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Abstract

We consider the existence, multiplicity and nonexistence of positive w-periodic solutions for
the periodic equation x'(¢) = a(t)g(x)x(¢) — Ab(2)f (x(¢t — 7(¢))), where a,be C(R, [0, o0)) are
w-periodic, [’ a(t) dt>0, [;"b(t)dt>0, f,ge C([0, ©),[0, 0)), and /(1) >0 for u>0, g(x) is

bounded, t(7) is a continuous w-periodic function. Define f; = lim,_, o+ -LM”), foo =limy,, @,

ip = number of zeros in the set { fy,f- } and i, = number of infinities in the set { f,f5 }. We
show that the equation has iy or i, positive w-periodic solution(s) for sufficiently large or
small 41> 0, respectively.
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1. Introduction

In this paper, we consider the existence, multiplicity and nonexistence of positive
w-periodic solutions for the periodic equation

xX'(t) = a(t)g(x(2))x(1) — 2b()f (x(t — (1)), (1.1)
where 4>0 is a positive parameter.
*Address after August, 2004: Department of Mathematics, University of Central Arkansas, Conway,
AR 72035.
E-mail address: wangh@asu.edu.

0022-0396/$ - see front matter © 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2004.02.018



H. Wang | J. Differential Equations 202 (2004) 354-366 355

Chow [2], Freedman and Wu [5], Hadeler and Tomiuk [8], Kuang [12,13], Kuang
and Smith [14], Mallet-Paret and Nussbaum [16] and many others studied the
existence of periodic solutions of this type or its generalized forms. This type of
equation has been proposed as models for a variety of physiological processes and
conditions including production of blood cells, respiration, and cardiac arrhythmias.
See, for example, the above references, and [7,15,21].

In this paper, we shall show that the number of positive w-periodic solutions of
(1.1) can be determined by the asymptotic behaviors of the quotient of @ at zero
and infinity. Specifically, let

fo=tim 2 and g, = tim L8 (1.2)

u—0" U umoo U
Then we introduce new notation
ip =number of zeros in the set { fo,/x },
i =number of infinities in the set { fo, /s }- (1.3)

It is clear that iy,i,, = 0,1, or 2. Then we shall show that (1.1) has iy or i, positive
w-periodic solution(s) for sufficiently large or small A, respectively.
Let R = (— o0, 00). We make the assumptions:

(H1) a,be C(R,[0,0)) are w-periodic functions, [i’a(r)dt>0, [ b(1)di>0.
1€ C(R, R) is w-periodic function.
(H2) f,9:1]0,00)—[0,00) are continuous. 0</<g(u)<L<oo for u=0, [,L are
positive constants. f(u)>0 for u>0.
Also, let o= e Jo a M(r) = maxo<;<, {f(¢)} and m(r) = min{ f(¢) :

L1
”l(igf>r<l<r}.

Our main results are

Theorem 1.1. Assume (H1)-(H2) hold.

(@) If ip=1 or 2, then (1.1) has iy positive w-periodic solution(s) for
>— 1o 50
m(1)ak fo b(s) ds
b) If iu=1 or 2, then (1.1) has i, positive w-periodic solution(s) for
0<i<—Tg
M(1) fo b(s) ds
() If ip=0o0r iy =0, then (1.1) has no positive w-periodic solution for sufficiently
large or small >0, respectively.

Theorem 1.2 is a direct consequence of the proof of Theorem 1.1(c). Under the
conditions of Theorem 1.2 we are able to give explicit intervals of 4 such that (1.1)
has no positive w-periodic solution.
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Theorem 1.2. Assume (H1)-(H2) hold.

(@) If there is a ¢;>0 such that f(u)=cu for uel0, o), then there exists a Ay =

% such that for all 2> 2y (1.1) has no positive w-periodic solution.
o —a') J, bls)ds e
!

(®) If there is a ¢ >0 such f () < cou for ue(0, co), then there exists a o = %
& | bls)ds

such that for all 0< i<y (1.1) has no positive w-periodic solution.

