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CHIRAL MATTER IN 
TOPOLOGICAL SEMIMETALS



Motivation
• Heavy-ion collisions

• Large-scale experiment 
(expansive & difficult)

• No control of gauge fields

• System is far from equilibrium 

• Finite-size effects
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• Semimetals

• Tabletop experiment 
(cheap and easy)

• Good control of EM-fields 

• System is near equilibrium

• Wide range sample sizes

Gooth et al., Nature Comm. 9, 4093 (2018)
Kharzeev & Liao, Nucl. Phys. News 29, 1 (2019)



Chiral matter
• Matter made of chiral fermions (relativistic or pseudo-

relativistic) with  nL ≠ nR
• Anomaly: the chiral charge (nR - nL) is not conserved 

(unlike the electric charge nR + nL)

• The chiral anomaly may affect many bulk properties of 
matter (e.g., transport and others)

• Same physics can be tested in topological semimetals!
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Schematic band structure
•Electron properties in solids are determined by their band 

structure (and properties of low-energy quasiparticles)

May 19, 2020

𝐸! ≃
𝑝"

2𝑚∗
𝐸! ≃ 𝑣$(𝑝 − 𝑝$)

Virtual INT Program "Chirality and Criticality: Novel Phenomena in Heavy-Ion Collisions" 5



Real band structure
•Electron quasiparticles with a 

wide range of properties are 
possible 

•They may even have an 
emergent spinor structure of 
Dirac/Weyl fermions, e.g.,

𝐻! ≈ 𝑣" 𝒌 % �⃗�

where 𝒌 is the momentum 
measured from the Weyl node 
and 𝑣! is the Fermi velocity

How likely/common is this?
May 19, 2020

Weyl semimetals TaAs, TaP, NbAs, and NbP

Sun, Wu & Yan, Phys. Rev. B 92, 115428 (2015)
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Real Dirac semimetals
• An example of an “old” Dirac material:

– Bi1-xSbx alloy with 𝑥 ~ 0.03 to 0.04

– Fine tuning of concentration is required to get ∆= 0

– The Dirac structure is “accidental” (non-topological)

𝐻! =
𝑣" 𝒌 % �⃗� 0

0 −𝑣" 𝒌 % �⃗�
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“New” Dirac materials
• Bi1-xSbx alloy (at x ≈ 4%)
• Na3Bi 
• Cd3As2
• ZrTe5

[Liu et al., Science 343, 864 (2014)]

[Neupane et al., Nature Commun. 5, 3786 (2014)]

[Borisenko et al., Phys. Rev. Lett. 113, 027603 (2014)]

[Li et al., Nature Physics 12, 550 (2016)]

𝐸 = 𝑣%"𝑘%" + 𝑣&"𝑘&" + 𝑣'"𝑘'",    𝑣% ≈ 𝑣& ≈ 3.74×10( 𝑚/𝑠,    𝑣& ≈ 2.89×10) 𝑚/𝑠
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Weyl materials
• TaAs (tantalum arsenide)

• NbAs (niobium arsenide)

• TaP (tantalum phosphide)

• NbP (niobium phosphide)

• WTe2 (tungsten telluride)

[S.-Y. Xu et al., Science 349, 613 (2015)]
[B. Q. Lv et al., Phys. Rev. X5, 031013 (2015)]

[S.-Y. Xu et al., Nature Physics 11, 748 (2015)] 

[S.-Y. Xu et al., Science Adv. 1, 1501092 (2015)]

[I. Belopolski et al. arXiv:1509.07465]

[F. Y. Bruno et al., Phys. Rev. B 94, 121112 (2016)]
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ORIGIN OF DIRAC/WEYL 
QUASIPARTICLES

Credits: Borisenko et al., Phys. Rev. Lett. 113, 027603 (2014)



Relativistic-like band crossing

A generic 2-band Hamiltonian reads

𝐻𝒌 = 𝑎𝒌 + 𝑏𝒌 ⋅ 𝝈 ⟹ 𝐸𝒌 = 𝑎𝒌 ± 𝑏𝒌
"

The bands cross when
𝑏𝒌=0

These 3 equations can be solved by adjusting 𝒌 in 3D
May 19, 2020

Or do they repel?Do energy levels cross?

