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Abstract

We discuss a multilinear generalization of the Singular Value Decomposition.
There is a strong analogy between several properties of the matrix and the
higher-order tensor decomposition; uniqueness, link with the matrix Eigen-
value Decomposition, first-order perturbation effects, etc., are analyzed. We
investigate how tensor symmetries affect the decomposition and propose a
multilinear generalization of the symmetric Eigenvalue Decomposition for
pair-wise symmetric tensors.
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Abstract. We discuss a multilinear generalization of the Singular Value Decomposition. There is
a strong analogy between several properties of the matrix and the higher-order tensor decomposition;
uniqueness, link with the matrix Eigenvalue Decomposition, first-order perturbation effects, etc., are
analyzed. We investigate how tensor symmetries affect the decomposition and propose a multilinear
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1. Introduction. An increasing number of signal processing problems involves
the manipulation of quantities of which the elements are addressed by more than
two indices. In the literature these higher-order equivalents of vectors (first order)
and matrices (second order) are called higher-order tensors, multidimensional matri-
ces or multiway arrays. For a lot of applications involving higher-order tensors, the
existing framework of vector and matrix algebra appears to be insufficient and/or
inappropriate. In this paper we present a proper generalization of the Singular Value
Decomposition (SVD).

To alarge extent, higher-order tensors are currently gaining importance due to the
developments in the field of Higher-Order Statistics (HOS): for multivariate stochastic
variables the basic HOS (higher-order moments, cumulants, spectra and cepstra) are
highly symmetric higher-order tensors, in the same way as e.g. the covariance of a
stochastic vector is a symmetric (Hermitean) matrix. A brief enumeration of some
opportunities offered by HOS gives an idea of the promising role of higher-order
tensors on the signal processing scene. It is e.g. clear that statistical descriptions
of random processes are more accurate when, in addition to first- and second-order
statistics, they take HOS into account; from a mathematical point of view this is
reflected by the fact that moments and cumulants correspond, within multiplication
with a fixed scalar, to the subsequent coefficients of a Taylorseries expansion of the
first resp. second characteristic function of the stochastic variable. In statistical non-
linear system theory HOS are even unavoidable (e.g. the autocorrelation of z? is
a fourth-order moment). Moreover higher-order cumulants and spectra of a random
variable are insensitive to an additive Gaussian perturbation of that variable, which is
exploited in higher-order-only techniques, conceptually blind for Gaussian noise. HOS
make it possible to solve the Source Separation (SS) problem by mere exploitation of
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the statistical independence of the sources, without knowledge of the array manifold;
they also contain sufficient information to allow a blind identification of linear filters,
without making assumptions on the minimum / non-minimum phase character, etc.
(for general aspects of HOS, the interested reader is referred to the tutorial papers [34,
37, 38, 30] and the bibliography [41]; for the use of tensor decompositions as a basic
tool in HOS-based signal processing, we refer to [11, 12, 9, 19]).

Higher-order tensors do not merely play an important role in HOS. As a matter of
fact they seem to be used in the most various disciplines, like chemometrics, psycho-
metrics, econometrics, image processing, biomedical signal processing, etc. Most often
they appear in Factor Analysis-type problems of multiway datasets [13]. An other,
more trivial, use is as a formalism to describe linear vector-matrix, matrix-vector,
matrix-matrix, ... transformations, in the same way as matrices describe linear trans-
formations between vector spaces. Interesting is also the fact that higher-order terms
in the Taylor series expansion of a multivariate function and higher-order Volterra
filter kernels have a tensor form.

On the other hand, one of the most fruitful developments in the world of lin-
ear algebra and linear algebra-based signal processing is the concept of the Singular
Value Decomposition (SVD) of matrices [21, 35, 44]. In this paper we will discuss
a multilinear generalization that has also been investigated in psychometrics as the
Tucker model, originally developed to obtain a “method for searching for relations in
a body of data”, for the case “each person in a group of individuals is measured on
each trait in a group of traits by each of a number of methods”, or “when individu-
als are measured by a battery of measures on a number of occasions” [42, 43]. For
three-way data, the Tucker model consists in decomposing a real (I3 X I x I3)-tensor
A according to:

L I, Is
(1'1) Qiyigiz = Z Z Z Sj1j27s uz(Bl Ug;ﬂz(:;s
J1 j2 Js
in which ugllgl,uz(fgyuz(g;s are entries of orthogonal matrices, and S is a real (I3 x
I, x I3)-tensor with the property of “all-orthogonality”, i.e. Zm'z SivisaSirie =
Zm.s Si1aig SiiBis = EMS Saisiz SBisis = 0 whenever a # . This decomposition is
virtually unknown in the communities of numerical algebra and signal processing; on
the other hand, the viewpoint and language in psychometrics is somewhat different
from what is common in our field. It is the aim of this paper to derive the tensor
decomposition in an SVD-terminology, using a notation that is a natural extension of
the notation used for matrices. As already mentioned, we will show that the Tucker
model is actually a convincing multilinear generalization of the SVD-concept itself.
From our algebraic point of view, we will ask a number of inevitable questions such
as what the geometric link is between the generalized singular vectors/values and the
column, row, ... vectors (oriented energy), how the concept of rank lies to the struc-
ture of the decomposition, whether the best reduced-rank approximation property
carries over, and so on. Our derivations are valid for tensors of arbitrary order, and
hold for the complex-valued case too. In view of the many striking analogies between
the matrix SVD and its multilinear generalization, we use the term Higher-Order
Singular Value Decomposition (HOSVD) in this paper; note at this point that the
existence of different multilinear SVD-extensions may not be excluded — as a matter
of fact, focusing on different properties of the matrix SVD does lead to the definition
of different (formally less striking) multilinear generalizations, as we will explain later

on.
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In our own research the HOSVD has already proved its value. In [14] we showed
that the decomposition is fundamentally related to the problem of Blind Source Sep-
aration, also known as Independent Component Analysis (ICA). In [18] we used the
decomposition to compute an initial value for a tensorial equivalent of the Power
Method, aiming at the computation of the best rank-1 approximation of a given
tensor; a high-performant ICA-algorithm was based on this technique. In [19] the
HOSVD was used in a dimensionality reduction for higher-order Factor Analysis-type
problems, reducing the computational complexity. The current paper however is the
first systematic, elaborated presentation of the HOSVD-concept.

The paper is organized as follows. In §2 we introduce some preliminary material
on multilinear algebra, needed for the further developments. The HOSVD-model is
presented in §3 and compared to its matrix counterpart. In §4 we discuss some well-
known SVD-properties and demonstrate that they have striking higher-order coun-
terparts. In §5 we investigate how the HOSVD is influenced by symmetry properties
of the higher-order tensor; in analogy with the Eigenvalue Decomposition (EVD) of
symmetric (Hermitean) matrices we define a Higher-Order Eigenvalue Decomposition
(HOEVD) for “pair-wise symmetric” higher-order tensors. Section 6 contains a first-
order perturbation analysis and §7 quotes some alternative ways to generalize the
SVD.

Before starting with the next section, we would like to add a comment on the
notation that is used. To facilitate the distinction between scalars, vectors, matrices
and higher-order tensors, the type of a given quantity will be reflected by its rep-
resentation: scalars are denoted by lower-case letters (a, b, ...; a, 83, ...), vectors
are written as capitals (A4, B, ...) (italic shaped), matrices correspond to bold-face
capitals (A, B, ...) and tensors are written as calligraphic letters (A, B, ...). This
notation is consistently used for lower-order parts of a given structure. E.g. the entry
with row index ¢ and column index j in a matrix A, i.e. (A);;, is symbolized by a;;
(also (A); = a; and (A)i 4. in = Qiqis..in); furthermore, the ith column vector of a
matrix A is denoted as A;, i.e. A = (A1As...). To enhance the overall readability,
we have made one exception to this rule: as we frequently use the characters i, j, r
and n in the meaning of indices (counters), I, J, R and N will be reserved to denote
the index upper bounds, unless stated otherwise.

