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QCD IN MAGNETIC FIELDS

* Relativistic collisions of Zzeavy ions
produce quark-gluon plasma & strong
magnetic fields

1013 - 10'° Gauss (\/|eB|~ 100 MeV)

* Quark matter may form inside magnetars

1014 - 10'° Gauss (\/|eB|~ 1 MeV to 10 MeV) //

* Strong magnetic field 1s a theoretical too! MEEEENIEEREN
to probe the confinement dynamics in

QCD at short distance scales, ~1/,/|eB]|

= 10" Gauss (\/|eB| = 240 MeV)
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SET THE STAGE

* Lagrangian density of QCD in an external magnetic field

1

_ uv T. . mass 24 MeV 7 GeV 2 GeV
L=——FE"Ef + s (iv*D, )¢y AN (il

ext

where D, = 9, + igA A% /2 + i

* The global chiral symmetry of the model

2 2 2

name - up charm top

4.8 MeV 104 MeV 4.2 GeV

ol =7 |-1/3 l-"/sb
3 d Y, S Y2

Ef = 0,47 — 0,Af + gf4BCARAS ©

down strange bottom

SUL(N,)XSUR(Ny)XSU (Ng) XSUp (Ndj)xuj‘)(n

chiral symmetry chiral symmetry
of up-flavors of down-flavors

anomaly-free combination
of U (1) and USP (1)

* Quark masses m, # m,; #0 break the symmetry down to

SUy (N )XSUy (Ng)
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RUNNING COUPLING & CONFINMENT

* Coupling constant in QCD runs with the energy scale,

2
1 u 11 Nc—2N¢
~ pln——, where b =
as(u) Aoep 121
= T T T T T T T I L R 0
’:,: gm 0.24 ~ CMS incl. jets : ag(M,) = 0.1185'°%%2
~ S 0.22F »  CMsR, -
S :\\ B CMS tt cross section =
0.2 - :fﬁ’! CMS inclusive jets =
0.18[— —
0.16— —]
0.14— —]
0.12— —
0.1 DO inclusive jets —
E DO angular correlation _
0.08— H1 =
0.06 | 2RV [ AI’XiVZ 141(?.6765 —
' . , . T | N T N ! I T TN N T ! I T TN N B | I
10 107 102

Agcp K Q (GeV)

* The question 1s: What happens 1n a strong magnetic field?
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RUNNING a IN QCD AT STRONG B

Confined anisotropic
‘“s(#i) gluodynamics

% Magnetic catalysis ] R 2
| 0‘:‘3 s A
| 'Massive gluon'
o \ L
M’ =~— E e .B \C
f |
S g ‘ ‘ | &

®
w\<:>\m <$’\\O

I/1QCD Imdyn LI\/ |€B| %0
BN cnergyscale R
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FREE DIRAC FERMIONS, B#(
* Dirac equation:
(iy“Du — m)l/J =0
where A, = (AO, —Z) and the Landau gauge A= (—By,0,0) isused

* Solutions take the form ) = (iy“DM + m)qb, where

1+ iyly? o
_ —lwt+ip,,x+ip,z
brs % ———— @i (y)e IOt PaRtip:
. . . . defines the center of
* Here @, are harmonic oscillator wave functions, P ey e
Landau orbits in y-direction
2

1

JleB|

Qr X Hi()e z, €=31—]+pxl and [ =

* The Landau level energies are

w = EX = +/2n|eB| + pZ + m?
wheren = k + % +s, and s, = i% 1s an eigenvalue of %ylyz

; —’
orbital spin
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LANDAU ENERGY SPECTRUM

* Landau energy levelsatm = 0

E,(p.)
Ex = +\/2nleB| + p? S P oy e

il

Wan=k+%+%

;Y,_I \_Y_.J
orbital spin

* Lowest Landau level 1s spin polarized

7
AR

1 ¢Upi
E(-)_I_zipz (k =0, Sz=_5)

* Higher Landau levels (n = 1) are

twice as degenerate:

() k=n & s=—-

1

iDk=n-1 & s=+- —— i

N
)
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DEGENERACY OF LANDAU LEVELS

o B
The Landau level energies are independent of p,, “
\ M
= 4./2n|eB| + pZ + m? e »T

