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ABSTRACT 

Inferring 3D information from 2D images is a fundamental problem in computer vision 

and has many applications such as robotics, scene modeling, medical imaging, and 

augmented reality. While the basic geometric principles for typical imaging models have 

been established and are well understood, successful real world 3D vision systems are 

still scarce and their functionalities are still very limited, due to various practical 

challenges. For instance, the camera parameters may be unavailable, the image quality 

may be poor, and good feature detection may be difficult to achieve.  

In this dissertation, novel image rectification schemes are proposed in the context of 

exploring several practical 3D vision problems, i.e. image rectification for stereoscopic 

visualization, stereoscopic view synthesis from monocular endoscopic images, rapid cone 

and cylinder modeling from a single image, and monocular vision guided mobile robot 

navigation. For each problem, novel algorithms are proposed based on the rectification 

schemes as well as the domain knowledge of the particular problems. These novel 

schemes are all based on the concept of sequential virtual rotation, which has intuitive 

geometric meaning and can be estimated from basic image features.  

As a result, the designed algorithms are not only robust enough for coping with many 

challenges arising in practical problems, but also able to produce results with some 

desired properties such as no projective/affine distortion. Further, the intuitive geometry 

also leads to insightful understanding of the particular problems such as the analysis of 

degeneracy. For each of the chosen applications, we report extensive experiments that 

were designed and performed to compare the proposed approach with existing state-of-
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the-art techniques, demonstrating the effectiveness and advantages of the proposed 

methods. 
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1. INTRODUCTION 

Images are 2D projections of the 3D world. Is it possible to recover the 3D information 

from 2D images? The answer is “Yes” and human beings are the proof. How do we infer 

the 3D information from 2D images? This is a classic computer vision problem and many 

theories as well as algorithms have been developed. Although many of the basic 

geometric principles have already been established and are well understood, existing 3D 

vision systems are still both far away from the intelligence level of human beings and far 

away from an effective tool to assist human beings. The reason is that the basic principles 

are usually not enough to solve real world problems, due to various practical challenges 

as well as limitations. For instance, the resolution of an image cannot be infinite; the 

quality of the image may be poor; the camera parameters may not be available and there 

may be a lack of good features. Although various algorithms have been proposed for 

solving some of the challenges, successful real world 3D vision applications are still 

scarce and existing systems all have limited functionalities. This dissertation studies 

several practical 3D vision problems and proposes novel approaches for each problem. 

All of the approaches involve the process of image rectification based on sequential 

virtual rotation, which helps not only in obtaining results without projective/affine 

distortions, but also in gaining new insights to those specific problems.

1.1. Background 

1.1.1. How Images Are Captured? 

More than 2000 years ago, an ancient Chinese philosopher Mozi discovered that using 

a hole in a wall of a dark room can obtain an image of the outside world. He observed 

that the image is up-side down and the size of the imaged object changes as the distance 
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from the real world object to the hole changes or the distance from projection wall to the 

hole changes. He further concluded that the light travels in a straight line. More than 

2000 years later, most current cameras can still be modeled with the same basic imaging 

model, i.e. the pin-hole model, in capturing images. The fact that light travels in a straight 

line is the fundamental rule of modern projective geometric theory, which plays a central 

role in 3D computer vision.  

 

Figure 1.1. The experiment of Mozi (476BC). 

 

1.1.2. Visual Cues for 3D Inference from 2D Images 

Extracting 3D information from 2D images is an essential capability of human beings. 

It has been discovered that people rely on different kinds of visual cues for 3D inference. 

Table I lists some of them. In this section, we discuss several important cues that are 

directly related to our research.  
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Table 1-1. Different Visual Cues for 3D Inference from 2D Images. 

Visual Cues for 3D Inference 
Sizes of the scene objects 

Linear perspective 
Object connections 

Stereo 
Motion 
Shading 
Texture 

 

1.1.2.1. Linear Perspective 

When projecting to a 2D image, the parallel 3D lines will converge to a single point, 

which is called the vanishing point. The vanishing point and the projected rays provide 

powerful relative depth information: the point closer to the vanishing point is further 

away. Linear perspective is one of the key techniques for representing the 3D space in 2D 

drawings (see Figure 1.2).  

 

Figure 1.2. An example of linear perspective, in which physically parallel lines seem to 

converge as they become more distant. (The Last Supper, by Leonardo Da Vinci). 
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1.1.2.2. Object Connections 

If two objects have a connected part, then the depth information can be propagated 

from one object to another via the connected part. Starting from some reference objects, it 

is possible to infer the 3D positions of other objects based on the connected parts and the 

visual cues of each object. Object connections are essential tools for 3D reconstruction 

from a single image. Figure 1.3 illustrates an illusion that the books blend into the street 

scene due to their seemingly natural connections with other objects on the street. 

 

Figure 1.3. Still Life and Street (by M. C. Escher, 1937). 

 

1.1.2.3. Stereo 

Human beings have two eyes. Most animals also have two eyes. Each eye captures a 

slightly different image due to the different positions of the eyes (Fig. 1.4). The 

differences in the images are usually called horizontal disparity, which are used to infer 
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the distances between the objects and the observer. Even when there is no other strong 

visual cues, pure disparities can still give rise to depth perception, as in the famous 

random dots experiment [1]. This indicates that stereo views are important visual cues for 

human beings. As a matter of fact, providing stereo views is the basic principle for almost 

all of the 3D displays as well as 3D images.  

 

Figure 1.4. Stereo (binocular) vision. 

 

1.1.2.4. Motion and Multiple Views 

Motion is another important cue for depth perception. Suppose that the objects move at 

similar speed in the real world, then objects closers to the camera will have faster 

observed image motion. Consequently, faster moving objects usually indicate they are 

closer. Figure 1.5 illustrates this effect. Since speed is a relative term, a static object can 

also be regarded as a moving one if the camera is moving while capturing multiple views 

of the static object. Imagine that we are walking. While the environment does not change, 

we sense objects moving in our retinal image and we feel that the faster ones are closer. 

Inferring 3D information from motion is called “Structure from Motion” (SfM), which is 

a classic 3D vision problem and has been studied for about 30 years.  
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Figure 1.5. Depth from motion.  

 

1.2. Practical Challenges for Computational Approaches 

Although inferring 3D structure is an almost effortless process for human beings, it is a 

difficult problem for computers in real applications, even if the basic principles are well 

understood. The reasons lie in various practical challenges as well as limitations on any 

algorithms imposed by the real world problems. Examples include: 

1. The camera parameters are usually unavailable. Given two or more views, if we 

know the camera parameters (both internal and external) for each image and a set of point 

correspondences, we can reconstruct each point’s 3D position by triangulation. However, 

in many cases, we only have images, with no information about the camera parameters. 

To obtain camera parameters from images, we need “calibration”, which is one core 

problem in 3D vision. Calibration has been thoroughly studied in past years and many 

algorithms have been developed for different scenarios. However, accuracy is still a 

common issue for many existing approaches, when applied to real images. 

2. Point correspondence is not reliable and its computation is time-consuming. Both 

structure-from-motion and stereo algorithms are built on top of point correspondence, 

which requires a procedure to match a pixel in one image to its counterpart in another 
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image. In practice, however, this seemingly simple task is difficult due to various 

practical reasons. For instance, texture-less or over-textured regions, different 

illumination of the images, occlusion and glare can all cause problems. Often, point 

matching algorithms are also computationally expensive.  

3. Image resolution is limited. In theory, we can accurately reconstruct an image 

point’s 3D position, given its accurate image measurements. However, the accuracy of a 

point’s image coordinates is bounded by the image resolution. The higher the resolution, 

the higher the accuracy of 3D reconstruction is. On the other hand, for acquired images, 

the resolution is already fixed and the lack of sufficient resolution may render 3D 

algorithm problematic.  

4. Degeneracy. Even if we have a large set of good point correspondences, we are not 

guaranteed to obtain good 3D reconstruction results, since there exist special scene-and-

camera configurations that are degenerate or near degeneracy for the reconstruction 

algorithm. For instance, when most feature points lie on a plane or when the camera 

translation is very small compared to scene depth, we encounter the degeneracy problem. 

1.3. A Brief Overview of Existing Approaches and Applications 

Just like that human beings use different kinds of visual cues to infer 3D information 

from 2D images, different kinds of computational methods are developed based on 

different visual cues. For instance, structure-from-motion methods use motion cues; 

structure-from-shading methods use shading cues; structure-from-texture ones use texture 

cues; stereo vision uses disparity cues, and single-view-based reconstruction uses 

vanishing point cues. In this section, we only choose structure-from-motion and single- 
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view-based reconstruction for discussion since they are most related to our work. Stereo 

vision can be regarded as a special case of structure-from-motion. We further discuss 

calibration since it is an essential problem that has to be solved for most 3D vision tasks. 

1.3.1. Structure from Motion 

Structure-from-motion aims at recovering 3D positions of the feature points as well as 

camera parameters from multiple images in a fully automatic way. Typically, the process 

starts with point matching, followed by two-view camera calibration by computing the 

fundamental matrix or essential matrix. After the initial two views are calibrated, the 

point correspondences in these two views can be used to triangulate the corresponding 

3D points. With these initial 3D points, other views can be calibrated by 3D to 2D 

correspondences and new feature points can also be reconstructed thereafter.  

Structure-from-motion has been successfully used for several commercial applications. 

One application is “match moving”, which is used for augmented reality in movies such 

as Lord of Rings, Spiderman, Gladiator and many others. Another application is recently 

released Microsoft PhotoSynth, which lets a user browse hundreds of photos in a 

seamless way. There are also many other applications, such as vision-based Simultaneous 

Localization and Mapping (SLAM) for mobile robot. 

Although it is successful in some applications, structure-from-motion has some 

inherent problems:  

1. The reconstructed model is a 3D point cloud, which is not good for 3D model 

representation or rendering. 

2. The structure information of the scene is not used and lost in the final 3D model. 
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3. Structure-from-motion relies on point matching, which is not reliable for many 

scenarios. 

4. The computational cost is high, due to the expensive process of point matching 

and bundle adjustment. 

Due to these problems, structure-from-motion is not appropriate for 3D vision tasks 

that require real-time processing, large-scale scene modeling or parametric object 

modeling. In addition, the degeneracy and limited image resolution issues mentioned in 

the previous section can also make the structure-from-motion process fail for some 

particular environments. 

1.3.2. Single-View-Based Reconstruction 

To reconstruct 3D models from a single image, prior information of the scene is 

required. Unlike structure-from-motion, for which there is a unified framework, single-

view-based reconstruction has many different kinds of approaches, depending on how the 

prior information is used or specified and what kinds of objects are to be reconstructed. 

For instance, the approach of [2] first assigns an initial depth value for each patch in the 

image based on a learned model and then uses Markov Random Fields (MRF) to get the 

final 3D model. Co-linearity and co-planarity are enforced through energy terms in MRF. 

The algorithm in [3] constructs 3D models by classifying the image into three different 

kinds of patches, i.e. ground, vertical plane and sky. The algorithm in [4] lets a user to 

drag or edit a 3D mesh on an image. The method in [5] reconstructs Surface of 

Revolution (SoR) through image contours. The approach in [6] uses the vertical 

vanishing point and the horizontal vanishing line to calculate the height of vertical lines 
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by assuming that the lines stand on the ground. The problem with all these approaches is 

that either they require very tedious user interactions or the results are not accurate 

enough. As an exception, there are two successful commercial image based modeling 

systems: ImageModeler [7] and SketchUp PhotoMatch [8]. Both of them have very 

intuitive user interaction interface and allow fast 3D modeling from single images. 

However, modeling cones or cylinders are not an easy task in these systems, which might 

be due to unresolved theoretical issues.  

1.3.3. Calibration 

Camera calibration is the problem of determining camera parameters for given images. 

Each image is captured by a camera with certain parameters. The camera parameters can 

be divided into internal and external parameters. The internal parameters include 

principal point position, focal length and others, which are not related to camera motion. 

The external parameters include camera position and orientation, which are defined under 

a certain world coordinate system. Calibrating camera for each frame is an essential step 

for almost all 3D vision tasks. For instance, for structure-from-motion, we need to 

recover camera parameters for each frame. When the camera parameters are determined, 

the relationship of the 3D coordinates of a point and its image position can be described 

in algebraic form. Using multiple views or some prior knowledge, the 3D information 

can be determined from their image counterparts. While the external parameters can be 

relatively easily determined, estimating the internal parameters is much harder. 

Computing the internal parameters from the image itself is usually called “self-

calibration”, which plays a central role in obtaining metric 3D information from 



11 

 

uncalibrated images. In the past decades, self-calibration has been thoroughly studied. 

The basic tool for almost all of the self-calibration algorithms is the Image of the 

Absolute Conic (IAC). The IAC precisely captures all information of the camera’s 

internal parameters and it can be derived from various image features or prior 

information. However, it is an imaginary object and thus hard to visualize and understand. 

In addition, it does not deal with the camera external parameters. In this dissertation, we 

proposed a novel technique for simultaneous two view internal and external calibration 

which has intuitive geometric meanings. 

1.4. Proposed Approaches and Developed Systems 

In this dissertation, we proposed novel general schemes that can be used for various 

practical 3D vision problems. The core of the schemes is to rectify images via sequential 

virtual rotation. Basically, they simulate the process of changing the camera orientation to 

obtain a new view of the scene. Comparing to the original views, the rectified views have 

much better properties for 3D information extraction. For instance, the projective 

distortion can be removed in the rectified views. Figure 1.6 shows an example: the 

original image is (a) and the rectified view is (d). In Figure 1.6d, all of the vertical lines 

in 3D become vertical in the image. In addition to 3D information extraction, this scheme 

can also be used for camera calibration. In fact, we directly compute the camera 

parameters in the rectification process. A significant advantage of our rectification 

approach is that it has solid geometric meanings, while traditional rectification 

approaches only provide algebraic algorithms. As a result, this technique gives us new 

insights as well as new solutions for various 3D vision problems. In this section, we will 
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describe several practical 3D vision problems we explored. For each of the problem, we 

developed novel algorithms to solve practical challenges and to meet practical 

requirements by using the rectification scheme and exploiting special knowledge of 

underlying task.  

    
(a) (b) (c) (d) 

Figure 1.6.  An example of rectifying view via sequential virtual rotation. (a) is the 

original view and (d) is the target view where the vertical lines in 3D space becomes 

vertical in the image. (b) and (c) are intermediate steps. 

 

1.4.1. Image Rectification for Stereoscopic Visualization 

Stereoscopic visualization is a standard technique to let people obtain near true 3D 

perceptions by sending a standard stereo image pair to different eyes of a human. It has 

been widely used in many fields, such as 3D movies, gaming, medical imaging and 

scientific visualization. Stereo images are usually captured by stereo cameras, which are 

special cameras that are not commonly used or available at low-cost. These facts limit the 

otherwise great potential use of 3D visualization. In this dissertation, we developed novel 

algorithms to solve the practical problem: given two images of the same scene from 

general viewpoints, rectify them into a stereo pair like that from a standard stereo rig 

required by a 3D display or other stereoscopic viewing platform. The algorithms are 

based on sequential virtual rotation and are able to produce non-distorted rectification 

results. Figure 1.7 shows a sample result. 
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(a) (b) (c) (d) 

Figure 1.7. Stereo rectification from uncalibrated images. (c) is the red-cyan image of 

original pair (a) and (b); (d) is the red-cyan image of rectified pair where disparities are 

all horizontal. 

 

1.4.2. Stereoscopic View Synthesis from Monocular Endoscopic Videos 

We further study the problem of synthesizing stereo views from monocular image 

sequences. The problem is more challenging than the previous one and the algorithm 

developed in the previous example cannot be applied in this new problem. In the previous 

two-view rectification problem, we create stereo views by applying transformations to 

each view. However, this rectification scheme cannot be used for multiple images since 

every two image pair may lead to different transformations, which will cause 

transformation conflictions for each single image in the sequence. To solve the problem 

of synthesizing stereo views from image sequences, we compute the depth map for each 

frame and use the depth map to synthesize stereo views. We investigate this problem 

under a particular application, i.e. uncalibrated monocular endoscopic videos. This 

particular scenario is very challenging: images are distorted, glare points are shifting, 

image quality is poor and scene and camera motion are near degenerate. Despite all of 

these challenges, we designed a practical algorithm which is able to produce good stereo 

results. Figure 1.8 gives an example. The first row shows several frames of the original 
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video; the second row shows the corresponding dense disparity map and the third row is 

the corresponding synthesized stereo images.  

Figure 1.8. Stereoscopic view synthesis from monocular endoscopic images. 

 

1.4.3. Rapid 3D Modeling from a Single View 

While structure-from-motion can automatically extract 3D information from a scene, 

the results are sparse 3D point clouds which are not suitable for accurate object modeling. 

In addition, structure from motion cannot be used for extracting 3D information from 

single images. In this dissertation, we developed an interactive framework to do rapid and 

accurate 3D modeling from single images. The framework first estimates the camera’s 

orientation via sequential virtual rotation. After the camera is calibrated, general 
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modeling tools like Google Sketchup can be directly used to construct models from 

images. Current state of the art image-based modeling tools only support modeling of 

lines/planes/curves and have a limited support for cylinder modeling. In this dissertation, 

we propose a novel algorithm for rapid cone and cylinder modeling based on several 

control points. Figure 1.9 shows some modeling results. 

    
(a) (b) (c) (d) 

Figure 1.9. 3D modeling from a single image. 

 

1.4.4. Mobile Robot Navigation from Monocular Views 

Due to the availability of low-cost imaging sensors and compact yet high-performance 

processors that support image-analysis-based processing, vision based mobile robot 

navigation has become popular in recent years. In this dissertation, we studied two typical 

tasks of vision guided mobile robots: Simultaneous Localization and Mapping (SLAM) 

and obstacle detection. By using the rectification schemes, we developed novel 

approaches to solve these problems.  

1.5. Contributions 

The contributions of this dissertation can be summarized as follows: 

1. Novel image rectification scheme are proposed based on sequential virtual 

rotation. The rectification schemes are general and can be used for various 

practical 3D vision problems, including camera calibration, object modeling, 
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image rectification for stereoscopic visualization, SLAM and many others. A 

significant advantage of the rectification schemes are that they provide solid 

geometric meanings, comparing to traditional algebraic approaches. As a result, 

they help us to gain insights into many practical issues such as degeneracy 

analysis. 

2. A novel image rectification algorithm is proposed for non-distorted stereoscopic 

visualization. We further extend the algorithm to solve camera calibration 

problem. The new algorithm for camera calibration provides intuitive geometric 

explanations that are not available in existing approaches. 

3. A systematic approach is proposed to synthesize stereo views from monocular 

endoscopic videos. The approach consists of two major steps: structure from 

motion and disparity interpolation. Two important properties are identified and 

proved: 1) affine reconstruction is sufficient for stereoscopic view synthesis and  

2) linear interpolation in the normalized disparity field is equal to linear 

interpolation on 3D planes. Based on these properties, concrete approaches to 3D 

reconstruction and disparity interpolation are developed to cope with the practical 

challenges in the endoscopic videos.  

4. Novel approaches are developed for rapid 3D modeling from single images. 

Cones and cylinders are modeled using a set of minimal control points. Image 

rectification based on sequential virtual rotation is used in both the calibration and 

the object modeling stages. 
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5. Novel approaches have been developed for mobile robot obstacle detection and 

SLAM. Image rectification based on the core scheme of sequential virtual rotation 

is used as an initial step for both problems.  
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2. IMAGE RECTIFICATION FOR STEREOSCOPIC VISUALIZATION 

2.1. Motivation and an Overview of Proposed Approach 

Depth perception is one key aspect of human vision. Many stereoscopic visualization 

techniques have been developed for viewers to gain a virtual 3D perception from 2D 

images. These include methods relying on color anaglyphs, polarized light/glasses, dual 

projectors, synchronized display and shutter glasses, etc. Recent display technologies 

have also led to the development of various low-cost 3D displays that enable convenient 

stereoscopic viewing without the need for special glasses (see [9, 10] for examples). 

While the underlying technologies may vary from one manufacture to another, the basic 

principle of many glasses-free 3D displays can be illustrated by Figure 2.1a, where a 

parallax barrier is used in liquid crystal (LC) displays to direct the light rays from the 

pixels to the right and left eyes, respectively, resulting a 3D LC display as illustrated in 

Figure 2.1b. This and similar technologies have made 3D viewing relatively easy and 

convenient: users do not need to wear special glasses any more. Combining with the 

decreasing price and increasing display size, 3D visualization through such displays is 

likely to find wide applications in many fields, including scientific visualization, gaming, 

and personal entertainment.  

  In general, different 3D viewing schemes share one common principle – a pair of 

stereo images is sent to a viewer’s two eyes respectively to create 3D perception. 

Accordingly, the input media are required to be stereoscopic in nature (e.g., like those 

acquired by a stereo camera). Unfortunately, true stereo media are scarce in reality, and 
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general consumers rarely use stereo cameras. These facts limit the otherwise great 

potential of 3D displays. 

  

(a) (b) 

Figure 2.1. (a) An illustration of how a parallax-barrier-based 3D display works. The 

orange pixels are the right-eye image, and the grey ones are the left-eye image. Both eyes 

need to fall into the correct viewing diamond to sense 3D. Assuming normal viewing 

distance (and thus fixed viewing diamonds), then the image pair must have proper 

disparities to give rise to 3D perception. (b) The actual glasses-free LC 15-inch display 

used in this study. 

 

To assist users to obtain the stereo data via common cameras, this dissertation 

proposes a systematic approach to the following image rectification problem: Given two 

images of the same scene from general viewpoints, rectify them into a stereo pair like that 

from a standard stereo rig required by a 3D display or other stereoscopic view schemes. 

This technique enables stereoscopic content generation without special stereoscopic 

acquisition devices. For instance, users can use two common camcorders to capture the 

video streams and then use this technique to convert them to a stereo pair, just like those 

taken from stereo camcorders.  
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 Apparently, the above rectification problem is general and applicable to any 3D 

visualization schemes where a left-right image pair is required. Nevertheless, for 

convenience and clarity of discussion, we will use only the above-mentioned 3D display 

(Fig. 2.1(b)) as the platform in this work for presenting our solutions to this problem. In 

the following, existing work on addressing this problem will be briefly reviewed, and the 

proposed approach will then be outlined. 

 

2.1.1. Related Work 

Theoretically speaking, the above rectification problem can be solved by first 

performing 3D reconstruction and then re-projecting the 3D points to two virtual views 

that form a standard stereo pair. In reality, 3D reconstruction techniques face a lot of 

challenges (e.g., scenes with little texture, occlusion, uncalibrated cameras, etc) and are 

usually computationally expensive. In addition, realistic texture remapping poses as 

another practical challenge. Fortunately, image rectification is possible by using only 

perspective transformations without full 3D reconstruction. In the case of calibrated 

cameras, efficient and simple algorithms exist (e.g., [11-13]). There are also solutions for 

uncalibrated cameras (e.g., [14-19]). However, in these methods for conventional image 

rectification, the primary goal is to make the epipolar lines horizontal and aligned in both 

images, without full attention to whether the rectified images form a natural stereo pair 

with desired disparities, which is our goal. Specifically, in the uncalibrated case, 

projective rectification is accurate only up to an unknown shearing transformation, and 

thus, typically, additional constraints are needed for solving the ambiguity. The 

constraints introduced in existing approaches do not adequately address the requirements 
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of 3D viewing. For example, the method of [19] minimizes the overall disparity to solve 

the ambiguity. Although these techniques certainly result in a rectification that makes 

stereo matching easier, the results may still be visually distorted and thus are typically not 

suitable for direct stereoscopic visualization (e.g., lack of proper disparities, residual 

“squeeze or stretch” distortions, etc). There are also efforts on minimizing the distortion 

of the rectified results (e.g., [14, 20, 21]). For example, a post-processing step is used in 

[14] to minimize the image domain shearing distortion. Unfortunately, these are not 

based on the physical constraints arising from a true stereo rig, and thus, they do not 

ensure that the results are distortion-free and ready for stereoscopic visualization. In the 

following, two representative prior approaches, from [19] and [14] respectively, are 

discussed in more depth.  

The Hartley Method: The approach was described in both [19] and [22], which has 

two major steps. The first step transforms the second image so that the epipole is moved 

to horizontal infinity, i.e. (1, 0, 0)T, by applying a rotation and a projective transformation. 

The second step transforms the first image so that the epipolar lines in both images are 

aligned. In this step, to determine the final transformation, a criterion of minimizing the 

overall disparity is used. While this is effective from the perspective of making stereo 

matching easier, the method is not suitable for our problem, as analyzed in the following.  
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Figure 2.2. The rationale behind the Hartley method and the potential distortion 

 

Figure 2.2 illustrates the potential problem of this method. Suppose that there are five 

balls at different depth in the scene. In the figure on the left hand side, we plot two views 

of the scene in the same image (red/dark for the left view and green/bright for the right 

view) and use black arrows to depict the disparities of the balls. Since different objects 

have different depth, they have different disparities in the image, as the black arrows 

show. Suppose that we only detect four point correspondences, i.e. the four smaller balls 

in the image. If we apply the criterion of minimizing the overall disparities, then the 

optimal solution is obtained by shifting and stretching the right image so that the four 

feature points in each image exactly match each other, as illustrated on the right hand side 

of the figure. Now, all of the disparities of the feature points become zero and thus the 

overall disparity is minimized. However, the result is that the first image is stretched: the 

larger balls become elliptical, and thus they are not suitable for direct 3D visualization. 