2. Basic definitions.

2.1. Matrix representation of a higher-order tensor. The starting point of
our derivation of a multilinear SVD, will be to consider an appropriate generalization
of the link between the column (row) vectors and the left (right) singular vectors
of a matrix. To be able to formalize this idea, we define “matrix unfoldings” of
a given tensor, i.e. matrix representations of that tensor in which all the column
(row, ...) vectors are stacked one after the other. To avoid confusion, we will stick
to one particular ordering of the column (row, ...) vectors; for order three, these
unfolding procedures are visualized in Fig. 2.1. Notice that the definitions of the
matrix unfoldings involve the tensor dimensions I, 5, I3 in a cyclic way and that,
when dealing with an unfolding of dimensionality I. x I,Ij, we formally assume that
the index i, varies more slowly than 4;. In general, we define:

DEFINITION 2.1. Assume an Nth-order tensor A € Cl1>*12X-XIN  The matriz
unfolding A, € Cln XIntilngoeInDiloodn—1) - contains the element gy i,.. in 0f the
position with row number i, and column number equal to
(’in+1 - 1)In+2-[n+3 InLI . T+ (in+2 - ]-)In+3-[n+4 INLI . T, 4 ...
+(n—VDhIs.. . L1+ (i1 — DIz .1 1+ (ia— 1)Ly ... I 1+ ...+ ip_1.
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FI1G. 2.1. Unfolding of the (I1 X I2 x I3)-tensor A to the (I1 x I2I3)-matriz A (1), the (I2 X I311)-
matriz A (p) and the (I3 x I1I2)-matriz Agy (I1 = I2 = I3 = 4).

Ezample 1. Define a tensor A € R3*2X3 by a117 = a112 = G211 = —agi2 = 1,
G213 = G311 = G313 = G121 = G122 = G221 = —G222 = 2, G223 = G321 = G323 = 4,
a113 = A312 = Q123 = A322 = 0. The matrix unfolding A(l) is given by:

1 102 20
Ap=|1 -1 22 -2 4
2 0 2[4 04

2.2. Rank properties of a higher-order tensor. There are major differences
between matrices and higher-order tensors when rank properties are concerned. As
we will explain in §3, these differences directly affect the way an SVD-generalization
could look like. As a matter of fact, there is not a unique way to generalize the rank
concept.

First, it is easy to generalize the notion of column and row rank. If we refer in
general to the column, row, . .. vectors of an Nth-order tensor A € Clt XT2X--XIN ag jtg
“n-mode vectors”, defined as the I,,-dimensional vectors obtained from A by varying
the index i, and keeping the other indices fixed, then we have:

DEFINITION 2.2. The n-rank of A, denoted by R,, = rank, (A), is the dimension
of the vector space spanned by the n-mode vectors.
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The n-rank of a given tensor can be analyzed by means of matrix techniques:
PROPERTY 1. The n-mode vectors of A are the column vectors of the matrix
unfolding A,y and

rank, (A) = rank(A,)).

A major difference with the matrix case however, is the fact that the different
n-ranks of a higher-order tensor are not necessarily the same, as can easily be verified
by checking some examples (see further).

The rank of a higher-order tensor is usually defined in analogy with the fact that
a rank-R matrix can be decomposed as a sum of R rank-1 terms [12, 29]:

DEFINITION 2.3. An Nth-order tensor A has rank 1 when it equals the outer
product of N vectors UV, UR) . UW);
(l)ug)

ail‘iz...iN =Uu;

N
1 U( )

N Th
for all values of the indices.

DEFINITION 2.4. The rank of an arbitrary Nth-order tensor A, denoted by
R = rank(A), is the minimal number of rank-1 tensors that yield A in a linear com-
bination.

(With respect to the definition of a rank-1 tensor, a remark on the notation has
to be made. For matrices, the vector-vector outer product of U") and U® is denoted
as UM .U (Q)T; to avoid an ad-hoc notation based on “generalized transposes” (in
which the fact that column vectors are transpose-free, would not have an inherent
meaning), we will further denote the outer product of UM, U®), ... UWN) by UM o
U@ o, . oUM)

A second difference between matrices and higher-order tensors, is the fact that
the rank is not necessarily equal to an n-rank, even when all the n-ranks are the same.
From the definitions it is clear that always R,, < R.

Ezample 2. Consider the (2 x 2 x 2)-tensor A defined by

a1 = az21 =ai2 =1
G211 = @121 = G212 = G122 = G222 = 0.

It follows that Ry = Ry = 2 but Rz = 1.
Ezample 3. Consider the (2 x 2 x 2)-tensor A defined by

az11 =ai21 =a2 =1
a1l = a2 = a122 = azi2 = az21 =0.

The 1-rank, 2-rank and 3-rank are equal to 2. The rank however equals 3, since
A=Xy0Y10Z1+ X1 0Y07, + X, 0Y) 025,

in which

1 0
X1:Y1:Z1:(0>, X2:Y2:Z2:<1>’

is a decomposition in a minimal linear combination of rank-1 tensors (a proof is given
in [19]).
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2.3. Scalar product, orthogonality, norm of higher-order tensors. In
the HOSVD-definition of §3, the structure constraint of diagonality of the matrix of
singular values in the second-order case will be replaced by a number of geometri-
cal conditions. This requires a generalization of the well-known definitions of scalar
product, orthogonality and Frobenius-norm to tensors of arbitrary order. These gen-
eralizations can be defined in a straightforward way:

DEFINITION 2.5. The scalar product (A, B) of two tensors A,B € Cli>*Izx...xIn
is defined as

(.A, B) déf Z Z s Z bgikliz...z'N Qiyi...in

i1 i2 iN

in which x denotes the complex conjugation.
DEFINITION 2.6. Arrays of which the scalar product equals 0, are orthogonal.
DEFINITION 2.7. The Frobenius-norm of a tensor A is given by

Al € /(A A).

2.4. Multiplication of a higher-order tensor by a matrix. Like for ma-
trices, the HOSVD of a higher-order tensor A € R *2X--XIN will be defined by
looking for orthogonal coordinate transformations of Rt R’z ... R™ that induce a
particular representation of the higher-order tensor. In this section we establish a
notation for the multiplication of a higher-order tensor by a matrix. This will allow
us to express the effect of basis transformations.

Let us first have a look at the matrix product G = U-F - VT, involving matrices
FeRix2 UeRixh, VeR2%2 and G € R’ %72, To avoid working with “gen-
eralized transposes” in the multilinear case, we observe that the relationship between
U and F and the relationship between V (not VT) and F are in fact completely
similar: in the same way as U makes linear combinations of the rows of F, V makes
linear combinations of the columns of F; in the same way as the columns of F are
multiplied by U, the rows of F are multiplied by V; in the same way as the columns
of U are associated with the column space of G, the columns of V are associated
with the row space of G. This typical relationship will be denoted by means of the
Xp-symbol: G = F x; U x2 V. (For complex matrices the product U - F - VEH ig
consequently denoted as F x; U x2 V*.) In general, we define:

DEFINITION 2.8. The n-mode product of a tensor A € Cli XI2X--XIN by o matriz
U e C/»*I» denoted by Ax, U, is an (Iy x Iy x ... X In_1 X Jp X Iny1 ... x In)-tensor
of which the entries are given by

A U def L . .
( Xn )i1i2...in_1jnin+1...i1\r = Qiin..in—1ining1.. AN Ujnin -

in

The n-mode product satisfies the following properties:
PROPERTY 2. Given the tensor A € Cl1*12XXIN gnd the matrices F € C/n %I
G € C/n>*Im (n #m), one has:

AXy, F)xn G=(AXy G) x, F=UX, Fx,,, G.
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PROPERTY 3. Given the tensor A € Cl1*12X-XIN gnd the matrices F € C/n *In
G € CE~*In one has:

(Ax,F)x, G=Ax, (G-F).

