Solution to Homework 1

September 5, 2007

1 Problem 1

Let Az = Az, where x denotes the eigen-vector, and A denotes the corresponding
eigen-value. It follows that

2-A 1 0
1 2-X 0 J|z=o0. (1)
0 0 1-2A

Let |A — M| = 0, where I is the identity matrix. It follows that
2—-A 1 0
1 2-)x 0 |=o0 2)
0 0 1-A
By solving Egs. (1) and (2), we obtain
A1 = 13 xr1 = (0707 1)Ta
Xo=1, = (—0.707,0.707,1)7, (3)
A3 =3, a3 =(0.707,0.707,0)7 .

Note that all eigen-vectors are normalized to length 1.

2 Problem 2

2

T
Following from cosf = —“-%— = 2 we obtain # = arccos 2.
llzll2-llyll — 3° 3

3 Problem 3

Let © = (z1,72, -+, 2,)T, the maximum entry of z be z,,, and ||z, = (|z1|P +
|2a|P + -+ + |z, [P) 7. Tt follows that

ES .
2l = (ml”)? = llolloo,  lim [lzflp = [l2]o0- (4)



On the other hand,

2]l < (nfzm|?)?, i, zllp < l|z][oo- (5)
It shows
tim [z, = 2] (©)

4 Problem 4

It can be verified the permutation of rows (columns) will not change the matrix
norm. Without loss of generality, we can assume

a=(5 %) ™

where B is a submatrix of A. It follows that
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where the entries of vector y corresponding to C and E are set to zeros, and the
entries corresponding to B and D are denoted as z, namely y = (z,0,---,0).

Moreover,
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which completes the proof.

5 Problem 5

Let rank(A) = k, and (vy,ve, - -, vx) be the basisof A = (a1, -,a,) € R™*7. It
can be verified that each a; can be expressed as a linear combination of {v; }?:1-

Let B = (bl,' . ,bn) € Rrxn, and bi = (bli,bgi, s ',bm')T. It follows that
AB = (Abl,AbQ, s ,Abn), and Abl = albu + agbgi + -4 arbm-.

Since {v; };?:1 is the basis of A, each Ab; can also be expressed as a linear
combination of {v;}¥_,. It shows the rank of AB is no larger than k, ie.,
rank(AB) < rank(A).

Similarly, we can prove rank(AB) < rank(B). Thus we obtain rank(AB) <
min{rank(A), rank(B)}.