The Loop & Zhang Method: Loop and Zhang [14] used a different approach, where 

two images are adjusted at the same time. This is achieved by computing two 

transformation matrices simultaneously. Similarly, the method starts from the goal of 
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making epipolar lines horizontal and aligned. To minimize potential distortion, the 

following criterion is used: the two lines connecting the midpoints of the four sides of the 

images are perpendicular to each other and the length ratio of the two lines should be kept 

the same after rectification. Unfortunately, the assumptions behind this criterion are not 

necessarily true in practice, and thus distortion removal is not guaranteed. To illustrate 

this point, we simulate a counterexample in Figure 2.3, where we simply rotate one of the 

two images in a standard stereo pair, and thus the desired rectification is to rotate that 

image back. Obviously, the desired rectification does not satisfy the above assumptions, 

and thus the criterion in [14] cannot ensure the validity of the results. In this particular 

example, it is easy to show mathematically why the criterion cannot be used. 

 

Figure 2.3.  The rationale behind the Loop and Zhang method and the potential distortion. 

 

2.1.2. Outline of the Proposed Approach 

In this dissertation, an approach is proposed to rectify uncalibrated images to form a 

desired stereo pair required by a 3D display. While the basic idea is based on the 

fundamental matrix [23, 24] and homography, similar to [14, 17, 19], we start from the 

standard stereo set-up, which is the desired acquisition  set-up for a 3D display, to derive 
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the rectification algorithm. This novel derivation enables us to have a natural physical 

interpretation of the resultant algorithm, which is not readily available from conventional 

approaches such as those in [14, 19, 22]. Moreover, to remove the ambiguity and 

distortion in the rectified results, we propose a criterion and a corresponding algorithm 

that are motivated by physical constraints arising from a stereo camera set-up, unlike the 

artificial constraints introduced in other approaches discussed above. For the practical 

problem of 3D visualization of two views with a large baseline, image translation is 

usually necessary. We show how this is, in theory, related to rectification with 

intersecting optical axes, similar to what humans do when viewing objects that are very 

close to the eyes.  

Our approach is developed based on a couple of reasonable assumptions. First, we 

assume that the internal matrix of the camera can be coarsely estimated from the image 

dimensions (see Section 3B, Eqn. 5 and Section 5). Second, we assume that image points 

with similar disparities have similar depth, which is necessary to generate an undistorted 

stereo pair. In this study, we also assume that image translation can be used to enhance 

visual comfort in 3D viewing, which has been validated by some empirical study [25] 

and is used by many stereo software products. The impact of various assumptions in our 

algorithms and the limitations of the proposed approach are thoroughly analyzed and 

illustrated with experiments.  

In our study, although we visualized results from our experiments and asked viewers to 

verify the performance of the algorithm, our primary focus is on the computational aspect 
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of the stereo rectification problem and thus no extensive psychophysical experiments 

were performed, which are beyond the scope of this dissertation.   

The remainder of the chapter is organized as follows. Section 2 defines the problem 

formally. Section 3 describes our approach/algorithms. Section 4 analyzes the theoretical 

interpretations of translating images and proposes automatic schemes for adjusting 

images. Section 5 analyzes the impact of a roughly-estimated camera matrix and 

discusses the operation range of the approach in terms of how large a baseline the 

algorithm can tolerate. Some samples of experimental results are given in Section 6. 

Section 7 concludes the chapter. 

 

2.2. Problem Definition 

Images captured by a standard stereo camera can readily support 3D visualization. 

Therefore, in order to define our rectification problem, the standard stereo setup is first 

formally formulated. As shown in Figure 2.4, the camera setup satisfies the following 

constraints: 

 1) The two optical axes are parallel and perpendicular to the baseline.  

 2) The two cameras have the same intrinsic parameters. 

 3) Two image planes are aligned, which means that both of the x axes are parallel to 

the baseline. 
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Figure 2.4.  Illustration of a standard stereo setup. 

 

Formally, if the first camera matrix is set to be 

1 [ | 0]P K I=  

i.e., using the first camera’s coordinate system as the world coordinate system, then the 

second camera matrix is  

2 [ | ]            ( ,0,0)TP K I t t k= =  

meaning that the second camera is just like the first one, except it is shifted along the x 

axis by a distance, k. 

  Generally, suppose that the two camera matrices are 

1 1 1 1 1 1

2 2 2 2 2 2

[ | ] [ | ]

[ | ] [ | ]

P K R I C M I C

P K R I C M I C

= - = -�
�

= - = -�
                                    (2.1) 

where Ki represents the internal camera matrix, Ri the  camera rotation matrix, and Ci 

the camera center, then for a standard stereo pair, the constraints can be expressed as  

1 2

1 2

2 1( ) ( ,0,0)T

K K K

R R R

R C C k

= =�
�

= =�
� - =�

                                              (2.2) 

The last constraint shows that the x-axis is parallel to the baseline. 
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When taking two general images of the same scene, the corresponding camera setup 

may be arbitrary and thus may not satisfy any of the above constraints. Therefore, our 

task here is to rectify the images so that they look like as if they were taken by cameras 

satisfying Eqn. (2.2). It can be shown that, for pure rotation or change of internal 

calibration, there exists a homography transformation for the entire image that can be 

used to rectify the images. Thus, if we do not translate the cameras, we can rectify the 

images by applying a homography transformation. That is to say, we can “rotate” and 

“change the camera internal matrix” by applying a proper homography so that the new 

cameras form a standard stereo setup (except that the baseline k may not be uniquely 

determined). Considering also a proper range of disparities (determined largely by the 

baseline) for easy stereoscopic visualization, our problem can then be summarized as: (1) 

given two general images, how to find such a homography for each image so that the 

results look like those taken from a standard stereo setup; (2) how to further satisfy the 

constraints of the desired disparity for a 3D display. 

2.3. Proposed Approach 

2.3.1. Calibrated Cameras 

Although our goal is to handle uncalibrated cameras, it is instructive to begin with the 

calibrated case, which in our derivation will naturally lead to the uncalibrated case. In the 

calibrated case, the camera matrix is known and the desired homography can be 

computed using the method in [11]. Here we first present the derivation for the calibrated 

case, which will be used later to design a new algorithm for the uncalibrated case. We 
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first construct a standard stereo rig based on a given baseline, and then derive the 

homography between the old camera matrices and the new camera matrices. 

Suppose that the new camera matrices are (from Eqn. (2.1)) 

[ | ], 1,2i iP KR I C i= - =� , 

then the homographies for rectification are given as 

1( )i i iH KR K R -=                                                            (2.3) 

This can be shown by considering an image point x and its corresponding point x�  in 

the new camera, for which we have (where X is a 3D point) 

1

1 1

[ | ]

( ) [ | ]

( ) ( )

i

i i

i i i i i

i i i i i

x PX

x PX KR I C X

KR K R K R I C X

KR K R P X KR K R x

-

- -

=

= = -

= -

= =

��
 

and thus Eqn. (3) follows immediately from the last equality. Therefore, the problem is to 

estimate K and R. K can be set to K1 or K2 (as in Eqn. (2); the impact of using different K will be 

analyzed in Section 5). So we only need to estimate R. From Eqn. (2.2), R can be written as 

R=(r,s,t)T with 

1 2 1 2( )/ || ||r C C C C= - - , ( )/ || ||t r p r p= ´ ´ , s r t= ´  

The meaning ofR is straightforward. Namely, the x–axis (r) is along the baseline, and 

the y and z axes (s and t respectively) are perpendicular to r. There is no constraint on 

choosing p. Here we choose s2, which is the y axis of the second camera.  

2.3.2. Uncalibrated Cameras 

In the above we have shown that, for the calibrated case, the homographies can be 

estimated using the camera calibration information. However, the calibration information 

is not available in the uncalibrated case. To do rectification in this case, the following 
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epipolar constraints can be used, which are derived from the constraints of the stereo 

camera setup (see Section 2): 

1. Epipolar lines in both images are horizontal, which means that the epipole is at 

( ,0,0)Tk . 

2. The corresponding epipolar lines should be the same line. That is, given two 

corresponding epipolar lines { , '}l l such that ' [ ]l F u l´= where u is any line not passing 

through the epipole and F is the fundamental matrix, then 'l should be equal to l . 

In the conventional image rectification methods such as [14, 19], to find the right 

homographies H1 and H2 that ensure the transformed images satisfy the above constraints, 

the fundamental matrix is used, which can be computed through point correspondences. 

However, although rectification based on these two constraints is sufficient for tasks like 

facilitating stereo matching, it does not guarantee the results to be suitable for 3D 

visualization. For example, if we apply the following homography to the rectified images 

0

0 0 1

a b c

d e
� �
� �
� �
� �	 


, 

the results still satisfy the epipolar constraints, although the images are now distorted. 

Existing methods for minimizing the distortion (e.g., [14, 19]) mainly focus on 

introducing additional artificial constraints on the image itself, with little consideration 

for the standard stereo setup (which is, of course, not necessary if the task is to facilitate 

stereo matching only). 

To make the results look as if they were taken by a standard stereo camera as much as 

possible, we propose a novel algorithm which is based on the method in the previous 
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section, i.e., virtually rotating both cameras to a stereo camera setup through applying 

proper homographies to the images. This proposed scheme enjoys a solid geometric 

interpretation that is not available in the traditional methods. In the following, the 

detailed algorithm for finding the desired H1 and H2 for the virtual rotation of the camera 

will be described. 

Step 1.  Find H2 

In the calibrated case, the homographies are computed from Hi=KR(KiRi)
-1. Since Ki 

and Ri are known, only K and R need to be estimated, which can be obtained using the 

camera information. In the uncalibrated case, all of the camera information is unknown, 

which makes the problem much harder. Without loss of generality, the world coordinate 

system can be set to be the second camera’s coordinate system, so that 2R I= and 2 0C = . 

However, K2, K and R are still unknown and thus H2 is still unavailable yet. To determine 

the unknowns, we start by making reasonable assumptions for K: 

 2

0 / 2

0    with / 2

0 0 1 ( ) / 2

x x

y y

f p p w

K K f p p h

f w h

=� � �
�� �= = - =�� �
�� � = +	 
 �

 (2.4) 

where( , )x yp p represents the image center, f the focal length (the term –f is due to the 

consideration that in image representation, the origin (0, 0) is at the upper left corner), w 

the image width and h the height. Essentially, Eqn. (2.4) estimates K from the image size. 

While such a K may not be the actual camera internal matrix, our experiments show that 

so-computed K is able to provide reasonably good results that are almost the same as the 

ones obtained if the actual K is known and used (see Section 5). 

To estimate R, we need to know the baseline C1-C2. Since 
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2 2 1 2 2 2 1 2 2 1 2[ | ]( ,1) ( )Te P C K R I C C K R C C= = - = -�  

we have 

1 1
1 2 2 2 2 2 2( )C C K R e K e- -- = =  

where 2e is the epipole of the second image and can be obtained from the fundamental 

matrix through 

2 0TF e =  

Since we have set2R I= , 2 (0,1,0)Ts = , just like in the calibrated case, R  can be 

computed as follows: 

1 1
2 2 2 2 2

[ , , ]

( )/ || ||, ,

TR r s t

r K e K e t r s s r t- -

=

= = ´ = ´
 

With K,R,K2, and R2 determined, H2 can be obtained as   

 1 1
2 2 2 2( )H KR K R KRK- -= =  (2.5) 

and the remaining task is to find H1. 

 

Step 2. Find H1 

From Eqns. (2.3) and (2.5), H1 can be expressed as 

 1 1
1 1 1 2 2 2 1 1 2( ) ( )H KR K R H K R K R H M- -= = =  (2.6) 

with 1
2 1 1 1 1 2 2 2 and ,M M M M K R M K R-= = = . Since M is linked to the fundamental 

matrix through ([12]) 

1
1

1 1 1[ | 0],
0T

M
P M I P

-
+ � �

= = � �
	 


 

 1
2 2 1 2 2 1 2[ ] [ ] [ ]F e P P e M M e M+ -

´ ´ ´= = =  (2.7) 
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where 1P+  is the pseudo-inverse of P1, and M can be computed by decomposing F  as 

Eqn. (2.7). However, such an estimated M has 3 degrees of freedom ([19]). That is, 

suppose 2[ ]F e M´= , then for any 3x1 vector v, a new 2' ( )TM I e v M= +  still satisfies 

2[ ] 'F e M´= . This ambiguity needs to be resolved in order to determine a unique H1 from 

Eqn. (2.6). 

To explicitly parameterize the ambiguity, suppose that we first determine a 

nonsingular matrix 0M  through the constraint 2 0[ ]F e M´= , then we can set 

2 0( )TM I e v M= +  so that H1 can be computed as  

 

1 2

2 2 0 2 0 2 0

1
2 0 2 2 2 2 0

1
2 2 1 2 0 1 2

( ) ( )

( ) ,   ( = )

T T

T

T T T

H H M

H I e v M H M e v M

H M H e v H H M

I H e v H M v v H

-

-

=

= + = +

= +

= +

 (2.8) 

The above derivation gives us an expression for computing H1 in terms of H2, v, and 

M0. It is interesting to note that this final formula in Eqn. (2.8) is the same as that 

obtained in [19]. However, as shown above, we start the derivation from a totally 

different perspective (Eqn. (2.3)), which is based on the calibrated case. Thus our 

derivation has a natural physical meaning: first, we estimate 1P  and 2P  based on the 

fundamental matrix, then “rotate” them to the standard stereo pair.  

Since  

1
2 2 2 2 [ , , ]

(1,0,0) ( ,0,0)

T

T T

H e KRK e K r s t r

K k

-= =

= =
 

we can rewrite Eqn. (8) for H1 as 
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1 2 2 2 0 2 0( ) , with  0 1 0

0 0 1

T
A A

a b c

H I H e v H M H H M H
� �
� �= + = =� �
� �	 


 

Thus the ambiguity in H1 is capsulated into the matrix HA. To solve the ambiguity of 

HA, we need to use some additional criteria to determine the vector (a,b,c). As discussed 

earlier, some existing work uses criteria that do not lead to results suitable for our 

purpose. For example, minimizing the overall disparity in [6] is not helpful, since we 

want the results to be undistorted with respect to a standard stereo pair and with the right 

amount of disparities (but not simply the minimal). Our method is based on the following 

constraint from the standard stereo setup: For two 3D points 1 2{ , }X X  with the same 

depth, suppose that their projections on two images in a standard stereo rig are 

1 2{ , }x x and 1 2{ ', '}x x  respectively, then 

1 2 1 2' 'x x x x- = -  

This constraint directly follows from the fact that, in a standard stereo rig, points with 

the same depth have the same disparity (i.e. 1 1 2 2' 'x x x x- = - ). We now use this as a 

physically meaningful constraint to solve the ambiguity in HA.  

Determine a, b and c: Based on the above constraint, we define a criterion which 

minimizes the following distance difference: 

 
2

1 1 2 2
,

(|| x x || || x ' x ' ||)
p

i j i j
p i j A

H H H H
Î

- - -� �  (2.9) 

Here Ap is a set of indices such that for , pi j AÎ , Xi and Xj have the same depth. The 

idea is very intuitive: if the computed H1 and H2 indeed give rise to a true stereo pair, the 

above sum of differences should be, ideally, zero.  
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Given transformations H2, H1=HAH2M0=HAH0, and a set of point 

correspondences{x , x '}i i , we can write 2x̂ ' x 'i iH= and 0x̂ xi iH=  so that the 

minimization problem of Eqn. (2.9) becomes one in terms of HA: 

 
2

,

ˆ ˆ ˆ ˆ(|| x x || || x ' x ' ||)
p

A i A j i j
p i j A

H H
Î

- - -� �  (2.10) 

Let ˆ ˆ ˆx ( , ,1)Ti i ix y= and ˆ ˆ ˆx ' ( ', ',1)Ti i ix y= , then 

ˆ ˆ ˆ ˆx ( , ,1)TA i i i iH ax by c y= + +  

After rectification, the corresponding points should have the same y value. Thus, for 

point correspondence{x , x '}i i , if the rectified points are ˆ ˆ ˆ ˆx ( , ,1)TA i i i iH ax by c y= + + and 

ˆ ˆ ˆx ' ( ', ',1)Ti i ix y= , then ˆ ˆ 'i iy y= . Thus we have 

2 2 2

2 2 2

ˆ ˆ ˆ ˆ ˆ ˆ|| x ' x ' || ( ' ') ( ' ')

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ|| x x || ( ( ) ( )) ( )

i j i j i j

A i A j i j i j i j

x x y y

H H a x x b y y y y

- = - + -

- = - + - + -
 

and using ̂ ˆ 'i iy y= , we can further write 

ˆ ˆ ˆ ˆ' 'i j i jy y y y- = -  

Therefore, the above minimization from Eqn. (2.10) is finally written as a function of 

(a,b,c): 

 
2

,

ˆ ˆ ˆ ˆ ˆ ˆ( ( ) ( ) ( ' '))
p

i i i j i j
p i j A

a x x b y y x x
Î

- + - - -� �  (2.11) 

The minimization can be solved by a least square approach to find (a,b). Note that c is 

not in this formula since we use only the differences as the constraint. To determinec , we 

can simply use 

 0 0 0ˆ ˆ ˆ 'ax by c x+ + =  (2.12) 
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Searching and grouping points with the same depth: In the previous step, we need 

sets of points with the same depth. Now we present a method to find these sets. Although 

we cannot find these sets directly in the original images due to the uncalibrated nature of 

the cameras, we have the following observation: in real images, points with the same 

disparity tend to be close to each other; nearby image points correspond to nearby 3D 

points; and nearby 3D points have similar depth as long as they are not very close to the 

camera. Thus we may assume that points having similar disparities tend to have similar 

depth. Note that here disparity refers to that from the original image pair before 

rectification. Also, the arguments make sense only if the distance between the cameras is 

smaller than that between the cameras and typical scene points, which is required anyway 

for any rectification algorithm/system to work. Under this assumption, in practice, for 

nearby 3D points that are close to the cameras, they should have different disparities and 

thus they will not be grouped. Therefore they will not pose any problem. Based on the 

above discussion, we propose the following algorithm to search for sets of points with 

similar depth by finding points that have similar disparities. 

 

Algorithm  

Input : A set of point correspondences{x , x '}i i , a threshold which defines maximum 

distance 

Output : A set of indices cluster { , 1... }pS A p n= =  such that 

for , pi j AÎ , x ' x x ' xi i j j- » -  

--For each point correspondence(x , x ')i i  
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    Set x ' xi i id = - ; Set match=FALSE. 

    -For each clusterpA in S 

         if || ||i pd D threshold- £   // pD  represent average disparity of pth cluster 

              Add i to pA ;  Set match=TRUE. Break. 

              ( _ ( ) ) / ( _ ( ) 1)p p p i pD D size of A d size of A= ´ + +  

         endif 

    -End for 

    -if match=FALSE 

        Create new clusterkA , | | 1k S= +  

        Add i to kA ; Add kA  toS. 

        Set k iD d=  

    -endif 

--End for 

 

 

In the algorithm, we do not require points in the same group to have exactly equal 

disparities. Instead, a non-zero threshold is used to tolerate slight differences. To 

demonstrate the effectiveness of the clustering algorithm and validate the assumption that 

points with similar disparities have similar depth, a scene with significant and continuous 

depth change is used for illustration. Figure 2.5 illustrates the results of the grouping 

algorithm from a test image pair. Figure 2.5 (a) includes all of the feature points. Figure 

2.5 (b)-(d) shows three different groups from the above algorithm, where the threshold 

used is 2.2 (pixels). It is clear that the points in each group have similar depth.  

To this point, we have presented a complete algorithm to rectify two general views so 

that they look as if they were from a stereo camera and thus are ready for stereoscopic 
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visualization, except that the disparity (or baseline) may not be ideal. This will be 

handled in the next section. 

    
(a) (b) (c) (d) 

Figure 2.5. Results of the grouping procedure. (a) white crosses show the set of all point 

correspondences, with the black tail indicating displacement of the feature points. (b)-(d) 

are three different groups. 

 

2.4. Disparity Adjustment via Image Translation 

In the previous section, parameters a and b were determined based on a physically 

meaningful criterion (Eqn. (11)). The parameter c controls the horizontal translation of 

the image and thus its value determines the disparities. While c can be empirically 

determined by a simple strategy (Eqn. (12)), such result may not produce proper 

disparities (e.g., that preferred by a 3D display) for eye-comfortable visualization. To 

solve the problem, users can shift (i.e. horizontally translate) the image to adjust the 

disparity. One potential problem of image shifting is that it may exaggerate or compress 

the depth, making the results not orthoscopic, i.e., violating spatial realism. However, 

although an orthoscopic view is necessary for applications such as virtual reality or 3D 

movies, there are many other applications in which only the relative depth is of concern. 

There are studies showing that relative disparities contribute more to the depth perception 

than absolute disparities [18, 19]. As a matter of fact, most stereo image software 

products indeed utilize manual shift of images to allow a user to adjust the image 
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disparities (or the perceived depth). In our problem, we assume that the images are taken 

at general position. This gives the user much larger freedom in creating stereo contents 

for visualization but at the same time orthoscopic results cannot be guaranteed since in 

general the camera positions do not correspond to the positions of the two eyes of the 

human. In particular, the general two views may have a much larger baseline and thus 

image shifting will be necessary in order to render eye-comfortable stereo images. 

Studies have shown that adjusting disparities by shifting images may enhance the visual 

comfort, especially for large baseline stereo setup, in which the disparities are too large 

for humans to fuse and will cause visual discomfort ([25, 26]). Consequently, as in 

similar approaches, we are not concerned with the issue whether the rectified images are 

orthoscopic. In the following Section, we analyze why simply shifting images may 

provide better visual quality by linking it to a novel rectification scheme with intersecting 

optical axes [27]. And then in Section 2.4.2, we discuss automatic schemes for selecting a 

proper c in order to produce reasonable disparities. 

 

2.4.1. Image Shifting for Better 3D Visualization 

One typical problem in rectifying two non-stereo images into a stereo pair for eye-

comfortable visualization is the potentially large baseline between the two views. An 

excessively large baseline will result in disparities that are too large for typical 3D 

visualization schemes. This problem can be alleviated by using intersecting optical axes 

for rectification, simulating the way human beings look at an object that is close to the 

eyes. Essentially, by doing so, the focal plane is shifted according to the viewer’s focus, 

and since the focal plane has zero disparity, the disparities for other scene depth will be 
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changed.  As illustrated in Figure 2.6 (a) is a standard stereo setup, which corresponds to 

two eyes looking straight ahead, while (b) is the case with intersecting optical axes, 

corresponding to two eyes looking at a close-by object. The algorithm for further 

rectifying a regular stereo pair into one with intersecting optical axes has been reported in 

our prior work [21].   

 

(a)                                        (b) 

Figure 2.6. (a) A standard stereo setup. (b) Stereo with intersecting optical axes. 

 

We now analyze how rectification with intersecting optical axes affects the disparities. 

After the rectification method of [27] based on the camera configuration of Figure 2.6b, 

for a 3D point ( , , )TX x y z= , its image point in the first camera is 

0
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0
0

0

0
0

1 0 ( )

[ | ] 0 1 0

( ) 0 1

( )
( )

( ) ( )

( ) ( )
( ) ( )

tg x x

x P X KR I C X K y

tg z

x x ztg
fx x ztg

x x tg z
K y

y
fx x tg z

x x tg z

q

q

q
q

q

q
q

-� � � �
� � � �= = - = � � � �
� � � �-	 
 	 


- +� �
- +� � � �- - +� � � �= � � � �

� �- - + � �	 
 - - +	 


� �

�

 

Let 1 1( , )Tu v be an image point in the first camera and 2 2( , )Tu v  its counterpart in the 

second camera. We have 
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0
1 1

0 0

( )
  

( ) ( ) ( ) ( )
x x ztg y

u f v f
x x tg z x x tg z

q
q q

- +
= =

- - + - - +
 

0
2 2

0 0

( )
    

( ) ( ) ( ) ( )
x x ztg y

u f v f
x x tg z x x tg z

q
q q

+ -
= =

+ + + +
 

 2 1 2 2
0

2 ( )
( ( )) ( ( ))

xtg
v v fy

z x tg xtg
q

q q
-

- =
+ -

 (2.13) 

Let 0z z z= - D , then we have 

0 0
1

0 0

( ) ( ) ( )
( ) ( ) ( ) ( )

x x z z tg x ztg
u f f

x x tg z x x tg z
q q

q q
- + - D - D

= =
- - + - - +

 

2
0

( )
( ) ( )

x ztg
u f

x x tg z
q

q
+ D

=
+ +

 

2
0

2 1 2 2
0

2 ( ) 2 ( )( ( ))
( ( )) ( ( ))

x tg ztg z x tg
u u f

z x tg xtg
q q q

q q
- + D +

- =
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For the intersection point, 0, 0x z= D = , so 2 1 0v v- =  and 2 1 0u u- = , which means 

that the disparity of the intersection point is 0. For any other point, if ( ) 0tg q » and 0x » , 

we have 

 2 1 2 10 2 ( )
f

v v u u ztg
z

q- » - » D  (2.14) 

This also gives the relative disparity between a point with depth z and the intersection 

point (for which the disparity is 0, as shown above). On the other hand, for a standard 

stereo setup (Figure 2.6a), there are only horizontal disparities, given by 

2 1 / 2 /d u u fk z fx z= - = =  

and the disparity for the intersection point is 

0 0 02 /d fx z=  

For a point with 0z z z= - D  
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0 0' 2 / ( )d fx z z= - D  

The relative disparity between the intersection point and this point is given by 

0
0 0

0 0

1 1
' 2 ( ) 2 2 ( )

x f
d d fx f z ztg

z z zz z
q- = - = D = D  

which is exactly the same as in Eqn(2.14). This shows that, when x is small, the 

relative disparity for any two points is the same in both setups, which also holds true for 

the case when �  is small. In other words, at and around the center of the rectified images, 

the method of rectification with intersecting optical axes results in the same difference of 

disparities for any two given points as the standard stereo setup does. 

