
Solution to Homework 2

September 12, 2007

1 Problem 1

Let x = (x1, x2, · · · , xn)T ∈ Rn be an arbitrary real vector. We have

‖Dx‖p = ( (|d1| · |x1|)p + · · ·+ (|dn| · |xn|)p )
1
p .

It follows that

‖Dx‖p ≤
(
(max

i
|di| · |x1|)p + · · ·+ (max

i
|di| · |xn|)p

) 1
p

= ( max
i
|di| ) · ( ‖x‖p ).

Furthermore, we have

‖D‖p = sup
x

‖Dx‖p

‖x‖p

≤ sup
x

( maxi |di| ) · ( ‖x‖p )
‖x‖p

= max
i
|di|.

On the other hand, we choose a particular vector y = (y1, · · · , yn)T ∈ Rn, where
yi = 1 if i = arg maxi |di|, and yi = 0 otherwise. We thus have

‖D‖p ≥ ‖Dy‖p

‖y‖ = max
i
|di|.

It shows that ‖D‖p = maxi |di|, where 1 ≤ p ≤ ∞.

2 Problem 2

2.1 A + B is positive semi-definite

Let x ∈ Rn be an arbitrary vector. Since both A and B are positive semi-
definite (PSD), it follows that xT (A + B)x = xT Ax + xT Bx ≥ 0, which shows
that A + B is PSD.
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2.2 AB is NOT necessarily positive semi-definite

We provide a counter example. Let two matrices A and B be constructed as
follows :

A =
(

1 2
0 1

)
, B =

(
1 0
−2 1

)
.

It can be verified that both A and B are PSD. However, for a particularly chosen
vector x = (1, 0)T , we have

xT ABx = (1 2)
(

1
−2

)
= −3 < 0.

It shows that AB is not necessarily PSD.

2.3 BT is positive semi-definite

Let x ∈ Rn be an arbitrary vector. Given B being PSD, we have xT BT x =
(xT Bx)T ≥ 0. It shows that BT is PSD.

3 Problem 3

3.1 trace(AB) =trace(BA)

Denote matrices A and B as follows:

A =




a11 · · · a1n

...
. . .

...
an1 · · · an1


 , B =




b11 · · · b1n

...
. . .

...
bn1 · · · bn1


 .

It follows that

trace(AB) =
n∑

i=1

a1ibi1 + · · ·+
n∑

i=1

anibin =
n∑

j=1

n∑

i=1

ajibij .

Similarly, we have

trace(BA) =
n∑

i=1

b1iai1 + · · ·+
n∑

i=1

bniain =
n∑

j=1

n∑

i=1

bjiaij .

It shows that trace(AB) = trace(BA).

3.2 ‖A‖2
F = trace(AAT )

Let A = (a1, a2, · · · , an) ∈ Rn×n, where ai ∈ Rn. It follows that

trace(AAT ) = trace(AT A) = aT
1 a1 + · · ·+ aT

nan

=
n∑

i=1

n∑

j=1

(aij)2 = ‖A‖2F ,

which completes the proof.
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3.3 Show ‖QA‖F = ‖A‖F

Given Q being an orthogonal matrix, it follows that QT Q = QT Q = I. Applying
the results from Sections 3.1 and 3.2, we have

‖QA‖2F = trace(QA(QA)T )
= trace((QA)T QA)
= trace(AT QT QA)
= trace(AT A)
= ‖A‖2F ,

which completes the proof.

4 Problem 4

Let A = (a1, a2, · · · , an) ∈ Rm×n, where ai ∈ Rm. Let x = (x1, x2, · · · , xn) ∈ Rd

be an arbitrary real vector. It follows that

‖Ax‖1 = (|x1| · ‖a1‖1) + (|x2| · ‖a2‖1) + · · ·+ (|xn| · ‖an‖1)
≤ (max

j
‖aj‖1) · ( |x1|+ |x2|+ · · ·+ |xn| )

= (max
j
‖aj‖1) · ‖x‖1.

Moreover, we have

‖A‖1 = sup
x

‖Ax‖1
‖x‖1 ≤ sup

x

(maxj ‖aj‖1) · ‖x‖1
‖x‖1 = max

j
‖aj‖1.

On the other hand, we choose a particular real vector y = (y1, · · · , yn)T , where
yj = 1 if j = arg maxj ‖aj‖1, and 0 otherwise. We further have

‖A‖1 = sup
x

‖Ax‖1
‖x‖1 ≥ ‖Ay‖1

‖y‖1 = max
j
‖aj‖1.

Since ‖aj‖1 =
∑m

i=1 |aij |, it shows ‖A‖1 = maxj

∑m
i=1 |aij |.

5 Problem 5

5.1 In − A is nonsingular

We consider the product of two matrices as follows

(In −A) · (In −AT ) = In −A−AT + AAT

= In + AAT ,

where the second equality follows from AT = −A. It can be verified that
In + AAT is positive definite and thus nonsingular, which also implies In−A is
nonsingular.

3



5.2 (In − A)−1(In + A) is orthogonal

In order to show (In −A)−1(In + A) is orthogonal, we compute :

(
(In −A)−1(In + A)

)T
(In −A)−1(In + A)

= (In + AT )(In −AT )−1(In −A)−1(In + A)

= (In + AT )
(
(In −A)(In −AT )

)−1
(In + A)

= (In + AT )
(
In + AAT

)−1
(In + A). (1)

Consider the last two terms
(
In + AAT

)−1 and (In + A) in Eq. (1) as follows:

(In + AAT )−1(In + A)
= (In + AAT )−1

(
(In + A)(In + AT A)

)
(In + AT A)−1

= (In + AAT )−1
(
(In + AAT )(In + A)

)
(In + AT A)−1

= (In + A)(In + AT A)−1, (2)

where the first equality follows that In + AT A is nonsingular, and the second
equality follows from AT = −A and thus AAT = AT A. Applying the result of
Eq. (2) into Eq. (1), we have

(In + AT )
(
In + AAT

)−1
(In + A)

= (In + AT )(In + A)(In + AT A)−1

= (In + A + AT + AT A)(In + AT A)−1

= (In + AT A)(In + AT A)−1

= In.

Note that the third equality follows from AT = −A. It completes the proof.
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