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T − µ phase diagram of QCD
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Dense baryonic matter in Nature

Compact (neutron) stars

• Radius:

R ≃ 10 km

• Mass:

1.25M⊙ <∼ M <∼ 2M⊙

• Core temperature:

10 keV <∼ T <∼ 10 MeV

• Surface magnetic field:

108 G <∼ B <∼ 1014 G

• Rotational period:

1.6 ms <∼ P <∼ 12 s

?

Central densities in stars should be rather high: ρc>∼ 5ρ0
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Possible phases of matter inside stars
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Very dense baryonic matter

Baryons at high density → quark matter

• Asymptotic freedom: αs(µ) ≪ 1

µ ≫ ΛQCD [Gross&Wilczek; Politzer,’73]

⇒ Weakly interacting regime

[Collins&Perry,’75]
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Note: realistic densities in stars may not be sufficiently large:

ρ<∼ 10ρ0, where ρ0 ≈ 0.15 fm−3 ⇛ µ<∼ 500 MeV
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Two complimentary approaches

(i) QCD (from first principles):

LQCD = ψ̄α
f

(
iγµ∂µ + γ0µf + gT a

αβγ
µAa

µ −mf

)
ψβ

f − 1

4
F a

µνF
a,µν

– predictions are reliable when µ≫ ΛQCD

(ii) Phenomenological (e.g., NJL-type) models fitted to reproduce basic

properties of vacuum QCD and/or nuclear matter, e.g.,

LNJL = ψ̄α
f

(
iγµ∂µ + γ0µf −mf

)
ψβ

f +
g2

2
(ψ̄γµT aψ)(ψ̄γµT

aψ)

– may work only when ρ<∼ ρ0

Note: densities of interest: 3ρ0<∼ ρ<∼ 10ρ0
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QCD: one-gluon exchange (with screening)

Gluon propagator in dense medium:

D−1
µν (k) = D−1

0,µν(k) − Πµν(k), i.e., = +
k k

p−k

p

Electrical Debye screening and magnetic dynamical screening
[Son,hep-ph/9812287]:

iDµν(k4, |~k|) ≃ − O
(el)
µν

k2
4 + |~k|2 + 2M2

D

− |~k|O(mag)
µν

|~k|3 + πM2
D|k4|/2

,

where M2
D = αsNfµ

2/π is the Debye mass

Magnetic interaction is long-ranged in (near-)static limit, k4<∼ |~k| ≪ µ
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QCD: gap equation & solution

Gap equation:

∆±
p =

4παs

3

∫
d4k

(2π)4

(

∆−
k Tr

(
γµΛ+

k γνΛ±
p

)

k2
0 − (|k| − µ)2 − |∆−

k |2
+

∆+
k Tr

(
γµΛ−

k γνΛ±
p

)

k2
0 − (|k| + µ)2 − |∆+

k |2

)

Dµν
k−p

Approximate solution for ∆0 = |∆−
k |k≃µ

∆0 ≃ λµ exp

(

− 3π3/2

23/2
√
αs

)

︸ ︷︷ ︸

long-range magnetic gluons

where

λ =
2(4π)3/2

α
5/2
s

︸ ︷︷ ︸

electric gluons

× exp

(

−4 + π2

8

)

︸ ︷︷ ︸

quark self-energy corrections

×(higher order corrections)
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Nf = 2 color superconductivity (2SC)

Simplest case, 2SC phase [Barrois,’78; Bailin&Love,’84]

• Nf = 2: “up” and “down”

• Nc = 3: “red”, “green” and “blue”

Diquark condensate:

φ3 =
〈(

Ψ̄C
)α

i
εijεαβ3Cγ

5Ψβ
j

〉

6= 0

(Pauli principle)

d
d

uF

F

q

p

−p

−q

F

F
u

=0−qqp −p =− udu d

Note:

• Same colors and same flavors do not pair (spin-0 channel)

• Only two colors of quarks participate in Cooper pairing
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Symmetries of 2SC state

• Diquark condensate:

〈
(
Ψ̄C
)α

i
γ5Ψ

β
j 〉 ∼ ε3αβǫij∆

[Alford et al, hep-ph/9711395], [Rapp et al, hep-ph/9711396]

baryon number U(1)B → Ũ(1)B with B̃ = B − 2√
3
T8

(quark matter is not superfluid)

gauge symmetry U(1)em → Ũ(1)em with Q̃ = Q− 1√
3
T8

(there is no Meissner effect)

– chiral SU(2)L× SU(2)R — intact

– approximate axial U(1)A is broken → 1 pseudo-NG boson

– color gauge symmetry SU(3)c → SU(2)c (Higgs mechanism)

Igor A. Shovkovy QCD at Finite Density ECT∗, Trento, March 21-25, 2006



Nf = 3 color superconductivity

Diquark condensate:
〈(
ψ̄C
)a

i
εijkεabcCγ

5ψb
j

〉

∼ δc
k

or, in terms of chiral fields,
〈

ψa,α
L,i ε

ijkεabcεαβψ
b,β
L,j

〉

= −
〈

ψa,α̇
R,i ε

ijkεabcεα̇β̇ψ
b,β̇
R,j

〉

∼ δc
k

Color-flavor locking:
[Alford, Rajagopal, & Wilczek, hep-ph/9804403]

〈LL〉 is invariant under gL,flavor ⊗ gcolor if gcolor ≡ g−1
L,flavor

〈RR〉 is invariant under gR,flavor ⊗ gcolor if gcolor ≡ g−1
R,flavor

i.e., residual global symmetry is SU(3)L+R

As in vacuum, there appear 8 corresponding Nambu-Goldstone bosons:

π0, π±, K0, K̄0, K±, η
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Symmetries of CFL ground state

chiral SU(3)L× SU(3)R is broken down to SU(3)L+R+c

→ 8 (pseudo-)NG bosons, i.e., π0, π±, K±, K0, K̄0, η

(almost like in vacuum QCD)

baryon number U(1)B is broken → 1 NG boson (φ)

(quark matter is superfluid)

gauge symmetry U(1)em → Ũ(1)em with Q̃ = Q+ 2√
3
T8

(there is no Meissner effect)

• approximate axial U(1)A is broken → 1 pseudo-NG boson (η′)

• color gauge symmetry SU(3)c is broken by Anderson-Higgs mechanism

→ 8 massive gluons
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Nf = 1 color superconductivity

• Cooper pair: (|••〉 − |••〉)3̄ ⊗ |↑↑〉J=1

• Diquark condensate:

〈
(
Ψ̄C
)α
γ5Ψ

β〉 ≃ εαβc∆cδ

(

k̂δ sin θ + γδ
⊥(~k) cos θ

)

[Iwasaki & Iwado, 1995], [Schäfer, hep-ph/0006034], [Alford et al, hep-ph/0210106]

• Many possibilities, e.g., see [Schmitt, nucl-th/0412033]:

– Color-spin-locked phase: ∆cδ = δcδ → largest pressure (?)

– Planar phase: ∆cδ = δcδ − δc3δδ3

– Polar phase: ∆cδ = δc3δδ3

– A-phase: ∆cδ = δc3 (δδ1 + iδδ2) → unusual neutrino emission

• Many similarities with superfluidity in 3He . . .
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Color superconductivity inside stars

Matter in the bulk of a star must be

(i) in β-equilibrium: µd = µu + µe,

i.e., the weak processes

u+ e− → d+ ν

& d → u+ e− + ν̄

have equal rates;

(ii) electrically and color neutral:

nel
Q = 0, ncolor

Q = 0

If nQ 6= 0, the Coulomb energy is

?

