Solution to Homework 2

September 12, 2007

1 Problem 1

Let = (z1,%2, -, 7,)T € R™ be an arbitrary real vector. We have

[1Dzlp = ((lda] - [21[)P + -+ (dn] - [zn])P )7

It follows that

1
IDally < ((max|di] - aa])? + - + (max |di] - o))"
= (max|di|)- ([l ).

Furthermore, we have

[ Dz||
1Dl -

v lzlp

< o (il Claly)
z (EA]

= max|d;|.
3

On the other hand, we choose a particular vector y = (y1,---,yn)? € R", where

y; = 1 if i = argmax; |d;|, and y; = 0 otherwise. We thus have

D
1Dl = 129 _ o).

1yl

It shows that || D||, = max; |d;|, where 1 < p < c0.

2 Problem 2

2.1 A+ B is positive semi-definite

Let x € R™ be an arbitrary vector. Since both A and B are positive semi-
definite (PSD), it follows that 27 (A + B)z = 27 Az + 27 Bx > 0, which shows
that A+ B is PSD.



2.2 AB is NOT necessarily positive semi-definite

We provide a counter example. Let two matrices A and B be constructed as

follows :
1 2 1 0
a=(o 1) m=(5 1)

It can be verified that both A and B are PSD. However, for a particularly chosen
vector z = (1,0)T, we have

tTABx = (1 2) (_12>=—3<0.

It shows that AB is not necessarily PSD.

2.3 BT is positive semi-definite

Let € R™ be an arbitrary vector. Given B being PSD, we have 27 BTz =

(zTBz)T > 0. Tt shows that BT is PSD.

3 Problem 3
3.1 trace(AB) =trace(BA)

Denote matrices A and B as follows:
ailp -+ Qin bir - bin
an1 Tt an1 bnl e bnl
It follows that
trace(AB) = Z abin + -+ Z Apibin = Z Z ajibij.
i=1 i=1 j=1i=1
Similarly, we have
n n n n
trace(BA) = Z briain + -+ Z bniGin = Z Z bjiai;-
i=1 i=1 j=1 i=1
It shows that trace(AB) = trace(BA).

3.2 ||A||% = trace(AAT)

Let A = (a1,a2, -, a,) € R"*™ where a;, € R™. It follows that

trace(AAT) = trace(ATA)=ala; +---+ala,
= > (ay)* = Al
i=1 j=1

which completes the proof.



3.3 Show [|QA|r = [|AllF

Given @ being an orthogonal matrix, it follows that Q7 Q = QTQ = I. Applying

the results from Sections 3.1 and 3.2, we have

IQA|IE = trace(QA(QA)T)

= trace((QA)TQA)
= trace(ATQTQA)
= trace(AT A)
= [l AlI
which completes the proof.
4 Problem 4
Let A = (ay,az,---,a,) € R™*" where a; € R™. Let = (21,22, -, 2,) € R?
be an arbitrary real vector. It follows that
[Azlly = (lza] - laalln) + (lz2] - llazll1) 4 - - - + (o] - lan]l1)
< (maxfaglls) - Clos] + fwal + - 4 aa] )

= (maxfla[l1) - [l

Moreover, we have

A Measll) -
HA”l = sup H £C||1 < (maXJ ||aj||1) ”x”l _ max||a ||

vzl T e ]
On the other hand, we choose a particular real vector y = (y1,---,%n)?, where
y; = 1 if j = argmax; |a;||1, and 0 otherwise. We further have

Ax A
s = sup LA o DAL .
P | llyllx J

Since ||la;lli = >oit, |ais], it shows [|All; = max; >°1" ) |ag,].
5 Problem 5
5.1 [, — A is nonsingular
We consider the product of two matrices as follows

(I, —A)-(I,—A") = I,—A— A" + AAT

= I,+ AAT,

where the second equality follows from AT = —A. It can be verified that

I, + AAT is positive definite and thus nonsingular, which also implies I,, — A is

nonsingular.



5.2 (I, — A)~'(I,+ A) is orthogonal
In order to show (I, — A)~(I, + A) is orthogonal, we compute :

(I, 1(1 —|—A))T(In—A)_1(In+A)
= (I, +AT)( AT, —A)—I(In+A)
= (L +AT) (Lo — A)Un fAT>) (I + A)
= (I, + A7) (1, +AAT) (I, + A). (1)

Consider the last two terms (I, + AAT)_1 and (I, + A) in Eq. (1) as follows:

I, + AAT"Y(I, + A)

I, + AAT)7! (I + A) (I, + ATA)) (I, + ATA)~!

I+ AATY " (I, + AATY (L, + A)) (I, + ATA)~!

L, 4+ A) (I, + ATA), (2)

~ o~~~

where the first equality follows that I,, + AT A is nonsingular, and the second
equality follows from AT = —A and thus AAT = AT A. Applying the result of
Eq. (2) into Eq. (1), we have

(I, + AT) (I, + AAT) " (I, + A)
(I, + AT)(I, + A)(I,, + ATA)~

(I, + A+ AT + AT A)(I, + AT A)~!
(I, + AT A)(I,, + AT A)~!

’ﬂ

Note that the third equality follows from AT = —A. It completes the proof.