Fig. 2.2 visualizes the equation A = B x; UM x5 U x5 UG for third-order
tensors A € C/1*/2%Js and B € Clt *T2xTs_ Unlike the conventional way to visualize
second-order matrix products, U(® has not been transposed, for reasons of symmetry.
Multiplication with U() involves linear combinations of the “horizontal matrices”
(index i; fixed) in B. Stated otherwise, multiplication of B with U() means that
every column of B (indices i5 and i3 fixed) has to be multiplied from the left with
UM, Similarly, multiplication with U® resp. U®) involves linear combinations of
matrices, obtained by fixing i resp. i3. This can be considered as a multiplication,
from the left, of the vectors obtained by fixing the indices i3 and i1, resp. i1 and is.
Visualization schemes like Fig. 2.2 have proven to be very useful to gain insight in
tensor techniques.

I
3)
VY ay dy
3 I
Jo L P I
Ji - Ji Lilg % u®
A U

F1G. 2.2. Visualization of the multiplication of a third-order tensor B € Cl1 XI12XI3 with matri-
ces UL ¢ ¢/1x1 U@ ¢ ¢2x12 gnd UB) ¢ ¢laxIs,

The n-mode product of a tensor and a matrix is a special case of the inner product
in multilinear algebra and tensor analysis [32, 26]. In the literature it often takes the
form of an Einstein summation convention. Without going into details, this means
that summations are written in full, but that the summation sign is dropped for
the index that is repeated. This is of course the most versatile way to write down
tensor equations, and in addition, a basis-independent interpretation can be given
to Einstein summations. On the other hand, the formalism is only rarely used in
signal processing and numerical linear algebra, whereas using the x,-symbol comes
closer to the common way of dealing with matrix equations. It is our experience that
the use of the x,-symbol demonstrates more clearly the analogy between matrix and
tensor SVD, and that, more in general, a conceptual insight in tensor decompositions
is easier induced by means of the x,-notation and visualizations like Fig. 2.2 than by
the use of element-wise summations.

3. A Multilinear Singular Value Decomposition. In this section a singu-
lar value decomposition model is proposed for Nth-order tensors. To facilitate the
comparison, we first repeat the matrix decomposition in the same notation:

THEOREM 3.1. (Matrix Singular Value Decomposition) FEvery complex
(I1 x I)-matriz F can be written as the product

(3.1) F=UWD.8. VA" =8 x; UL x, VO =8 x; UD x, U,
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in which:
1. U = (UI(I)UZ(I) ... UI(II)) is a unitary (I, x I)-matriz,

2. U = (UI(Q)U2(2) .o UI(?) (= V) is a unitary (I x I)-matriz,
3. S is an (I1 x Iy)-matriz with the properties of
(i) pseudodiagonality:

(3.2) S = diag(o1,09,- - -, Umin(h,lz))’
(ii) ordering:
(3.3) 012022 2 0nin, 1) 2 0.

The o; are singular values of F and the vectors Ui(l) and Ui(2) are respectively an
ith left and an ith right singular vector. The decomposition is visualized in Fig. 3.1.

.[2 11 IZ I2
- | s
I I J I | 2 yr
F U S

Fic. 3.1. Visualization of the matriz SVD.

Now we state:
THEOREM 3.2. (Nth-Order Singular Value Decomposition) Every complex
(I1 x Iy X ... x IN)-tensor A can be written as the product

(3.4) A=8x, UMD x, U xy UM,

in which:

1. U = (Ul(")UQ(n) . ..UI(:)) is a unitary (I, x I,)-matriz,

2. 8 is a complex (I x Iy x ... x In)-tensor of which the subtensors S;,—q,
obtained by firing the nth index to a, have the properties of

(i) all-orthogonality: two subtensors S; —o and S;,—p are orthogonal for all
possible values of n, a and B subject to a # [:

(3'5) < in:a’Sin:B) =0 when « # ﬁ?
(ii) ordering:
(3.6) 1Sin=1ll = |Sin=2ll = --. = |Si,=1,1| = 0

for all possible values of n.

The Frobenius-norms ||S; (m)

.=ill, symbolized by o;"’, are n-mode singular values
of A and the vector Ui(") is an ith n-mode singular vector. The decomposition is
visualized for third-order tensors in Fig. 3.2.

Discussion. Applied to a tensor A € Rt X12*Is_ Theor. 3.2 says that it is always
possible to find orthogonal transformations of the column, row and 3-mode space such

that S = A x; UD" x, UR" x, UG ig all-orthogonal and ordered (the new basis



A MULTILINEAR SINGULAR VALUE DECOMPOSITION 9

5L

F1G. 3.2. Visualization of the HOSVD for a third-order tensor.

vectors are the columns of UM, U® and U®). All-orthogonality means that the
different “horizontal matrices” of S (the first index 4, is kept fixed, whilst the two other
indices, i» and i3, are free) are mutually orthogonal with respect to the scalar product
of matrices (i.e. the sum of the products of the corresponding entries vanishes); at
the same time, the different “frontal” matrices (iz fixed) and the different “vertical”
matrices (i3 fixed) should be mutually orthogonal as well. The ordering constraint
imposes that the Frobenius-norm of the horizontal (frontal resp. vertical) matrices
does not increase as the index i1 (is resp. 43) is increased. While the orthogonality
of UM, U, UG and the all-orthogonality of S are the basic assumptions of the
model, the ordering condition should be regarded as a convention, meant to fix a
particular ordering of the columns of U™, U®) and U®) (or the horizontal, frontal
and vertical matrices of S, stated otherwise).

Comparison of the matrix and tensor theorem shows a clear analogy between
the two cases. First, the left and right singular vectors of a matrix are generalized
as the n-mode singular vectors. Next, the role of the singular values is taken over
by the Frobenius-norms of the (N — 1)th-order subtensors of the “core tensor” S;
notice at this point that in the matrix case, the singular values also correspond to the
Frobenius-norms of the rows and the columns of the “core matrix” S. For Nth-order
tensors, N (possibly different) sets of n-mode singular values are defined; with this
respect, remind from §2.2 that an Nth-order tensor can also have N different n-rank
values. The essential difference is that S is in general a full tensor, instead of being
pseudo-diagonal (this would mean that nonzero elements could only occur when the
indices 41 = i2 = ... = in). Instead, S obeys the condition of all-orthogonality; here
we notice that in the matrix case S is all-orthogonal as well: due to the diagonal
structure, the scalar product of two different rows or columns also vanishes. We also
remark that, by definition, the n-mode singular values are positive and real, like in
the matrix case. On the other hand the entries of S are not necessarily positive in
general; they can even be complex, when A is a complex-valued tensor.

One could wonder whether imposing the condition of pseudo-diagonality on the
core tensor S would not be a better way to generalize the SVD of matrices. The
answer is negative: in general, it is impossible to reduce higher-order tensors to a
pseudo-diagonal form by means of orthogonal transformations. This is easily shown by
counting degrees of freedom: pseudo-diagonality of a core tensor containing I nonzero
elements would imply that the decomposition would exhibit not more than I (3 I, +
1— N(I +1)/2) degrees of freedom, while the original tensor contains I1I5...In
independent entries. Only in the second-order case both quantities are equal, for
I = min(I;,I5) — only in the second-order case, the condition of pseudo-diagonality
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makes sense. However we will prove that relaxation of the pseudo-diagonality con-
dition to all-orthogonality yields a decomposition that always exists. As a matter
of fact, “relaxation” is a too hard term: Prop. 5 in §4 will show that the matrix
SVD itself could have been defined by requiring the rows/columns of the matrix S
to be mutually orthogonal; apart from some trivial normalization conventions, the
resulting decomposition is exactly the same as the conventional one, obtained via the
pseudo-diagonality condition.