Since shifting images from a standard stereo setup does not change the relative 

disparity, it can achieve, at least for points around the region of focus (i.e., when x and y 

are small) or when �  is small, the same effect as using the camera setup of intersecting 

optical axes. In practice, the disadvantage of using intersecting optical axes is the 

introduction of potential keystone distortion ([26]), i.e. the vertical disparity is not zero 

for all image pixels and becomes the largest at image corners, as shown in Eqn. (2.13). 

Therefore, shifting images not only reduces disparities, which enhances visual comfort by 

resembling intersecting optical axes for the region of focus, but also avoids the problem 

of keystone distortion. This theoretically explains why the simple technique of shifting 

images is widely used.  

2.4.2. Automatic Shifting Schemes 

As discussed earlier, some current systems or software tools support the adjustment of 

the perceived depth by allowing users to manually shift images. Based on the analysis of 

Section A, we now consider a simple automatic scheme for bringing the disparities of 
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two rectified views (possibly with a large baseline) to a range that maximally utilize the 

display’s eye-comfortable range. We perform the following “normalization”: shift the 

images so as to make the median of the original disparities to be zero. 

This essentially gives us an algorithm to determine the parameter c in Eqn. (2.12). 

Note that, in practice, the median could be replaced by the mean, for example, or even by 

the minimum or the maximum (which would accordingly change the perceived scene 

depth in relation to the focal plane: the LC display). In practice, although slight manual 

shift may still be needed for ultimate eye comfort, the proposed approach (rectification 

plus automatic disparity adjustment) can serve as a critical front-end processing step for 

input pairs that are otherwise impossible for 3D visualization.  

2.5. Performance Analysis and Implementation Issues  

The proposed approach includes a couple of steps where reasonable assumptions are 

made, such as the approximation of the camera internal parameters by image dimensions 

(Eqn. (2.4)). But how reasonable are these “reasonable” assumptions? Or equivalently, 

how will the approach perform if the assumptions do not hold true in reality? In this 

section, we address these questions with both analytical and numerical/empirical analysis. 

2.5.1. The Impact of an Approximate K 

When estimating the homographies, we first estimated the camera internal matrix K 

with simple heuristics, as in Eqn. (2.4).  That is, we make the following assumptions: (i) 

the principal point lies at the center of the image; (ii) the skew is zero; (iii) the focal 

lengths in the x direction and the y direction are equal; (iv) the focal length is equal to the 

average of image width and height. While the first three assumptions are usually true for 
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most cameras (and slight deviations from the assumptions will not affect our algorithm 

too much), the last one is often not the case. In fact, since most cameras allow focus and 

zooming adjustment, the focal length cannot have a simple relationship to the image 

dimensions as in Eqn. (2.4). Therefore, the above estimation of the focal length is at best 

a coarse estimate, which may be very different from the actual focal length used in the 

acquisition of an image. Fortunately, the difference between the true and an estimated 

focal length will only result in a translation effect, as analyzed subsequently. 

 

Figure 2.7. The relationship between the focal length, the image width, and the camera 

view angle. 

 

Suppose that the image width is w, and the focal length is f, then the ratio /w fr = is 

determining by the (horizontal) view angle of the camera (as Figure 2.7 shows), which 

remains unchanged when the image is resized. From Figure 2.7, we can write  

/ 2
( / 2)

w
tg

f
q=  

and thus we have 2 ( / 2)tgr q= . 

Since H1 is calculated based on H2, to analyze the influence of different f, we can focus 

on H2. To measure the distortion of different H2 due to different f, we define a distortion 

matrix D as follows: 

1
2 2D H H -= �  
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where 2H  and 2H� are estimated from f and f� respectively. If f is the true focal length 

and 2H  is the true transformation, then with the estimation of f� , D measures the 

distortion between the true transformation and the estimated transformation. 

 

Figure 2.8. The relationship between the epipole, focal length, baseline width and scene 

distance. 

 

The epipole may also have influence on how much the distortion is. Therefore, we 

should consider different epipoles in the tests. Similar to the estimation of f, we can also 

represent the epipole by other parameters. As Figure 2.8 shows, the epipole is the 

intersection of the baseline and the image plane. Suppose that the camera rotates by an 

anglea around the y axis, the epipole’s coordinates on the image plane are ( / ( ),0)Tf tg a . 

On the other hand, suppose that the distance between the two cameras is b and the scene 

depth is d, then ( ) / 2 1/ 2tg b d pa = = , where p is the ratio between the distance of the 

scene and the distance of the cameras. Therefore, / ( ) 2xe f tg pfa= = , where xe denotes 

x-coordinate of the epipole. 

With the above variables introduced, we can compute2H by these variables instead of f 

and e.  

2 ( , ) '( , ) ''( , )H F K e F f e F pq= = =  
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Now we can numerically assess the impact of an inaccurate approximation. First, we 

set  

1024w = , 768h =  

/ 2 ( / 2)f w tg q=  

( , ,1)Tx ye e e=    where 0.2y xe e= ´  and 2 2xe pf pw= »  

Typically, [30 ,120 ]q Î ° °  and 5p ³ . Suppose that we always use 60q = °� as an 

approximation but the ground-truth is 30q = °  and 5p = . Then the distortion is 

0.996 0.001 150

( 60 , 30 , 5) 0 1.000 29.4

0 0 1.004

D pq q
-� �

� �= ° = ° = =� �
� �	 


�  

This suggests that the distortion is almost only a translation. 

If the true q  is instead 120q = ° , we have 

1.056 0.009 214

( 60 , 120 , 5) 0 1.000 41.7

0 0 0.947

D pq q
-� �

� �= ° = ° = = -� �
� �	 


�  

The above matrix shows a little bit distortion in addition to translation: the x and y 

axes expand with a slight (about 5%) difference, and the skew is around 1%. We deem 

such distortion as negligible especially if the purpose is only for visualization (rather than 

for accurate estimation of true depth or disparity). 

In practice, when p is larger, which means that the scene depth is much larger than the 

distance between the two cameras, or when the true view angle is closer to 60° , the 

distortion can be much smaller. For example: 

1.01 0.003 116

( 60 , 120 , 10) 0 1.00 23.0

0 0 0.988

D pq q
-� �

� �= ° = ° = = -� �
� �	 


�  
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1.01 0.003 99.1

( 60 , 90 , 5) 0 1.00 19.7

0 0 0.988

D pq q
-� �

� �= ° = ° = = -� �
� �	 


�  

 

    
(a) (b) (c) (d) 

Figure 2.9. Results using different focal length. (a)-(b) are rectification results with f = 

(w+h)/2; (c)-(d) are rectification results with f = (w+h)/8. 

 

In summary, the analysis shows that the approximation scheme used in our algorithm 

will not cause significant distortion in the target application. We now present an example 

of real images to further illustrate the above analysis. Figure 2.9 shows the rectification 

results for the same pair of input images when f is set to (w+h)/2 (in (a) and (b)) and 

(w+h)/8 (in (c) and (d)) respectively, without any knowledge of the actual focal length. 

One can clearly see that there are only translational differences between these two image 

sets, i.e. (c) is a translated version of (a) and (d) is a translated version of (b). 

2.5.2. Operation range in terms of the baseline 

In practice, not every camera setup can give arise to good stereoscopic visualization. In 

particular, for scenes with significant depth variation and scene objects close to the 

cameras, a large baseline between the acquisition cameras will often result in disparities 

that are too large to be fused by human eyes. In the below, we analyze the operation 

range of the proposed algorithm in terms of the baseline of the camera setup. In the 
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standard stereo setup, for a 3D point with depth z, the disparity d of this point in the 

image domain is given as /d fk z= , where f represents the focal length and k represents 

the baseline. This equation relates the disparity to other three parameters: the focal length, 

the baseline, and the depth.  

With the 3D display shown in Figure 2.1b (15 inches measured diagonally) and 

assuming a viewing distance of 60cm, we have found through empirical study that, with 

the images scaled to fit into the display with a 1024x768 pixel resolution, the largest 

disparity has to be within 40 pixels in order for the images to be fused comfortably by the 

observer. This is similar to what has been reported in other study (e.g., [28]). Using this 

empirical upper bound of disparity for eye-comfortable visualization, we now analyze the 

corresponding constraints on the camera setup, which in turn gives us the operation range 

of the proposed rectification algorithm.  

In the previous section we have shown / 2 ( / 2)w f tgr q= = . With this, we can write 

the baseline as  

/ / ( / ) /k zd f zd w z d wr r= = =  

For a 35mm camera with normal lens, the view angle is about 40 degrees and r  

equals to 0.73. Without loss of generality, in the following discussion, we use this r  

value as an example. Using the upper bound 40 for d and the screen width 1024, we can 

find the upper bound for k as, 

 
0.73 40 1

1024 35
d

k z z z
w

r ´
= £ »  (2.15) 

The above equation suggests that the baseline of the two cameras should be less than 

one 35th of the scene depth. That is, as long as the baseline of the cameras satisfies the 
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above constraints, the rectification algorithm will be able to produce eye-comfortable 

stereo pair. While Eqn. (2.15) appears to be too restrictive a requirement, fortunately as 

discussed in the previous section, we can shift the images to reduce the disparities. We 

now show how allowing the shift of the images will greatly relax the constraint of Eqn. 

(2.15). Referring to Section 2.4.2, we use the following scheme as an example: shift the 

images so that the mean of the maximum and the minimum disparities becomes zero. 

Suppose that the closest object has a depth 1z  and that the furthest object has a depth 2z . 

Then their disparities are 1 1/d fk z=  and 2 2/d fk z=  respectively. The mean disparity is 

defined as 1 2( ) / 2md d d= + . After shifting the image by the median disparity, the 

maximum disparity becomes 

1
1 2

1 1
( )

2m

fk
d d

z z
- = -  

Therefore, the new constraints for the baseline becomes 

 max
max

1 2 1 2

21 1 1
( )

2 1/ 1/
dfk

d k
z z w z z

r
- £ ® £

-
 (2.16) 

From Eqn. (2.16), if the background in the images is at infinity, i.e., 21/ 0z = , the 

constraint is relaxed by a factor of 2, compared with Eqn. (2.15). In general, if the 

minimum disparity is not zero (i.e., the background is not far away), the constraint can be 

further relaxed. Specifically, let 2 1z z z= + D , we have 

 max max 1
1

1 1

2 21
(1 )

1/ 1/ ( )
d d z

k z
w z z z w z

r r
£ = +

- + D D
 (2.17) 
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The equation shows that, if the relative depth variation of the scene is small, the 

maximum allowed baseline will become larger. For example, if 1z zD = ,  then Eqn. (2.17) 

becomes 1 / 9k z£ , which is much more relaxed compared with Eqn. (2.15).  

2.6. Results 

More experimental results are presented in this section to validate the proposed 

approach. The experiments were designed to assess different aspects of our approach. 

Although only image samples are presented here, in our experiments, the rectified pairs 

were further validated by visualizing on a SHARP 15-inch 3D display (Figure 2.1b). To 

facilitate a reader’s visual inspection of the results, a Website has been created where the 

images of the original resolution are posted (see 

http://www.public.asu.edu/~bli24/Rectification.html ). We also created and posted on the 

Website the red-cyan image pairs for the benefit of readers who do not have the SHARP 

3D display but want to inspect the stereo results with easily available red-cyan glasses.  

Four representative experiments are reported below. 

Experiment I. In the first experiment, we use the data made available on the Internet 

by the Interactive Visual Media Group at Microsoft research accompanying their paper 

[29], which contains accurate camera calibration information and thus allows us to verify 

the key components of our algorithms without having to use a fundamental matrix 

estimated from raw data. The data set contains videos captured from 8 different cameras. 

In the experiment, we select pairs of images from the 3rd and the 4th camera (illustrated in 

Figure 2.10 (a1) and (a2)), and then plot some corresponding epipolar lines in the images 

(Figure 2.10 (b1) and (b2)). After applying our rectification algorithm (note that, in this 
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step, we only use the fundamental matrix but not other camera calibration information), 

we obtain the rectified results as illustrated in Figure 2.10 (c1) and (c2), where the 

epipolar lines become horizontal and aligned. This satisfies the epipolar constraints. 

Moreover, we can find that the image does not have obvious visual distortion, 

demonstrating that the ambiguity in the rectification is removed by the proposed 

algorithm. As a comparison, we also rectify the pair using the given camera matrices (i.e., 

using the algorithm for the calibrated case), obtaining the results in Figure 2.10 (d1) and 

(d2).  The shift of the images is due to the large distance between the two cameras. Other 

than that, there is no big difference between the results from the calibrated and the 

uncalibrated algorithms, which verifies the correctness of the proposed algorithm.  

Experiment II.  In the second experiment, we use Pov-Ray [30] to simulate views 

from different camera positions, which can be precisely controlled. This provides us with 

virtual stereo pairs of any desired configuration (e.g., any baseline). In the example 

illustrated in Figure 2.11, (a) and (b) illustrate the simulated pair with desired baseline, (c) 

is an image obtained by rotating the camera of (b) (note that this is different from simply 

rotating the image). Then we rectify (a) and (c) with the desired camera configuration as 

the goal. Ideally, after the rectification, we should have a pair like (a) and (b). Figure 2.11 

(d) and (e) are the results, which are almost the same as the true stereo images (a) and (b) 

except for a horizontal translation (which could be adjusted by shifting the images again). 

Note that in this type of experiments, the algorithm for the uncalibrated case is used, 

which means that we have to estimate the fundamental matrix from the synthesized 

images. The ambiguity of the horizontal translation arises from the fact that our algorithm 



51 

 

relies on the fundamental matrix, and thus one of the shifting schemes proposed in 

Section 2.4 should be used before visualizing on a 3D display. 

Experiment III.  The third experiment uses both synthetic images and real images 

captured by a hand-held camera from different positions to test our algorithms, with 

comparison to the standard approach in the literature ([19, 22]). The synthetic data based 

experiments enable easy comparison of different approaches since the scene objects can 

be created as desired, whereas the results using images from a hand-held camera serve to 

illustrate how the algorithm can handle images captured from general camera positions. 

Sample results for the synthetic data and the real images are given in Figure 2.12 and 

Figure 2.13 respectively, where (a1) and (a2) are the original image pair, (b1) and (b2) 

the results of the method in [19, 22], (c1) and (c2) our results. It is obvious that (b1) has 

noticeable distortion in both the synthetic data and the real images, while our results look 

fine. The reason has been discussed previously.    

Finally, we point out that, in our experiments, the automatic image shifting schemes 

described in Section 2.4 are found to be able to handle images from relatively wide 

baseline cameras so that they can still give 3D perception when viewed on the 3D display. 

2.7. Summary 

In this chapter we proposed a new image rectification method to support easy 3D 

visualization. No full camera calibration is needed, and thus the proposed method can be 

potentially applied to a wider range of media that were not captured by stereo cameras. 

The novelty of our approach is that not only the distortion is minimized so that the results 

can be viewed on a 3D display, but also the derivation has a clear and compact physical 
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meaning, which is not available from other approaches that rely on artificial constraints. 

In addition, we presented both analytic and empirical analysis of the effect of shifting two 

rectified images for adjusting the disparities. Based on such analysis, we were able to 

incorporate automatic schemes for shifting the images in order to handle views with large 

baseline. Experiments were designed to assess the proposed approach and the results 

demonstrated the effectiveness and the advantages of our method. 
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(a1) (a2) (c1) (c2) 

    
(b1) (b2) (d1) (d2) 

Figure 2.10. Results of Microsoft data. (a1) and (a2) are the original pair. In (b1) and 

(b2), some eipolar lines are plotted. (c1) and (c2) shows rectification results based on the 

fundamental matrix. (d1) and (d2) are the results based on camera calibration. 

 

   
(a) (b) (c) 

  

 

(d) (e)  

Figure 2.11. Results of Synthetic data. (a) and (b) are a standard stereo pair. (c) is the 

view after rotating the camera of (b). (d) and (e) are rectified results on (a) and (c) purely 

based on the images. (d) and (e) apparently form a stereo pair. Note that, in practice, (d) 

and (e) may be both rotated during rectification in relation to (a) and (b) respectively, and 

thus one cannot simply compute the difference between (a) and (d), for example. 
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(a1) (b1) (c1) 

   
(a2) (b2) (c2) 

Figure 2.12. Sample results using synthetic data, with comparison to the conventional 

approach of Hartley’s method. (a1) and (a2) are the original pair. (b1) and (b2) are the 

rectified results based on Hartley’s method. (c1) and (c2) are the results of our method. 

Note the obvious shear distortion in (b1). Please also refer to the accompanying Website 

for the full-resolution images including the red-cyan pair. 
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(a1) (b1) (c1) 

   
(a2) (b2) (c2) 

Figure 2.13. Sample results of real images captured by hand-held cameras. (a1) and (a2) 

are the original pair. (b1) and (b2) are the rectified results based on the method of [12]. 

(c1) and (c2) are the results of our method. Note the distortion of the electric pole in (b1), 

which is more obvious when viewed on the 3D display (please refer to the accompanying 

Website for the full-resolution images including the red-cyan pair). 
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3. CAMERA AUTO-CALIBRATION FROM THE FUNDAMENTAL MATRIX  

WITHOUT USING KRUPPA EQUATIONS OR THE ABSOLUTE CONI C 

3.1. Motivation 

Camera auto-calibration, the process of estimating camera parameters without 

requiring special calibration objects/patterns, is useful or even essential for many 

applications such as metric reconstruction from images [31] and augment reality [32]. 

The problem has been extensively studied in the past (e.g., [22, 33-37]). This paper 

considers the basic problem of camera auto-calibration from only two views. A majority 

of the existing methods for this problem is rooted in the Kruppa equations and the 

absolute conic, with differences in specific constraints on the camera, the motion, or the 

scene [22, 36]. In such methods, two independent equations in the elements of the camera 

intrinsic parameters are obtained assuming the availability of the fundamental matrix. 

Thus if only the two focal lengths of the two views are unknown, they may be determined 

by the equations. However, the equations do not involve the extrinsic parameters of the 

cameras and thus external calibration cannot be directly achieved using the constraints 

given by the Kruppa equations. A derivation of the Kruppa equations based on the 

absolute conic can be found in [35].  

In this chapter, we present a new auto-calibration method without using the Kruppa 

equations or the notion of the absolute conic. Unlike the methods based on the Kruppa 

equations, which can only compute the camera’s intrinsic parameters, our approach can 

simultaneously estimate both the intrinsic parameters and the extrinsic parameters of the 

cameras. The derivation of the proposed algorithm is based on a sequence of 
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transformations that relate two general views to a standard stereo pair, for which the 

fundamental matrix takes a special form. Effectively, our method decomposes the 

fundamental matrix between two general views into the product of a sequence of matrices 

that involve the focal lengths and external rotation parameters of the two views. Based on 

the decomposition, we derive a set of equations to solve for the camera parameters from 

only the fundamental matrix. Compared with the methods using the notion of the absolute 

conic, our derivation enjoys intuitive geometric interpretations, which are especially 

obvious in the discussion on the degenerate cases in auto-calibration from the 

fundamental matrix. 

As an example of application of the proposed method, we show how our auto-

calibration results can be readily used to rectify uncalibrated images, using the recovered 

intrinsic and extrinsic parameters. Image rectification from uncalibrated views is a 

difficult problem that has been studied in the literature (for example [14, 19]), where the 

results of existing methods usually exhibit affine distortions since no self-calibration is 

done. 

3.2. Background and Notations 

3.2.1. The Camera Internal Matrix 

A general camera internal matrix can be represented as 

0

0 0 1

x x

y y

f s p

K f p
� �
� �= � �
� �	 


 

where ( , )T
x yp p is the principal point, s the skew factor, fx and fy the focal lengths along 

the horizontal and vertical directions, respectively. As done in many works in the 
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literature, we assume that the principal point is at the image center, the skew is zero, and 

the focal lengths along different directions are the same. Under these assumptions, the 

internal matrix is simplified to 

0 / 2

0 / 2

0 0 1

f w

K f h
� �
� �= � �
� �	 


 

where w is the image width and h is the image height. 

If we translate the image coordinates system so that its origin coincides with the 

principal point (the center of the image), then the K matrix can be further simplified to 

 ( , ,1) (1,1,1/ )K diag f f diag f= �  (3.1) 

where �  means “equal up to a scale factor”. The inverse of K is given as 

 1 (1,1, )K diag f- =  (3.2) 

Our subsequent discussion will be based on this simplified K and the translated image 

coordinates system. 

3.2.2. The Fundamental Matrix  

The fundamental matrix is a 3x3 matrix representing the epipolar geometry of two 

views. Given two camera matrices 

1 1[ | 0]P K I=    and   2 2[ | ]P K R t= , 

the fundamental matrix can be expressed as 

1
2 1[ ]TF K t RK- -

´=  

F is rank 2 and its left null vector (e2) and right null vector (e1) are the epipoles on the 

right and the left images, respectively, i.e., 
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1 0Fe =   and  2 0Te F =  

The epipoles can be represented by the camera matrices 

1
1 1e K R t-=    and  2 2e K t=  

If the first image is transformed by H1 and the second image is transformed by H2, the 

fundamental matrix of the two new images can be computed as 

1
2 1' TF H FH- -=  

 
3.2.3. Auto-Calibration Using Kruppa Equations 

The Kruppa equations are an algebraic representation of the correspondences of 

epipolar lines tangent to a conic [22]. Specifically, for the absolute conic on the plane at 

infinity, the Kruppa equations are given by 

 2 2 2 1[ ] [ ] Te w e Fw F* *
´ ´ =  (3.3) 

where 1 1 1
Tw K K* =  and 2 2 2

Tw K K* =  are dual images of the absolute conic (DIAC), and 

2e is the epipole in the second image. A succinct form of (3.3) is 

 2 2 2 1 2 2 1 2 1
2 2
1 1 1 1 2 1 2 2 2 2

T T T

T T T

u w u u w u u w u
v w v v w v v w vs s s s

* * *

* * *= - =  (3.4) 

where iu , iv and is are the columns and singular values of the SVD of F [22]. The 

equations in (3.4)  provides two independent constraints on 1w *  and 2w * , and thus if only 

two focal lengths are unknown,  they may be computed from the equations. However, 

since the extrinsic parameters of the camera are not constrained by (3.4), they cannot be 

recovered directly using the Kruppa equations.  
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3.3. The Proposed Approach 

We now derive the proposed algorithm. We first decompose the fundamental matrix by 

sequentially applying zooming and rotation transformations such that the new image pair 

becomes a standard stereo pair (Section 3.3.1). The decomposition establishes the 

relationship between the original fundamental matrix and the camera parameters, i.e. two 

focal lengths and five rotation parameters. Based on the decomposition, we derive a set of 

equations to solve for the camera parameters from the fundamental matrix (Section 3.3.2). 

As will be shown, upon the estimation of the rotation matrices, the translation (up to a 

scale factor along the baseline) is also implicitly recovered.  

3.3.1. Decomposition of the Fundamental Matrix 

3.3.1.1. Camera Rotation and Zooming 

Suppose that the original camera has an internal matrix K, and that it rotates by R and 

zooms to a new internal matrix K’ . Then the homography H transforming the original 

image to the new image is given by H=K’RK -1. 