Theorem 1.3. Assume (H1)-(H2) hold and iy =i, = 0. If

(1—qly? 1 o L= 1
PE(L— o) [ b(s) dsmax{fo.for ) J3 b(s) dsmin{fo.fon )

then (1.1) has a positive w-periodic solution.

Our arguments are based on a well-known fixed point theorem (Lemma 2.1). In
order to use the fixed point theorem, some a priori estimations of possible periodic
solutions are obtained. Similar arguments have been employed in [4,18,19] to prove
analogous results for the existence, multiplicity and nonexistence of positive
solutions of boundary-value problems. We remark that the problem of the existence
of positive periodic solutions of the equation and the problem of the existence of
positive solutions of boundary-value problems of similar equations have much in
common in certain sense. Once we transfer both the problems into equivalent fixed
point problems, the arguments for dealing with the two problems are essentially the
same.

When g = 1, some related results for similar problems were shown in [1,9,10,17,20]
based on the fixed point theorem. The construction of the function G,(¢,s) in this
paper, which allows us to rewrite the differential equation into an equivalent integral
equation, is motivated by Jiang and Wei [9] and their other subsequent work.

In addition, we are able to obtain explicit intervals of 4 such that (1.1) has no, one
or two positive w-periodic solution(s). From numerical and computational points of
view, the expressions for the intervals of 4 are more useful although they are not
optimal. It would be interesting to further investigate the relationship between the
nonlinearities and the intervals of A such that (1.1) has no, one or two positive
w-periodic solution(s).

2. Preliminaries

The following well-known result of the fixed point index is crucial in our
arguments.
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Lemma 2.1 (Deimling [3], Guo and Lakshmikantham [6] and Krasnoselskii
[11]). Let E be a Banach space and K a cone in E. For r>0, define K, = {uek :

||x]|<r}. Assume that T :K,—K is completely continuous such that Tx#x for
xedK, = {uek : ||x|| =r}.

) I [|Tx[|=|x[| for x€OK;, then

i(T,K,,K) =0.

(i) If||Tx||<||x]|| for x€OK,, then

(T, K, K) = 1.

In order to apply Lemma 2.1 to (1.1), let X be the Banach space {u(¢):
u(t) € C(R, R), u(t + w) = u(r)} with [[ul| = sup,c (g, [u(?)], ue X.
Define K be a cone in X by

L1 A
K= {ueX : u(t)}al(l_af)ﬂm,te[o,w]},

Also, define, for r a positive number, Q, by
Q. ={uek : ||ju||<r}.

Note that 0Q, = {ueK : ||u|| =r}.
Let the map T : K— X be defined by

+w
Tou(t) = /1/ Gu(t,9)b(s)f (u(s — (s))) ds, (2.1)
t
where
= / * a(0)g(u(0)) do
G,(t,s) = - .
{6:5) | — o Jo alOa(w®) do
Note that
L 1

mS Gu(l, S) <

o [Sssi+o

Lemma 2.2. Assume (H1)—(H2) hold. Then T;(K)<K and T) : K— K is compact and
continuous.
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Proof. In view of the definition of K, for ue K, we have

+2w0
(Thu)(t+w) =4 /t+ G, (t+ o,8)b(s)f (u(s — t(s))) ds
=1 " G,(t+ ®,0 + 0)b(0+ o)f (u(0+ v —1(0+ w))) do

tt+(n
) [ Gult, $)b(s)f (u(s — 7(s))) ds
= (Tu)(1).

It is easy to see that ft““ (8)f (u(s — z(s))) ds is a constant because of the periodicity

of b(#)f (u(t — ©(¢))). One can show that, for ue K and 7€[0, w],

02750 [ bl <o) s

l—aL)L/ b(s)f (u(s — (s))) ds
= 1(1__0_27 1_611/ b(s)f (u(s — (s))) ds

L i
o“(1 —a')
ZﬁHTA”H-

Thus T)(K)cK and it is easy to show that 7),:K—K is compact and
continuous. [

Lemma 2.3. Assume (H1)-(H2) hold. Eq. (1.1) is equivalent to the fixed point problem
of T, in K.

