ ds

1� sL
mðrÞ:

Proof. Since f ðuðtÞÞXmðrÞ for tA½0;o
; it is easy to see that this lemma can be shown
in a similar manner as in Lemma 2.4. &

Lemma 2.7. Assume (H1)–(H2) hold. If uA@Or; r40; then

jjTlujjpl

Ro
0 bðsÞ ds

1� sl
MðrÞ:

Proof. Since f ðuðtÞÞpMðrÞ for tA½0;o
; it is easy to see that this lemma can be
shown in a similar manner as in Lemma 2.5. &

3. Proof of Theorem 1.1

Proof. (a) Choose a number r1 ¼ 1: By Lemma 2.6 we infer that there exists a

l0 ¼ 1�sL

mðr1ÞsL
R o

0
bðsÞ ds

40; such that

jjTlujj4jjujj for uA@Or1 ; l4l0:
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If f0 ¼ 0; we can choose 0or2or1 so that f ðuÞpeu for 0pupr2; where the constant
e40 satisfies

le

Ro
0 bðsÞ ds

1� sl
o1:

Thus f ðuðtÞÞpeuðtÞ for uA@Or2 and tA½0;o
: We have by Lemma 2.5 that

jjTlujjple

Ro
0 bðsÞ ds

1� sl
jjujjojjujj for uA@Or2 :

It follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 0; iðTl;Or2 ;KÞ ¼ 1:

Thus iðTl;Or1 \
%Or2 ;KÞ ¼ �1 and Tl has a fixed point in Or1\

%Or2 ; which is a positive o-
periodic solution of (1.1) for l4l0:

If fN ¼ 0; there is an Ĥ40 such that f ðuÞpeu for uXĤ; where the constant e40
satisfies

le

Ro
0 bðsÞ ds

1� sl
o1:

Let r3 ¼ max 2r1;
Ĥ

sLð1�slÞ
1�sL

( )
and it follows that uðtÞXsLð1�slÞ

1�sL jjujjXĤ for uA@Or3 and

tA½0;o
: Thus f ðuðtÞÞpeuðtÞ for uA@Or3 and tA½0;o
: In view of Lemma 2.5, we

have

jjTlujjple

Ro
0 bðsÞ ds

1� sl
jjujjojjujj for uA@Or3 :

Again, it follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 0; iðTl;Or3 ;KÞ ¼ 1:

Thus iðTl;Or3 \
%Or1 ;KÞ ¼ 1; and (1.1) has a positive o-periodic solution for l4l0:

If f0 ¼ fN ¼ 0; it is easy to see from the above proof that Tl has a fixed point u1 in

Or1 \
%Or2 and a fixed point u2 in Or3 \

%Or1 such that

r2ojju1jjor1ojju2jjor3:

Consequently, (1.1) has two positive o-periodic solutions for l4l0 if f0 ¼ fN ¼ 0:
(b) Choose a number r1 ¼ 1: By Lemma 2.7 we infer that there exists a

l0 ¼ 1�sl

Mðr1Þ
R o

0
bðsÞ ds

; such that

jjTlujjojjujj for uA@Or1 ; 0olol0:
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If f0 ¼ N; there is a positive number r2or1 such that f ðuÞXZu for 0pupr2; where
Z40 is chosen so that

l
s2Lð1� slÞ

Ro
0 bðsÞ ds

ð1� sLÞ2
Z41:

Then

f ðuðtÞÞXZuðtÞ for uA@Or2 ; tA½0;o
:

Lemma 2.4 implies that

jjTlujjXl
s2Lð1� slÞ

Ro
0

bðsÞ ds

ð1� sLÞ2
Zjjujj4jjujj for uA@Or2 :

It follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 1; iðTl;Or2 ;KÞ ¼ 0:

Thus iðTl;Or1 \
%Or2 ;KÞ ¼ 1 and Tl has a fixed point in Or1 \

%Or2 for 0olol0; which is a
positive o-periodic solution of (1.1).

If fN ¼ N; there is an Ĥ40 such that f ðuÞXZu for uXĤ , where Z40 is chosen
so that

l
s2Lð1� slÞ

Ro
0 bðsÞ ds

ð1� sLÞ2
Z41:

Let r3 ¼ max 2r1;
Ĥ

sLð1�slÞ
1�sL

( )
: If uA@Or3 ; then

min
0ptpo

uðtÞXsLð1� slÞ
1� sL

jjujjXĤ

and hence,

f ðuðtÞÞXZuðtÞ for tA½0;o
:

Again, it follows from Lemma 2.4 that

jjTlujjXl
s2Lð1� slÞ

Ro
0 bðsÞ ds

ð1� sLÞ2
Zjjujj4jjujj for uA@Or3 :

It follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 1; iðTl;Or3 ;KÞ ¼ 0
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and hence, iðTl;Or3 \
%Or1 ;KÞ ¼ �1: Thus, Tl has a fixed point in Or3\

%Or1 for 0olol0;
which is a positive o-periodic solution of (1.1).