Consider a finite box with periodic boundary conditions

The wave function Y (x) « e'Px* satisfies Y(0) = Y(L,), i.e.,

eiprx =1 = Dy =—, N= 1,2, ---:Nmax

Since p, defines the center of Landau orbits in p-direction:

Yemax ~ _px,maxl S Ly = ~ Ly
L, |eB|

Thus, the degeneracy is

leB|
Nmax = ? LyL,y
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DIRAC PROPAGATOR AT B#(

* By definition,
I = Z |k, P2, Sz) (k: Pz, Sz| }

G(r,r") = i<r‘(iy“Dﬂ — m)_l‘r’>
= i(iy*D, + m)r <r‘[—D“DM + iyly2eB — mz]_l‘r’>

= i(iy*D, +m) S(rlk,p,,s,) (@2 — ED Uk, p,,5,Ir")

* Note that the explicit form of the wave functions is the same as before
2

§ : :
Wiep, s, (1) = (1, s 5,)  H(©)e™ 2™ @H+Pe U where & =2 + p,
* Then, the propagator has the form

G(w, 70, 7)) = e 0L DG (w, p,; 7 — 71)

where ®(7,7]) = —e Fr,l A, drY is the Schwinger phase, and
1
o

e 6w, )

é(w: Pz; FJ_ - 7_A)J,_) -
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DIRAC PROPAGATOR AT B#(

* The Fourier transform of the translation invariant part reads

- (—1)"D,(w,B)

~ 52 19
G(w,p) = ie PL!
’ w? — EZ

n=0

where
D, (w,p) = Z(wyo — pzyg +m) [:P—Ln(zﬁj_lz) — :P+Ln—1(2ﬁj_l2)]
+4(Py - V1) Ln-1 2pil*)
and the following notation for the spin projectors is used

P, = 1+ iylyz Laguerre
= 2 polynomials
* Similarly, in momentum-coordinate space representation:
> [0'e)
Cwpii) =1y Y P )
e 2112 L w? - EZ

where  F,(w,p, 7)) = 2(wy° — p,y> + m) [?—L" (%) — Pilny (%)]
—liz (7 - ?L)L%l—l (:_llzz)
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DIMENSIONAL REDUCTION

* The low-energy dynamics 1s determined
by the lowest Landau level (n=0)

EOi = +p, ]

 Thisisa (1+1)D spectrum!

low energies
A

* Propagator 1s also (1+1)D:

0 3 iy 1a,2

~ 4 . 5212 wy°—pyy3 1-iyly

Gri(w,p) = 2ie P! 22 5
w=—pz

* In addition, there 1s a nonzero density of states at £=0:

dn 1 <Nmax> (J‘SE dpz) _ |eB]
dE|._, OE\LyLy/\Jy 2m 412
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PAIRING INSTABILITY
* Thought experiment: E,(p3)

\A/

— Create a particle-antiparticle
pair (energy price: ALE)

— The pair can form a bosonic
bound state (energy gain: —¢;,) = &AL _

> D3

— If ¢, > AE, copious formation
of bound states 1s beneficial

— Note, AE can be arbitrarily small when m = 0 (!)
— The bound states of fermions are bosons

— Bosons can (and will) occupy the lowest energy state
(P = (), and thus form a Bose condensate (1/)1/)) * 0

— Ground state (vacuum) changes its properties (e.g., chiral
symmetry breaks down, an energy gap opens in spectrum)
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DO BOUND STATES ALWAYS FORM IN 3D?

* Consider a 3D potential well 1n quantum mechanics
[Landau-Lifshitz, Quantum Mechanics]

Th*
U(r) =+ ~g " for r=a
0 for r>a

* Bound states form only when the well 1s deep enough
(namely, g > 1):

a*h’

e (g —1)2 , assuming O<g-1<<1

‘Ew‘z

* There are no bound states when g < 1, 1.e., when the
well 1s not deep enough (in other words, when the
coupling constant 1s not strong enough)
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COMPARE: BOUND STATES IN 1D

A

* Bound states always form

* This 1s a perturbative result (!)
E,,|xg>, when U(x)—gU(x)