Proof. If ue K and T,u = u, then

(1) :% (z [ " Gult, B (s — 1(5)) ds)

=Gy (1,1 + @)b(1 + O)f (u(t + © — (1 + ©)) = 216G, (1, )b(D)f (u(t — (1))
+ a(t)g(u(t)) Tru(1)

= Gu(t; 1+ ©) = Gu(t, ))b(0)f (u(t — ©(2))) + a(1)g (1)) Tyu(r)

= a(t)g(u(0))u(t) — 2b(0)f (u(t — (1))
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Thus u is a positive w-periodic solution of (1.1). On the other hand, if « is a positive
w-periodic function, then Ab(¢)f (u(t — <(¢))) = a(t)g(u(z))u(t) — u/'(¢) and

Tty =4 [ Gty (s — () ds
-/ " Gult,s)als)guls)yus) — u(5)) ds
/ Gult, s)a a’s—/ Gult,5)id (s) dis
= [ Gl aats)ut0) ds — it ats

_ / " Gult, $)a(s)g(u(s))u(s) ds
:u(l).

Furthermore, in view of the proof of Lemma 2.2, we also have u(z) > 1 (FL ||u|| for
te|0,®]. Thus u is a fixed point of 7; in K. O

Lemma 2.4. Assume (H1)~(H2) hold and let n>0. If ue K and f(u(t))=u(t)n for

te[0,w], then

||T;u\|>ﬂ / b(s) ds ||ul].

Proof. Since ue K and f(u(t)) =u(t)n for te[0, w], we have

(Tou)(t 21—01‘/1/ b(s)f (u(s — z(s))) ds
>mi/0 b(s)u(s — t(s))n ds

oL @ 01‘(1701)
=1 1’“ / b(s) ds [u].

B o Jybs)ds |lufl. O

||

Thus || T, u||>A 1

—0
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Lemma 2.5. Assume (H1)-(H2) hold and let r>0. If ue 0Q, and there exists an ¢>0
such that f(u(t)) <eu(t) for te[0,w|, then

* b(s) ds
||T)u||<)\,8”u|| %

Proof. From the definition of 7', for ue 9Q,, we have
1 . %)
Tl < dg/zwku—ﬂw»m
l—a’ / b(s)eu(s — t(s)) ds

<ﬁz/ b(s) ds el ]

fo_ “lellull. O

The following two lemmas are weak forms of Lemmas 2.4 and 2.5.

Lemma 2.6. Assume (H1)-(H2) hold. If ue0Q,, r>0, then

ot [y b(s) ds "

1Tyl 2 5

Proof. Since f'(u(¢)) =m(r) for t€[0, w], it is easy to see that this lemma can be shown
in a similar manner as in Lemma 2.4. [

Lemma 2.7. Assume (H1)—(H2) hold. If uedQ,, r>0, then

b( )ds

1Tl <275 M(r).

Proof. Since f(u(¢))<M(r) for te[0,w], it is easy to see that this lemma can be
shown in a similar manner as in Lemma 2.5. [

3. Proof of Theorem 1.1

Proof. (a) Choose a number r; = 1. By Lemma 2.6 we infer that there exists a

o = l—g >0, such that

m(ry)ot j;] b(s) ds

[|Toul|>||u|| for uedQ,,, A>Ai.
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If fo = 0, we can choose 0<ry <r so that f(u) <eu for 0<u<r,, where the constant
&> 0 satisfies

 b(s) d.
18M<1
1—d
Thus f(u(?)) <eu(t) for ue 9Q,, and r€[0,w]. We have by Lemma 2.5 that
 b(s) d:
(Tl <2 PO <l for we o,

=
It follows from Lemma 2.1 that
i(TA,Q,~I,K) =0, i(T;ﬁ,.Qrz,K) =1.