Equivalent representations. A matrix representation of the HOSVD can be
obtained by unfolding A and S in model equation (3.4):
Ay =UM.8, - (U(”“) UM g . e UMeUWeU® ... U("—l))T :
(3.7
in which ® denotes the Kronecker product [2, 40]. (The Kronecker product of two
matrices F € C' %22 and G € C’1*Y2 is defined according to:

def
F®G= (i, Gigi, <risiciogts )

Notice that the conditions (3.5) and (3.6) imply that S,y has mutually orthog-

onal rows, having Frobenius-norms equal to a§") ag"),...,ag:). Let us define a

diagonal matrix X € RI»*I» and a column-wise orthonormal matrix V(" ¢
Clr+tInt2InDilzeIn-1XIn gecording to

(3.8) »(n) def diag(agn), O’én), ceey a§f))7

v g (U("H) U g UM euleu®g.. . U("*l)) ,

(3.9) ~
in which S, is a normalized version of S(,), with the rows scaled to unit-length:

(3.10) Smy =2 -§,.

Expressing Eq. (3.7) in terms of (™ and V(") shows that, at a matrix level, the
HOSVD-conditions lead to an SVD of the matrix unfoldings:

(3.11) Ay = LI > O VA0

(1 < n < N). Below we will show that, on the other hand, the left singular matrices
of the different matrix unfoldings of A correspond to unitary transformations that
induce the HOSVD-structure. This strong link ensures that the HOSVD inherits all
the classical column/row space properties from the matrix SVD (see §4).

The dyadic decomposition could be generalized by expressing the HOSVD-model
as an expansion of mutually orthogonal rank-1 tensors:

(312) A = Z Z . Z siliz...iN Ui(ll) o Uz(:) 0...0 U’t(zfrV)7

i1 d2 iN

in which the coefficients s;,;,...;, are the entries of an ordered all-orthogonal tensor
S. The orthogonality of the rank-1 terms follows from the orthogonality of the n-
mode singular vectors. In connection with the discussion on (pseudo-)diagonality
versus all-orthogonality, we remark that the summation generally involves riry...7ryN
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3
Uz'(3)
(2)
A=... +5i1izi3L + ...

vV

FiG. 3.3. Visualization of a triadic decomposition.

terms (instead of min(ly,I,...,In)), in which r, is the highest index for which
[|Si=r. || > 0 in Eq. (3.6). In Fig. 3.3 this decomposition is visualized for third-
order tensors. Where the dyadic decomposition expresses a matrix in an essentially
unique way as a minimal linear combination of products of column and row vectors
that are each mutually orthonormal, the meaning of Eq. (3.12) is less outspoken.
E.g. the matrix U’ () — g . Q, in which Q is a unitary matrix, together with the
tensor S’ = S x,, Q¥ still leads to an expansion in 75 ...rx mutually orthogonal
rank-1 tensors (however, S’ is not all-orthogonal in general). The unitary matrix
Q could even be chosen in such a way that it induces zero entries in S', thereby
decreasing the number of terms in the rank-1 expansion (e.g. the unitary factor of a
Q R-decomposition of S, induces ry(r, — 1)/2 zeros).

Proof. The derivation of Theor. 3.2 establishes the connection between the
HOSVD of a tensor 4 and the matrix SVD of its matrix unfoldings. It is given
in terms of real-valued tensors; the complex case is completely analogous but more
cumbersome from a notational point of view.

Consider two (I x Iy X ... x Iy)-tensors A and S, related by

(3.13) S=Ax; U %, U@"  xy UM’

in which UM U .. UM are orthogonal matrices. Eq. (3.13) can be expressed
in a matrix format as
(3.14) Ay = UM .8, - (U<n+1> U UM eu® Ut . .. U<"—1>)T :

Now consider the particular case where U™ is obtained from the SVD of A, as
(3.15) A = UM .M.y

in which V(" is orthogonal and (") = diag(a§"),a§"), ... ,agf)), where

(3.16) a§") > aén) >...2 ogl) > 0.

We call r,, the highest index for which o™ > 0. Taking into account that the
Kronecker factor in Eq. (3.14) is orthogonal, comparison of (3.14) and (3.15) shows
that

(3.17) Sgy =M. v, (U<"+1> U2 UM eu®euU® . .. U<"—1>) :

This equation implies, for arbitrary orthogonal matrices UM, U® . Ur-1),
Ut UM that

(3.18) (Sin=a,Si,=) =0 when «a#p,
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and

3.19) ISzl =0t > [Sinzell = 08 > . 2 S| = 0 >0,
and, if r, < I,

(3.20) ISismratill =0ty = .. = ISi,=r, [ = 0§ =0.

By constructing the matrices UM, U@, . U1 Uyt UW) in asimilar
way as U™ S can be made satisfy all the conditions of the HOSVD-theorem. On
the other hand, as can be seen from Eq. (3.11), all the matrices UM, U@, ... U®)
and tensors S satisfying the HOSVD-theorem can be found by means of the SVD of
Ay, Ay, ..., An), where S follows from (3.13). 0

Computation. Eq. (3.11) and the preceding proof actually indicate how the
HOSVD of a given tensor A can be computed: the n-mode singular matrix U™
(and the n-mode singular values) can directly be found as the left singular matrix
(and the singular values) of an n-mode matrix unfolding of A4 (any matrix of which
the columns are given by the n-mode vectors can be resorted to, as the column
ordering is of no importance). Hence computing the HOSVD of an Nth-order tensor
leads to the computation of N different matrix SVD’s of matrices with size (I, x
11]2 .. -In71[n+1 [N IN)(l < n < N)

Afterwards, the core tensor S can be computed by bringing the matrices of sin-
gular vectors to the left side of equation (3.4):

(3.21) S=Ax; U 5, u@"  xyuUu™”,
This can be computed in a matrix format as e.g.

Sy = UM A, - <U<"+1) UM g UM euMeu®g.. . o U(n—l)) -
(3.22)

Egs. (3.11) and (3.22) essentially form a square-root version of the “operational
procedures”, discussed in [43]. As such they are numerically more reliable, especially
for ill-conditioned tensors, i.e. tensors for which 01") > a%”n), for one or more values
of n [22].

Ezample 4. Consider the (3 x 3 x 3)-tensor A defined by a matrix unfolding Ay,
equal to
1.7842 1.6970 0.0151

1.7753 —1.5077 4.0337
4.2495 0.3207 4.7146

—0.6631 1.9103 —1.7495
1.8260 2.1335 —0.2716

0.8924 —0.4898 2.4288

0.9073 0.7158 —0.3698
2.1488 0.3054 2.3753

2.1236 —0.0740 1.4429 )

The 1-mode singular vectors are the columns of the left singular matrix of A(); in
the same way U® and U®) can be obtained:

) 0.1121 —0.7739 —0.6233
UD = [ 05771 05613 —0.5932 |,
0.8090 —0.2032  0.5095
0.4624  0.0102  0.8866
U® = 08866 -0.0135 -0.4623 |,
~0.0072  —0.9999  0.0152
0.6208 —0.4986  0.6050
U® = —0.0575 —0.7986 —0.5992 |.

0.7819 0.3371 —0.5244
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The core tensor of the HOSVD then follows from application of Eq. (3.22); its unfold-
ing S(y) is equal to:

—0.0256 3.2546 —0.2853 | 3.1965 —0.2130 0.7829 0.2948 —0.0378 —0.3704

8.7088 0.0489 —0.2797 | 0.1066 3.2737 0.3223 | —0.0033 —0.1797 —0.2222
0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

The core tensor is all-orthogonal: the rows of S(;) are mutually orthogonal, but also
the matrices formed by columns 1/2/3,4/5/6 and 7/8/9, as well as the three matrices
formed by columns 1/4/7, 2/5/8 and 3/6/9. This boils down to orthogonality of
respectively the “horizontal”, “frontal” and “vertical” matrices of A. The core tensor
is also ordered: its matrices are put in order of decreasing Frobenius-norm. The
Frobenius-norms give the n-mode singular values of A:

mode 1: 9.3187,4.6664, 0,
mode 2:  9.3058, 4.6592, 0.5543,
mode 3: 9.2822,4.6250,1.0310.