* Rigorous statement: at least one bound state
exists 1f

f(1+\x\)\U(x)\dx <o & fU(x) dx <0

[B. Simon, Annals Phys. 97 (1976) 279]
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HOW ABOUT BOUND STATES IN 2D‘?
w

* Bound states always form é ’

2 2
\Ew\~ f exp| — f 1) 'U(r)

— [ rU(rdr
I/I”l>l< m,
* This 1s a nonperturbative result

C
‘EZD‘ o exp(—) , when U(x) —=gU(x)
8
* Rigorous statement: at least one bound state
exists 1f

[ U™ d*x <o, [(+2*F|U@)|d*x <> & [ U(x)d*x <0

[B. Stmon, Annals Phys. 97 (1976) 279]
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UNIVERSAL MAGNETIC CATALYSIS
* Quantum field theory of charged fermions (m=0) at B+0

— Dimensional reduction (caused by a nonzero ﬁ)
— Nonzero density of states (x |eB|) at £=0
— Attraction between particles and antiparticles

* Universal outcome:
— Spontaneous rearrangement of the ground state
— Breakdown of chiral symmetry
— Opening a nonzero gap 1n the Dirac spectrum

[Gusynin, Miransky, Shovkovy, Phys. Rev. Lett. 73, 3499 (1994)]
[Shovkovy, Lect. Notes Phys. 871, 13 (2013)]

* This 1s similar to superconductivity in metals due to Cooper
pairing of electrons
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SYMMETRY BREAKING: METHOD 1

* The Schwinger-Dyson equation for the fermion self-energy/
propagator

.

* In coordinate space, e.g.,

G~ (x,y) = Gyt (x,y) + 4mas yHTA G(x, y) v’ TP DLP (v — x)

 Note: both the propagator G (x, y) and its inverse G~ 1(x, y)
have the same Schwinger phase e!®("L71)

* Like in a metal, a large density of states at =0 implies that
screening effects are important
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SYMMETRY BREAKING: METHOD 11

* Homogeneous Bethe-Salpeter equation for a massless bound states

with quantum numbers of the NG bosons Hartree term plays no
role for NG bound states]

Xa(u, U3 P) = —i / d*u1d*u d*uad*usGan, (U, U1)Kay5y:,8, (Uatth, U2ty) x4 g, (2, s P)Gpya (i, 1)

The NG wave function is defined by ng = (0|TYa(w) ¥ (W)|P; B)

and (the ladder approximation) kernel in QED 1s

KA131;A232 (u1u,]9 up, u,z) — _47Tia8(11026b2b1 Vnu;nz yn‘;zml ‘:D,Lw (u/2 - u2)8(u1 - u2)8(ul] _ ulz)
+ AT 1085y Oy a5 Vi Yoy P ki—) (=18 (W — uy)
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QED IN STRONG MAGNETIC FIELD
 The NG-boson wave function (1, = u,, — uy,):
XU, u'; P) = AP e= PR exp | —ier*AS (R)] Xum(R, T3 P)
* Inthe LLL approximation,

T

o)) = o)

: kj + mq ki + mayn -
/d2k|| (1—iy'y®) V“kﬁ — mgynw(kn) 2 - mﬁyny (1—iy'y?)Dyy (ky — py)
yn yn

where we introduced (P — Mayn) X (0) (D) — Mayn) = exp(—1*p3)e(p))

o0 2

and D), (ky — py) = iw 8y, /0 i),i”@?;“)lzxfz
 The LLL solution has the Dirac structure

o)) = Ays (1 —iy1y2)
* The equation for A(p;) reads

2 00 —x1%/2
Alpy) = 222 lfz( T)rizk" f 2 +e(k —p))?
I dyn¥0 I — P
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EFFECTIVE SCHRODINGER PROBLEM

* Rewrite the problem in terms of
d2 k" eir-k”

(2m)? ki + mcziyn

A(ky)

* Function W(r) satisfies the following 2D Schrodinger equation:
|2 +m5,,, + V()| P(r) =0

where the effective potential is long-ranged

. o0 — 2o 1
V() = —%/dzpe'p'r/ il x/2)2 e
T 0

12p2 i T 12 §
exp(—C/va) is
* The lowest energy bound state gives due to a long-range
interaction