Thus i(T;,2,,\Q,,, K) = —1 and T} has a fixed point in Q,,\Q,,, which is a positive w-
periodic solution of (1.1) for A> 4.

If f,, = 0, there is an H> 0 such that f(u) <eu for u> H, where the constant &>0
satisfies

' b(s) ds
j —

oL

Let 3 = max{2r1,wﬁ_a,)

1—oL
te[0,w]. Thus f(u(r)) <eu(t) for uedQ,, and te[0,w]. In view of Lemma 2.5, we
have

} and it follows that u(r) 2(’[‘1(17“[)||u| |> H for uedQ,, and

Jo b(s)d

, s
[|T,ul| < Ae T [lul| <|u|]] for uedQ,,.

Again, it follows from Lemma 2.1 that
i(7,,Q,,K)=0, i(T),Q,,K)=1.

Thus i(T;,2,,\Q,,, K) = 1, and (1.1) has a positive w-periodic solution for 4> Ao.
If fo = f5 = 0, it is easy to see from the above proof that T has a fixed point u; in
Q,\Q,, and a fixed point u, in Q,,\Q,, such that

r2<||u1||<r1<\|u2\|<r3.

Consequently, (1.1) has two positive w-periodic solutions for 2> 4 if fo = f,, = 0.
(b) Choose a number r; =1. By Lemma 2.7 we infer that there exists a

Jo = —1=¢ such that
0 M(rl)‘/; b(s) ds

| Toul| <|ul]  for uedQ,,, 0<i<i.
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If fo = oo, there is a positive number r, <r; such that f'(u) =nu for 0<u<r,, where
n>0 is chosen so that

(1 =) [§ b(s) ds
(1= oty

n>1.

Then
S(t)=nu(t) for uedQ,,, tel0,w).
Lemma 2.4 implies that

2L 1= ] wb d
7 -7) Oz(S) S’7||u|\>|\u\| for uedQ,,.
(1 —ot) 2

| Tul| >4

It follows from Lemma 2.1 that
i(7,,2,,K)=1, i(7,,Q,,K)=0.

Thus i(T;,2,,\Q,,, K) = 1 and T; has a fixed point in ,,\Q,, for 0< /< 4o, which is a
positive w-periodic solution of (1.1).

If f,, = oo, there is an H>0 such that f(u) =nu for u=H , where >0 is chosen
so that

;LO'ZL(I —a') [y b(s) ds
(1 —oly

n>1.

_ H
Let r3 = max{2r1,0,‘(la/)
1—oL

}. If ue0Q,,, then

L 1
. o"“(l —d")
> v 77
oo, 0> |

and hence,
S(u(t))=nu(t) for te|0,w].
Again, it follows from Lemma 2.4 that

a* (1 —a') [ b(s) ds

Tiul| =2
1730 G

nllul|>1lu|| for uedQ,,.

It follows from Lemma 2.1 that

i(TA,.er,K)Z 1, i(T;V,Q,,s,K)ZO
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and hence, i(T;, 2,,\Q,,, K) = —1. Thus, T} has a fixed point in Q,,\Q,, for 0< i< 4y,
which is a positive w-periodic solution of (1.1).

If fo = fo = o0, itis easy to see from the above proof that T has a fixed point u;
in Q,\Q,, and a fixed point u, in Q,,\Q,, such that

r2<||u1||<r1 < Hu2\|<r3.
Consequently, (1.1) has two positive w-periodic solutions for 0<i<iy if
Jo=Ffu = 0.
(c) If iy = 0, then fo,>0 and f,, >0. It follows that there exist positive numbers #,
1y, 1 and ry, such that r; <r, and

fw)=nu for uel0,r],

fW)=nu for uelr, o).
Let ¢ = min{nl,nz,minrl<u<,.2 {@}}>O Thus, we have

fw)y=ciu for uel0, o).