4. Properties. Many properties of the matrix SVD have a very clear higher-
order counterpart, because of the strong link between the HOSVD of a higher-order
tensor and the SVD’s of its matrix unfoldings. In this section, we list the multilinear
equivalents of a number of classical matrix SVD properties. The basic link itself is
repeated as Prop. 12. The proofs are outlined at the end of the section. We have:

1. PROPERTY 4. (Uniqueness)
(i) The n-mode singular values are uniquely defined.
(ii) When the n-mode singular values are different, then the n-mode singular

vectors are determined up to multiplication with a unit-modulus factor. When Ué") 18
multiplied by e?, then S;, —q has to be multiplied by the inverse factor e~
The n-mode singular vectors corresponding to the same n-mode singular value can be
replaced by any unitary linear combination. The corresponding subtensors {S;, —q}
have to be combined in the inverse way. Formally, U™ can be replaced by U™ - Q,
in which Q is a block-diagonal matriz, consisting of unitary blocks, where the block-
partitioning corresponds to the partitioning of U™ in sets of n-mode singular vectors
with identical n-mode singular value. At the same time S has to be replaced by S x,,
QY.
For real-valued tensors uniqueness is up to the sign, resp. multiplication with an
orthogonal matriz.
The first property implies that the HOSVD shows essentially the same uniqueness
properties as the matrix SVD. The only difference consists of the fact that Theor. 3.2
contains weaker normalization conventions. The equivalent situation for matrices
would be to allow that S consists of diagonal blocks, corresponding to the different
singular values, in which each block consists of a unitary matrix, multiplied with the
singular value under consideration.

2. PROPERTY 5. (Generalization) The tensor SVD of a second-order tensor
boils down (up to the underdetermination) to its matriz SVD.
From the discussion in §3 it is clear that the HOSVD is a formal equivalent of the
matrix SVD. Moreover, according to Prop. 5, it is a true generalization in the sense
that, when Theor. 3.2 is applied to matrices (second-order tensors), it leads to the
classical matrix SVD. (Note however that, by convention, the 2-mode singular vectors
are defined as the complex conjugates of the right matrix singular vectors.) As such,
Theor. 3.2 really establishes a multilinear SVD-framework, containing the matrix
decomposition in the special case of second-order tensors.
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3. PROPERTY 6. (n-rank) Let the HOSVD of A be given as in Theor. 3.2, and
let r,, be equal to the highest index for which ||S; —r, || > 0 in Eq. (3.6), then one has:

R, = rank,(A) = r,.

The fact that the number of non-vanishing singular values of a given matrix equals
its (column/row) rank, carries over to the n-mode singular values and the n-rank
values of a given tensor (recall from §2.2 that the n-rank values are not necessarily
the same). Like for matrices, this link even holds in a numerical sense, as will be shown
by the perturbation analysis in §6: the number of significant n-mode singular values
of a given tensor equals its numerical n-rank. In a matrix context, this property is of
major concern for the estimation of “problem dimensionalities”, like the estimation
of the number of sources in the source separation problem, the estimation of filter
lengths in identification, the estimation of the number of harmonics in the harmonic
retrieval problem, etc. [45, 46]. Prop. 6 may play a similar role in multilinear algebra.
Let us illustrate this by means of a small example. Consider the most elementary
relationship in multivariate statistics, in which an I-dimensional stochastic vector X
consists of a linear mixture of J < I stochastic components. Whereas the number
of components is usually estimated as the number of significant eigenvalues of the
covariance matrix of X, the number of skew or kurtic components might as well be
estimated as the number of significant n-mode singular values of the third-order resp.
fourth-order cumulant tensor of X [17].

Finally, we remind from §2.2 that knowledge of the n-rank values of a given tensor
does not allow in general to make precise statements about the rank of that tensor.
With this respect, other SVD-generalizations might be more interesting (see §7).

4. PROPERTY 7. (Structure) Let the HOSVD of A be given as in Theor. 3.2,
then one has:

(i) the n-mode vector space R(A(y)) = span(Ul("), e, 1({1)),

(ii) the orthogonal complement of R(A (y)), the left n-mode null space N(Agb)) =

span(U}(%"n)H, .. .,UI(:)).
In the same way as the left and right singular vectors of a matrix give an orthonormal
basis for its column and row space (and their orthogonal complements), the n-mode
singular vectors of a given tensor yield an orthonormal basis for its n-mode vector
space (and its orthogonal complement). For matrices, the property was the starting-
point for the development of subspace algorithms [45, 46, 47]; Prop. 7 allows for an
extension of this methodology in multilinear algebra.

5. PROPERTY 8. (Norm) Let the HOSVD of A be given as in Theor. 3.2, then
holds:

=3 () == 3 ()
i=1 ' i=1 '
= lsiP

In multilinear algebra as well as in matrix algebra, the Frobenius-norm is unitarily
invariant. As a consequence, the well-known fact that the squared Frobenius-norm of
a matrix equals the sum of its squared singular values, can be generalized.

6. DEFINITION 4.1. (n-mode oriented energy) The n-mode oriented energy
of an Nth-order tensor A € Cl1 XI2X--XIN yn the direction of a unit-norm vector X,
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denoted by OE, (X, A), is the oriented energy of the set of n-mode vectors, i.e.

def
OE4(X, A) = [IXTAp,|I*.

The concept of oriented energy of a given matrix, and the link with the SVD of that
matrix, which form the basis of SVD-based signal separation algorithms, can easily be
generalized as well. Whereas Prop. 8 merely states that the squared Frobenius-norm
of a tensor (i.e. the “energy” contained in the tensor) equals the sum of the squared n-
mode singular values, the HOSVD actually gives a pretty detailed geometrical picture
of the energy distribution over the n-mode vector space. Def. 4.1 generalizes the
definition of oriented energy. We now state:

PROPERTY 9. (Oriented energy) The directions of extremal n-mode oriented energy
correspond to the n-mode singular vectors, with extremal energy value equal to the
corresponding squared n-mode singular value.

This means that the n-mode vectors mainly contain contributions in the direction of

Ul("); this particular direction accounts for an amount of a§n)2 with respect to the
total amount of energy in the tensor. Next, the n-mode oriented energy reaches an
extremum in the direction of Uz("), perpendicular to Ul(") , for a value of Ué")2, and so
on. Discarding the components of the n-mode vectors in the direction of an n-mode

singular vector U; (n) (e.g. the one corresponding to the smallest n-mode singular

value) to obtain a tensor A, introduces an error ||A — A||? = a(") i

7. PROPERTY 10. (Approximation) Let the HOSVD of A be given as in
Theor. 3.2 and let the n-mode rank of A be equal to R, (1 <n < N). Define a tensor
A by discarding the smallest n-mode singular values J} )+1, be)“, ,ngnn), for given
values of I', (1 < n < N), i.e. set the corresponding parts of S equal to zero. Then

we have:

Ry
1)  [A-AP2< Z oV 4 Z o+ Y N

i1=1"1+1 io=1"0+1 in=1"n+1

This property is the higher-order equivalent of the link between the SVD of a
matrix and its best approximation, in a least-squares sense, by a matrix of lower
rank. However, the situation is quite different for tensors. By discarding the smallest
n-mode singular values, one obtains a tensor A with a column rank equal to I'y,
row rank equal to I'y, etc. However, this tensor is in general not the best possible
approximation under the given n-mode rank constraints (see e.g. Ex. 5). Nevertheless,
the ordering assumption (3.6) implies that the “energy” of 4 is mainly concentrated in
the part corresponding to low values of i1, is, . .., ix. Consequently, if ag, I a(")
(e.g. I', corresponds to the numerical n—rankA of A; the smaller n- mode s1ngu1ar
values are not significant (see also Prop. 6)), A is still to be considered as a good
approximation of 4. The error is bounded as in Eq. (4.1). For procedures to enhance
a given approximation, we refer to [28, 17].

8. PrROPERTY 11. (Link between HOSVD and matrix EVD) Let the

HOSVD of A be given as in Theor. 8.2. Define H( © A(n) Agl), ie. H™

contains on position (i,i') the scalar product (A;, —i, Ai, —i). If the EVD of H(™ js
given by

H™ — gy .pH . g»~
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then U™ contains the n-mode singular vectors of A. Moreover the scalar product
(S —i,Si,—it) is the (i,i')th element of D™ . Different subtensors of S are mutually
orthogonal.