1/2

Mgayn = C+/|eB| exp ’— —|— ] (LLL & weak coupling)
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SCREENING EFFECTS

* Photon exchange interaction 1s screened 1n a strong B-field

EV\Q/V (quV QIIQMV)B qllzn(qllz)

* The screened photon propagator reads

Il I A4l
Dn(@) = —i | =gt + 2% : gl, — Dl ) _ 2 Gud:
1Y Vv

where the polarization function has the asymptotes

B o |eB| ) 2 . 2

I1(qy) =~ — as [qy| < mgy, (extremely narrow range in qdj’)
dyn

200 IeBl y) 1 £t 1

~ _ ™ 2 . G
ey = -2 g 91> ey = @4 @@, @)~ @ — M2

: : : 20
where the effective photon screening mass 1s Mﬁ — — |eB|
T
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IMPROVED LADDER APPROXIMATION

With screening effects included,

* The result 1s similar up to the replacement a — a/2

56"

a — a/2 changes the result dramatically

Mgyn = C+/|eB] exp

* The improved ladder approximation 1s not reliable either (!)

— The vertex corrections are important too }>VW

— More singularities ~ ln(leB |/ mcziyn) ~1/+/a at higher orders

* Re-summation of infinitely many diagrams is needed (!)
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TOWARD EXACT RESULT
* QED 1n a strong B-field looks like (1+1)D Schwinger model

* Use same strategy: fix a gauge in which all (singular) vertex
corrections vanish!

* Such a (non-local) gauge exists

1 4.9y q}L
v(q) = (g g — ) id(q, q7) ——
,LL q 2 qz AL | q

where
d=—q1/[¢* + ;1] + q2 /¢
* Then, the full photon propagator

g, B +iqtqﬁ+qtq +ql.q;

Duv(q) = —1
“v e+ En@. @) P (q%)?

* No dangerous infrared singularities appear because

PyvuP-=viuy and  VyaViu, Vi, = Yipgnes Vi = O
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DYNAMICAL MASS IN QED

* In such a nonlocal gauge, the dynamical mass 1s reliable

1/3
Mayn = +/2|eB] (aNf) exp[ o C; =~ 1.82 4+ 0.06
1g=0
g 10—36 N
3
1077
T 1n-68
g 1077 |’ — — ladder
10-84 | I! —-— 1mproved ladder
l reliable leading order
10—100 J T R S N T S T TR T ST S R T N S
0.000 0.005 0.010 0.015 0.020

8 4
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QCD IN STRONG MAGNETIC FIELD

* The Schwinger-Dyson equation

G~ (x,y) = Gyt (x,y) + 4mas yHTA G(x,y) y'TE DLF (v — x)

N&-1
2N,

 Non-Abelian structure (TAT4 = C,): a — g

 Screening effects in the strong field limit (\/|eB| > Agcp)

Nr
AB,uv . %s oAB (11 2 v |eqB] 2 2
P o 8% (kyki — kig )Z;_mz o Jky| <y
q= q

Nr

o ; le,B|

%;AB,MV s _;S(SAB (kllrkﬁ — kﬁgﬁ‘ ) E kq_ﬁ’ for mg < Ikﬁl < Iqu
g=1
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EXPRESSION FOR DYNAMICAL MASS

* The gluon effective mass reads (m,,, < |kj| < |eB])
a a
Mzz—SE B| = — (2N, + N,) |eB
g - f‘ef ‘ 37_[( u d)le |

* Asin QED, the non-local gauge prevents singular infrared
corrections 1n higher-order diagrams

2_
* Compared to QED: a — Nch =

2 2
as; and My — M;

Cc

 Then,

q

4N 1
m> ~ 2C; |eyB| (cqaes)z/3 exp [— = ]

os(N2 — 1) In(Gy /cqaxs)
where C; =~ C, =1 and ¢, = (2N, + Ny)le|/(67|e,])
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QUARK MASS VS. B
* Quantitative dependence on the field (/|eB| > Agcp)

100f«— a5, = 0.1 - 1
Q) 10k
<
S‘\ 1-
()
@)
S
\: 01 my [Nuzl, Nd:2] .
S —— my [N,=1, Ny=2]
=== m, [N,=2, Ny=2]
0.01 e g [N,=2, Ny=2]
8 ST S
In(leBI/Agcp)