Assume v(?) is a positive w-periodic solution of (1.1). We will show that this leads to

a contradiction for A> /1y, where A :% Since T,v(t) = v(z) for
o —a') J, bs)ds

te[0, w], it follows from Lemma 2.4 that, for 1> 4o,

[[ol| = [1T;0]]

a?L(1 =) [3 b(s) ds
(1 oly

cifol|
> Jvl],
which is a contradiction.
Ifi,, =0, then fy< oo and f,, < co. It follows that there exist positive numbers &y,
&, r1 and r, such that ry <r,

fw)y<eu for uel0,r],

fWw)<eu for uelr,, o).

u

Let ¢ = max{sl,gz,max,.lgug,.z {M}} >0. Thus, we have

fw)<cou for uel0, o).

Assume v(?) is a positive w-periodic solution of (1.1). We will show that this leads to
a contradiction for 0< <o, where 4y = —1=2—. Since T;v(r) = v(¢) for t€[0, w),

1oy f:] b(s) ds
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it follows from Lemma 2.5 that, for 0 <4</,
[[ol] = || Tl

< o PO

< IIUH,
which is a contradiction. O
4. Proof of Theorem 1.3
Proof. If f, >fy, then (=o!) <A< Tt is easy to see that there

L(1-d!) [ “ b(s) ds .5 [ bis) ds fo
exists an 0 <e<f such that

(1 —ol)? | —
(D d <i< (H
ot (1 =d') [y b(s) ds(for —¢) b(s) ds(fo +¢)
Now, turning to fy and f,,, there is an r; >0, such that f(u) <(fy + ¢)u for 0<u<r,.
Thus f(u(t)) < (fo + ¢)u(t) for ue 9Q,, and re[0, w]. We have by Lemma 2.5 that

“ b(s) ds
1Tl +0 2 g tor e,

1
On the other hand, there is an H>r; such that f(u)>(f, —&)u for u>H. Let

) |lu|| > H for uedQ,, and

— i
ry = maxy 2ry, 1)
1-ol

t€]0,w]. Thus f(u(?)) = (fn — e)u(t) for ue 9Q,, and t€[0, w]. In view of Lemma 2.4,
we have

} and it follows that u(t))”qu;f

(1 —a') [ b(s) ds
(1 ol)

W Tul| 2 A(f e — ) ||l [> [[ul| - for uedLy,.

It follows from Lemma 2.1 that

(T, Q. K)=1, i(T;,Q,,K)=0.

ra

Thus i(T;,2,,\Q,,, K) = —1. Hence, T; has a fixed point in Q,,\Q,,. Consequently,
(1.1) has a positive w-periodic solution.
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2

(1=a")” 1-o : :
If /., <fy, then JZL(lfo")fm O hh /1<f0w b BT It is easy to see that there exists

an 0<e<fp such that

(1 — o) 1-d

a2k (1 _Gl)f b(s) ds(fo —e) fo ) ds(foo + )

Now, turning to fy and f.,, there is an r; >0 such that f'(u) = (fo — &)u for 0<u<r,.
Thus f(u(t)) = (fo — e)u(z) for ue 9Q,, and r€[0, w]. We have by Lemma 2.4 that

a?L(1 =) [§ b(s) ds
(1 oly

| Toul| = A(fo — &) ||l |> ||| for uedL;,.

On the other hand, there is an H>r; such that f(u)<(f, +&)u for u>H. Let

— H
r7 = max 2”7#(1761)
1—oL

t€]0,w]. Thus f(u(?)) < (fo + e)u(t) for ue 90Q,, and t€[0, w]. In view of Lemma 2.5,
we have

} and it follows that u(f)>7 l a J|u||=H for uedQ,, and

(}Jb d
iall<ire + 02 or wede,,

It follows from Lemma 2.1 that
i(7;,92,,K)=0, (7,2, K)=1.

Thus i(T;,2,,\Q,,,K) = 1. Hence, T; has a fixed point in Q,,\Q,,. Consequently,
(1.1) has a positive w-periodic solution. [
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