If the image coordinates are normalized, i.e., 1ˆ K -=x x , 1ˆ ' ' 'K -=x x , then for ' H=x x , 

the homography for the normalized coordinates is  

Ĥ R=    such that  ˆˆ ˆ' H=x x  

Rotation around the x, y, z axes can be represented using Euler angles, in which case 

we have  

1 0 0

( ) 0 cos( ) sin( )

0 sin( ) cos( )
x x x x

x x

R q q q
q q

� �
� �= -� �
� �	 


, 

cos( ) 0 sin( )

( ) 0 1 0

sin( ) 0 cos( )

y y

y y

y y

R

q q
q

q q

� �
� �

= � �
� �-	 


 



61 

 

cos( ) sin( ) 0

( ) sin( ) cos( ) 0

0 0 1

z z

z z z zR

q q
q q q

-� �
� �= � �
� �	 


          

3.3.1.2. Decomposition of the Fundamental Matrix based on Sequential Rotation 

and Zooming 

A standard stereo camera setup can be represented by 

1 [ | 0]P KR I=    and  2 [ | ] [ | ]P KR I C K R t= - =�  

where (1,0,0)Tt RC= - � � , which means the baseline is perpendicular to the optical 

axes. The epipoles are given as 

1 2 (1,0,0)S S Te e Kt= = �  

which means that they are at infinity on the x-axis. This is intuitive since the image 

plane is parallel to the baseline and thus the camera centers are projected to the infinity.  

To relate two general views to a stereo pair, we first apply a zooming and rotation to 

both images such that both epipoles are transformed to (1,0,0)T :  

 
1

1 1 1 1 1

1
2 2 2 2 2

(1,0,0)

(1,0,0)

T

T

H e R K e

H e R K e

-

-

= =

= =
 (3.5) 

where R1 and R2 are the rotations that transform the epipoles to infinity. After the 

epipoles are transformed to the infinity, there is only one ambiguity left: rotation around 

the x-axis. Suppose that we further rotate the first image with Rx such that the image 

planes are aligned, then the new fundamental matrix is 

 1 1
2 1

S T
xF H FH R- - -=  (3.6) 
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The above zooming and rotation processes transform the original camera pair to a 

standard stereo pair for which the fundamental matrix has a fixed form given by 

1
2 2

0 0 0

[ ] [ ] 0 0 1

0 1 0

S S SF e KK e-
´ ´

� �
� �= = = -� �
� �	 


 

From (3.6), we can write F in terms of FS as  

 1
2 1 2 2 1 1
T S T T S

x xF H F R H K R F R R K- -= =  (3.7) 

This corresponds to a camera reconstruction of 

1 1
1 1 2 2 2( ) [ | 0] and [ | ] with (1,0,0)TxP K R R I P K R I C C- -= = =� �  

We decompose R1 as a rotation around the z-axis followed by a rotation around the y-axis, 

 1 1 1y zR R R=  (3.8) 

such that after the rotation around the z-axis, the epipole is transformed onto the x-axis 

and after the rotation around the y-axis, the epipole is further transformed to the infinity 

on the x-axis: 

1 1 1ˆ ˆ ( ,0, )Tz ze R e d c= =   

1 1 1ˆ ˆ ( ,0,0)Tyz y ze R e g= =  

where 1
1 1 1ê K e-= . We do the same decomposition for R2: 

 2 2 2y zR R R=  (3.9) 

From (3.7)~(3.9), we have 

 
1

2 2 2 1 1 1

1 1 1 2 2 2( , , , , , , )

T T T S
z y x y z

z y x z y

F K R R F R R R K

f fq q q q q

- -=

= F
 (3.10) 
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The above equation gives us a decomposition of F into the product of a sequence of 

matrices, each involving only one of the 7 parameters, i.e. two focal lengths and five 

rotation angles (except for FS, which has a fixed form as discussed above). Since a 

fundamental matrix has 7 degrees of freedom, there should be a solution for each of the 

parameters. Equation (3.10) also gives us an intuitive interpretation of the two-view 

geometry, i.e. any two general views can be regarded as the result of zooming and 

rotation from a standard stereo pair.  

3.3.2. Calibration from the Fundamental Matrix 

Now the problem becomes how to estimate the 7 parameters from equation (3.10). We 

first estimate � 1z and � 2z  based on the epipoles. Since R1z is a pure image rotation around 

the center, it is not affected by the focal length. Therefore, we can first rotate both images 

such that the epipoles lie on the x-axis. Suppose that the first epipole is 1 1 1 1( , , )e a b c= , we 

want  

1 1 1 1( ) ( ,0, )Tz zR e d cq =  

Thus, we have 

 1 1 1arctan( / )z b aq = -  (3.11) 

Equation (3.11) gives us two solutions, since ( ) ( )tg tgq q p= + . In practice, we can 

pick the solution within [ / 2, / 2p p- ], which is the angle with the smaller absolute value. 

This can be achieved by normalizing any returned angle with the following function 

 

/ 2

[ ] / 2

otherwize

q p q p
q q p q p

q

- >�
�

= + < -�
�
�

 (3.12) 

Thus we will keep only the solution 
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 1 1 1[arctan( / )]z b aq = -  (3.13) 

The solution for � 2z can be obtained similarly.  

After the image rotation, the new epipoles become 1 1 1 1 1( ) ( ,0, )Tz z ze R e d cq= = and 

2 2 2( ,0, )ze d c= , from which the variables d1,c1,d2,and c2 can be computed. The new 

fundamental matrix is then given by 

1 1
2 1 2 2 1 1

T T S
z z z y x yF R FR K R F R R K- - -= =  

We further rotate both images around the y-axis such that the epipoles are transformed 

to the horizontal infinity, i.e. 1 1̂ (1,0,0)Ty zR e � , which is  

1 1 1

1 1 1 1

cos( ) 0 sin( ) 1 0 0 1

0 1 0 0 1 0 0 0

sin( ) 0 cos( ) 0 0 0

y y

y y

d

f c

q q

q q

� � � � � � � �
� � � � � � � �
� � � � � � � �
� � � � � � � �- 	 
 	 
 	 
	 


�  

From the above equation,  we can represent � 1y in terms of  f1 

 1 1 1 1( ) /ytg f c dq =  (3.14)                                            

With � 1y determined, we can represent R1yK1
-1 as, 

1
1 1

1 1 1

1 1

1 1 1 1

2
1 1 1

1 1

1 1 1 1

1 0 / 1 0 0

cos( ) 0 1/ cos( ) 0 0 1 0

/ 0 1 0 0

0

0 / cos( ) 0

0

y

y y

y

R K

f c d

f c d f

d f c

d

f c f d

q q

q

-

� � � �
� � � �= � � � �
� � � �-	 
 	 


� �
� �

= � �
� �-	 


 

Similarly for 1
2 2yR K- , we have, 
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2 2 2
1

2 2 2 2 2 2
2

2 2 2 2

0

( ) 0 / cos( ) 0

0

T T T
y y y

d f c

K R R K d

f c f d

q- -

-� �
� �= = � �
� �	 


 

In addition, 

0 0 0 1 0 0

0 0 1 0 cos( ) sin( )

0 1 0 0 sin( ) cos( )

0 0 0

0 sin( ) cos( )

0 cos( ) sin( )

S
x

x x

x x

x x

x x

F R

q q
q q

q q
q q

� � � �
� � � �= - -� � � �
� � � �	 
 	 


� �
� �= - -� �
� �-	 


 

From the constraints 1 1 1( ,0, ) 0T
z z zF e F d c= =  and 2 2 2( ,0, ) 0T

z z ze F d c F= = , zF  can be 

represented by a compact form: 

 
2 1

2 1

0 0 0 0

0 1 0 0 1 0

0 0 0 0
z

c a b a c

F c d c

d a b a d

� � � � � �
� � � � � �
� � � � � �
� � � � � �- -	 
 	 
 	 


�  (3.15) 

Combining the above equations, we have 

 

1 2
1 2

2

2 1 1 2

1 1 2

sin( ), cos( ),
cos( )

cos( ), sin( )
cos( ) cos( )cos( )

x x
y

x x
y y y

f d
a f f c

f d d d
b d

l q l q
q

l q l q
q q q

= = -

= =
 (3.16)                                                    

where �  is a scaling factor. The variables (a, b, c, d) can be computed from the 

fundamental matrix using (15). Equation (3.16) has 4 free parameters: 1 2{ , , , }xf f q l and 4 

equations (� 1y was computed from (3.14); similarly for � 2y). Thus the parameters can be 

uniquely determined except for degenerate cases.  

From (3.16) , we have 
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2

2 2
2 21 2

1 22 2
1 2

( )

,

x

ad
tg

bc
acd abd

f f
bd acc cd abc

q = -

= - = -
+ +

 (3.17)                                                                    

Equation (3.17) gives the same solution for computing the focal lengths based on the 

fundamental matrix as the method of [34] does. However, our derivation is totally 

different. Our results establish the connection between the elements of the fundamental 

matrix and the parameters of cameras, both internal and external. From (3.14) and (3.17), 

we have 

 

2 2 2
2 1 1 1

1 2 2
1 1

2 2 2
2 2 2 2

2 2 2
2 2

( )

( )

y

y

f c acc
tg

d bd acc

f c abc
tg

d cd abc

q

q

= = -
+

= = -
+

 (3.18)                                                 

Equations (13) (and a similar version for � 2z), (3.17) and (3.18) together provide the 

solution for computing the camera parameters based on only the fundamental matrix. To 

this point, a complete algorithm has been presented. 

 

Summary of the Algorithm 

The complete algorithm for full auto-calibration based on the fundamental matrix is 

summarized below.  

_____________________________ 

Input:  the fundamental matrix F (computed from the point coordinates in which (0, 0) 

is the image center). 
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Output:  K1, K2, R1, R2 such that 1 1 1[ | 0]P K R I=  and 2 2 2[ | ]P K R I C= �  where 

(1,0,0)TC =� . 

Algorithm: 

1. Determine the two epipoles: e1 and e2 are determined by solving the equations Fe1 

= 0 and FTe2 = 0. 

2. Rotate the images such that the epipoles are transformed onto the x-axis: 

Suppose 1 1 1 1( , , )e a b c=  and 2 2 2 2( , , )e a b c= , then the rotation angles are given by 

1 1 1[arctan( / )]z b aq = -  and 2 2 2[arctan( / )]z b aq = - . After the rotation, the new epipoles are 

1 1 1 1 1( ) ( ,0, )z z ze R e d cq= =  and 2 2 2( ,0, )ze d c= ; the new fundamental matrix is 

1
2 1( ) ( )z z z z zF R FRq q-= .  

3. Compute the camera parameters: Compute 1 2 1 2{ , , , , }x y yf f q q q  according to (3.17) 

and (3.18). And then compute the camera parameters as 

1 1 1( , ,1)K diag f f= ,  

2 2 2( , ,1)K diag f f= ,  

1 1 1 1( ) ( ) ( )z z y y x xR R R Rq q q= - - -  2 2 2( ) ( )z z y yR R Rq q= - -  

The translation is implicitly determined as 2t R C= � . 

___________________________________________________________________________________________________________________________________ 

 

 

Compared with typical methods based on the Kruppa equations (e.g., [34]), the 

proposed algorithm directly computes both cameras’ internal and external parameters. 

Moreover, the algorithm provides the rotation angles along each axis, which can be 

directly useful for many applications. For instance, in stereo rectification, from the 
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reconstructed camera parameters, we can directly compute the homographies for 

rectifying the two views as  

2 1
1 1 1H KR K- -=  and 1 1

2 2 2H KR K- -=  

where K is an arbitrary camera internal matrix which can be simply set as 1K K= . 

From (3.17) and (3.18), it is obvious that, if the right hand  side of the equations is 

negative, there is no solution can be obtained. This corresponds to the cases where the 

input fundamental matrix is invalid (e.g., due to erroneous feature correspondence in its 

computation). Thus our approach also has the capability of detecting invalid F matrix. 

Specifically, the invalid conditions are  

 0
ad
bc

> ,  2
1

bd
c

ac
> - ,  and  2

2

cd
c

ab
> -   (3.19) 

3.4. Degenerate Cases 

It is well-known that there are some degenerate cases for the problem of self-

calibration from the fundamental matrix. For example, some discussion was given in [22, 

34, 37], where the representation of the degenerate cases is based on algebraic terms, 

which do not readily lead to intuitive physical interpretation. From our derivation, each of 

the degenerate cases enjoys very simple representation and has very intuitive geometric 

meaning, as shown below. We will discuss first the degenerate case when the focal 

lengths are different and then the cases with the same focal lengths. 

3.4.1. When the Focal Lengths Are Different 

Several degenerate cases were analyzed in [34] based on the numerical values a, b, c 

and d. Since we derived the relationship between these values with camera parameters, 

we are able to explain the degenerate cases in intuitive geometric meaning.  
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 Rotate around the x 
axis 

Rotate around the y 
axis 

Rotate around the z 
axis 

 

 

sin( ) 0xq =  

(a) (b) (c) 

 

cos( ) 0xq =  

(d) (e) (f) 

cos( ) 0yq =  

 

 (h) (i) (j) 

Figure 3.1. A detailed illustration of the degenerate cases for variable focal lengths. 

(a)~(c) show the degenerate case ofsin( ) 0xq = . (d)~(f) show the degenerate case of 

cos( ) 0xq = . (h) ~ (i) show the degenerate case of cos( ) 0yq = . 

Case 1. sin( ) 0xq =  and thus 0a d= = . This means that the principal axes of both 

cameras lie on the same plane (see Figure 3.1a~c). In this case, Equation (3.16) has only 

two constraints and thus we can derive the relationship between f1  and  f2  as  

 2 1 2

1 2 1

cos( )

cos( )
y

y

f db
c f d

q

q
= -    (3.20) 

If we write 1cos( )yq  and 2cos( )yq in terms of f1 and f2 based on (3.18), we can have 

 2 2 2 2 2 2 2 2
1 1 1 2 2 2( ) ( )c c d f b c d f- -+ = +   (3.21) 
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Table 3-1. A Summary of All Degenerate Cases. 

 Constraints Geometric meaning 

sin( ) 0xq =  Principal axes intersect 

cos( ) 0xq =  Orthogonal principal epipolar planes 
1 2f f¹

 

1cos( ) 0yq =  or 2cos( ) 0yq =  
One of the cameras’ principal axis lies 

on the baseline 

sin( ) 0xq = ,

1 2cos( ) cos( )y yq q=  

Principal axes intersect and the 

absolute angles between principal axes 

and the baseline are the same 1 2f f=
 

1 2cos( ) cos( ) 0y yq q= =  
Both cameras’ principal axes lie on 

the baseline. 

 

Case 2. cos( ) 0xq =  and thus 0b c= = . This means that the principal epipolar planes 

(the epipolar plane that contains the principal axis [37]) of both cameras are orthogonal 

(see Figure 3.1d~f). In this case, Equation (3.16) has only two constraints and we can 

derive the relationship between f1  and  f2  as 

 1 2 1 2

1 2

cos( )cos( )y yf fa
d d d

q q
=   (3.22) 

We can write 1cos( )yq  and 2cos( )yq in terms of  f1  and  f2 

 2 2 2 2 2 2 2 2
1 1 1 2 2 2( )( )c d f c d f d a- - -+ + =   (3.23) 
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Case 3. 1cos( ) 0yq = and thus 1 0d = . This means that the principal axis of the first 

camera lies on the baseline (see Figure 3.1h~j). In this case, f1 cannot be determined. The 

same situation is true for f2.  

In summary, Figure 3.1 gives a detailed illustration for the degenerate cases where the 

degeneracy is directly linked to the rotations with respect to the standard stereo setup, 

hence providing intuitive geometric meanings. In these degenerate cases, we have only 

one constraint for the two unknown focal lengths. If there is another constraint that the 

two focal lengths are equal, the above equations can be used to compute the focal length. 

However, even for the case of two equal focal lengths, there are also degenerate cases, as 

discussed below. 

3.4.2. When the Focal Lengths Are the Same 

Case 1. sin( ) 0xq = , 1 2cos( ) cos( )y yq q= . This means that the absolute angles between 

the principal axes and the baseline of both cameras are the same. Thus (3.20) becomes 

2 1bd cd= -  (f is cancelled and cannot be computed). 

Case 2. 1cos( ) 0yq =  and 1cos( ) 0yq = and thus d1=d2=0. This means that the optical 

axes of both cameras lie on the baseline (see Figure 3.2). In this case f in (3.23) is 

cancelled. 

Again, as shown in Figure 3.2 we can explain the degeneracy with physically 

meaningful interpretations.  



72 

 

 

(a)                                (b) 

Figure 3.2. Degenerate cases for equal focal lengths. 

 

3.5. Experimental Validation 

Three different types of experiments were carried out to evaluate the proposed 

algorithm. Firstly, Monte Carlo simulation was used to evaluate the accuracy of the 

algorithm with varying proximity to a degenerate configuration. In the second type of 

experiments, synthetic scenes were generated to demonstrate the algorithm step by step. 

In the third type of experiments, images of real scenes were used. In both the second and 

third types of experiments, we used the calibration results to directly rectify the given two 

views into standard stereo pairs. 

As one sample of the simulation-based experiments, we let the rotation around the x-

axis vary from 0 to 15 (in degrees), with an interval of 3. (From Section 3.4, this is also 

the case in which typical two views of the scene may most likely form the degenerate 

configuration). For each rotation angle, we ran 100 simulations. In each simulation, 

Gaussian noise with zero mean and 1 pixel standard deviation was added to image points. 

The image size was set to 800x600. 10000 random points were generated in a cubic with 

length 4 and centered at the origin. They were projected to the two images and those 

points in front of both cameras and inside the images were retained. Among the retained 
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points, 100 samples were randomly selected to compute the fundamental matrix, using 

the normalized RANSAC algorithm [24]. Then the seven parameters were estimated from 

the fundamental matrix. Table 3-2 and Figure 3.3 show the ground truth and the obtained 

results. It is found that, when the rotation angle around the x-axis is equal or larger than 6 

degrees, the estimation of the focal lengths is accurate and no failure cases occur, 

suggesting that the algorithm is accurate as long as the configuration is not too close (i.e., 

merely 6 degree or less) to the degenerate configuration.  Although the estimated angles 

around the y- and z- axes are not as good, we found that, if the F matrix were computed 

from the ground truth angles, then the proposed algorithm will be still very accurate for 

these angles, which suggests that the inaccuracy was due to the error in the fundamental 

matrix computation (recall that we added noise and used randomly-selected points for 

computing F). 

Table 3-2. Mean Values of The Simulation Results. Rotation Angles Around The x-Axis 

Vary from 0 to 15 (in Degrees). 

xq  1f  2f  xq  1yq  2yq  1zq  2zq  

Ground 

truth 

800 1000 0 ~ 15 -3 3 -5 10 

0 925.3 1148 -1.101 -6.848 0.06189 -15.1 -0.04204 

3 1042 1190 1.924 -6.946 0.6819 -14.92 -0.01601 

6 819.1 1023 4.869 -7.149 -0.06582 -14.72 -0.04939 

9 817.3 1020 7.791 -7.657 0.2424 -14.47 -0.008015 

12 806.3 1010 10.85 -7.53 0.6326 -14.3 0.0192 

15 800.4 1002 13.96     -8.156 0.1946 -14.04 -0.03638 
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(a) (b) (c) 

Figure 3.3. Accuracy evaluation with the synthetic data. (a) Standard deviation of the 

focal lengths; (b) Standard deviation of the rotation angles; (c) Percentage of failed cases. 

 

In the experiments with simulated scenes, image pairs were synthesized using Pov-

Ray[30]. A sample is illustrated in Figure 3.4. For a given pair, we used the proposed 

algorithm to recover the camera parameters based on the fundamental matrix. The 

parameters were further used to rectify the images to a stereo pair. Then we can visually 

inspect the rectified image pair to examine the accuracy of the auto-calibration. For the 

simulated scenes, we also compared the recovered parameters with the ground truth. 

Table 3-3 gives such a result for the images of Figure 3.4, suggesting that the auto-

calibration algorithm was able to fairly accurately estimate both the intrinsic and the 

extrinsic parameters of the cameras. 

Table 3-3. Ground Truth Parameters of The Simulated Images and The Estimated 

Parameters. The Angles are in Degrees. 

 1f  2f  xq  1yq  2yq  1zq  2zq  

Ground Truth 571 692 5 -2 3 -5 5 
Estimated 552 670 5.4 0 6 -3.8 6.3 
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In the experiments with real images, the data were captured with hand-held cameras 

under unknown motion and zooming and thus we do not have the ground truth for the 

camera parameters. Hence we relied on the following procedure to assess the accuracy of 

the auto-calibration algorithm: we used the recovered camera parameters for rectifying 

the input images into a stereo pair, and then we examined how well the rectification was. 

The goodness of the rectification was evaluated by visually inspecting the rectified 

images (e.g., the epipolar lines should become horizontal and aligned; there should be no 

distortion) and by visualizing the pair through a 3D display. We found that the 

performance was very satisfactory. Figure 3.5 illustrates three samples, where the original 

pair and the rectified pair are listed. It can be observed that all the images were correctly 

rectified without noticeable distortion.  

    
(a) (b) (c) (d) 

    
(e) (f) (g) (h) 

Figure 3.4. Image rectification based on the fundamental matrix. (a) and (b) are the 

original image pair. (c) and (d) are the results after the rotation around the z-axis. (e) and 

(f) are results of further rotation around the y-axis. (g) is the result of further rotation 

around the x- axis. (h) is zoomed result of (f) such that the new internal calibration matrix 

is the same as (g). (g) and (h) are a stereo pair. 
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Figure 3.5. Sample results with real images. In each row, the pair on the left is the input, 

and the pair on the right is the rectified results based on the recovered camera parameters. 

The original images were captured with a hand-held camera under unknown motion and 

zooming. 

 

3.6. Summary 

We presented a closed-form solution to simultaneous estimation of the two unknown 

focal lengths and five rotation angles of the cameras from only the fundamental matrix, 

hence providing a new camera auto-calibration algorithm that recovers both intrinsic and 

extrinsic camera parameters. Critical camera configurations were studied in detail based 

on our derivation. The algorithm and its derivation support intuitive geometric 

interpretation. As such, the proposed computational procedure has the unique advantage 

of being able to detect the degenerated cases and relate them with the camera 
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configurations and thus providing the possibility for solving the degeneracy issues. 

Furthermore, the estimated camera parameters can be readily used to rectify images into a 

standard stereo pair. Experimental results validated the algorithm and its effectiveness. 
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4. STEREOSCOPIC VIEW SYNTHESIS FROM MONOCULAR ENDOSCOPIC 

VIDEOS 

4.1. Motivation and an Overview of Proposed Approach 

Endoscopy using flexible video-endoscopes is a universally used procedure for the 

diagnosis and therapy of various pathologies of the gastrointestinal tract. In addition to a 

compact video camera, an endoscope is also equipped with a light source and a 

manipulator which can be controlled by the physician to remove some tissues or to 

perform other operations. For this reason, it is considered as the vehicle for minimal 

invasive surgery [38]. Since a monocular video camera can provide only 2D images, 

which are different from what the physician can see from the actual sites of the body, 

efforts have been spent on the development of 3D imaging system for endoscopy [38-40]. 

3D images are usually captured by stereo cameras and viewed by a physician through 

special glasses and/or displays [39, 41]. As the advancement of 3D display technologies, 

recent studies [42-47] reported that 3D imaging provide significant advantages over 

traditional 2D imaging for minimal invasive surgery. Compared to 2D images, 3D images 

provide additional depth information via stereopsis, which is a very important cue for 

human beings to understand the scene. It was shown in [44] that 3D imaging helps to 

enable faster and safer surgical operations. The work of [42] shows that 3D imaging also 

enables shorter learning curve.  

Nevertheless, it has also been shown that the current stereo-endoscopy systems still 

have many limitations [39]. For instance, the lenses of the stereo cameras are fixed and 

cannot be adjusted (while human eyes can change the focal plane in real-time). In 
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addition, the images captured by the two lenses may suffer from different brightness or 

even capture very different pictures due to the different positions of the two lenses. 

Another limitation is that the required small size of the endoscope results in a very small 

baseline for the stereo lenses. Consequently, 3D endoscopic imaging systems have not 

been widely adopted yet. To enable 3D imaging from traditional monocular endoscopes 

and to overcome some of the problems mentioned above, this dissertation proposes an 

approach to synthesize stereoscopic images from monocular endoscopic video sequence. 

Figure 4.1 shows the conceptual view of the system. Given a monocular image sequence, 

the stereo render synthesize the corresponding stereo images. Users can either choose to 

view the original monocular video or view the stereo images on the 3D display.  Figure 

4.2 shows an example output. The left frame is from the original video sequence and the 

right frame is the corresponding synthesized stereo image (showed in red-cyan format).  

 

Figure 4.1. The conceptual view of the system. Given an image sequence, the system 

synthesizes the corresponding stereo images. User can either choose to view the original 

monocular videos or view the stereo images on the 3D display. 
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4.1.1. Related Work 

To obtain 3D perception from monocular endoscopic images, various techniques have 

been proposed. The work in [48-51] combines endoscopic images with 3D data, which 

can be obtained from Computed Tomography (CT), Magnetic Resonance (MR), or Laser 

Range Finder (LSR). These methods are not only expensive but also difficult to use.  

 

Figure 4.2. An illustration of the output of the system. Given an image sequence, the 

system synthesizes the corresponding stereo images. 