In the same way as the SVD of a matrix F is related to the EVD of the Hermitean
(real symmetric) positive (semi)definite matrices FF? and FHF, the HOSVD of a
higher-order tensor A is related to the EVD of Hermitean (real symmetric) positive
(semi)definite matrices, constructed from 4. The construction is clarified in Fig. 4.1:
just like the entries of FFH consist of the mutual scalar products of the rows of F,
the matrix H®) in Prop. 11 is computed from the scalar products of the “horizontal
matrices” of A, in the third-order case. This property can e.g. be useful for inter-
pretations in a statistical context, where H(™ corresponds to the sample correlation
matrix of the n-mode vectors of A.

I3 i
12 IZ

I I .

F A
FiG. 4.1. Construction of H) for (a) a matriz and (b) a third-order tensor.

9. ProPERTY 12. (Link between HOSVD and matrix SVD) Let the
HOSVD of A be given as in Theor. 3.2. Then

Ay =UM .50 v

is an SVD of A(y), where the diagonal matriz »() ¢ RI=*In gnd the column-wise
orthonormal matriz V™ € Clnt1Int2InIilaein1xIn gre defined according to

»(n) def diag(agn), O’én), e O’}f)),

vt ey o (U("“) U UM eul gu? ... ¢ U(”_l))T :

in which g(n) is a normalized version of S(y), with the rows scaled to unit-length:

S(m =2 S

Proof. The proofs are established by a further analysis of the derivation in §3;
the key idea behind this derivation is explicited in Prop. 12.
Prop. 4: is proved by investigating the uniqueness conditions.
Prop. 5: follows by applying the same procedure to second-order tensors.
Prop. 6: follows from the combination of Prop. 12 and Prop. 1. In the same way the
deduction of Prop. 7 and Prop. 9 is trivial.
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Prop. 8: we have [|A||? = [|A(y||? which, in turn, equals 377, [|Si, =ilI* = [|S||*-
Prop. 10: we have

l I
R1 Ro
2
||A_A|| - § : E : E : ‘91112 in z: Z 2 811’2
i11=113=1 iN i1=113=1 in=1
R Ro Ry
— E E § 2
- s siliz...iN
t1=1"14+1io=I"o+1 in=I'n+1
Ry Ry
S § : § : E : Szlzg + E § E : s’LlZQ...iN
i1=1"14+1 i2=1 in=1 i1=11i9=I"50+1 in=1
R1 Ro>

-t Z Z Z Szzlig...z'N

11=112=1 in=I'n+1

SN o &y
1 2
=Z%+Z et D ey
i1=1"1+1 io=I"2+1 in=I"n+1

Prop. 11: follows from the link between matrix SVD and HOSVD, combined with the
relation between matrix SVD and EVD. O

Ezxample 5. Consider the tensor A and its HOSVD-components, given in Ex. 4.
From the n-mode singular values, we see that Ry = Rs = 3, while R; = 2. Clearly,
the column space of A is only two-dimensional. The first two columns of U®) form an
orthonormal basis for this vector space; the third 1-mode singular vector is orthogonal
to the column space of A.

The sum of the squared n-mode singular values is equal to 108.6136 for all three
modes; 108.6136 is the squared Frobenius-norm of A.

(2) (3)

Dlscardmg o5 and o3, i.e. replacing S by a tensor S, having a matrix unfolding

S(l) equal to

0.1066 3.2737  0.0000
3.1965 —0.2130 0.0000
0.0000 0.0000 0.0000

—0.0256 3.2546 0.0000
0.0000 0.0000 0.0000

0.0000 0.0000 0.0000

8.7088 0.0489 0.0000
0.0000 0.0000 0.0000

0.0000 0.0000 0.0000)
3

gives an approximation A for which |4 — A|| = 1.0880. On the other hand, the
tensor A’ that best matches A while having three n-ranks equal to 2, is defined by
the unfolding

1.7051 1.7320 —0.0274
1.9333 —1.5390 3.9886
4.3367 0.3272 4.6102

1.0134 —0.8544 2.1455
2.1815 0.0924 2.4019

—0.2877 1.5266 —2.0826

0.8188 0.8886 —0.0784
1.8487 2.1042 —0.2894

1.7849 0.2672 1.7454 )

For this tensor, we have that ||4 — A'|| = 1.0848.

5. A multilinear symmetric Eigenvalue Decomposition. Many applica-
tions show highly symmetric higher-order tensors. As an example, higher-order mo-
ments and cumulants of a real random vector are invariant under arbitrary index
permutations. The same holds e.g. for the symmetric tensorial representation of
homogeneous polynomials [12]. For matrices, this symmetry is reflected by the fact
that the left and right singular vectors are, up to the sign, identical; this leads to
a particular form of the EVD, in which the eigenmatrix is an orthogonal (unitary)
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matrix. In this section, we will investigate if similar properties hold for higher-order
tensors as well.

First, we prove that, if a tensor is invariant to (or mapped onto its complex
conjugate by) a permutation of its indices, this symmetry is also reflected by the
HOSVD-components.

THEOREM 5.1. Let the HOSVD of a tensor A € Ch>*12x.XIN pe denoted as
in Theor. 8.2. Consider a permutation P of its indices and the decomposition of

this permutation in o sequence of permutation cycles Cy, Ca, ... We assume, with-
out losing generality (possibly by redefining the ordering of the indices of A), that
P(il,iz, ... ,iN) = (Cl(il,iz, ... ;inl);c2(in1+1;in1+2; ... ,in2), .. ) = (iQ,ig, ey lng, 01
in1+27 v >in25 in1+1; e )

If iyiy..in = Qp(iyiy...ix) then one has:

UL =Uu® = =y, glm+) = glm+2) = =y, |
If aiyiy..in = a;(ili%“m) then one has:
U =u®" =yt = ; glm+) = ga+2)’ —ygha+sd) =

For permutation cycles with an odd number of elements, the matriz of singular vectors
is real.
The core tensor S exhibits the same permutation symmetry as A.

Proof. Construct the higher-order tensors A’, A", ...by repeatedly permuting
the indices by P:

r def " def

ai17i2,,,,’iN = aP(il,iQ,...,iN); a/z'l’iQ,___,z'N = aP(P(il,ig,...,iN));
For real symmetry, we have that 4 = A’ = A" = .._; for Hermitean symmetry, we
have that A = (4')* = A" = ... The same equalities hold for the matrix unfoldings

n

Ay, Aznl), Aé’nl), ..., as well as for A,,), Al(n2)= A(n2)7 ..., etc. Hence the same
symmetry is shown by the left singular matrices of these matrix unfoldings, which
correspond to UM, UG resp. U+ Ulm+2)  ete.

If P corresponds to Hermitean symmetry, and e.g. C; is a cycle with an odd number
of elements, then it can be shown that UM = UM" by repeating the construction
above ny times.