[Miransky & Shovkovy, Phys. Rev. D 66 (2002) 045006 ]
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CHIRAL CONDENSATE IN LATTICE QCD

. 1 1 1 I 1 1 1 I 1 1 1 | 1 1 1 I 1 1 1 I 1 1 l-
- A 0=0.29 fm -
N ~ m O=O.215 fm =
1 a=0.15 fm —
™~ L 3 0=0.125 fm _
,\'o - I a=0.1 fm z: -
N - I cont. limit -
+ - -
s 0.5 I _ -
< - 2p = Yy X Mayn,f -
I / T=0 ]
" |
;& -

O 7l | | I | | | I | | | I | | | I | | | I 1 | |

0.2 0.4 0.6 0.8 1
eB (GeV?)

[Bali et al., Phys. Rev. D86, 071502 (2012)]
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CATALYSIS VS. INVERSE CATALYSIS

2019

| 1 | I 1 | | I | 1 | I 1 | | I 1 | 1 :
- ’
1 "”"I!I
B Im T=0 A )
- ZZ T=130 MeV S -
- = T=148 MeV y -
B T=153 MeV ',—""
- I T=163 MeV T
0.5 ZZ T=176 MeVv ///////// _
- "‘,!‘ 772 -
- > ',v:; ///// _
0 e es ‘?é?___ ]
i | | | I | | | I | | | I | | | I | | |

0.4

0.6

eB (GeV?)
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[Bali et al., Phys. Rev. D86, 071502 (2012)]
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INVERSE CATALYSIS (7 VS. B)

strange quark number .
N’ suscegptit?"ulity

average light quark —
Zh condegnsotge .

$ Polyakov loop

eB (GeV?)

[Bali et al., JHEP 02, 044 (29012)], [Bali et al., PRD86, 071502 (2012)], [G. Endrodi, JHEP 1507 (2015) 173]
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VALENCE VS. SEA

:I L | T T I | l::l B | L I '[i :l B | L I&l::l T L | I:
15 FaN=6  ®T 7 0.2 = § ° T ~
- o N=8 T %] - L T .
C o N=10 T ’ e T .
N i 0 = 4 % ~
s 1 . T # - T -
S T - 1 <-0.2 F2N=6 T ;% -
- = T P ] [ o N,=8 1 z i
- ® 1o114 Mev:;ﬁ T=142 MeV ] " T=114 MeV I T=142 Mev M
O ﬁl | 1 | | I I | | ll_ | I | | | I | | IT _l | .| | | I | | | l__l 11 | | | l | l_
0.5 1 0.5 T 0.5 T 0.5 1
eB (GeV?) eB (GeV?) eB (GeV?) eB (GeV?)

[Bruckmann, G. Endrodi, T. G. Kovacs, JHEP 04 (2013) 112]

* Gluon screening (?) 7
> or, perhaps, something else (?)

* Polyakov loops (7)
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SUPER-STRONG B: PREDICTION

160

140

T. (MeV)

120

100

| | I I |
L |
- u -
_‘ E * * » * —
- deconfinement transition line  _
|\ .
- - prediction -
_ P 1
|\ : |
\
- \ =
— \ —
\
o \ : —
—  \ crossover " -
. Y critical .
. Sseo endpoint |
n el .—_—
B first order _
- | | | | | | | 1 | I | | | l-
o 10
eB (GeV?)

[Cohen & Yamamoto, PRD89, 054029 (2014)], [G. Endrodi, JHEP 1507 (2015) 173]
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PREDICTED PHASE DIAGRAM

[Miransky & Shovkovy, Physics Reports 576 (2015) pp. 1-209]

170

150 |

1. [MeV]

110} ~s T *_
y Aocn (deconﬁnement)

90 |

| | | | |
10 20 30 40 50

eB [GeV?]
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SUMMARY

* Strong magnetic field effects:
— dimensional reduction
— nonzero density of states at £=0

— enhanced particle-antiparticle pairing dynamics

* Even weakly coupled regime 1s
nonperturbative

* Magnetic catalysis in QED 1s hidden behind
the “large” electron mass

* Strong magnetic field effects are testable 1n
QED-like Dirac materials
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