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What color superconductivity is about?

Local (Global) color symmetry is broken (in a fixed gauge) by a diquark
condensate,

¢ = (YT OY) #£0 (not a gauge invariant quantity)

In the case of a local field ¢,

O = ODirac ® OColor X Oflavor . O = _OT (PaU-h principle)

(i) Spin-0 channel: OL. = = —Opirac

Dirac

(ii) One-gluon exchange interaction:

attraction repulsion
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Tf’l Té = —— aa’0b’b — Oab’Oqa’ - aa’ Ob’ ab’'Oa’
Az_:l AT i GaaOys = daydarn) +—5= (JawBoro + Sarrdarn)

NG D 7
" Ve

color-antisymmetric 3-plet color-symmetric 6-plet

(111) ThU.S, OT — _Oﬂavor
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Notation

Nambu-Gorkov spinor field:

U = 4 and

wC
where ?ﬁ — wT’YO)

Y¢ = CyT = —yCy* and C is a charge conjugation matrix
§¢ = (¥9) 70 =—yTC!

By definition, C~'v,C = —fyl:f and C = -C7'.
One may introduce quadratic terms (in quark fields)

diquark term: ¢ Ay = —¢TC 1A
@ h.c. term: YPAYPC = —¢TygAyCoy*

i.e., A = VOATVO

Lecture on QCD at asymptotic densities Igor A. Shovkovy



Inverse quark propagator

“Normal” quadratic term,

¥ (B + pyo +m) Y —p" (7 + pyg +m) v v* = ° (B — wyo +m)p©

%Tﬁ(ﬂJFM%er)er%@C(ﬂ—MWOer)iPC

> <>

V<€  — <

with (Soi)_l =9+ uyo + m.
Then,

N ~1 3 —1
st (1- As7Asy) ~S7ASy (1-Asgasy)

. Sy Ast (1- As(,—Asg)_l Sy (1- AS(J{ASO_>_1
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Dirac, color and flavor structure of A

A= ADirac X Acolor X Aﬂavor

Ag;dvor g9 (Ny=2) or ~eY% (N;=3)

(Acolor)ab Eabe

C — parity odd ¢
ADirac

C~v® — parity even ¢
Ezxample. 2SC phase:

. . . . 1 .
A;]b _ €Z]€ab30’)/5 (A—I—A;‘ + A_A;) with AI:)I: — 5 <]_ + 70 7|p|p>

where A4 are complex-valued functions.

Thus, “order parameter” is ¢z = <(zﬁc)j v sa53075zp§>
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Schwinger-Dyson (gap) equation

Consistency equation for dynamically generated self-energy of quarks,

A d4k A B,v nAB
) :47T(XS/(27T)4F # 5, T Dy (k= p)

Quark-gluon vertex:

TA~NH 0

_ _ 15
A_ W 3 C A w, ,C _ =
YT = —p=(T4) 1y = S0 0 (AT

What is a good approximation for Dﬁf (¢) in dense quark matter?

Is the interaction screened? And, if so, how strong is screening?
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Screening of gluon-exchange interaction

Gluon propagator in dense medium:

D (k) =Dy (k) — T, (k), ie, mlfm =

Hv O,y
p—K
Electrical Debye screening and magnetic dynamical screening
[Son,hep-ph/9812287]:
o g
k2 + |k +2M2  |k|]3 + 7w M2 |ky|/2

?:D/,LV(]{:47 ‘ED ==

where M3 = asNypu?/7 is the Debye mass

]. ma 1/3
rei ~ —— < §o (short-range) vs. fmag. (5—0) > 1 (long-range)

MD Tel

Tel

Magnetic gluon interaction is | long-range | in the static limit, k4 — 0
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Gap equation in Ny = 2 superconductor

AT = — +
P 3 k2 — (k| — )2 = [AL 12 k3 — (k[ +p)? — AL

k—p

_ dna, / d'k ( Ay Tr (v wAy)

A-ki_ Ir (fy“Al;’yVAIﬂ’:) DY
(2m)*

Low-energy and high-energy quasiparticles:

ko = /(K — p)? + AL

ko = /(K| + )2 + A} = [k + g

i.e., the actual “gap” parameter is Ag = |AL |k~p

Approximaion in the (Euclidean) gap equation,

k2dkdQ 472 Mas)p
Tr (v, AT v, AT) DHY  ~ In i
/k2+(\k\—u)2+A3 iy Dy = o e e I =]

"~

long-range magnetic gluons
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Approximate equation