For an analysis of the symmetry of S, we write down an element-wise form of Eq. (3.21)
(we take the example of Hermitean symmetry):

R o )t (n1) (n1)” (n2)* (n2) (n2)”
Sjrjaein = Z Qiyig..in Uiy gy Wiggs, Wigjg -~ - uin1+1jn1+1uin1+2jn1+2uin1+3jn1+3 T
11%2...1N
(5.1)
Permutation of the indices by P yields the following element:
— o ()T (n) (n1)” (n2)” (n2) (n2)*
SP(jrjz...dn) = Z Giyis...in uiljz ui2j3 uisj4 Tt uin1+1jn1+2uin1+2jn1+3uin1+sjn1+4 T
i1i2...9N
(5.2)
Invoking the Hermitean symmetry of A, and comparing to Eq. (5.1), it follows that
SP(j1go-rrin) = Sjrjacgnc U

A consequence of Theor. 5.1 is that the i-mode singular vectors, for different 1,
are fully related under a condition, that we define as pair-wise symmetry:

DEFINITION 5.2. A higher-order tensor A € CI>*1%-*I js called pair-wise sym-
metric when, for every pair of indices (in,,in,), there exists a permutation Py, n,
such that in, = Ppyn,(in,) and either by (i) = Qivin.in OT Qb . (iyin...in) =

*
Qi ig..in
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Pair-wise symmetric higher-order tensors are a tensorial equivalent of symmetric
and Hermitean matrices. Theor. 5.1 and Def. 5.2 lead in a very natural way to a
generalization of the orthogonal (unitary) EVD of symmetric (Hermitean) matrices.
A Higher-Order Eigenvalue Decomposition (HOEVD) for pair-wise symmetric higher-
order tensors can be defined as follows:

THEOREM 5.3. (Nth-Order Pair-Wise Symmetric Eigenvalue Decompo-

sition) Every pair-wise symmetric (I x I x ... x I)-tensor A can be written as the
product

(5.3) A=8x,UW %, U | 5y UM,

in which:

1. S is an all-orthogonal (I XIx...xI)-tensor with the same pair-wise symmetry
as A.

2. UMD = U = (U1U;...Uy) is a unitary (I x I)-matriz, equal to U™ or UM”
(for alln, 1 < n < N), depending on the symmetry of A as stated in Theor. 5.1.

The Frobenius-norms of the subtensors of S, obtained by fixing one index to i, are

the Nth-order eigenvalues and are symbolized by \;. The vectors U; are the Nth-order
eigenvectors.
Ezample 6. Consider a complex third-order tensor A that satisfies ap(i, iyi5) = Qigizi, =
aj ;,i,- According to Theor. 5.1, and taking into account that P is a cycle with three
elements, the HOSVD of A is given by

.A:SX1UX2UX3U,

where U is real and S satisfies the same symmetries as A. In fact, it is pretty obvious
in this example that U is real: aiyiyis = 07,554, = Qigirin = a5, 45, implies that A itself,
and hence the whole decomposition, is real.
Example 7. A common way to deal with the complex nature of a random vector X
in the definition of its fourth-order cumulant tensor C, is the following element-wise
definition:
def
(54) Ciyigigia = Cum($i17$;27x;3axi4)
def ~ o~k Mk~ ~ o~k ~k o~
= E{xil LinTig xi4} - E{mil Ti, }E{x’i;; $i4}
_E{i’h 'i;s }E{jgiu } - E{j'h :IN"M }E{i‘:; 'i';; }7
in which E denotes the expectation operator and Z equals z — E{z}.
The permutation symmetries of C can be generated by the permutation pair Py

and P,, satisfying:

(5'5 Cp,(irinigia) — Cisinigii — Cirinigiss
.6

(5 ;

CPz(i1i2i3i4) = Ci2i1i4i3 = C’i1’i2i3i4'
Eq. (5.6) implies that UM = U®)" and that U®) = U®"; on the other hand Eq. (5.5)
implies that U™ = U®. Hence the HOSVD of C reveals the structure of Eq. (5.4):

C=S><1UX2U* ><3{J>'< X4U,

with S satisfying Eqs. (5.5) and (5.6) as well.
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6. First-order perturbation analysis. In this section, the first-order deriva-
tives of the n-mode singular values and vectors with respect to the elements of the
original tensor are computed. The expressions can be used to analyze the numerical
sensitivity and the statistical performance of HOSVD-based signal processing algo-
rithms (e.g. [14]), especially for high signal-to-noise ratios: if the output of these
algorithms can be considered as a function of the n-mode singular values and vectors,
then the derivatives of the output could be computed via the chain rule.

An important application area is linked with the discussion on pseudo-diagonality
versus all-orthogonality (see §3). In several applications, one has the a priori knowl-
edge that a particular tensor can be made pseudo-orthogonal by means of unitary
transformations (e.g. cumulants of a stochastic vector with statistically independent
components, after unitary transformation, like in a typical source separation con-
text; cumulants of a stochastic vector with statistically independent components are
pseudo-diagonal). As pseudo-diagonality is a special case of all-orthogonality, these
unitary transformations coincide with the matrices of n-mode singular vectors. How-
ever, due to an imperfect knowledge of the tensor under consideration, caused by
measurement errors etc., the HOSVD of the estimated tensor will generally yield a
core tensor that is all-orthogonal yet not exactly pseudo-diagonal. To investigate such
effects, first-order perturbation analysis results are required.

Due to the relationship between the matrix and tensor SVD, a perturbation anal-
ysis of the HOSVD can be based on existing results that have been developed in
numerical linear algebra. Let A be a real or complex higher-order tensor, the ele-
ments of which are analytic functions of a real parameter p. Like for matrices, an
n-mode singular value and vector are analytic functions of p in the neighbourhood of
a nominal parameter py where that singular value is isolated and nonzero. In case of
a zero n-mode singular value the n-mode singular value function need not be differen-
tiable, let alone analytic, due to the definition of an n-mode singular value as a norm,
being a non-negative number: the differentiability of a smooth function that becomes
negative in a neighbourhood of pg, may be lost by flipping the negative parts around
the zero axis. A similar effect appears when several n-mode singular value functions
cross each other, due to the ordering constraint on the HOSVD: the differentiability
of the smooth functions that cross each other, may be lost by combining the function
parts in order of magnitude. However, one can prove that analyticity can be guar-
anteed by dropping the sign and ordering convention. With this goal we define, in
analogy to the “Unordered-Unsigned Singular Value Decomposition” (USVD) of [20]
an Unordered-Unsigned Higher-Order Singular Value Decomposition (UHOSVD):

THEOREM 6.1. (Unordered-Unsigned Higher-Order Singular Value De-
composition) If the elements of A € Cl1*12X--XIN qre gnalytic functions of a real

parameter p, then there exist real analytic functions fi(") :R—>R (1<i<1,) such
that, for all p € R:

{0 () (1 <i <In)} = (171 < i < I}

The functions fi(") are called unordered, unsigned n-mode singular value functions.
The analytic continuation of a set of n-mode singular vectors at a nominal pa-
rameter value, where they correspond to a multiple n-mode singular value, will be
denoted by the term preferred n-mode singular vectors. They are given by the follow-
ing theorem:
THEOREM 6.2. (Preferred n-mode singular vectors) Let the HOSVD of A
be given as in Theor. 3.2, the ordering of the n-mode singular vectors being of no
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importance. Let o™ be an n-mode singular value of multiplicity m and let an SVD
of Ay be given by

" WL, 0 "
(6.1) Apy = U™ -2 v = (uu) ( . z2> (vgm” ,

in which UM | () and V) are defined in accordance to Prop. 12. In the partition-
ing, U™ and V"™ correspond to the singular value o™ .
Consider a first-order perturbation of A as A+ eB, € € R, and define the matrices
lejz’ jlaj2 = 1a2 as
def n)H n

Bj1j2 = U‘gl) : B(n) ’ V;z)

There are two cases:
1. o™ #£0: consider the eigenvalue problem

w =X-A-XH.

2
Then the m preferred n-mode singular vectors are given by the columns of Ugn) - X.
(The m preferred right singular vectors in Eq. (6.1) are given by the columns of

viM. X))
2. 0™ =0: consider an SVD of B11:
Bi;=X-A-YH,

Then the m preferred n-mode singular vectors are given by the columns of Uﬁ") - X,
(The m preferred right singular vectors in Eq. (6.1) are given by the columns of Vg") .
Y.)