[Witten, Riv. Nuovo Cimento 39, 313 (2016)] 
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Emergent chirality in solids
Near a band crossing (e.g., 𝒌 ≈ 𝒌9)

𝐻𝒌 = 𝑎9 + ∇𝒌𝑎𝒌 ( 𝛿𝒌 + ∑;,= 𝜎;𝑏;=𝛿𝑘=

Using an orthogonal transformation
𝑏;= ≡ 𝜕𝑏;/𝜕𝑘= → ℏ𝑣;𝛿;=

Assuming isotropy & choosing a suitable reference point,

𝐻𝒌 = ±𝑣!(𝝈 ⋅ 𝒌)

(Weyl Hamiltonian)

In general, the chirality is defined by 

𝜆 = sign det 𝑏;=
May 19, 2020

cone tilting
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Type I & II Weyl materials
Tilting of the Weyl cone

𝐻𝒌 = �⃗� ⋅ 𝒌 ± 𝑣((𝝈 ⋅ 𝒌)

The energy spectrum:       𝐸𝒌 = �⃗� ⋅ 𝒌 ± 𝑣(|𝒌|

May 19, 2020

Type-I Weyl material Type-II Weyl material

cone tilting
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Idealized model
• Low-energy Hamiltonians of Dirac/Weyl semi-

metals

Dirac (e.g., Na3Bi, Cd3As2, ZrTe5) Weyl (e.g., TaAs, NbAs, TaP, NbP,WTe2)
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𝑏 = 0, 𝑏# = 0



• The Hamiltonian for massless Dirac fermions is given by

𝐻# =
𝑣! 𝒌 - �⃗� 0

0 −𝑣! 𝒌 - �⃗�
• This can we viewed as a combination of two Weyl fermions

𝐻$ = 𝜆𝑣! 𝒌 - �⃗�
where 𝜆 = ±1 is a chirality
The Weyl energy eigenstates are given by

𝜓𝒌$ =
1

2 𝜖%& + 𝜆𝑣!𝜖%𝑘'

𝑣!𝑘' + 𝜆𝜖%
𝑣!(𝑘( + 𝑖𝑘))

They described particles of energy 𝜖% = 𝑣! 𝑘(& + 𝑘)& + 𝑘'&

The mapping  𝑘 → 𝜓%$ has a nontrivial topology

Low-energy Hamiltonian
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• Consider evolution from 𝜓𝒌 to 𝜓𝒌*+𝒌:
𝜓𝒌 𝜓𝒌*+𝒌 ≈ 1 + 𝛿𝒌 - 𝜓𝒌 𝛁𝒌 𝜓𝒌 ≈ 𝑒,𝒂𝒌.+𝒌

where 𝒂𝒌 = −𝑖 𝜓𝒌 𝛁𝒌 𝜓𝒌 is the Berry connection
• The Berry curvature is defined as follows:

𝛀% = 𝛁%×𝒂𝒌
• Note the similarity with gauge fields, but 𝒂𝒌 and 𝛀% are 

defined in the momentum space
• It is convenient to define the Chern number (flux of 𝛀%)

𝐶 =
1
2𝜋

C𝛀% - 𝑑𝑺𝒌

• A nonzero (integer) Chern number indicates a nonzero 
(topological) charge inside the 𝑘-volume surrounded by the 
closed surface (Gauss’s law)

Berry connection & curvature
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• In the case of Weyl fermions,

𝜓𝒌$ =
1

2 𝜖%& + 𝜆𝑣"𝜖%𝑘'

𝑣"𝑘' + 𝜆𝜖%
𝑣"𝑘( + 𝑖𝑣"𝑘)

• This	leads	to	the	Berry	connection

𝑎𝒌,( ≡ −𝑖 𝜓𝒌$ 𝜕%* 𝜓𝒌
$ = −

𝑣"&𝑘)
2 𝜖%& + 𝜆𝑣"𝜖%𝑘'

𝑎𝒌,) ≡ −𝑖 𝜓𝒌$ 𝜕%+ 𝜓𝒌
$ =

𝑣"&𝑘(
2 𝜖%& + 𝜆𝑣"𝜖%𝑘'

𝑎𝒌,' ≡ −𝑖 𝜓𝒌$ 𝜕%, 𝜓𝒌
$ = 0

• The	Berry	curvature	is

𝛀% ≡ 𝛁%×𝒂𝒌 = 𝜆
𝒌
2𝑘+

Berry curvature for Weyl fermions
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• Note	that	the	Berry	curvature	(in momentum space)