If f0 ¼ fN ¼ N; it is easy to see from the above proof that Tl has a fixed point u1

in Or1 \
%Or2 and a fixed point u2 in Or3\

%Or1 such that

r2ojju1jjor1ojju2jjor3:

Consequently, (1.1) has two positive o-periodic solutions for 0olol0 if
f0 ¼ fN ¼ N:

(c) If i0 ¼ 0; then f040 and fN40: It follows that there exist positive numbers Z1;
Z2; r1 and r2; such that r1or2 and

f ðuÞXZ1u for uA½0; r1
;

f ðuÞXZ2u for uA½r2;NÞ:

Let c1 ¼ min Z1; Z2;minr1pupr2
f ðuÞ

u

n on o
40: Thus, we have

f ðuÞXc1u for uA½0;NÞ:

Assume vðtÞ is a positive o-periodic solution of (1.1). We will show that this leads to

a contradiction for l4l0; where l0 ¼ ð1�sLÞ2

s2Lð1�slÞ
R o

0
bðsÞ ds c1

: Since TlvðtÞ ¼ vðtÞ for

tA½0;o
; it follows from Lemma 2.4 that, for l4l0;

jjvjj ¼ jjTlvjj

X l
s2Lð1� slÞ

Ro
0 bðsÞ ds

ð1� sLÞ2
c1jjvjj

4 jjvjj;

which is a contradiction.
If iN ¼ 0; then f0oN and fNoN: It follows that there exist positive numbers e1;

e2; r1 and r2 such that r1or2;

f ðuÞpe1u for uA½0; r1
;

f ðuÞpe2u for uA½r2;NÞ:

Let c2 ¼ max e1; e2;maxr1pupr2
f ðuÞ

u

n on o
40: Thus, we have

f ðuÞpc2u for uA½0;NÞ:

Assume vðtÞ is a positive o-periodic solution of (1.1). We will show that this leads to

a contradiction for 0olol0; where l0 ¼ 1�sl

c2

R o

0
bðsÞ ds

: Since TlvðtÞ ¼ vðtÞ for tA½0;o
;
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it follows from Lemma 2.5 that, for 0olol0;

jjvjj ¼ jjTlvjj

p l

Ro
0 bðsÞ ds

1� sl
c2jjvjj

o jjvjj;

which is a contradiction. &

4. Proof of Theorem 1.3

Proof. If fN4f0; then
ð1�sLÞ2

s2Lð1�sl Þ
R o

0
bðsÞ ds fN

olo 1�slR o

0
bðsÞ ds f0

: It is easy to see that there

exists an 0oeofN such that

ð1� sLÞ2

s2Lð1� slÞ
Ro
0

bðsÞ dsð fN � eÞ
olo

1� slRo
0

bðsÞ dsð f0 þ eÞ
:

Now, turning to f0 and fN; there is an r140; such that f ðuÞpð f0 þ eÞu for 0pupr1:
Thus f ðuðtÞÞpð f0 þ eÞuðtÞ for uA@Or1 and tA½0;o
: We have by Lemma 2.5 that

jjTlujjplð f0 þ eÞ
Ro
0 bðsÞ ds

1� sl
jjujjojjujj for uA@Or1 :

On the other hand, there is an Ĥ4r1 such that f ðuÞXð fN � eÞu for uXĤ: Let

r2 ¼ max 2r1;
Ĥ

sLð1�slÞ
1�sL

( )
and it follows that uðtÞXsLð1�slÞ

1�sL jjujjXĤ for uA@Or2 and

tA½0;o
: Thus f ðuðtÞÞXð fN � eÞuðtÞ for uA@Or2 and tA½0;o
: In view of Lemma 2.4,
we have

jjTlujjXlð fN � eÞ
s2Lð1� slÞ

Ro
0

bðsÞ ds

ð1� sLÞ2
jjujj4jjujj for uA@Or2 :

It follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 1; iðTl;Or2 ;KÞ ¼ 0:

Thus iðTl;Or2 \
%Or1 ;KÞ ¼ �1: Hence, Tl has a fixed point in Or2 \

%Or1 : Consequently,
(1.1) has a positive o-periodic solution.
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If fNof0; then
ð1�sLÞ2

s2Lð1�slÞ
R o

0
bðsÞ ds f0

olo 1�slR o

0
bðsÞ ds fN

: It is easy to see that there exists

an 0oeof0 such that

ð1� sLÞ2

s2Lð1� slÞ
Ro
0

bðsÞ dsð f0 � eÞ
olo

1� slRo
0

bðsÞ dsð fN þ eÞ
:

Now, turning to f0 and fN; there is an r140 such that f ðuÞXð f0 � eÞu for 0pupr1:
Thus f ðuðtÞÞXð f0 � eÞuðtÞ for uA@Or1 and tA½0;o
: We have by Lemma 2.4 that

jjTlujjXlð f0 � eÞ
s2Lð1� slÞ

Ro
0 bðsÞ ds

ð1� sLÞ2
jjujj4jjujj for uA@Or1 :

On the other hand, there is an Ĥ4r1 such that f ðuÞpð fN þ eÞu for uXĤ: Let

r2 ¼ max 2r1;
Ĥ

sLð1�slÞ
1�sL

( )
and it follows that uðtÞXsLð1�slÞ

1�sL jjujjXĤ for uA@Or2 and

tA½0;o
: Thus f ðuðtÞÞpð fN þ eÞuðtÞ for uA@Or2 and tA½0;o
: In view of Lemma 2.5,
we have

jjTlujjplð fN þ eÞ
Ro
0 bðsÞ ds

1� sl
jjujjojjujj for uA@Or2 :

It follows from Lemma 2.1 that

iðTl;Or1 ;KÞ ¼ 0; iðTl;Or2 ;KÞ ¼ 1:

Thus iðTl;Or2\
%Or1 ;KÞ ¼ 1: Hence, Tl has a fixed point in Or2\

%Or1 : Consequently,
(1.1) has a positive o-periodic solution. &
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