Alpy) ~ as [ dksA(ky) In Aas)
o) i+ A% |k4—p4L

extra log

Approximate kernel:

Aas) Aas)p

LA
Then, the gap equation is equivalent to
2005 A(py)

O /pi+ A

Alas)p
P4l

B~ 0(|ka| — |pal) In
|k4 —p4|

+0(Ipa| — [k4)) In

In

=0

paA(ps)” + Aps)' +

with the boundary conditions

p4A(p4>’|p4:0
A(Ap)
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Approximate solution

Solution in IR (ps < Ag) 1 A(ps) = AgJp 8arspy
97TAO

P4

Solution in UV (ps > Ag) :  A(ps) = Const x sin (\/ 9a In M)
™

After matching A(py) and A(ps)’ at ps = Ao,

373/2
Ag >~ A\t exp (—23/2 = )

long-range mag. gluons

- 7

2(4 3/2 4 2
where A = (4) X  exp <— i ) X (higher order corrections)

o3 :

O Y G /
-~ e

elec. gluons quark self-energy corr.
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Symmetries of the ground state

Original symmetry:

§U(2)L X SU(Z)%X Ul)g X LU(l)em X SU(B)Cl x U(1)a

chiral symmetry baryon gauge symmetry approx.
number axial

Residual symmetry in the ground state:

SU2), x SU2)r x U(1)g X [U(1)em x SU(2).]

~ 2
B = 1co10r — ETS,color — diagcobr(O, 0, 1)

~ 1
Q — Qﬂavor ® 1color — laavor @

ET&color
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Ny = 3 color superconductivity

Order parameter:

<(¢C) “eabc CY° 1! >

or, in terms of chiral fields,

a,x_ijk b,B\ __ a,& _ijk c
< L,ie €abc€aﬁ¢L,j> — _< R’z‘g Eabc€ g BwR,J ~ 5k

Color-flavor locking:

.. . . 1
(LL) is invariant under gr, flavor ® Geolor 1 Geolor = 91 Aavor

. . : 1
(RR) is invariant under gr flavor ® geolor if  geolor = 9R gavor

i.e., residual global symmetry is SU(3)L1r

As in vacuum, there appear 8 Nambu-Goldstone bosons:

0 + 0 70 +
T, T 7K7K7K 5 7]
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Symmetries of CFL phase

805 = (($°)] e eaneCrpl) # 0

Original symmetry:

SUB)L, xSUB)r x U(l)g x [SU@B)] x U(l)a
chiral symmetry baryon color gauge approx.
U(1)em€SU(3)L,xSU(3)r number symmetry axial

Residual symmetry in the ground state:
SU(3)L_|_R X Z2 X [U( )em]

where

: . 1
U(l)em : Q — Qﬂavor ® Leolor — 1aavor ® (T3 + _TS)
\/§ color
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Low-energy action in the CFL phase

2
Lo = 2T (@Z00S! —20,50,5") + 2 [(@06) —12(0,0)"

4 [(@on)? — 2@

> = exp (z’)\A'/rA/fW)

21 —8In?2
f2= 367r2n p? and 0? =

1
5 (in QCD at u — 00)

Lecture on QQCD at asymptotic densities Igor A. Shovkovy



Effect of strage quark mass on mesons

Denote M = diag(m,,, mg, ms). Then, L.g has several new terms,

3A?
= (Te(MENTr(MET) — Tr(METMET))

in addition to

MM? MT™M
8OE_>VOE:8()E+7: 5 > — i —

p 24
Note that use = m2/(2u).
When p2q is larger than the mass of K, mgg) ~ A/p/Mgmsg,
Bose-Einstein condensation should occur, i.e.,
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Abnormal number of Goldstone bosons

Toy model of kaon condensation in CFL phase

L=0+ip)®(0—in)®—1v20;870;® — m?*®T® — \(dTP)?

where ® is a complex doublet field (i.e., K, K%, K=, K1)

my— 5 = m _|_ :
(i) m > u, normal phase with K—,K° Y

M+ Ko =M — [

(ii) u > m, broken phase with (®1") = (0, ¢q) # 0, i.e.,
SU2)xU(1) - U(1) THREE broken generators

However, there are only TWO NG bosons:
12 — m?
1\ 32 2 Vg
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No superfluidity of matter in this phase!




Effect of strage quark mass on baryons

L = Tr(N'ivw*D,N)— DTr (Nvotys{A,, N}) — FTr (NTvty5[A4,, N])
A
2

+ [(Tr (NLNz) — [TI'(NL)]2) — (L = R) + h.c/]
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