
Solution to Homework 4

October 23, 2007

1 Problem 1

Given A ∈ Rm×n and B =
(

0 AT

A 0

)
. We assume rank(A) = k. Let A =

U1ΣV T
1 be the thin SVD, where U1 ∈ Rm×k, and V1 ∈ Rn×k, and Σ ∈ Rk×k.

Let Bx = λx be the eigen-decomposition, where x ∈ R(m+n)×(m+n) is the
eigenvector and λ is the corresponding eigenvalue. We further assume x =(

x1

x2

)
, where x1 ∈ Rn and x2 ∈ Rm. It follows that :

Bx =
(

0 V1ΣUT
1

U1ΣV T
1 0

) (
x1

x2

)
=

(
V1ΣUT

1 x2

U1ΣV T
1 x1

)
=

(
λx1

λx2

)
.

By solving λx1 = V1ΣUT
1 x2 and λx2 = U1ΣV T

1 x1, we can verify that the
eigenvectors and eigenvalues of B can be expressed respectively as

x =
( ±V1

U1

)
, λ = ± diag(Σ); or x =

( ±V2

U2

)
, λ = 0,

where U2 and V2 are the null space of U1 and V1, respectively.

2 Problem 2

Given A ∈ Rm×n and rank(A) = r. Let A = UΣV T be its SVD, where
U ∈ Rm×n, V ∈ Rn×n, and Σ ∈ Rn×n. Note that Σ takes the form of
Σ = diag(σ1, σ2, · · · , σr, 0, · · · , 0). It follows that

(AT A +
1
i
In)−1 =

(
V ΣUT UΣV T +

1
i
In

)−1

=
(

V Σ2V T +
1
i
In

)−1

=
(
V Σ̃2V T

)−1

= V Σ̃−2V T ,
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where Σ̃ takes the form of Σ̃ = diag(σ2
1 +1/i, · · · , σ2

r +1/i, 1/i, · · · , 1/i) ∈ Rn×n.
Moreover, we have

(AT A +
1
i
In)−1AT = V Σ̃−2V T V ΣUT

= V Σ̃−2ΣUT

= V Σ̂UT ,

where Σ̂ takes the form of Σ̂ = diag( σ1
σ2
1+1/i

, · · · , σr

σ2
r+1/i , 0, · · · , 0) ∈ Rn×n.

Let A = U1diag(σ1, · · · , σr)V T
1 be the thin SVD, where U1 ∈ Rm×r and

V1 ∈ Rr×r. Thus we have A+ = V1diag(1/σ1, · · · , 1/σr)UT
1 . It follows that

Bi −A+ = V Σ̂UT − V1diag(1/σ1, · · · , 1/σr)UT
1

= V1

(
diag(

σ1

σ2
1 + 1/i

, · · · , σr

σ2
r + 1/i

)− diag(1/σ1, · · · , 1/σr)
)

UT
1

= (−V1) diag
(

1
σ1(iσ2

1 + 1)
, · · · , 1

σr(iσ2
r + 1)

)
UT

1 .

It can then be verified maxj

(
1

σj(iσ2
j +1)

)
= 1

σr(iσ2
r+1) , which implies that

‖Bi −A+‖2 =
1

σr(A)(iσr(A)2 + 1)
.

Recall that Bi takes the form :

(AT A +
1
i
In)−1AT = V Σ̂UT ,

where Σ̂ takes the form of Σ̂ = diag( σ1
σ2
1+1/i

, · · · , σr

σ2
r+1/i , 0, · · · , 0). An obvious

result is : as i →∞, we have Σ̂ → diag( 1
σ1

, · · · , 1
σr

, 0, · · · , 0), and Bi = V Σ̂UT →
A+ = V1Σ−1UT

1 . This completes the proof.

3 Problem 3

Given a symmetric matrix A ∈ Rn×n, let A = UΣUT be its SVD, where U ∈
Rn×n is orthogonal and Σ = diag(σ1, · · · , σn). It follows that

trace(GT AG) = trace
(
GT UΣUT G

)

= trace
(
(UT G)T Σ(UT G)

)

= trace
(
MT ΣM

)
,

where M = UT G ∈ Rn×m. Note that M is column-orthogonal. Let N ∈
Rn×(n−m) be the null space of M . We have

trace([M, N ]T [M,N ]) = trace(In)
= trace([M, N ][M,N ]T )
= trace(MMT ) + trace(NNT ).
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Denote the diagonal entries of MMT and NNT as Mii and Nii, where MMT , NNT ∈
Rn×n. It can be easily verified that Mii + Nii = 1, and Mii, Nii >= 0.
Thus we have 0 ≤ Mii ≤ 1 for i = 1, · · · , n. Furthermore, using the result
trace(MMT ) = trace(MT M) = m, we have

∑n
i=1 Mii = m.

Recall that

trace(GT AG) = trace
(
MT ΣM

)

= trace
(
ΣMMT

)

=
n∑

i=1

(σiMii)

≤
m∑

i=1

σi.

It can be easily verified that when G = [u1, u2, · · · , um], we have trace(GT AG) =
trace(UT

1 UΣUT U1) =
∑m

i=1 σi. This completes the proof.
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