 

Another track of research is to create 3D models purely from monocular images 

sequences, which are known as Shape from X in computer vision. The approach of  [52, 

53] uses shape from shading method to obtain the 3D model from a single frame. The 

model obtained from this method is typically very limited in complexity due to the 

limited 3D information from a single frame. Moreover, such a method is typically 

sensitive to lighting condition variation, and thus is not suitable for endoscopic images, in 

which glares occur quite often, among other lighting irregularities. Shape-from-motion 

(also known as structure from motion) was used in [54-56] to obtain 3D models. The 

work of [55] assumes that cameras only have translational movement and no rotation, 

which is too restrictive for an endoscope. The approaches of [54, 56] rely on factorization 
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methods to estimate 3D structure. The factorization methods work for only a weak 

perspective camera model and usually require complete point correspondences (i.e. each 

feature point should appear in every frame), which are hard to guarantee for endoscopic 

images due to frequent and fast backward-forward motion of the camera and the lack of 

distinctive textures, non-rigid motion of the scene tissue, noise and glare, etc. A common 

problem with the above structure-from-motion systems is that the resultant model is 

usually spiky, which is not good for 3D visualization. The reason is that only a set of 

sparse feature points are reconstructed, which are usually not continuous in 3D space. [57] 

can create a smooth 3D surface by fitting a Circular Generalized Cylinder with Markov 

Random Fields. However, this method can only work with tube like organs. 

There are also some other works for creating stereo images from monocular image 

sequences. In [58], two frames from the monocular video are chosen and rectified into a 

stereo pair. Such approaches typically require the camera to move laterally, which is not 

natural in endoscopic imaging. [59-61] used homography to create stereo views. The 

methods cannot produce the true stereo images, since pure image transformation do not 

introduce parallax and thus are not able to simulate camera re-positioning. [62] first 

computes depth for a set of feature points based on a plausible Euclidean reconstruction, 

then propagates the depth to all pixels and finally uses the dense depth map to create 

stereo views. The dense depth map creation process is typically computationally 

expensive.  
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4.1.2. Our Approach 

In this dissertation, we present a practical approach to the problem of synthesizing 

stereo views from monocular endoscopic image sequences to assist 3D viewing. This 

approach first recovers the depth of the feature points on each frame based on structure-

from-motion. We prove that an affine reconstruction is enough for stereo view synthesis. 

In the second step, we first compute the sparse disparities based on the reconstructed 3D 

points and cameras and then do disparity interpolation for each frame. For stereoscopic 

view rendering, we do not use dense disparities of each pixel, but rather, we just 

interpolate the disparities on a set of regular grid points. The regular grid point disparities 

are then used to synthesize stereoscopic images from the original images using linear 

interpolation. We proved that a linear interpolation in the disparity field corresponds to a 

linear interpolation in the 3D space.  

One advantage of our approach is that it can avoid some limitations of traditional 

stereo-endoscopy systems, which use dual-lens cameras to capture stereo images. For 

instance, the two images captured by dual lens camera may suffer from different 

brightness or different reflection due to different position of the lens; our approach can 

avoid the problem since the stereo view is synthesized from the original view. In addition, 

in our system, the disparities can be adjusted in realtime and new views can be 

synthesized according to a desired focal plane. At last, the recovered depth information 

may be used to assist diagnosis. 
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4.2. Stereoscopic view synthesis from monocular image sequence 

In this section, we first investigate the problem of stereoscopic view synthesis from 

monocular image sequences. Basically, we transform the stereo view synthesis problem 

to the problem of recovering the normalized depth (or disparity) for every pixel in every 

frame of the original video. In Section 4.2.2 and Section 4.2.3, we present two core steps 

to recover the normalized depth, i.e. sparse depth recovery via structure from motion and 

dense depth recovery via interpolation. In Section 4.2.4, we provide the complete 

algorithm and the system flow. 

4.2.1. Formulating the Problem 

Stereo images are usually captured by a stereo camera which consists of two individual 

single cameras, as Fig. 4.3 shows. In general, the configuration of a stereo camera can be 

classified into one of the two types: a) parallel configuration and b) cross configuration. 

In the first type, the principal axes of the two cameras are parallel to each other and 

perpendicular to the baseline, as Fig. 4.3a shows. In this case, the image planes are 

aligned. For cross configuration, the principal axes intersect at a finite point, as Fig. 4.3b 

shows. These two different types of configurations lead to different properties of the 

stereo images. In the parallel configuration, there are only horizontal disparities in the 

stereo images, while in the cross configuration, there are both horizontal and vertical 

disparities. In practice, the stereo images are usually captured by the stereo camera with 

the parallel configuration, i.e. the image planes are aligned. If we have the stereo images 

obtained from the parallel configuration, we can directly obtain the stereo images from 
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the cross configuration by applying some transformations [63]. Thus in the following, we 

will focus on the parallel configuration, which is easier to analyze. 

 

(a)                                    (b) 

Figure 4.3. Stereo camera configurations. (a) Parallel configuration: the principal axes are 

parallel and perpendicular to the baseline. (b) Cross configuration: the principal axes 

intersect at some finite point. 

 

From Fig 4.3a, it is easy to derive the relationship between the depth (L) of an object 

and its disparity (d): 

 
fk

d
L

=  (4.1) 

where k is the baseline and f is the focal length. Eqn. (4.1) shows that the disparity is 

proportional to the focal length and the baseline, while inversely proportional to the 

object’s depth. We can rewrite Eqn. (4.1) as 

 1d Ll -=  (4.2) 

Eqn. (4.2) suggests that if the depth of every pixel is known, then we can synthesize a 

stereo pair from a single image by choosing an appropriate scaling factorl : 
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 ( ', ) ( , )r lI x y I x y=  where 1' ( , ) ( , )x x d x y x L x yl -= + = +  (4.3) 

where lI  is the original image and rI is the corresponding stereo image,( , )lI x y is the pixel 

value of the point (x, y) on the original image. 

For an image sequence, the focal lengths may change. If we assume that the baseline of 

the stereo camera does not change, i.e., k is constant, then we need to scale the depth 

according to the focal length:  

 ˆ /L L f=  (4.4) 

We call  L̂  the normalized depth, which corresponds to a camera whose focal length is 

equal to 1. Thus we modify Eqn. (4.3) for an image sequence as: 

 1ˆ' ( , )x x L x yl -= +  (4.5) 

We further define the normalized disparity as the inverse of normalized depth, i.e., 

 1ˆ ˆd L-=  (4.6) 

Thus 

 ˆ' ( , )x x d x yl= +  (4.7) 

Therefore, the problem of synthesizing stereo images from a monocular image 

sequence is equivalent to estimating the normalized depth or normalized disparity for 

every pixel in every frame.  

4.2.2. Depth Recovery via Structure from Motion 

Given a point on an image, if we know the point’s 3D position X and the also the 

camera’s parameters, the normalized depth L̂ can be calculated as: 

 ˆ ˆ (3)L X=  where ˆ ˆ ˆ( ) ( , , ) ( , ,1)T TX KR X C u v L L x y= - = =  (4.8) 
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where K is the camera internal matrix, R is the camera orientation and C is the camera 

center. ( , ,1)Tx y is the homogeneous coordinates of the image point, which equals to 

ˆ( , , )Tu v L up to a scale. ̂X  is the new coordinates of the 3D point in which the world 

coordinate system is the same as the camera coordinate system and the camera internal 

matrix equals to identity, i.e. the focal length is 1. We call the 3D space of̂X  

“normalized 3D space”.  In the normalized 3D space, the z-axis value of X̂  corresponds 

to the normalized depth. 

The problem of recovering 3D points as well as the camera information is known as 

structure-from-motion (SfM) in the computer vision literature. Formally, the problem can 

be stated as:  

Given a set of point correspondences {x }ji , where x j
i  is the 2D projection of i-th point 

on j-th frame, recover the 3D coordinates of the points { }iX  and camera information 

{ }jP , such that  

 x j
i j iP X�� �  (4.9) 

where x j
i� is the homogeneous coordinates of x j

i  and iX� is the homogenous coordinates of 

iX . jP  is a 3x4 matrix: 

 [ | ]j j j jP K R I C= -  (4.10) 

Figure 4.4 shows a typical process of structure-from-motion. We make a simulation in 

which the camera is moving inside a torus (mimicking the endoscope camera moving 

inside a human organ). The outside view of the torus is shown in (a) and three different 

views captured the camera are shown in (b) ~ (d). Before structure-from-motion, we need 
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to do point tracking to correlate points in different views, i.e. get {x }ji . (e) shows the 

correspondence between (b) and (c). The points are tracked using KLT [64] algorithm. 

Note that unlike the factorization method [56], this method does not require a feature 

point appears in every frame, and thus is feasible for forward-backward motion. In the 

structure from motion process, two views are first picked to do 3D reconstruction. In two 

view reconstruction, the fundamental matrix F  is first computed based on the point 

correspondences using the epipolar constraint x ' x 0T F =� � , where x x '«� �  is a point 

correspondence. After we have F, we can compute the essential matrix based on camera 

information 2 1
TE K FK= , where 1K  is the internal camera matrix for the first view and 

2K  is the internal matrix for the second view. The essential matrix E is further factorized 

to get the two cameras’ external matrices 1 1[ | 0]P K I=  and 2 2[ | ]P K R t=  such that 

[ ]t R E´ = . Based on the reconstructed cameras and point correspondences, the 3D 

position X of a point can be reconstructed using triangulation, i.e. 1 xP X =� �  and 2 x'P X =� � . 

Figure 4.4 shows the computed epipolar lines based on F. Figure 4.4 h-i shows the 

reprojected points (in cross) and the original image points (in circle). After two-view 

reconstruction, we have a 3D reconstruction of a set of points and 3D reconstruction of 

the cameras of the two views. Then for each of other views, we compute the camera 

parameters based on the correspondences between the reconstructed 3D points and the 

corresponding image points, i.e., using the constraint x j
j i iP X =� � . As the new view is 

calibrated, new image point correspondences are further triangulated to get their 3D 

positions. Figure 4.4j shows the reprojection of another view based on the reconstructed 
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camera. Figure 4.4k-l show two screenshots of the final reconstruction results, which 

include the cameras and 3D points. 

(a) (b) (c) (d) 

(e) (f) (g) (h) 

(i) (j) (k) (l) 

Figure 4.4. Structure from motion. (a) is the outside view of a torus. The camera is 

moving inside the torus and takes 200 views. (b) ~ (d) is three different views in the 

image sequence. (e) is the point correspondences between (b) and (c). (f) and (g) draws 

the epipolar lines for (b) and (c) respectively. (h) and (i) draw the reprojected points (in 

cross) and original points (in circle) for (b) and (c). (j) draws the reprojected points and 

original points for (d). (k) and (l) show two views of the reconstructed points and 

cameras. 
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Without camera calibration information (i.e., jK unknown), we can only obtain a 

projective reconstruction for the initial two cameras from F. Thus the whole 

reconstruction is also up to a projective transformation, since 

 1x j
i j iP H HX- �� �  (4.11) 

where H is a 4x4 non-singular matrix. Eqn (4.11) means that if { , }j iP X�  is a 3D 

reconstruction for {x }ji , then 1{ , }j iP H HX- � is also a 3D reconstruction for {x }ji . In a 

projective reconstruction, the depths of points are distorted and cannot be directly used 

for stereo rendering. Eqn. (4.8) can be rewritten as 

 ˆ ˆ( ,1) ( , , )T T TX P X u v L= =  (4.12) 

Suppose the homogeneous coordinates of X is ( ,1)T TX X� � , Eqn. (4.12) can be 

rewritten as  

 ˆ ˆ/ (4) ( , , )TX PX X u v L= =� �  (4.13) 

where (4)X�  is the fourth coordinate of X� . Thus we have 

 ˆ (3) / (4)L M X= �  (4.14) 

where M PX= �  and M(3) is the third coordinate of M . If we apply a projective 

transformation to the reconstruction such that 1'P PH-=  and 'X HX=� � , then the new 

normalized depth is 

 ˆ ' ( ' ')(3) / '(4) ( )(3) / '(4) (3) / '(4)L P X X PX X M X= = =� � � �  (4.15) 

Comparing (4.15) with (4.14), we can see that the only difference is in the last 

coordinate value of the homogeneous coordinates of the 3D point. After applying a 
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projective transformation, this value may be changed. Thus applying a projective 

transformation will distort the normalized depth and the projective reconstruction cannot 

be used for stereo view synthesis. However, affine transformation does not change this 

value, since the last row of any affine transformation matrix has the form (0,0,0,1)T . 

Therefore, we can formally state the following lemma. 

Lemma 1: The normalized depth is invariant under affine transformation. 

Lemma 1 suggests that an affine 3D reconstruction is enough for stereo view synthesis. 

In other words, we have the following lemma. 

Lemma 2: Stereo view synthesis based on affine 3D reconstruction has the same 

results as that based on Euclidean 3D reconstruction. 

There are various techniques to rectify a projective reconstruction to an affine 

reconstruction and further to a Euclidean reconstruction (see [22]). Essentially, to obtain 

a Euclidean reconstruction from a projective reconstruction is equivalent to camera 

calibration, either manually or automatically; conversely, once we have camera 

calibration information, we can directly obtain a Euclidean reconstruction. However, to 

obtain an affine reconstruction is equivalent to identifying the plane at infinity or the 

infinite homography (the homography of the plane at infinity), which is a much weaker 

requirement. In our system, we exploit the special movement of the endoscopy camera to 

do affine reconstruction. It is shown in [22] that 

Lemma 3: Suppose the motion of the camera is a pure translation with no rotation and 

no change in the internal parameters, then [ ] [ ']F e e´ ´= = , and for an affine 

reconstruction one may choose the two cameras as [ | 0]P I=  and ' [ | ']P I e= . 
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Since nearly pure translational movement is common in endoscopy scenario (the 

camera is fixed in the end of a long tube), we exploit the above theory for structure-from-

motion. In practice, we first pick two frames for which we assume there is no camera 

rotation and we do an affine reconstruction based on the two frames. Then for other 

frames, we simply use the affine reconstructed points to estimate the camera information. 

From new cameras and new image points information, we can further reconstruct new 3D 

points. Note that we do not assume that the camera does not change orientation all the 

time. The only assumption is that the camera for initial two frames has no relative 

rotation.  

Assuming pure translation movement also leads to another significant advantage: both 

the fundamental matrix computation and the 3D reconstruction are much more robust, 

due to the reason that the degrees of freedom is decreased from 8 (for original 3x3 

fundamental matrix) to 2 (the new fundamental matrix can be represented by the epipole, 

which is a 2D image point).  The advantage is significant because the endoscopic data are 

usually near degenerate for general fundamental matrix computation, i.e. the depth 

variance is small and the motion is also small, which makes the computation very 

unstable. Figure 4.5 shows the difference of the results from two different approaches: 

reconstruction by general fundamental matrix computation and reconstruction by 

assuming only translational movement. The first row in Figure 4.5 shows the results 

assuming general motion. Figure 4.5(a) and (b) give the epipolar lines of the general 

fundamental matrix, which looks good (i.e. the epipolar lines match well). Therefore, we 

can conclude that the fundamental matrix is also good, in the sense of point matching.  
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However, Figure 4.5(c) and (d) show that the 3D reconstruction results are bad. The 

reason is that for a near degenerate scenario, there are many possible “good” fundamental 

matrices which satisfy the numerical constraints, i.e. x ' x 0T F =� � . Just like fitting a plane 

with a point set in which most points lies on a single line. We might find many “good” 

planes. However, a numerically “good” model does not necessarily match the real model, 

especially when the data is nearly degenerated. Figure 4.5(e) ~ (h) shows the results 

assuming only translational movement. In this case, we compute a special fundamental 

matrix which has only 2 degrees of freedom. The new epipolar lines are also matched 

well. Moreover, the reconstructed model is much better. 

    
(a) (b) (c) (d) 

   
(e) (f) (g) (h) 

Figure 4.5. Comparison of the reconstruction without assumption (first row) and the 

reconstruction by assuming pure translation (second row). Green lines are the epipolar 

lines, which correspond to the computed fundamental matrix. 

 

After obtaining an affine or Euclidean 3D reconstruction of the cameras and the feature 

points, we can compute the normalized depth for each point in each view based on (4.14). 
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4.2.3. Disparity Interpolation and Stereoscopic View Synthesis 

The results of the SfM process are the camera parameters for each frame and a sparse 

3D point set, which projects to each frame on a sparse set of 2D points. Therefore, from 

the SfM process, we only have the depth for a sparse set of image points. However, to 

synthesize a stereo image, we need the depth for every pixel in the image. To achieve this, 

we do a linear interpolation on the normalized disparity field, i.e. ˆ( , )d x y . We formally 

introduce the following lemma.  

Lemma 4: Linear interpolation on the normalized disparity field corresponds to linear 

interpolation in the normalized 3D space.  

Proof: Given four points 1 2 3{ , , , }X X X X  in normalized 3D space, where X is a linear 

combination of 1 2 3{ , , }X X X , i.e. 

 1 1 2 2 3 3X X X Xl l l= + +  where 1 2 3 1l l l+ + =  (4.16) 

Suppose ˆ ˆ( , , ) ( , ,1)T T
i i i i i i iX u v L L x y= = , where ( , )T

i ix y is the image coordinates of iX , 

then we have 

1 2 3

1 1 1 2 2 2 3 3 3

1 2 3

1 1 2 2 3 3

ˆ ˆ ˆ ˆ

1 1 1 1

1 1 1 1

x x x x

L y L y L y L y

x x x x

y q y q y q y

l l l
� 
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 � 

� � � � � � � �= + +� � � � � � � �
� � � � � � � �
� � � � � � � �
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 � 
 � 
 � 

� � � � � � � �� = + +� � � � � � � �
� � � � � � � �
� � � � � � � �

 

where  1ˆ ˆ
i i iq L Ll -= and 1 2 3 1q q q+ + = . Now we can write the inverse depth of ( , )Tx y in 

terms of a linear combination of inverse depths of ( , )T
i ix y  with the coefficients of iq  
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1 1 1 1 1 1 1
1 1 2 2 3 3 1 2 3
ˆ ˆ ˆ ˆ ˆ ˆ ˆq L q L q L L L L Ll l l- - - - - - -+ + = + + =  

Since the disparity is proportional to the inverse depth, the lemma is proved. 

 

In fact, a plane in normalized 3D space corresponds to a plane in the normalized 

disparity space. Here we derive the relationship. 

Suppose a 3D point ˆ( , , )TX u v L= lies on some plane ( , , , )Ta b c tp = such that 

 ˆ 0au bv cL t+ + + =  (4.17) 

Suppose the point’s projection on camera is x ( , ,1)Tx y= . From (4.8), we have  

 ˆ ˆ( , , ) ( , ,1)T Tu v L L x y=  (4.18) 

Combining (4.17) and (4.18), we have 

 1ˆ 0ax by c tL-+ + + =  (4.19) 

With 1ˆ ˆd L-= , Eqn. (4.19) can be rewritten as 

 ˆ 0ax by td c+ + + =  (4.20) 

Eqn. (4.21) means the point ˆ( , , )x y d  lies on the plane ' ( , , , )a b t cp = . Therefore, a 

plane ( , , , )Ta b c tp = in normalized 3D space corresponds to the plane ' ( , , , )a b t cp =  in 

the normalized disparity space, as Figure 4.6 shows. 
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Figure 4.6. Mapping between a 3D plane and the corresponding disparity plane.  

 

The above analysis shows that we do not need to fit a surface in the normalized 3D 

space to obtain depth for every pixel, but rather, we only need to operate on the 

normalized disparity field. Directly operating on the normalized disparity field has 

several advantages: 

1) The disparities can be directly used for stereo image rendering. If we compute a 

surface in 3D space, we still need to compute depth for every pixel for each image and 

this can be a time-consuming task. 

2) The disparity space is much smaller than 3D space and thus more robust for 

interpolation. For instance, a point with zero disparity corresponds to a point at infinity.  

3) The 3D space structure is more complex than the disparity field since the data point 

has one more dimension.  
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To synthesize a stereo view from the sparse disparities, we designed a two step 

approach: 1) interpolate the disparities on a regular grid points; 2) synthesize the stereo 

view based on the original image and the grid point disparities.  

The problem of predicting the values on unknown sites based on the known values on 

a sparse set of sites is known as regression or interpolation. Two popular approaches for 

this problem are radial basis function interpolation and Gaussian Process (GP) regression 

(which is also known as Kriging in geo-statistics field) [65, 66]. However, they are 

expensive when the number of points is large. In this dissertation, we propose a fast 

approach to obtain the grid disparities, which consists of four steps. Firstly, we do 

Delaunay triangulation from the sparse 2D points. After we have a set of triangles, we 

linearly interpolate every point inside the triangle based on the vertices. In the second 

step, we interpolate the grid disparities from the triangles and the vertex disparities. Since 

the triangles may not cover all points in the image, there may be some holes, which lead 

to zero disparity on the grid points. In the third step, we fill the holes and in the final step, 

we smooth the grid disparities.  

The first two steps and final smooth step are straightforward. For hole filling, we use a 

modified version of Laplace interpolation [67], which is also called Laplace/Poisson 

interpolation. The idea of the algorithm is to construct a linear constraint for each grid 

point based on its neighbors. Suppose 0y  is the value at a free point and uy , dy , ly  and 

ry are the values at its up, down, left and right neighbors, respectively, then a linear 

constraint is constructed as 

 0

1 1 1 1
0

4 4 4 4u d l ry y y y y- - - - =  (4.22) 
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For grid points with measured values, a different equation is constructed:  

 0 0y y=  (4.23) 

For special points on the grid boundaries, the constraints are 
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t corner)

1 1
0      (bottom-right corner)

2 2l uy y y- - =

 (4.24) 

Since every grid point corresponds to exactly one of the equations, we have exactly as 

many equations as there are unknowns. In standard Laplace algorithm, every grid point is 

used to construct the constraint matrix, which is used to solve the unknowns. While this 

is very useful when the number of known grid points is small (compared to the unknown 

grid points), it is not efficient when most grid points are known, since the number of rows 

and the number of columns of the matrix equal to the number of grid points used. In our 

system, we only use the holes and the known grid points which has at least one point of 

hole in its neighborhood. This makes the process much faster since almost all frames 

have only a few small holes. The modification is based on the observation that values on 

the hole sites are only influenced by the known points which have holes as neighbors. 

Figure 4.7 shows an example of interpolating grid point disparities from the original 

sparse disparities.   
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(a) (b) 

  
(c) (d) 

Figure 4.7. Disparity interpolation. (a) is the sparse disparities computed from the SfM 

reconstruction result. Yellow lines represent the disparity. From the sparse disparities, we 

do Delaunay triangulation and linearly interpolate the disparities for each triangle, the 

result is (b). From (b), we choose a set of regular grid points and then do bilinear 

interpolation. The result is (c). (d) shows the post processing result of (c) using Laplace 

interpolation and smoothing.  

 

After we have grid point disparities, we can synthesize stereo views from the original 

images. In practice, we do not compute the disparities for each pixel in the source image 
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and then transfer the pixel to the target image based on the disparity, since this will 

introduce holes in the target image and the mapping is not precise due to round-off errors 

(i.e., the pixel position in the target image is always an integer). Instead, we do a 

backward mapping for stereo view synthesis. The procedure is as follows. Firstly, for 

each row in the source image, we interpolate a set of 1D grid disparities, say  

{ , | 1 }k kju d k N= � , where k is the grid index along x-axis, ku  the k-th horizontal grid 

position, j the index of the row of the image, and ( , )kj kd d u j=  the linearly interpolated 

disparity on point ( , )ku j  based on the two adjacent grid points ( , )k tu v  and 1( , )k tu v+  for 

1t tv j v +£ < . In the second step, we create the corresponding 1D grid disparities for the 

target image, say { ', '}kj kju d , where 'kj k kju u d= +  and 'kj kjd d= - . Finally, for each 

pixel 'x in the j-th row of the target image, we first interpolate the corresponding disparity, 

say 'd  based on { ', '}kj kju d , then interpolate the pixel value of ( ' ', )x d j-  in the source 

image and assign the pixel value to the pixel ( ', )x j  in the target image.  

One practical issue with stereo view synthesis is the choice of disparity scales, which 

corresponds to the choice of the baseline of a stereo camera. On one hand, too large a 

baseline will lead to too large disparities, which cause difficulty for human to obtain 3D 

perception. On the other hand, too small a baseline cannot give rise to good 3D 

perception. In practice, we compute a scaling factor from the grid disparities of the first 

frame such that with this scaling factor, the average disparity equals to a predefined value 

(e.g. 10 pixels). Then for each of other frames, the same scaling factor is applied. 
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4.2.4. Algorithm 

In this section, we present the complete algorithm based on the above discussions.  

Algorithm Stereo Video Synthesis 

Input:  A monocular image sequence 

Output:  A stereoscopic image sequence 

Algorithm:  

1) Do point tracking to obtain point correspondences {x }ji .  

2) Do structure-from-motion to obtain an affine/Euclidean reconstruction of cameras 

{ }jP and points { }iX� . 

3) Extract the normalized disparities for points{x }ji  based on (4.15) and (4.6).  

4) Interpolate the normalized disparities on a regular grid; Compute a scaling factor 

l such that the average of grid point disparities in the first frame equals to a predefined 

value (e.g. 10); Scale the grid point disparities with l  for other frames. 

5) Synthesize stereo views using the original views and the grid disparities. 