ECoulomb ∼ n2
QR

5 ∼M⊙c
2

(

nQ

10−15e/fm
3

)2(
R

1 km

)5

e.g., if 10−2<∼ nQ<∼ 10−1e/fm
3 ⇒ E2SC

Coulomb ≫M⊙c
2
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Unconventional Cooper pairing, Nf = 2

• The “best” 2SC phase appears when nd ≈ nu

• Neutral matter appears when nd ≈ 2nu

• Electrons, required in β equilibrium, cannot help:

nd ≈ 2nu where nd =
µ3

d

π2
, nu =

µ3
u

π2

i.e., µd ≈ 21/3µu ⇒ µe = µd − µu ≈ 1

4
µu ⇒ ne ≈ 1

43

nu

3
≪ nu

Therefore, Cooper pairing is unavoidably

distorted by the “mismatch” parameter:

δµ ≡ pdown
F − pup

F

2
=
µe

2
6= 0

What happens then?

d

p

−pq

−qu

d

u
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Gapless 2SC phase

Competition: δµ vs. ∆0 (where ∆0 is the gap at δµ = 0)

The “winner” is determined by the diquark coupling strength
[Shovkovy&Huang, Phys. Lett. B 564 (2003) 205]

1. δµ>∼ ∆0 — the mismatch does not allow Cooper pairing:

normal phase is the ground state

2. δµ<∼ 1
2∆0 — coupling is strong enough to win over the mismatch:

2SC is the ground state

3. 1
2∆0<∼ δµ<∼ ∆0 — regime of intermediate coupling strength:

the ground state is the gapless 2SC phase
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Quasiparticle spectrum in g2SC phase

“Intermediate” coupling

δµ−∆

u

d

u

d

p

δµ+∆

p

E    (p)∆ E    (p)∆− +
− −

µur µ- µ
_

µ+ µdg

δµ- ∆

δµ

δµ+∆

The energy gaps in the quasiparticle spectra are

0 & ∆ + δµ
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Chromomagnetic instability

Recent results for gluon screening masses
[Huang & Shovkovy, hep-ph/0407049]:
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Origin of instability

Collective modes with quantum num-

bers of gluons [Gorbar et al, hep-ph/0602221]

• 4-7th: p2
0 = m2 + v2p2

m2 > 0 for ∆ >
√

2δµ

m2 < 0 for ∆ <
√

2δµ

• 8th: p2
0 = v2p2 with v2 < 0

appearing only for ∆ < δµ
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Nf = 2 + 1 color superconductivity, 0 < ms < ∞

Fermi momentum of strange quarks is lowered:

ks
F ≃ µ−

m2
s

2µ

Then, the ground state is defined by:
~~kF µ~~µ− ms

2

2µkF
s

µ

sm

E(k)

k
(?) only condensates of same flavor (spin-1 channel)

(?) only superconductivity of up and down quarks (2SC or g2SC)

(?) gapless CFL phase (⊕ yet unknown stabilization mechanism)
[Alford, Kouvaris & Rajagopal, hep-ph/0311286]

(?) crystalline pairing (nonzero momentum pairing, LOFF)
[Alford, Bowers & Rajagopal, hep-ph/0008208]

(?) P-wave kaon condensates
[Schafer, hep-ph/0508190]
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Crystalline phase (LOFF)

[Alford, Bowers & Rajagopal, hep-ph/0008208]

Cooper pairs with nonzero momenta:

(a)

z
p

µ
x

p

= µ| |

= µ| |

q| |

µ

Bu

Bd

p

p

(b)

z

x
u

dp-q

up+q

2

d

[Bowers, hep-ph/0305301]
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P-wave kaon condensation

Baryon spectrum in CFL phase

[Kryjevski & Schafer, hep-ph/0407329]
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Down to earth . . .

Dense quark matter may be “modeled” in a tabletop experiment

by studying trapped cold gases of fermionic atoms

(e.g., 6Li or 40K)

First experimental results:

⋆

BEC limit

BCS limit

Zwierlein et. al.,, cond-mat/0511197⋆

Partridge et. al.,, cond-mat/0511752
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Summary

• At µ≫ ΛQCD, QCD dynamics is weakly coupled, but non-perturbative

• In this limit, QCD can be studied from first principles

• Under conditions in stars, Cooper pairing is unconventional

• There may exist many different phases in the QCD phase diagram as

well as in stars

• Physics of stars and physics of matter around us might be closer related

than one might naively expect . . .

Many problems remain:

(i) instabilities of gapless phases

(ii) inhomogeneous ground states

(iii) search for observables, etc.
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