In analogy with [27, 20], we state now the following perturbation theorem:

THEOREM 6.3. (First-order perturbation of the HOSVD) Consider a
higher-order tensor A(e), the elements of which are analytic functions of a real pa-
rameter €. Represent the first-order approrimation of the Taylor series expansion of
Al(e) around e =0 by A+ eB. Let the HOSVD of A be given as in Theor 3.2. Let an
SVD of A,y be given by

Agy = UM .50 ym"

in which UM () and V) are defined in accordance to Prop. 12. In case of
multiple n-mode singular values, U™ and V™ contain preferred basis vectors. Define
the matriz B as

Then one has:
1. The slopes of the n-mode unordered-unsigned singular value functions are
given by the diagonal elements of B.
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2. The first-order approzimation of the Taylor series expansion of the n-mode
singular vector functions is given by UM +e UM .Q in which Q is a skew-Hermitean
matriz defined by:

Wij df
ifi=7j,

wiy & (@b +0$bi) (0 — o
if ol #ai",

wij & vime o [(0f (@b + 01 (Ob) /(0 () — 0§ (€))

if o\ (e) = a§n) (€) for the isolated value € = 0,

~—

lef def bi
wij = —wj; = arbitrary

if UZ(") (e) = 05-") (€) in a neighbourhood of € =0 (i # j).

7. Related tensor decompositions. The SVD generalization we present in
this paper is so clearly analogous to the SVD of matrices since the i-mode vectors
play exactly the same role in the tensor decomposition as column and row vectors do
for the matrix SVD. However it is still possible to focus on other properties of the
matrix SVD, when looking for an equivalent tensor decomposition. It appears that
for higher-order tensors different properties may raise different decompositions. Here
we list three alternative approaches. The analogy with the matrix case is less striking
than for the HOSVD. Depending on the context, one can choose the appropriate
approach to address a certain problem.

7.1. Linear mapping between higher-order spaces. In the same way as
there exists an isomorphic link between matrix algebra and the algebra of linear
vector mappings, a higher-order tensor can be regarded as a formal representation of
a linear mapping between a matrix and a vector space, a matrix and a matrix space,
a matrix and a higher-order tensor space, etc. E.g. assuming a basis in the space of
Nith-order and Nyth-order tensors, a linear transformation of B € C71 X/2X--XxJn1 to
C € Chr*I2x..xINy can be represented by A € Clt %+ Ino XJ1 XX JINy according to the
element-wise equation

Civig..iing = E Qiyis...ing 1 g2 ing Dirgaring s
J1jz.-9ny

for a particular choice of N; summation indices.

Obviously, a tensorial SVD-equivalent is the SVD of this linear mapping. We
notice a link with the HOSVD: U™, £ and V(™ in Eq. (3.11) are the SVD-
components of A, interpreted as a linear mapping from Cln+1XTnt2X...XINxT1xIz X . In—1
to CI» | defined by summation over the indices 4y y1,%n49,--+siN, 01,925« in_1-

7.2. Optimal tensor diagonalization by unitary transformations. The
fact that a generic higher-order tensor cannot be diagonalized by unitary transforma-
tions, could be remedied by weakening the condition of the diagonality of the core
tensor to a condition of “maximal diagonality”. Formally, given a higher-order tensor
A e ChixI2x...xIn this new problem consists of the determination of unitary matri-
ces UL ¢ ¢hixhi U@ ¢ cbxl2 UW) ¢ CI~n*IN guch that the least-squares
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diagonality criterion Y, |s..;|? is optimized, where the core tensor S is still defined
by Eq. (3.4).

For problems dealing with tensors that can theoretically be diagonalized (see also
§6), forcing the diagonal structure may be more robust (at the expense of a higher
computational cost) than the computation of the HOSVD, in which the deviation
from diagonality is simply considered as a perturbation effect. For algorithms, we
refer to [11, 16], exploring Jacobi-type procedures.

7.3. Canonical Decomposition. A major difference between matrices and
higher-order tensors is that the HOSVD does not provide precise information about
rank-related issues. With this respect, the “Canonical Decomposition” (CANDE-
COMP), or “Parallel Factors” model (PARAFAC) may be more informative [10, 24, 1]:

DEFINITION 7.1. (CANDECOMP) A Canonical Decomposition or Parallel
Factors Decomposition of a tensor A € Ch xI2X--XIN s q decomposition of A as a
linear combination of a minimal number of rank-1 terms:

R
(7.1) A=D"XNUMoUP o...oUMN,

This decomposition is important for applications, as the different rank-1 terms can
often be related to different “mechanisms” that have contributed to the higher-order
tensor; in addition, sufficiently mild uniqueness conditions enable the actual compu-
tation of these components (without imposing orthogonality constraints, as in the
matrix case).

However, the practical determination of a tensor rank is a much harder problem
than the determination of its n-ranks, since it involves the tensor as a global quantity,
rather than as a collection of n-mode vectors. A fortiori, the computation of the
CANDECOMP is much harder than the computation of the HOSVD, and many
problems remain to be solved. By way of illustration: the determination of the
maximal rank value over the set of (I3 x I X ...x Inx)-tensors is still an open problem
in the literature (it is not bounded by min(li, I»,...,In)). We refer to [4] for a
tutorial on the current state-of-the-art. In addition, [12] gives an overview of some
partial results obtained for symmetric tensors.

8. Conclusion. In this paper the problem of generalizing the SVD of matrices
to higher-order tensors is investigated. The point of departure is that the multilinear
equivalent should address the so-called n-mode vectors in a similar way as the SVD
does for column and row vectors. It is shown that this implies that the role of the
matrix of singular values has to be assumed by a tensor with the property of all-
orthogonality. The resulting decomposition, which is referred to as the Higher-Order
SVD (HOSVD), is always possible for real or complex Nth-order tensors, and when
applied to matrices, it reduces — up to some trivial indeterminacies — to the matrix
SVD. In the psychometric literature, the decomposition is known as the Tucker model.

From the fact that n-mode vectors and column (row) vectors play the same role in
HOSVD resp. SVD, it follows that the matrices of singular vectors can be computed
from the sets of n-mode vectors in the same way as in the second-order case. In
other words, the HOSVD of an Nth-order tensor boils down to N matrix SVD’s. As
a consequence, several matrix properties have a very clear higher-order counterpart.
Uniqueness, link with EVD, directions and values of extremal oriented energy, etc.
are investigated and explicit expressions for a first-order perturbation analysis are
presented.
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The link between tensor symmetry and HOSVD is also investigated: if a higher-
order tensor is transformed into itself or into its complex conjugate by a permutation
of the indices, then this symmetry is reflected by the HOSVD-components. It turns
out that the most adequate way to analyze this relation is the decomposition of
the permutation in a sequence of permutation cycles. When every pair of indices is
connected by some cycle, a property which is denoted as pair-wise symmetry, then
the different matrices of higher-order singular vectors are either equal or complex
conjugated. In analogy to the EVD of a real symmetric or Hermitean matrix the
Higher-Order EVD (HOEVD) of a pair-wise symmetric higher-order tensor is defined.
Its computation, for a pair-wise symmetric Nth-order (I x I x...x I)-tensor, reduces
to the SVD of an (I x IV ~!)-matrix unfolding. It remains an open problem if and
how the high symmetry of this matrix can be exploited to speed up the calculation
of its SVD.

The link with the SVD of matrices makes the HOSVD to the proper tool for the
analysis of n-mode vector space properties. However, the fact that the core tensor is in
general a full tensor, instead of being pseudo-diagonal, results in two main differences
with the matrix case. First, the HOSVD of a given tensor allows to estimate its n-
ranks, but these values give only a rough lower-bound on the rank; more in general,
the HOSVD does not allow for an interpretation in terms of minimal expansions in
rank-1 terms. This shortcoming is inherent to the structure of multilinear algebra;
with respect to rank-related issues, the CANDECOMP may be informative. Secondly,
discarding the smallest n-mode singular values does not necessarily lead to the best
possible approximation with reduced n-rank values (1 < n < N). However, if there
is a large gap between the n-mode singular values, then the approximation can still
be qualified as accurate; if necessary, it can be used as a good starting value for
an additional optimization algorithm. Finally, we remark that in some applications
one knows a priori that the core tensor is pseudo-diagonal. As pseudo-diagonality
is a special case of all-orthogonality, analysis procedures may then be based on the
HOSVD, up to perturbation effects. If a higher accuracy is mandatory, it might be
preferable to determine unitary transformations that explicitly make the higher-order
tensor as diagonal as possible, rather than all-orthogonal.
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