101 

 

 

Figure 4.8. The processing flow of stereoscopic view synthesis from monocular image 

sequences. 

The corresponding system flow is depicted in Figure 4.8. Note the framework shown 

in Figure 4.8 is quite general and different implementations can be used under this 

framework. For instance, we can use different interpolation strategies. We can also use a 

different point tracking algorithm rather than KLT. The structure from motion module 

can also be customized for different applications. In the dissertation, we introduced our 

implementations for endoscopic videos. The framework can also be directly used for 

other kinds of videos.  

 

4.3. Results 

We present four experiments in this section to show the effectiveness of the proposed 

approach. In the first experiment, we verify our algorithm using simulated data for which 
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we have the ground truth model. Experimental results from three different sets of real 

endoscopic images are then provided to illustrate the performance of the algorithm with 

real images. In our current implementation, since no code optimization has been done, the 

speed performance is not evaluated. 

In all the four cases, we created a video clip to facilitate the visualization of the final 

results.  

4.3.1. Results from Synthetic Data 

We have already introduced our synthetic data in Figure 4.4 at Section 4.2.2. In Figure 

4.4, we illustrated the results of the SfM process. Here we present the results of disparity 

interpolation and synthesized stereo views, which are shown in Figure 4.9. Due to space 

limit, only four frames are picked to illustrate the results at different stages. The frame 

indices are 0, 2, 11 and 29, respectively. In the beginning frames, the triangles obtained 

from the projected 3D points cannot cover the whole image, as shown in the first three 

images of the second row of Figure 4.9. As the camera moving forward, the uncovered 

region becomes smaller and smaller, since the moving directions of feature points are 

outward. The third row shows the final dense disparity map after grid disparity 

interpolation, hole filling by Laplace interpolation and smoothing.  While frame 0 still 

has black regions, frame 2 and frame 11 successfully fill all the holes. The reason is that 

the disparities of all the boundary points in frame 0 are zeros. From the constraints of the 

Laplace interpolation algorithm, we can see that the boundary point values are only 

dependent on the boundary points. Once there is one non-zero boundary point, all the 

black region will be filled, including the boundary points, as frame 2 shows. The result of 
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frame 2 shows that even large black regions can be interpolated. The fourth row shows 

the ground truth disparity maps of each frame, which are exactly same due to the 

experiment setup. For comparison, we scale the disparity map such that the mean value is 

the same as that of the result of frame 29. Comparing the third row and fourth row, we 

can see that the result of frame 29 is very close to the ground truth, except that it is more 

blurred, due to the smoothing operation. The result of frame 11 is also close to the ground 

truth, except some artifacts in the lower left corner, which are interpolated black region. 

Other black regions of frame 11 are gracefully interpolated. The artifacts in frame 2 are 

more obvious, but still tolerable. In our test, the synthesized stereo view of frame 2 can 

still provides good 3D experience. 
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0 2 11 29 

Figure 4.9. Results of synthetic data. Intermediate results of four frames (0, 2, 11 and 29) 

are shown. The first row is the frame index. The second row is the dense disparity after 

triangulation and interpolation. The third row shows the final dense disparity after grid 

point sampling, holes filling and smooth. The fourth row shows the ground truth disparity 

image (after properly scaled). The last row shows the synthesized stereo views in red-

cyan format. 
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4.3.2. Real Data Experiments 

Three real monocular endoscopic videos are used to test the system. From Figure 4.10 

~ Figure 4.12, we present the results on three different datasets, with the name 

FRYOVER, CREEL and GRAY respectively. For each dataset, the dense disparity maps 

and synthesized stereo views of four frames are presented (see third row and fourth row 

of each figure). The first row of each figure shows the picked frame indices and the 

second row shows the original frames. Unlike the synthetic data, all of the real datasets 

are very challenging. For instance, the white glare points change as the camera moves; 

the surface is not rigid; some fluid may flow on the lens and etc. All these challenges 

make the point correspondences calculation difficult, or simply fail, especially for a long 

sequence. In practice, we cut a long sequence into small segments and we process each 

segment individually. For FRYOVER dataset, a segment contains 50 frames and for 

CREEL and GRAY dataset, a segment contains 20 frames. Another practical challenge is 

that most of the feature points are nearly coplanar, which means a near degenerated 

situation for 3D reconstruction. As described in Section 4.2.2, we exploit the translation 

movement of endoscopy cameras and thus simplify the fundamental matrix model 

significantly, which make the reconstruction algorithm much more robust for near 

degenerated case. Such simplification also directly leads to affine reconstruction from 

uncalibrated images. Other robust techniques we used include RANSAC and bundle 

adjustment. As a result, despite all of the challenges of real endoscopic data, our system 

can still successfully recover the camera motions and many 3D points. The dense 

disparity maps correctly reveal the general relative depth, although there are also some 
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inconsistencies. We visually inspected the synthesized views using red-cyan glasses and 

obtained significantly enhanced 3D experiences. 

0 15 30 46 

Figure 4.10. Results of real endoscopic data (FRYOVER). 

4.4. Summary 

This chapter presents an approach to synthesize stereoscopic views from monocular 

endoscopic videos. A general framework as well as the detailed implementation were 

introduced. The framework consists of two major steps: structure from motion and 

disparity interpolation. We proposed the concept of normalized disparity, which can be 

computed from the SfM results and used for stereoscopic view synthesis. We proved that 

affine reconstruction is enough for stereoscopic view synthesis, although a good 3D 

model usually requires Euclidean reconstruction. To obtain an affine reconstruction from 
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uncalibrated videos, we exploit the fact that the endoscopy camera has nearly 

translational motion for much of the acquisition time. By assuming two initial frames 

with no relative rotation, the fundamental matrix computation becomes much more robust 

due to significant reduction of degrees of freedom. As a result, the 3D reconstruction is 

also much more robust than the approach which assumes general motion. We also proved 

that linear interpolation in the normalized disparity field equals to linear interpolation in 

the 3D space. This result justifies our approach of linear disparity interpolation. 

Experiments demonstrate the effectiveness of the proposed approach. 

0 12 19 45 

    

    

    
Figure 4.11.  Results of real endoscopic data (CREEL). 

 

Currently, the dense disparity map still contains inconsistencies, due to the errors from 
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the SfM process. In the future, we plan to improve the robustness of dense disparity map 

calculation by exploring more sophisticated interpolation and filtering algorithms. 

Another possible direction is to estimate the disparities for more feature points (in 

addition to the initial tracked feature points), which will make the final disparity map 

more accurate. However, one drawback of the idea is that it will degrade the speed of the 

system. A tradeoff between speed and accuracy will be necessary. 

 

 

0 7 14 19 

    

    

    
Figure 4.12. Results of real endoscopic data (GRAY). 
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5. RAPID CONES AND CYLINDERS MODELING FROM A SINGLE VI EW 

5.1. Motivation 

3D reconstruction of objects from images has been an active research topic in 

computer vision for many years. Existing approaches can be classified into two general 

categories: fully-automatic approaches and semi-automatic/interactive approaches. While 

being theoretically attractive, fully-automatic approaches (e.g.,[31, 68, 69]) often rely on 

heavy assumptions about the objects/scenes to be modeled and they still face a lot of 

fundamental challenges in practical applications. For example, the lack of reliable feature 

correspondences and dense depth estimation often renders many algorithms inadequate 

for even a simple scene/object.  

In the meantime, interactive modeling from images has seen significant progresses. 

Through integrating a user’s inputs into the modeling algorithms, an interactive approach 

has the potential of overcoming many challenges faced by a fully-automatic technique. 

One early such approach is Facade [70] (which was later integrated into the commercial 

software Canoma [71] and was a source of inspiration for ImageModeler [7]). Another 

system, ShapeCapture [72], adds more automation to interactive modeling. The approach 

of [73] fits a simple 3D mesh model to a photo, which is fast but suffers from the lack of 

accuracy. [6] proposed methods for measuring the length of vertical or horizontal lines 

from an single uncalibrated image. One of the most recent systems is the “PhotoMatch” 

tool in the SketchUp software [8], a commercially available 3D modeling tool by Google, 

which interactively constructs a model from an image, using built-in 3D modeling 

operations such as 2D sketch plus push/pull. However, most of the systems only deal 
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with lines, planes, cubes, prisms or cues on certain planes. While cone-like and cylinder-

like structures are abundant in man-made environments (e.g., cups, cylindral 

pillars/columns, pipes and etc), current state-of-art image-based modeling software either 

does not provide a tool for modeling cones and cylinders, or requires sophisticated 

procedures or strong prior knowledge for the modeling. In this dissertation, we presents a 

novel modeling approach for cones and cylinders based on a minimal set of 2D image 

control points on the object. The resultant techniques enable easy, fast and accurate 

modeling from a single image. We have implemented the techniques as a SketchUp 

plugin based on the algorithms described in this chapter, demonstrating the potential of 

the approach for being used in practical software for supporting easy and rapid cone and 

cylinder modeling from a single image.  

Cones and cylinders are special kinds of Surface of Revolution (SOR) objects and 

SOR reconstruction from images has been developed in the past [5, 74-78]. The SOR 

reconstruction tool in Facade [1] assumes the full 3D information of the axis of the SOR 

object is already known. [75] proposed an algorithm which can only do projective 

reconstruction of SOR objects. In [76-78], an algorithm purely based on the silhouettes 

was proposed, with the result having two ambiguities. The approaches in [5, 79] can 

metric-reconstruct SOR objects from uncalibrated images. However, both of them rely on 

two cross section contours to estimate the camera’s internal matrix as well as orientation. 

In reality, cone objects may just have one obvious cross section contour. In addition, 

specifying the two cross section contours is not trivial. The approach in this dissertation 

only use one cross section contour and two edge lines, which is a weaker requirement.  
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Although fully automatic tools have been developed based on the object contours [79], 

they are not appropriate for modeling a complex environment, where the user need the 

full control and a simple interactive interface. One common way for the user to model the 

objects is to specify the control points or lines. The methods based on two cross sections 

require a user to specify at least 10 points (since a general ellipse has 5 degrees of 

freedom), which is very inconvenient for the user. By exploiting the symmetry of the 

silhouette of the SOR objects, our approach requires only at most five control points, 

which makes the modeling process much faster and easier.  

Other related work includes freeform surfaces modeling. The system by Zhang et al. [4] 

allows users to interactively draw a 3D mesh out of a 2D image, and the method by 

Prasad et al. [80] incorporates user-specified data such as surface normals and object 

contours into their optimization-based modeling procedure. [2, 3] proposed a full 

automatic approach to recovery a 3D mesh from the image based on learning and Markov 

random fields formulation. [72] models free-form surfaces based on multiple images and 

requires a user to specify point correspondences, which is not convenient. These methods 

focus on general free-form surfaces and are not appropriate for cones and cylinders 

modeling. 

The core feature of our approach is that a user just needs to click and move several 2D 

control points on the image to model the object. Based on the pose information (relative 

pose between the camera and the object), we consider two different scenarios. In the first 

case, we assume that the objects stand on the ground and that the camera orientation with 

respect to the ground plane is already determined. The second case does not have these 
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constraints. While the first case can be viewed as a special case of the second, it requires 

fewer points and thus is much easier to handle from a user’s perspective. The practical 

motivation of this classification is that many objects of interest in the real world stand on 

the ground and that the camera orientation can be easily calibrated based on two sets of 

parallel lines, which are also common in man-made environments (see Section 2 for 

orientation calibration). 

Table 1 summarizes the required control points for different scenarios. While the DoFs 

of the problems match intuitively the number control points (times 2 for x and y) in our 

approach, this does not imply that a straightforward reconstruction algorithm will entail 

with any control points (of enough number) since all the control points a user can click 

are only 2-D image points. Consequently, one of the contributions of the work is the 

reconstruction algorithm using only 2D image points. For example, in the case of a cone 

standing on the ground, the “edge point” p2 (see Table 1) we ask a user to click generally 

does not have the same depth as the vertex does. Imagine that the cone is very close to 

the camera. Then only a small portion of the cone is visible in the image domain. That is, 

p2 is only an “apparent” edge point in the image but not the true outmost point on the 

physical contour of the bottom circle of the cone. Therefore, clicking on the vertex p1 and 

the “edge point” p2 does not immediately give us the 3D cone.   
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Table 5-1. Classification of Objects and The Control Points to Model Them. 

 Cylinders Cones Cone Sections 

Standing On 

the Ground 

   

# of control 
points 

2 2 4 

General 

poses 

   

# of control 
points 

4 4 5 

 
 

The rest of the chapter is organized as follows. Section 5.2 describes techniques for 

camera calibration. Section 5.3 presents the modeling algorithms for each type of the 

objects. Synthetic and real data experiments are presented in Section 5.4 and the 

conclusions are drawn in Section 5.5. 

 
5.2. Camera Calibration 

Image-based modeling systems usually start with camera calibration, which has been 

thoroughly discussed in [22]. In our system, we require that the camera internal 

parameters be determined before modeling the objects with general pose. For objects 

standing on the ground, we require both internal parameters and orientation of the camera 
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are determined before the modeling process starts. Since the camera internal parameters 

are independent of the scene, we can calibrate the camera beforehand, by either using 

calibration objects or the scene information (e.g., vanishing points). We may also simply 

use the EXIF tags in the image itself. Once the camera is calibrated, we can use the 

information to model the objects with general pose from any image captured by the 

camera, as long as it does not change its view angle. To model objects standing on the 

ground with fewer control points, knowing only the internal parameters is not enough and 

thus we need to estimate the camera orientation relative to the ground plane based on the 

scene information in the image. [81] gives an approach to calibrating the camera and 

estimating the camera orientation based on two orthogonal vanishing points on horizontal 

planes. This scheme is also used in PhotoMatch [8]. In this section, we give a brief 

introduction to this technique. Note that other calibration techniques also exist. 

For a single image, two orthogonal vanishing points give one constraint on camera 

parameters:  

 1
1 2( ) 0T Tv KK v- =            (5.1) 

where v1 and v2 are two orthogonal vanishing points and K is the camera’s internal 

matrix. Usually, we can assume the principal point is at the image center, no skew and 

square pixels, thus the only unknown is the focal length, which can be determined from 

above constraint (Note that this method will fail when one vanishing point is approaching 

infinity). In practice, such two vanishing points can be determined from two set of 

parallel lines with orthogonal direction, as Figure 5.1 shows.  
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Figure 5.1. An example of camera calibration from two set of parallel lines with 

orthogonal directions (see green and red lines). 

 

In real 3D environments, the objects typically stand on the ground plane, for instance, 

the buildings. Therefore, we define the world coordinate system such that its y-axis is 

perpendicular to the ground plane (as in Figure 5.2 x-y-z; x-y-z is the camera coordinate 

system). Under this coordinate system, the objects standing on the ground plane can have 

a very simple representation that supports the development of a simple reconstruction 

method. This coordinate system definition is similar to that in SketchUp, where the z-axis 

is perpendicular to the ground.  

 

Figure 5.2. The world coordinate system and the camera orientation R. 
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To estimate the camera’s orientation under the world coordinate system, we can further 

use the vanishing points. Suppose the vanishing point along x direction is v1, then we 

have 

1(1,0,0)TKR v=  

Since K is known, we move it to the right side of the equation and we have 

1 1 1
1 1 1 1(1,0,0) / || ||TR K v r K v K v- - -= ® =  

where 1r is the first column vector of R, which can be written as  

1 2 3[ , , ]R r r r=  

Given another orthogonal vanishing point, say v1, then another column vector is 

determined. Since the R is an orthogonal matrix, i.e. the column vectors are perpendicular 

to each other, thus the last column vector can be determined from other two column 

vectors.  

Recently, lots of circles based calibration algorithms have been proposed [82-85]. 

They usually use two or more parallel circles for calibration and orientation estimation. 

This technique can be useful for camera calibrations when the parallel lines are not 

present in the scene, for instance, when only an SOR object is in the scene and two cross 

section contours are visible. The disadvantage is that circles are harder to specify than 

lines.  

Recovering the orientation of camera can be useful to model objects standing on the 

ground. For instance, for cones and cylinders standing on the ground, only two points are 

enough for modeling. However, for objects with general pose, the orientation is not 
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important. When there are no orthogonal vanishing points on horizontal plane, we can 

simply setRto be an identity matrix and use general object modeling algorithms. 

 
5.3. Modeling Based on Minimal Control Points 

After the camera is calibrated, we can begin the modeling process. This section 

presents the algorithm for cones and cylinders modeling based on several points. Before 

the introduction of cones and cylinders modeling, we first introduce some basic tools and 

notations that will be used in the modeling process.  

5.3.1. Point Reconstruction 

From the previous section, we have obtained K and R. Suppose that the camera center 

is the origin of the world coordinate system. For a 3D point and its corresponding image 

point, we have 

1x [ | 0] x xKR I X KRX X Ml l -® = ® =��    (5.2) 

where M KR=  is usually called “infinite homography”, x ( , ,1)Tx yp p�  is the 

homogeneous coordinates of the image point p and  ( , , ,1)TX x y z� � is the homogeneous 

coordinates of the 3D point X. This equation shows that the 3D position of an image point 

has only one degree of freedom (DOF), namelyl . With one constraint added to this point, 

its 3D position is determined. 

5.3.2. Normalization of Image Points and the Normalized View 

Eqn. (5.2) suggests that there is a linear relationship between the 3D point X and its 

image point x. We can further simplify the relationship by normalizing the image point 

with 1M - ,  
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1 1x̂ x ( ) xM KR- -= =  

where ̂x  is called “normalized point”. With the normalized point, (17) becomes 

x̂X l=  

which is much simpler. It will become clear that the normalized points are useful for 

the reconstruction of the objects. We call the image transformed with 1M - ”normalized 

view”. From now on, we will operate on the normalized view and thus all points are 

normalized points.  

5.3.3. Rotations 

In normalized view, if the camera is rotated by Rt, then a point ̂ 'x  in the new view and 

its corresponding point̂x in original view is related by 

ˆ ˆ' tx R x=      (5.3) 

Since  

1 1 1
ˆ ˆ ˆ' ' t t tx X R X R x R xl

l l l
= = = =  

(5.3) suggests a way to estimate object’s pose or camera orientation based on the 

normalized image point correspondences, which we will later be used in modeling 

process.  

A rotation might be decomposed into three different kinds of basic rotations, which are 

rotations around the x, the y and the z-axis respectively. The rotation around the x-axis is 

1 0 0

( ) 0 cos( ) sin( )

0 sin( ) cos( )
xR q q q

q q

� �
� �= -� �
� �	 


   (5.4) 
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The rotation around the y-axis is 

cos( ) 0 sin( )

( ) 0 1 0

sin( ) 0 cos( )
yR

q q
q

q q

� �
� �= � �
� �-	 


   (5.5) 

And the rotation around z-axis is 

cos( ) sin( ) 0

( ) sin( ) cos( ) 0

0 0 1
zR

q q
q q q

-� �
� �= � �
� �	 


   (5.6) 

The modeling algorithms estimate the orientation by sequentially rotating the camera 

along different axes.  

 

   

(a) (b) (c) 

Figure 5.3. Cone reconstruction from different views. (a) standard view; (b) a view where 

the cone is standing on the ground and (c) a view where the cone is not standing on the 

ground. 

 

5.3.4. Cone Modeling 

This section presents the algorithm of cone modeling based on a set of points. We 

defined two types of cones: 1) the cones standing on the ground, i.e. the cone axis is 
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perpendicular to the ground plane; 2) general cones whose axis is unknown. We will 

show that for the first case, two points are enough to reconstruct the cone and for the 

second case, we need four points, as shown in Figure 5.3b and Figure 5.3c respectively. 

Before describing the modeling algorithm, we need first define the model representation.  

5.3.4.1. The Cone Model 

We first define a coordinate system for a cone such that its representation is simple. 

Figure 5.4 illustrates the cone coordinate system (O-X-Y-Z) and the camera coordinate 

system (O-x-y-z). Note we keep the origin of cone coordinate system the same as that of 

camera coordinate system. In this way we can rotate the camera such its coordinate 

system can match cone coordinate system. The Y axis of the cone has the same direction 

of the cone axis and the Z axis intersects at the cone axis. In the coordinate system, the 

cone model can be represented as 

0 0M ( (0, , ) , , )T
c vc y z r y= =     (5.7) 

where c is the center of a cross section circle and r is its radius. yv is the height of the 

vertex of the cone. Without losing generality, we can define z0 = 1 which means the 

distance of the cone axis is 1. We call this coordinate system is the “standard coordinate 

system” of the cone. When the camera coordinate system is the same as the standard 

coordinate system of the cone, we call the image it captured a “standard view” of the 

cone. Similar to the cone model, a cone section model is represented as 

0 0M ( (0, , ) , , , )T
c v tc y z r y y= =  

where yt is the top height. 
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Figure 5.4. Coordinate system of the camera (O, x, y, z) and the cone (O, X, Y, Z). 

 

In general, a cone can be represented by 

0� ( , ,M )R d=  

where R is the rotation matrix of the cone’s coordinate system under the world 

coordinate system; d is the depth of the cone axis in the standard coordinate system of the 

cone. Figure 5.5 shows a general cone model under the world coordinate system. 

 

Figure 5.5. The world coordinate system and a general cone. 

 

With the model is defined, the problem becomes how to compute the model 

parameters based on several points on the image as shown in Figure 5.3, i.e. 

1( ,..., )nM f p p=  
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For the cones standing on the ground, n = 2. 1p is the cone vertex and 2p  is the bottom 

point on one edge. For a general cone, n = 4. The first two points are same as previous 

case, 3p  is a point on the bottom circle and 4p  is a point on another edge (except the 

vertex). We first consider the reconstruction from the standard view (see Figure 5.3a). 

Reconstruction of cones standing on the ground and general cones can be transformed to 

this case by rotating the camera. 

5.3.4.2. Reconstruction of Cones from the Standard View 

From the standard view, two points on the image are sufficient for 3D reconstruction 

of a cone. One point is the vertex and another point is on the edge, as Figure 5.3a shows. 

Basically, we need to determine the 3 parameters in (5.7) from the vertex point p1 and 

another edge point p2. Since we assume the depth of the cone axis is 1, the 3D position of 

the vertex can be obtained from its image point p1 based on the constraint that it is on the 

cone axis. (5.8) illustrates the process for the estimation of the vertex height yv. 

1 1 1

1 1

1 1 1

ˆ (0, , )

1 1/

/

T

v

V p y z

z z

y y y z

l l
l l

l

= =

= � =

= =

   (5.8) 

where V are the 3D coordinates of the vertex. Note we use the normalized image points. 

Now the problem boils down to determine the remaining parameters yc and r. Given 

one edge line of a cone in the standard view, we can determine any cross section touching 

the line. We use the property of surface of revolution from [13]: the apparent contour is 

tangent to an imaged cross section at any point of contact. Under projective 



123 

 

transformation, if projected to a horizontal plane, the apparent contour is still tangent to 

the cross section which is now a circle. Figure 5.6 shows this property. 

 

Figure 5.6. Use points to reconstruct a cone in the standard view. 

 

We can transform the standard view to the horizontal plane by rotating the camera with 

a right angle:  

1 0 0

( / 2) 0 0 1

0 1 0
g xH R p

� �
� �= - = � �
� �-	 


   (5.9) 

On the horizontal plane, the cross section becomes a circle and tangent to the projected 

edge line (from the above property) Combined with another constraint that the circle 

center is on the y-axis, the circle is determined for any point of contact, which is provided 

by users, say p2. Specifically, we can compute the cross section passing p2 as follows: 

1)  Transform the normalized view to the horizontal plane with Hg  
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2 2 0 0

1 1

1 2

ˆ ˆ' ( , ,1)

ˆ ˆ'

ˆ ˆ ˆ' ' ' ( , , )

T
g

g

T

p H p x y

p H p

l p p a b c

=

=

= ´ =

�

    (5.10) 

where ̂ 'l  is the line passing the transformed point 1ˆ 'p  and 2ˆ 'p . 

2)  From Figure 5.6, we can compute the circle in the horizontal plane which is tangent 

to ˆ 'l at 2ˆ 'p : 

2 0 0

1
2 0 0

2 2
2 2 0 0

ˆ ' (0, ( / ) ,1)

ˆ ' (0, 1, ( / ) )

ˆ ˆ| | ' ' | | ( / )

T

T
center g

c y b a x

P H c y b a x

r p c x bx a

l

l

l l

-

= -

® = = - -

= - = +

   (5.11) 

From the definition that the depth of the cone axis is 1, we have 

0 0 0 0( ( / ) ) 1 1/ ( ( / ) )y b a x y b a xl l- = � = -    (5.12) 

Thus 

0 0

2 2 2
0 0

0 0 0 0

1 1/ ( ( / ) )

( / ) 1 ( / )

| ( / ) | | / ( / ) |

cy y b a x

x bx a b a
r

y b a x y x b a

l= ´ - = - -

+ +
= =

- -

   (5.13) 

The reconstructed model is subject to a scale factor, since we assume the cone axis’s 

depth is 1. This freedom can be removed if we know the 3D position of any point on the 

cone. 