𝛀% ≡ 𝛁%×𝒂𝒌 = 𝜆
𝒌
2𝑘/

has the shape of a monopole@ 𝒌 = 0
• The flux of 𝛀%-field through a closed surface surrounding 
𝒌 = 0 point:

𝐶 =
1
2𝜋

C𝜆
𝒌
2𝑘/

-
𝒌
𝑘
𝑘& sin 𝜃 𝑑𝜃𝑑𝜑 = 𝜆 = ±1

• Thus, the Weyl node at 𝒌 = 0 is characterized by a 
nonzero topological charge 

• The Berry curvature of the monopole also has observable 
consequences

Berry curvature for Weyl fermions
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• In solid state physics, the momentum space (Brillouin zone) 
is compact 

• Thus, Weyl fermions come in pairs of opposite chirality 
[Nielsen & Ninomiya, Nucl. Phys. B 193, 173 (1981); B 185, 20 (1981)]

Weyl fermions on a lattice

• A closed surface around a Weyl 
node is also a closed surface (of 
opposite orientation) around the 
rest of the Brillouin zone

• Flipping surface orientation 
changes the sign of the flux

• There must be an opposite 
charge in the rest of the zone

May 19, 2020
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CONSISTENT CHIRAL KINETIC 
THEORY

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. Lett. 118, 127601 (2017)]
[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 95, 115202 (2017)]
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Chiral kinetic theory (1)
• The transition amplitude:

• The Hamiltonian can be diagonalized

• Discretizing the path integral and inserting unit matrices  

one derives

Note that we used

[Stephanov & Yin, Phys. Rev. Lett. 109, 162001 (2012)]
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Chiral kinetic theory (2)
• Explicit expressions:

𝑉𝒑 =

𝒑 + 𝑝?
2|𝒑|

𝒑 − 𝑝?
2|𝒑| exp −𝑖𝜙@

𝒑 − 𝑝?
2|𝒑|

exp 𝑖𝜙@ −
𝒑 + 𝑝?
2|𝒑|

where 𝜙@ = arctan 𝑝A/𝑝B

J𝜴𝒑 = 𝜵×N𝒂𝒑 = −
𝒑

2|𝒑|C

1
𝒑 − 𝑝?
𝑝B + 𝑖𝑝A

𝒑 − 𝑝?
𝑝B − 𝑖𝑝A

−1

• Classical approximation ⇒ ignore off-diagonal terms
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Chiral kinetic theory (3)
• Effective action

• Quasiclassical equations of motion

• By solving for derivatives, one finds

where
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Chiral kinetic theory
• Kinetic equation:

where , ,

and                           is the Berry curvature

[Son and Yamamoto, Phys. Rev. D 87, 085016 (2013)]
[Stephanov and Yin, Phys. Rev. Lett. 109, 162001 (2012)]
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Current and chiral anomaly
• The definitions of density and current are

They satisfy the following anomalous relations:

✔

✘
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Consistent definition of current
• Additional Bardeen-Zumino term is needed,

• In components, 

• Its role and implications:
– Electric charge is conserved locally (𝜕# 𝐽# = 0)

– Anomalous Hall effect is reproduced

– CME vanishes in equilibrium (𝜇$ = −𝑒𝑏%) 
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Anomalous physics
• Numerous ways to test chiral (anomalous) physics in 

Dirac & Weyl semimetals
– Negative magnetoresistance 

– Anomalous Hall effect

– Anomalous Alfven/plasma waves

– Strain/torsion induced quantum oscillations

– Strain/torsion/magnetic field modified electric/heat transport 

– Planar Hall effect

– Interaction with circularly polarized light

– Etc.
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INSTRUCTIVE EXAMPLE: 
COLLECTIVE MODES

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 97, 121105(R)  (2018)]
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Maxwell equations
Faraday’s law:

∇×𝐸 = −
1
𝑐
𝜕𝐵
𝜕𝑡

or in momentum space:
𝑐
𝜔
𝑘×𝐸 = 𝐵

Ampere-Maxwell’s law:

∇×𝐵 =
4𝜋
𝑐
𝐽 +

1
𝑐
𝜕𝐸
𝜕𝑡

or in momentum space:
𝑐
𝜔
𝑘×

𝑐
𝜔
𝑘×𝐸 = − 4𝜋

𝑖
𝜔
𝐽 + 𝐸

Gauss’s law (not independent):  𝑖𝑘 ( 𝐸 = 4𝜋ρ

May 19, 2020

𝑃 =
𝑖
𝜔
𝐽
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Collective modes
We search for plane-wave solutions with

and the distribution function                              ,
where

The polarization vector & susceptibility tensor:

The plasmon dispersion relations follow from
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Chiral magnetic plasmons
Non-degenerate plasmon frequencies @ k=0:

where the Langmuir frequency is

and 

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. Lett. 118, 127601 (2017)]
[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 95, 115202 (2017)]
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Plasmon frequencies, 𝐵 ⊥ 𝑏

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. Lett. 118, 127601 (2017)]

𝑏0 = 0.2ℏΩ1/𝑒

𝜔!"# − 𝜔!"$ ≈
2𝑒𝛼𝑣%𝑏&
𝜋𝑐ℏ
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Plasmon frequencies, 𝐵 ∥ 𝑏
𝑏∥ = 0.2ℏΩ1/𝑒

𝐵#⋆ ∝ 𝛼 𝜇 𝑏∥ @ 𝑇 = 0

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. Lett. 118, 127601 (2017)]
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Plasmons with 𝑘 ≠ 0, 𝑘 ∥ 𝐵.
• The longitudinal mode is sensitive to 𝐵N

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 95, 115202 (2017)]

𝑘∥ ∝ 𝛼 𝑒𝐵(/Ω)*
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(Pseudo-)magnetic helicon
• Helicon dispersion law at 𝑇 → 0:

• Properties:
– Gapless electromagnetic wave propagates in metals without 

magnetic field!
– Chiral shift modifies effective helicon dispersion
– In equilibrium, i.e., 𝜇B = −𝑒𝑏C, the term linear in the wave 

vector is absent
[E.V. Gorbar, V.A. Miransky, I.A. Shovkovy, and P.O. Sukhachov, Phys. Rev. B 95, 115422 (2017)]
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Helicons at different 𝑏∥
𝑒𝑏C = −𝜇B, 𝐵C,B = 10E&T, 𝜇B = 5 meV, 𝜇 = 0, 𝑒𝑏∗ = 0.3𝜋ℏ𝑣!/𝑐/
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CONSISTENT 
HYDRODYNAMICS

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 97, 121105(R)  (2018)]
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Two regimes 
• Momentum-relaxing (𝑙GH) vs. momentum-conserving (𝑙GI) 

collisions [Gurzhi, J. Exp. Theor. Phys. 17, 521 (1963); Sov. Phys. Usp. 11, 255 (1968).]

Ohmic regime: 𝑙&' ≪ 𝑙&( , 𝐿, where 𝐿 is the sample size

Hydrodynamic regime: 𝑙&( ≪ 𝐿 ≪ 𝑙&'

[Zaanen, Science 351, 1058 (2016)]
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Hydrodynamics in Weyl metals 
The Euler equation from CKT:

The energy conservation from CKT

+ Maxwell equations with the Chern-Simons currents

May 19, 2020

[Gorbar, Miransky, Shovkovy, Sukhachov, Phys. Rev. B 97, 121105(R) (2018)]

Experimental evidence in tungsten 
diphosphide (WP2): 𝜌 = 𝜌D + 𝜌E𝑤F

[Gooth et al., Nature Commun. 9, 4093 (2018)]
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Rich spectrum of hydro modes
• Magneto-acoustic wave (𝜌 = 0):

• Gapped chiral magnetic wave (𝜌 = 0):

• Helicons (𝜌 ≠ 0):

• New anomalous Hall waves at 𝑏 ≠ 0, etc.
[Sukhachov, Gorbar, Shovkovy, Miransky, J. Phys. Cond. Matt. 30, 275601 (2018)]
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Anomalous Hall Waves (AHW)
• Longitudinal AHW (lAHW) (𝒌 ∥ 𝑩, and 𝒃 ⊥ 𝑩,)

Transmission electron 
microscopy (TEM)

𝛿7𝑬) ∥ 𝑩#×𝒃

𝜌 continuity equation

Maxwell’s equations

𝜌G continuity equation
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Summary
• Chiral anomalous effects could be tested in Dirac/ 

Weyl semimetals
• Consistent chiral kinetic theory is a powerful tool 

in chiral matter (away from 𝒌 = 0)
• “Standard” collective modes carry anomalous 

features 
• New types of collective modes also appear in 

Weyl semimetals
• Chiral kinetic theory is a useful framework for 

deriving consistent chiral hydrodynamics 
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