5.3.4.3. Reconstruction of Cones Standing on the Ground 

In general, the cone is not in the “standard view” and we need to determine the object 

pose R, such that by rotating the camera with R-1, we may transform the normalized view 

to the standard view of any cone in the image.  For the cones standing on the ground, we 
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can simply rotate the camera around the y-axis. Because in the normalized view, the 

camera’s y axis is the same as the Y-axis of the world coordinate system, which is 

parallel to the cone axis. The rotation can be estimated by transforming the vertex onto 

the y-axis in the normalized view. 

1

1

( )

ˆ( ) (0, , )

y

T
y

R R

R p a b

q

q

- =

=
 

 

  
(a) (b) 

  
(c) (d) 

Figure 5.7. Using four points to reconstruct a cone section standing on the ground. 

 

For cone sections standing on the ground, since the vertex is not available, we need 

another two points on another edge such that the vertex can be determined through the 

intersection of two edge lines. Table I shows the points to reconstruct a cone section 

standing on the ground. In Figure 5.7, we show an example of reconstructing a cup 

standing on the ground. The four points are shown as green circles in Figure 5.7a. The 
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vertex (blue circle) is automatically computed from two edge lines.  The algorithm first 

rotates the view to “standard view” of the cone as shown in Figure 5.7b, where the vertex 

is lying on the y axis. The green box shows the size and position of the original image. 

The red horizontal line is the x-axis in the standard view and the vertical red line is the y-

axis. From standard view, the camera rotates again around the x-axis with a right angle, 

so the overhead view of the ground is obtained in Figure 5.7c, where the cross section 

contour of cap/bottom becomes a circle (Note the black pad on table becomes a circle 

too). From Figure 5.7c, the 3D position and size of the cap/bottom circle can be 

computed using the algorithm in the above Section. Figure 5.7d shows the 3D mesh of 

the cone section based on the estimated parameters. 

5.3.4.4. Reconstruction of General Cones 

Similar to the reconstruction of cones standing on the ground, we need to find a 

camera rotation such that the view is transformed to the standard view, in which the 

camera’s y axis is parallel to cone axis and the camera’s z axis intersect the cone axis. We 

show that four points as specified in Figure 5.3c are enough to determine the R.  

Basically, we exploit two properties of the geometry of the camera and the cone: 

Property 1: When the axis of the SOR object lies on the yz plane of the camera, its 

apparent contour on the image exhibits symmetry with respect to the center vertical line. 

In this case, the camera’s x-axis is the same as the X-axis of the cone coordinate system 

(see Figure 5.4). 
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Property 2: When the camera’s z-axis is parallel to the axis of the SOR object, the 

cross section circle is imaged as a circle. In this case, the camera’s z-axis is on the Y-axis 

of the cone coordinate system. 

From these two properties, we design a two-step algorithm to determine the camera 

rotation, with step one based on property 1 and step two based on property 2. In step 1, 

we synthetically rotate the camera such that the two edge lines in the new image are 

symmetric about the imaged y-axis, as Figure 5.8b shows. The rotation is constructed by 

three steps: 1) rotate around the z-axis so that the vertex is transformed onto the imaged 

y-axis; 2) rotate around the x-axis so that the vertex is transformed to the origin on the 

image; 3) rotate around the z-axis so that the two edge lines are symmetric about the 

imaged y-axis. After the rotation, the camera coordinate system is shown in Figure 5.8a, 

where the x-axis is the same as the X-axis and the z-axis passes through the cone vertex. 

Formally, the rotation is: 

3 2 1( ) ( ) ( )s z x zR R R Rq q q=     (5.14) 

such that 

1 1

2 1 1

ˆ( ) (0, , )

ˆ( )( ( ) ) (0,0, )

T
z

T
x z

R p a b

R R p c

q

q q

=

=
 

and 3q  is determined by computing the average angle of two transformed edge lines. 

After the rotation, the points are transformed toˆ ˆs
i s ip R p= , as Fig. 8a shows. 
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(a) (b) 

  
(c) (d) 

Figure 5.8.  (a) Camera coordinate system after step 1; (b) the result image after step1; (c) 

Camera coordinate system after step 2; (d) the result image after step 2. 

 

In step 2, the camera is rotated around the x-axis such that the contour ellipse is 

transformed to a circle, as Figure 5.8d shows. Formally, 

1 0 0

( ) 0 cos( ) sin( )

0 sin( ) cos( )
c xR R q q q

q q

� �
� �= = -� �
� �	 


   (5.15) 

such that 

1( ) ( )x xR ER Cq q- =     (5.16) 

where E is the ellipse of a cross section contour and C is a circle. Since the ellipse is 

symmetric about the imaged y-axis after the rotation of step 1, it can be represented as 
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0 0

0 / 2

0 / 2

a

E c e

e f

� �
� �= � �
� �	 


 

which means for any image point (x, y) on the ellipse, 

2 2 0ax cy ey f+ + + =  

From (5.15) and (5.16) we have 

0 0

0 ' '/ 2

0 '/ 2 '

a

C c e

e f

� �
� �= � �
� �	 


 

Where 

2 2' cos ( ) sin( )cos( ) sin ( )c c e fq q q q= - +  

Since a circle has the constraint that 'c a= , we have 

2 2

2

cos ( ) sin( )cos( ) sin ( )

( ) ( ) 0  where  tan( )

c e f a

f a t et c a t

q q q q

q

- + =

� - - + - = =
  (5.17) 

Eqn. (5.17) provides us with two solutions. We can decide one by requiring the fifth 

control point is in the front face of the cone. 

To get the rotation angle, first, we need to fit the ellipse, i.e. determine the parameters 

of E. From Figure 5.8b, we estimate the ellipse from three points: the vertex 1ˆ
sp ,  contour 

points 2ˆ sp  and 3ˆ sp . A line tangent to a conic on a point gives 2 constraints 

2 1 2ˆ ˆ ˆ   where   s s sl Ep l p p= = ´       (5.18) 

A point on a conic gives one constraint: 
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3 3ˆ ˆ 0sT sp Ep =         (5.19) 

Since E is homogeneous, it has only 3 degrees of freedom and we can simply set f = 1. 

Thus E can be determined from  (5.18) and (5.19). 

After step 2, the camera coordinate system is as Figure 5.8c shows. It’s easy to rotate 

the camera again to the world coordinate system by rotating around the x-axis by / 2p . 

Combine all the rotations, the cone pose can be determined by 

1 ( / 2)x c sR R R Rp- = -       (5.20) 

Figure 5.9 demonstrates the algorithm step by step. The green box refers to the original 

size of the image. The vertical and horizontal red lines are y and x axes of the image. In 

Figure 5.9a, we manually pick five points on the edge of the cup. The red lines are edges 

generated by four edge points and they intersect at the vertex of the cone, which is shown 

by the blue circle. In Figure 5.9b, we compute 1( )zR q  in (7) so that the vertex is 

transformed onto the y-axis. In Figure 5.9c, we compute 2( )xR q  so that the vertex is 

transformed to the origin. In Figure 5.9d, we compute 3( )zR q  so that the edge lines are 

symmetric about the y-axis. An ellipse is fit to the cup bottom and the result is shown in 

Figure 5.9e. In Figure 5.9f, we compute cR  so that the ellipse is transformed to a circle. 

After applying ( / 2)xR p-  to Figure 5.9f, we get the standard view of the cone (see 

Figure 5.9g) and the vertex coordinates are determined. Figure 5.9h shows the mesh of 

the reconstructed cone model. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

  
(g) (h) 

Figure 5.9. Use five points to model of a general cone section. 
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5.3.5. Cylinder Reconstruction 

A cylinder is a special type of cones with the vertex at infinity. It can be more easily 

reconstructed than cones, especially in the un-calibrated case. The same as cone 

reconstruction, we defined two types of cylinders: 1) the cylinders standing on the ground, 

i.e. the cylinder axis is perpendicular to the ground plane; 2) general cylinders whose axis 

is unknown. We will show that for the first case, two points are enough to reconstruct the 

cylinder and for the second case, we need four points, as shown in Figure 5.10b and 

Figure 5.10c respectively. 

 

   

(a) (b) (c) 

Figure 5.10. Cylinder reconstruction from different views. (a) 2 points from the standard 

view of a cylinder; (b) view of a cylinder standing on the  ground; (c) view of a cylinder 

not standing on the ground. 

 

5.3.5.1. The Cylinder Model 

Similar to cones, we first define a cylinder in its standard coordinate system as Figure 

5.11 shows. 

0L ( (0, ,1) , , )T
b tc y r y= =       (5.21) 
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where c is the circle of the cylinder’s bottom and yb is its height; r is the circle’s radius 

and yt is the top’s height. 

    

Figure 5.11. Coordinate system of the camera (O, x, y, z) and the cylinder (O, X, Y, Z). 

 

A general cylinder is defined by 

0L ( , ,L )R d=        (5.22) 

which is shown in Figure 5.12. 

 

Figure 5.12. The world coordinate system and a general cylinder. 

 

Thus, the cylinder modeling problem becomes how to compute the model parameters 

based on several points on the image as shown in Figure 5.10, i.e. 

1L ( ,..., )ng p p=  
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For the cylinders standing on the ground, n = 2. 1p is the top endpoint on the left edge 

and 2p  is the bottom point on the right edge. For a general cylinder, n = 4. The first two 

points are two end points of left edge and another two points are on the other edge. The 

same as cones, we first consider the reconstruction from the standard view (see Figure 

5.10a). Reconstruction of cylinders standing on the ground and general cylinders can be 

transformed to this case by rotating the camera. 

5.3.5.2. Reconstruction of Cylinders from the Standard View 

From the standard view, two points on the image are sufficient for 3D reconstruction 

of a cylinder, as Figure 5.10a shows. p1 and p2 are two endpoints on one of the cylinder’s 

edges. The problem is to estimate the parameters in (5.21) from p1 and p2. We can directly 

use the algorithm in Section 3.4.2: 

1 1 1 1

2 2 2 2

1 2

ˆ ˆ' ( , ,1)

ˆ ˆ' ( , ,1)
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�        (5.23) 
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       (5.24) 

5.3.5.3. Reconstruction of Cylinders Standing on the Ground 

Similar to cones, we need to find Ry, such that by rotating the camera with Ry, the 

normalized view is transformed to the standard view of the cylinder. We use the 

symmetry property again: in the standard view, two edges of the cylinder are symmetric 

about the y-axis. Using two edge lines, the rotation can be estimated by transforming the 
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lines in a general view to those in the standard view. Since in the normalized view, the 

edge lines are vertical, they are determined by only the x coordinate. By picking two 

points at up-left and bottom-right corners, a cylinder on the ground can be reconstructed, 

as Figure 5.13 shows. To estimate the rotation angle, we first compute the angles to 

transform p1 and p2 onto the y axis respectively. Then the average angle is the solution. 

1
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1 1
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(a) (b) 

  
(c) (d) 

Figure 5.13. Use two points to reconstruct a cylinder standing on the ground. (a) Two 

points for modeling the cylinder standing on the ground. (b) Standard view of the 

cylinder after camera rotations.  (c) An overhead view of the horizontal plane, in which 

cross sections become circles. (d) 3D mesh based on the modeling results. 
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5.3.5.4. Reconstruction of General Cylinders 

For a general cylinder not standing on the ground, we need four points to reconstruct 

the cone, as Figure 5.10c shows. In addition to p1 and p2, another two points (p3 and p4) are 

on the other edge. p3 and p4 are not necessarily the endpoints of the edge. Based on the 

two edges, we can estimate R by transforming the two edges to those in the standard view, 

i.e. symmetric about the y axis and vertical. Based on this property, we developed a two 

step algorithm to estimate the rotation. First, we transform the two edges to vertical lines 

in the image, just as those in the case of cylinders standing on the ground (see Figure 

5.10b). Then we can use the algorithm in the above section to further estimate another 

rotation.  

For the first step, we estimate the rotation by transforming the imaged vanishing point 

in the vertical direction to (0,1,0)T , which is the coordinates of vertical vanishing point in 

standard view. The original vanishing point can be obtained by intersecting two edge 

lines: 

1 2 3 4ˆ ˆ ˆ ˆ ˆ( ) ( )v p p p p= ´ ´ ´  

We want to find an rotation 1R  such that 

1 0ˆ ˆ (0,1,0)TR v v =�  

Rotating ̂v  to 0v̂  can be decomposed as two rotations: first rotate around the z-axis so 

that v̂  is moved to the y-axis on the image and then rotate around the x-axis so that v̂  is 

moved to infinity on the y-axis. Formally: 

1 2 1( ) ( )x zR R Rq q=  
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such that: 
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Figure 5.14 shows an example of reconstructing a cylinder with general poses. We first 

rotate camera such that two edge lines becomes vertical as Figure 5.14c shows. Figure 

5.14d is the standard view of the cylinder and Figure 5.14e is overhead view of cross 

section. Figure 5.14f shows the 3D mesh. 

5.3.6. Degenerate Case 

There exist some degenerate cases for which the proposed approach cannot deal with. 

Degenerate Case of Cones: The imaged vertex of a cone lies inside the imaged cross 

section contour, and thus it is impossible to find the line passing through the imaged 

vertex and tangent to the cross section contour. An example is when an upright cone is 

imaged from the overhead view. 

Degenerate Case of Cylinders: The cylinder is imaged from above/bottom such that 

the further circle is totally occluded by the closer circle, thus no edge lines can be found. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 5.14. Use four points to reconstruct a cylinder having general pose. (a) Four points 

to reconstruct a general cylinder. (b) The intersection point of two edges is rotate to y 

axis by rotation around z axis. (c) The intersection point is further rotated to infinity by 

rotation around x axis. (d) Standard view of the cylinder by rotating around y axis such 

that two edges are symmetric to imaged y axis. (e) An overhead view of cylinder such 

that the cross section becomes a circle. (d) 3D mesh based on the modeling results. 

 

5.4. Results and Discussion 

To evaluate our algorithms, both synthetic data and real data are used. In Section 5.4.1, 

we evaluate the accuracy based on synthetic data. In Section 5.4.2, we use real data to 
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demonstrate the speed and usability of our approach. We also demonstrate a useful 

application of our system, i.e., augmented reality. In Section 5.4.3, we make a qualitative 

comparison of our system and other state-of-art systems on cones and cylinders modeling 

from a single image. 

5.4.1. Accuracy Evaluation with Synthetic Data 

In practice, there may be accuracy issues when a user clicks a point on an image, and 

the errors may affect the final reconstructed model. In this subsection, we analyze the 

modeling accuracy using Monte Carlo simulation, in which Gaussian noise (with 

standard deviation of 1 pixel) is added to the ground truth image points before the 

modeling process. We test the modeling accuracy under different object orientation setup. 

For each orientation setup, we run the simulation for 1000 times. There are numerous 

configurations for cone’s shape, orientation and position in image. In the simulation, we 

first put the object in the center of the image and then rotate it around different axes. 

We introduced the modeling of three types of objects: cylinders, cones and cone 

sections. Since cone sections occurs more frequently than cones and cones can be viewed 

as a special kind of cone sections, i.e. the top radius is zero, we will only evaluate 

cylinders and cone sections.  

Based on object pose, we classify the objects into two types: objects standing on the 

ground and general objects. For the former case, only rotation around y axis is needed to 

be estimated. Therefore, we rotate the object around camera’s y axis, thus the object will 

move horizontally in the image. For the latter case, we rotate the object abound its own 

center, thus the object will always in the center in the image but with different 
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orientations. Since the object has exactly shape if it rotates about its own axis (which is 

the same as y axis), we will only rotate the object about x and z axes. For simplicity of 

visualization, we rotate around x axis and around z axis independently (experiments did 

show the correlation of errors between the two angles is small).  Table 5-2 summarizes all 

the experiment configurations. For cylinders and cone sections standing on the ground, 

we rotate it about camera’s Y axis and for the objects in general, we rotate them around 

their own x and z axes independently. 

Table 5-2. Experiment Configurations 

 Cylinders Cone Sections 

On Ground Y Y 

General X, Z  X, Z 

 

The simulation is carried out as follows: the image size is set to be 640 x 480; the 

vertical field of view is 40 degrees; the rotation (about each axis) varies from -50 to 50 

degrees, with an interval of 10 degrees. The cylinder’s parameters are set as 

0L ( (0, 0.2,1) , 0.2, 0.2)T
b tc y r y= = = = =  and the cone’s parameters are set as 

0M ( (0, 0.2,1) , 0.2, 0.4, 0.2)T
c v tc y r y y= = = - = = = . Figure 5.15 shows some examples 

of the simulations. 
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Figure 5.15. Examples of experiment setups. Columns show different angles of rotation. 

Rows show different objects and rotation around different axes. Note in real experiments 

the angles range from -50 to 50. 

 

Because the Euclidean reconstruction is up to a scale, we use the relative size to 

measure modeling error. We first scale the reconstructed model such that the bottom 

radius is equal to one, then we divide the scaled parameters by ground truth such that all 

ideal result is one. We call the results “normalized value”. For cones, we measure the 

height and cap radius. For cylinders, we measure the height.  
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Figure 5.16 ~ Figure 5.19 shows the modeling and orientation accuracy in terms of 

standard deviation. From the plots we can found that 

1) Rotation around z axis does not have much impact on the accuracy (see dashed 

lines in all figures). The errors are stable. 

2) Rotation around x axis has significant influence on the accuracy. When the 

rotation angle becomes larger, the error becomes larger (except for cylinder’s 

orientation). Actually, an extreme rotation around x axis leads to the degenerate 

case, which is described in Section 5.3.6.  

3) For objects standing on the ground, when rotation angle around y axis becomes 

larger, the error becomes smaller. The reason is that a unit angle (or length) 

occupies more space on the image when it is further away from the image center 

(see Figure 5.15). 

4) Accuracy of objects on ground is better than that of general objects. For cones on 

ground, the maximum error of modeling is below 2%; while for general cones, the 

average is about 2% and the error reaches to 11% when the x rotation angle is 50 

degrees. For cylinders on ground, the maximum error of modeling is below 0.8%.  

Overall, the modeling is accurate (below 2%) when the angles are between -40 ~ 40. 

When the rotation angle around x axis is out of the range, the object’s pose is near to 

degenerate configuration and the modeling becomes unstable.  
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(a) (b) 

Figure 5.16. Accuracy of general cones. 

 

  
(a) (b) 

Figure 5.17. Accuracy of cones on ground. 

 

  
(a) (b) 

Figure 5.18. Accuracy of general cylinders. 
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(a) (b) 

Figure 5.19. Accuracy of cylinders on ground. 

 

5.4.2. Results Using Real Data 

Two sample experiments using real images are presented to demonstrate the 

effectiveness and capability of the proposed approach.  

The first experiment (Figure 5.20) illustrates the reconstruction of 2 cone-shaped 

objects (coffee cups), using the cone section model. In the scene, one cup stands on the 

table and the other one lies on the table and is partially occluded by the first one. Each 

cup is reconstructed by five points. For the partially-occluded cup, we pick one endpoint 

of the upper edge behind the first cone. Although this point is invisible in the image, we 

are able to pick it through moving a point on the image such that the line passing this 

point and another visible endpoint matches with the edge of the cup. From the cup 

standing on the ground, the camera orientation is estimated. Then using the orientation 

information, the table face is reconstructed. We scale both cup models such that their 

lowest points touch the table. Figure 5.20c illustrates the full 3D results. To further 

visualize and validate the reconstructed 3D structure, we insert three 3D tea pots into the 

scene (Figure 5.20d), illustrating an application of augmented reality. 
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(a) (b) 

  
(c) (d) 

Figure 5.20. Reconstruction of two cups. (a) ~ (b): Use five points to reconstruct the cone 

sections; (c) Reconstructed 3D model; (d) Augmented reality using model information. 

Two tea pots are put the cap center of the cups. Another tea pot is put on the table. 

 

We developed a plug-in for SketchUp using its Ruby API [86]. The plug-in is able to 

do cones and cylinders modeling based on 2D control points, which is useful for image 

based modeling but not available in SketchUp. The modeling process is illustrated in 

video demos. Figure 5.21 shows some snapshots. When the user starts the modeling tool, 

the plug-in will generate several default control points (blue squares) and a default model 

based on these points are generated To model an object in image, the user just need to 

pick the control points and move them onto the object’s contour (Figure 5.21bc). When 

the user is moving the control points, model contour is generated and drawn (in dark geen) 

in real time. Therefore, the user can accurately adjust the control points by matching the 
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generated model contour with real object contour. Switching to other tools will finalize 

the reconstructed model (Figure 5.21d). 

  
(a) (b) 

  
(c) (d) 

Figure 5.21. Using a Google SketchUp Plug-In to model the objects. (a) is the input 

image. (b) use four points to reconstruct a cone section standing on the ground. (c) use 

two points to reconstruct a cylinder standing on the ground. (d) the result model. 

 
5.4.3. A Qualitative Comparsion of Our System and Other State-of-art Systems 

We now present a qualitative comparison of our system and other state-of-art systems 

for cones and cylinders modeling. Some existing software packages or approaches simply 

do not support cone/cylinder modeling from a single image. For those that support such 

modeling, they may require known axis of the cones/cylinders or a known 3D plane. In 

addition, their modeling procedures are quite complex and totally different from ours. For 

instance, SketchUp PhotoMatch requires a user first pick the center point of the circle on 

a plane, which is difficult to achieve on the image (especially considering perspective 
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distortion). Such comparisons are summarized in Table 5-3 and Table 5-4. Table 5-3 

compares the capabilities of modeling from a single or multiple images. PhotoModeler 

[87], ShapeCapture [72] and iWitness [88] have to rely on multiple image for modeling. 

Table 5-4 further compares systems which can do modeling from a single image. It 

shows that all other systems cannot handle cylinders or cones with general pose. For 

cylinders standing on a determined 3D plane, we also briefly describe the modeling 

procedures in the table. For example, Facade requires the axis is already reconstructed; 

SketchUp PhotoMatch requires the user to click the center of top or bottom circle of the 

cylinder, which is difficult to do; ImageModeler requires the user to click three points to 

reconstruct a circle on a plane, which is hard to control, especially when the contour is 

small in the image. Comparing to these systems, our system requires much simpler 

interactions, i.e., clicking two points on the apparent contour of the object.  

In summary, our system not only provides capabilities of general cone and cylinder 

modeling, which some other systems cannot handle, but also support much easier 

interaction for modeling cones and cylinders, compared with existing methods.  

Table 5-3. A Comparison on Capabilities of Modeling From a Single or Multiple Images  

Software         # of images Single Image Multiple Images 

Our System Yes No 

Facade Yes Yes 

SketchUp PhotoMatch Yes No 

ImageModeler Yes Yes 

PhotoModeler No Yes 

ShapeCapture No Yes 

iWitness No Yes 
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Table 5-4. A Comparison of Single Image Based Modeling Systems 

Standing on the ground General         objects 

Software Cylinders Cones Cylinders Cones 

Our System Click two points on the contour, 
one is the top-left and another is 
bottom-right. Both control points 
are easy to find in the image. 

Yes Yes Yes 

Facade Assuming the full 3D information 
of the axis is known, users click the 
contour points. 

Yes No No 

SketchUp 
PhotoMatch 

First construct a circle on a known 
3D plane by clicking the circle 
center and control the radius; then 
push/pull the circle to a cylinder.  

No No No 

ImageModel
er 

First construct a circle on a known 
3D plane by clicking 3 points on 
the plane; then push/pull the circle 
to a cylinder. 

No No No 

 

 
5.5. Summary 

We have presented an approach to 3D modeling from a single calibrated image based 

on minimum 2D control points. The methods of 3D reconstruction of cones and cylinders 

are described. The approach utilizes computer vision techniques in combination with 

simple manual manipulation of a few points on the image. Experiments show that our 

approach is able to achieve accurate and fast 3D modeling from images. 
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6. EXPLOITING VERTICAL LINES FOR MONOCULAR VISION BASE D 

MOBILE ROBOT NAVIGATION  

6.1. Motivation 

Vision-guided robot navigation has seen tremendous developments in recent years, 

largely due to the availability of low-cost imaging sensors and compact yet high-

performance processors that support image-analysis-based processing. For a mobile robot, 

two essential navigation tasks are obstacle detection and Simultaneous Localization and 

Mapping (SLAM). In many applications, the mobile robot may be considered to always 

maneuver on a planar surface. This is naturally true for indoor environments, and for 

outdoor applications, this may also be a good approximation in the immediate small 

neighborhood of the robot. Therefore, obstacle detection may often be reduced to the 

problem of ground plane detection: With the ground plane detected, other objects can be 

viewed as obstacles if they are on the direction of movement and outside of the ground 

plane. For visual based SLAM, assuming the camera is moving on plane can help to 

reduce the complexity of the task, for instance, the state space can be defined to be 2D 

but rather 3D.  

In man-made environments, there exist a lot of vertical line-like geometrical entities 

that arise from buildings, boxes, bookshelves, cubicle walls, door frames, etc. These 

vertical line-like entities (which will be simply called “vertical lines” thereafter) should 

provide very useful cues in guiding robot navigation. In fact, there have been some 

attempts on using this type of information. However, in prior works such as [89-91], the 
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vertical lines were simply used as an ordinary feature, and usually the image plane is 

assumed to be vertical.  

In this dissertation, we employ vertical lines for vision-based robot navigation. 

Specifically, we design an algorithm that uses vertical lines for estimating the camera’s 

partial orientation, which can be used to rectify the image plane to be vertical and thus 

eliminate the assumption of a vertical image plane mentioned above. With rectified 

image plane, we can reduce the state space of the mobile robot from 3D to 2D, which 

significantly reduces the complexity. Furthermore, with the estimated camera orientation, 

the ground-plane coordinates in the image domain can be directly transformed to the real 

world ground plane coordinates, which is useful for localization and path planning in 

robotics.  

Based on the recovered partial orientation, we designed two novel approaches for the 

ground plane detection problem and the visual SLAM problem. In the following, we first 

describe how to exploit vertical lines to estimate partial orientation. 

6.2. Exploiting Vertical Lines for Partial Orientation E stimation and Image 

Rectification 

6.2.1. The Coordinate Systems 

To estimate orientation, we need first define a coordinate system. Figure 6.1 shows the 

world coordinate system and the camera coordinate system. The world coordinate system 

is defined such that the y axis is perpendicular to the ground. In this coordinate system, 

the vertical lines can be simply represented by two coordinates, i.e. x and z: 

( , )Tx z=L   
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Figure 6.1. The world and camera coordinate system. 

 

The definition of the world coordinate system actually has one ambiguity, i.e. rotation 

around y axis. In practice, we remove the ambiguity by simply letting the first camera’s 

horizontal orientation to be zero. 

6.2.2. Partial Orientation Prediction from the Intersection of Vertical Lines 

In man-made environments, vertical lines are omnipresent (e.g., vertical contour lines 

of doors, windows, and buildings, etc) and provide important cues of the camera 

orientation. Basically, if a camera’s image plane is perpendicular to the ground plane, 

then the image of all vertical lines are also vertical in the image. Based on this property, 

we designed an algorithm to estimate partial camera information. The details follow in 

the below 

In the world coordinate system, the intersection of all vertical lines is 

(0,1,0,0)T=V and its projection on the image is 

[ | ] (0,1,0)T= @v K I 0 V  

Suppose we know the imaged point (ov ) of the V in the old camera with orientation of 

oR  

[ | ]o o@v KR I 0 V  
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We have 

1 1[ | ]o o o
- -@ @v KR K K I 0 V KR K v  

Thus 

 1 1 ˆ ˆ( ) ( )o o o o
- -@ ® @K v R K v v R v  (6.1) 

ov can be estimated by computing the intersection point of imaged vertical lines, which 

is described in next section. From (6.1), we can use Givens rotations to determine the oR  

from ˆ ov  

ˆ ˆ (0,1,0)Tx z o @ =R R v v  and 1( )o x z
-=R R R                             (6.2) 

where  

0

0  

0 0 1

z z

z z z

c s

s c

-� �
� �= � �
� �	 


R and  

1 0 0

0  

0
x x x

x x

c s

s c

� �
� �= -� �
� �	 


R  

such that ˆ (0, , )Tz o a b=R v  and (0, , ) (0, ,0)T T
x a b c=R  

where cos( )tc t= and sin( )ts t= . Eqn. (6.2) gives us the information of camera 

orientation around the x and z axes. However, the information of the rotation around the y 

axis is not available. Actually, if we apply a further rotation around the y axis, the imaged 

vertical lines are still vertical. 

Figure 6.2 gives an illustration of virtual camera rotation such that the new image 

plane is perpendicular to the ground plane by exploiting the vertical lines. We define the 

image of a camera whose y axis is perpendicular to the ground plane as a “standard view”. 

Thus Figure 3b is a standard view. 
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(a) (b) 

Figure 6.2. An illustration of virtual camera rotation such that the new image plane is 

perpendicular to the ground plane by exploiting the vertical lines. (a) the original image 

and two imaged vertical lines in green; (b) the new image in which the vertical lines in 

3D are vertical in the image (the green box indicates the original image size);  

 
Based on the above derivation, we decompose a rotation R as three sequential rotations 

around the y, x and z axes respectively: 

( ) ( ) ( )z z x x y yR R Rq q q=R  

where  

0

0 1 0  

0

x x

y

x x

c s

s c

-� �
� �= � �
� �	 


R  

Thus an orientation is parameterized as three angles: 

( , , )x y z rq q q =R �  

where ,x zq q  represents the vertical orientation and yq  represents the horizontal 

orientation. 

6.3. Ground Plane Detection 

Various approaches have been proposed to address the problem of ground detection. 

For example, simple approaches identify the ground floor using color information [92-94]. 

While being simple to implement, these approaches are suitable only for very specific 



154 

 

environments. To handle general environments, a few systems attempt to recover the 

structure of the scene. To this end, different techniques have been used. For example, the 

work in [95, 96] uses stereo vision for this purpose. Presently, monocular vision based 

approaches are more popular and attractive since they are typically more cost-effective 

and also there is no stringent requirement on camera calibration (as in stereoscopic 

approaches). For example, in [97], optical flow is used in computing the surface normal 

for different image patches, which are then grouped to detect the ground floor. The 

optical-flow-based approaches tend to be computationally costly and not robust to 

unpredictable motion of a mobile platform. 

In [98], we proposed an approach for ground plane detection based on homography. 

The algorithm assumes the dominant homography is the homography of the ground plane 

and does not use any special knowledge of the mobile robot. Latter, we present an 

improved algorithm [99] by exploiting the fact that a mobile robot is usually moving on a 

planar surface and usually just have horizontal rotation. A prerequisite of the algorithm is 

that the partial vertical orientation should be calibrated first. While [99] presents a 

manual approach based on a checkboard pattern, a vertical lines based approach [100]  is 

much better to use in practice. In previous section, we have described how to estimate the 

partial orientation of the robot. In this section, we present how to do ground plane 

detection based on homography.  

6.3.1. Homography-based Ground Plane Detection 

Our task is to detect the ground plane from a monocular sequence captured by a 

camera mounted on a robot platform navigating on a planar surface. In theory, in the 
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monocular sequence, points on the same plane share a homography transformation in two 

views. That is, for a set of point correspondences i i{x x '}« in two images, if all of the 

points are coplanar, then there is a homography matrix H such that 

 i ix ' Hx=  (6.3) 

wherex represents a homogeneous image coordinate ( , , )Tx y w , and H is a 3 by 3 

matrix. Since x is represented by homogeneous coordinates, Eqn. (6.3) is true up to an 

unspecified scale factor. Thus H has only eight degrees of freedom. To determine such an 

H, four non-degenerated point correspondences are required since each point 

correspondence provides two independent constraints, although in practice typically more 

points are used to improve the accuracy. 

Apparently, different planes have different homographies, and thus theoretically if we 

find a homograhy that includes at least three points on the ground, it corresponds to the 

ground plane. Thus Eqn. (6.3)  suggests a way for detecting the ground plane through 

grouping the detected feature points into coplanar sets, with each set sharing a common 

homography. If we assume that the ground plane contains the most feature points, then 

we can detect it by searching for a dominant homography that accounts for the most 

feature points in two views. We can then use this homography to determine if any other 

feature point is on the plane and thus achieving the detection of the ground plane. 

 
The Virtual Plane Problem 

Even when the assumption that the ground plane contains the most points is satisfied, 

there still exists potential problem in the above procedure, which we name as the virtual 

plane problem. That is, we may find a virtual plane, which may contain some ground 
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plane points as well as some other obstacle points. Such a plane may contain more feature 

points than the actual ground plane does, although this plane does not correspond to a 

physical planar object (and hence the term “virtual”). This problem can easily occur since 

the number of feature points from an automatic feature detector is agnostic to the scene 

objects and thus where the feature points may be is unpredictable. In this dissertation, we 

exploit additional constraints arising from the target application to limit the search space 

for finding the dominant homography. The resultant approach solves the virtual plane 

problem naturally while lending itself to a more efficient and robust search algorithm, as 

detailed in subsequent sections. 

 
6.3.2. Homography for the Ground Plane 

Different planes have different homographies between two given views. For robot 

navigation on the ground plane, if the camera mounted on a mobile robot is fixed, there is 

some special pattern for the homography of the ground plane (we assume that the robot is 

moving via wheels just like a car). We derive this special pattern analytically in the 

following. 

In general, we can set the camera matrices of two different views as: 

 1 1 1 1

2 2 2 2

[ | ]

[ | ]

P K R I C

P K R I C

= -

= -
 (6.4) 

where iK represents the internal camera matrix, iR the  camera rotation matrix, and iC  

the camera center coordinates. For a single camera, we can set 1 2K K K= = . 
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Figure 6.3. Illustration of the coordinate systems of a moving robot.  
 

We define the world coordinates system such that the y-axis is perpendicular to ground 

plane and the origin is at the same height as the camera, as illustrated in Figure 6.3. Based 

on the world coordinates system, we can have( ,0, )Ti i iC x z= . The ground plane has 

coordinates 0 0( , )T Tn dp =  so that for points on the plane we have 0 0Tn X d+ = , where 

0 (0,1,0)Tn = . 

From [22], when [ | 0]P K I= , ' '[ | ]P K R t= , this  plane correspond to a homography 

given by 

 1'( / )TH K R tn d K-= -  (6.5) 

We can adjust (rotate and translate) the world coordinates system so that it is the same 

as that of the first camera. Then the new camera matrices become: 

 1

1
2 2 1 2 2 1

' [ | 0]

' [ | ]    ( )

P K I

P K R R R C where C C C-

=

= - D D = -
 (6.6) 

and 1'n R n= . Thus 

 1
2 1 2 1( / )TH K R R R CnR d-= + D  (6.7) 

Since 1 TR R- = , we have 

 1 1
2 1( / )TH KR I Cn d R K- -= + D  (6.8) 

y 

z 

x 

o 

1R  
2R  
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For a mobile platform moving on the plane, if the camera is fixed on the robot, we can 

have 2 1R R R= D  where RD  indicates the rotation around y-axis. More specifically, if the 

robot rotate q  degree on the plane, then  

 

cos( ) 0 sin( )

( ) 0 1 0

sin( ) 0 cos( )
yR R

q q
q

q q

� �
� �D = =� �
� �-	 


 (6.9) 

From (6.8), we can compute the normalized homography Ĥ  from anyH : 

 1
1 1

ˆ ( ) ( ) ( / )TH KR H KR R I Cn d-= = D + D  (6.10) 

For the ground plane, since0 (0,1,0)Tn = , with 0 0( ,0, )TC x zD = ,  Ĥ  has the following 

form: 

 
0

0

cos( ) / sin( )
ˆ 0 1 0

sin( ) / cos( )

x d

H

z d

q q

q q

� �
� �= � �
� �-	 


 (6.11) 

Eqn. (6.11) shows that the normalized homography of the ground plane has just 3 

degree of freedom, namely, q , 0 /x d  and 0 /z d . However, in order to compute 

normalized homography, we still need to know K  and 1R . WhileK may be obtained by 

calibration, there is no straightforward way for determining 1R .  Moreover, if we choose 

different world coordinates system, we will have different 1R . Here, we prove that if we 

keep the y-axis of the world coordinate system unchanged (i.e. always perpendicular to 

the ground plane), different values of 1R  do not change the form of (6.11).  

Proof: Since the y-axis is unchanged, the world coordinate system can only rotate 

around the y-axis. Suppose 1R  and 1 'R  represent rotation matrix in different world 
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coordinates system respectively, then we have 1 1 1'R R R= D , where 1RD  is rotation around 

y-axis so  

 1

cos( ) 0 sin( )

( ) 0 1 0

sin( ) 0 cos( )
yR R

j j
j

j j

� �
� �D = =� �
� �-	 


 (6.12) 

Then we have 

1 1
1 1 1 1

1
1 1

1
1 1

1 1
1 1 1 1

1
1

ˆ ˆ' ( ') ( ')

( / )

( / )

( / )

( ' / ),     with '

T

T

T

T

H KR H KR R H R

R R I Cn d R

R R I Cn d R

R R I R R Cn R d

R I C n d C R C

- -

-

-

- -

-

= = D D

= D D + D D

= D D + D D

= D D D + D D D

= D + D D = D D

 

Since 0 0( ,0, )C x zD = , with (6.12), we have 

0 0' ( ',0, ')TC x zD =  

 

Therefore, the new normalized homography based on 1 'R  still has the form as (6.11). 

Consequently, the above observation provides us with the freedom to choose1R . To get 

1R , we can use the technique described in Section 6.2. In the next section, we present the 

detailed algorithm to search the ground plane based on the normalized homography. 

It is interesting to note that Eqn. (6.11)  also provides the rotation and displacement of 

the two underlying views. This information can be useful for a robot. 

6.3.3. Ground Detection Based on Normalized Homography 

With K and 1R determined, we can compute the normalized homography from the 

original homography by Eqn. (6.10). The ideal normalized homography of the ground 

plane has the form of Eqn. (6.11) which has just 3 degree of freedom. Thus searching for 
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the ground plane can be formulated as searching for a dominant normalized homography 

that has the form of Eqn. (6.11).  

To compute the normalized homography, we first normalize the coordinates of the 

points: for a point x , its normalized coordinates are given by 1
1ˆ ( )x KR x-= . Then the 

homography computed from the normalized points is the normalized homography since: 

1
1 1

1
1 1

ˆ' ( ) ( )

ˆ( ) ' ( )

ˆˆ ˆ'

x Hx KR H KR x

KR x H KR x

x Hx

-

-

= =

=

=

 

After we obtain a normalized homography, we try to fit it to the normalized 

homography model for the ground, given in the form of Eqn. (6.11). To search for a 

dominant model, we can use the RANSAC scheme. Based on the nature of our problem, 

we modify the basic RANSAC scheme to obtain the following algorithm. 

 

Algorithm:  Loop for N feature points. 

a) Randomly select a point, get its four closest neighbors that are not collinear; Use 

these 5 points to compute the normalized homography H.  

b) Fit H to Eqn. (9). If it fails to fit, go to (a). Otherwise, use this model to find more 

inliers and recompute H and fit again to find more inliers until the number of inliers do 

not increase. 

At the termination of the procedure, the model with the most inliers is declared as the 

ground plane. 

6.3.4. Results 

Figure 6.4. illustrates sample results, where we also compare with the approach of 

searching for the dominant homography directly without using the constraints introduced 
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in this paper. Harris corner detector [101] was used in the experiments in feature 

detection (green crosses in the images). Feature correspondence was done based on the 

method reported in our previous paper [98]. Figure 6.4 (d) is the best results of the direct 

search method, which include more non-ground points. 

   
(a) (b) (c) 

   
(d) (e) (f) 

Figure 6.4. Results of homography based ground detection. (a)-(b) illustrate two views 

with feature points and their correspondence (indicated by red line segments). (c) is the 

detected ground plane (green points) with the proposed approach in this section. (d)~(f) is 

the results by simply searching for a dominant homography without using the constraint 

utilized in the proposed approach. (e)~(f) are situations with the virtual planes detected as 

the ground. In all figures, red crosses indicate non-ground feature points. 

 

6.4. Visual SLAM on Rectified Views 

In Section 6.2, we introduced an algorithm to estimate camera’s partial orientation, 

which can be used to virtually rectify the image plane to be vertical. Based on the 

rectified views, we designed two different approaches for robot SLAM. The first 
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approach is based on ground patch stitching, which is precise for local SLAM but not 

appropriate for global SLAM due to error accumulation. The map it reconstructed is 

clean. The second approach use feature points or lines to do structure from motion, which 

is good for large scale SLAM but not precise for local SLAM.  

6.4.1. Visual SLAM by Ground Stitching 

In this section, we present a novel approach which is able to perform SLAM without 

relying on point features and their correspondence or computing 3D positions of the 

features. The approach avoids the problem of unreliable point matching and scene 

degeneracy issues, achieving high precision in localization. The core idea is to transform 

the video from a looking-ahead camera typical of a robot into an overhead view, through 

virtually rotating the camera. We call the transformed images “ground patches”. All of 

the ground patches are metric reconstruction of the real ground and they are in the same 

Euclidean space, which means there are only translation or rotation between any two 

patches. The translation and rotation correspond exactly to the position and orientation of 

the robot. After stitching the ground patches together to form a global ground map, this 

correspondence enables us to achieve localization directly through image matching. In 

addition, since in videos from a typical platform the ground is usually much closer to the 

camera than other non-ground feature points, the proposed ground-based localization can 

be much more precise than the SfM methods that rely on general 3D points. Another 

additional benefit of the proposed approach is its potential for supporting other vision 

tasks such as obstacle detection, using the global ground map. 
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6.4.1.1. Transformation to the Ground Plane 

To transform the image to the ground plane (i.e., a strictly overhead view), we virtually 

rotate the camera so that the camera’s z-axis looks down vertically to the ground. In 

general, for two views with no translation, the homography between these two views are 

given by 

 1 1
2 2 1 1H K R R K- -=  (6.13) 

where K1 and R1 are the internal calibration matrix and the rotation matrix of the 

original camera respectively, and K2 and R2 are those of the new camera. From Eqn. 

(6.13), we can derive the homography between the original view and the ground plane 

view as 

 1 1H KTR K- -=  (6.14) 

where T is the rotation matrix, with the z-axis pointing down vertically to the ground 

plane. Thus T is given by 

 

1 0 0

0 0 1

0 1 0

T
� �
� �= � �
� �-	 


 (6.15) 

In Figure 6.5, we illustrate the transformations we apply H to all images. After the 

transformation, the optical axis of the camera looks down to the ground plane. Figure 6.6 

shows the corresponding ground plane views. This shows that, all the transformed 

individual ground plane images now are related through only pure 2D rotation and 

translation.  
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Figure 6.5. Virtually rotate all cameras by applying H. 

 

 

Figure 6.6. The ground image planes. 

6.4.1.2. Results 

To match two images of a planar scene, one common approach is to first find point 

correspondences and then compute the homography based on these correspondences, 

using the RANSAC method for example. As discussed earlier, this method is prone to 

error for images lacking textures or having too many similar textures (as in our indoor 

robot navigation example with repeated carpet patterns). To make the situation worse, the 

image quality is typically poor from a low-cost on-board camera. In our experiments 

(images are illustrated in Figure 6.7), we tried SIFT [102] and MOPS [103], and found 

that both methods failed to find good point correspondences. Since the transformation has 

been reduced to pure 2D rotation and translation, and the consecutive frames should be 

similar (due to the limited speed of the robot), in our system we can afford to use an 

exhaustive global matching scheme. In practice, we used a pyramid-based representation 

to accelerate the search speed. Figure 6.7e shows the matching result of Figure 6.7c and 

Figure 6.7d, which indicates that the robot moved forward. 
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(a) (b) (c) (d) (e) 

Figure 6.7. Transforming to the ground plane view. 

 

We present two sample experiments to illustrate the performance of the algorithm. In 

the first experiment, we let the robot move forward. The results are shown in Figure 6.8, 

where (a) are 3 sample frames captured while the robot was traveling. (b) through (d) 

shows intermediate SLAM results, in which the green triangles indicate the robot’s 

position as well as orientation.  

In the second experiment, the robot traveled back to a position it previously visited and 

thus an internal map is available. At certain time during the second visit, it captured an 

image shown in Figure 6.9a , and the location and the orientation of the robot were 

immediately recovered through matching a transformed version of this image (in (a)) to 

the stored map, as illustrated in (b). 

 

 

 
(a) (b) (c) (d) 

Figure 6.8. SLAM via ground stitching. 
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(a) (b) 

Figure 6.9. Robot travels back to a previously-visited environment and uses the stored 

map for localization. (b) illustrates the image matching results (with the image from (a) 

overlaid on the stored map) and the SLAM output (given by the green triangle). 

 

6.4.2. Visual SLAM by 2D Structure from Motion 

6.4.2.1. Collapse a 3D World to 2D using the Vertical Orientation 

Figure 6.2 shows that if the vertical orientation is known, we can virtually rotate the 

image plane such that it is perpendicular to horizontal planes. After this conversion, we 

can collapse the 3D world to 2D by removing the y coordinates. The observation of the 

collapsed 2D points is the x coordinates in a standard view, as shown in Figure 6.10. In 

addition, the vertical lines in 3D are also collapsed to 2D points. Therefore, the 2D 

counterparts of 3D points and 3D vertical lines are exactly the same and can be treated 

with no difference. Therefore, we can either combine lines and points or just use lines for 

the SLAM problem. In addition, by collapsing a 3D world to 2D, both the complexity and 

uncertainty of the SLAM problem are reduced, which makes the process more robust and 

efficient. Actually, the 3D position of points can be immediately reconstructed from their 

2D counterparts and the image position. 
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Figure 6.10. Collapse a 3D world to 2D from the standard view. 

 
A computational motivation for collapsing 3D to 2D is that the small error introduced 

in vertical orientations may lead to a significant error in the y coordinates of image points, 

however, the x coordinates are much less sensitive. Figure 6.11 shows the rectification 

results of two adjacent frames. The rotation around the x axis has a little different. While 

the y coordinates change much (say, 10 pixels), the x coordinates change little, say, 0~2 

pixels.  

  
(a) (b) 

Figure 6.11. An illustration of the inaccuracies in vertical orientation estimation. The 

images are rectified and the red line is the vanishing line of horizontal planes. Note the 

distance from the red line to the furthest ground line is different, while the vertical lines 

all correctly rectified. 

 

After collapsing the 3D world to 2D, the 3D SLAM problem becomes 2D SLAM.  

6.4.2.2. 2D Structure from Motion 

Structure from Motion (SfM) usually refers to 3D SfM. Not much attention has been 

paid to 2D case. While many geometric models (such as camera model, homography and 
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etc.) can be directly transferred from 3D to 2D, there are still many fundamental 

differences. For instance, to get an initial reconstruction, 3D SfM process only need 2 

views while 2D case need at least 3 views. The 2D counterpart of fundamental matrix of 

3D is trifocal tensor, which is a 3-dimensional array and need 3 views to calculate. [89, 

91, 104, 105] introduced how to compute the trifocal tensor and how to estimate camera 

parameters from the trifocal tensor. From the reconstructed cameras, we can do 

triangulation to get 2D positions of 1D feature points. Then for each new image, we can 

use 2D to 1D point correspondences to calibrate the 1D camera. With new cameras 

calibrated, new point correspondences can be used to get new 2D point reconstructions. 

This process is similar to 3D SfM.  

6.4.2.3. Results 

We tried two different real datasets with our system. Figure 6.12 and Figure 6.13 

shows the result of the first experiment. The robot motion and the point positions are 

correctly recovered. However, for the second datasets, the 2D SfM process failed, see 

Figure 6.14. The reason is that the initial reconstruction based on trifocal tensor failed. 

We further tested the dataset with our 3D SfM system and found the 3D SfM system can 

correctly reconstruct the robot path as well as 3D feature points, as shown in Figure 6.15. 

In practice, we found that the trifocal tensor is more sensitive to near degenerated scene 

configuration than the fundamental matrix. This is the reason that after collapsing 3D to 

2D, half of the information is lost and the degeneracy issue is easier to arise. In the future, 

we will try to solve the degeneracy issue in 2D SLAM problem. 
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(a) (b) (c) 

Figure 6.12. Point correspondences of the image sequence captured by a moving robot. 

 

 

Figure 6.13. The first experiment result of 2D SfM. Yellow circles represents the robots.  

Green circles represents the feature point’s 2D position. 
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(a) (b) 

Figure 6.14. The 2D SfM results of the second dataset. 

  
(a) (b) 

Figure 6.15. The 3D SfM results of the second dataset.  
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7. CONCLUSION 

7.1. Summary 

In this dissertation, we proposed novel image rectification schemes based on sequential 

virtual rotations for 3D vision. The novel schemes help us to design robust algorithms to 

tackle practical 3D vision problems. Several practical 3D vision problems are studied in 

this dissertation: image rectification for stereoscopic visualization, camera auto-

calibration, stereoscopic view synthesis from monocular endoscopic videos, cones and 

cylinders modeling from a single image, and monocular vision guided mobile robot 

navigation. For each problem, novel approaches have been designed based on sequential 

virtual rotation and special properties of the specific tasks. Using the rectification 

schemes not only helps us to obtain results with no projective/affine distortions, but also 

help us to gain new insights into the problems, due to the intuitive geometric meanings of 

the sequential virtual rotations. 

7.2. Discussion and Future Work 

3D vision is not one simple task and there is no general algorithm which can solve all 

3D vision problems. Just as human beings use many different cues for 3D inference, 

different algorithms using different features are required for different tasks. Designing 

algorithms for practical 3D vision problems is not easy due to various practical 

challenges. While 3D vision has a great potential for a wide range of applications, such as 

robotics, augmented reality, stereoscopic (3D) visualization and scene modeling, 

successful 3D vision systems are still scarce. This dissertation studied several practical 

problems and proposed specific algorithms for each problem. While achieving some 
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promising results, the proposed approaches still have some limitations and there are many 

areas that need to be improved or further explored.  

For image rectification for stereoscopic visualization, the approach in Chapter 2 

assumes feature points in close proximity have similar depth. While this is true for most 

situations, some extreme situations may invalidate this assumption and thus degrade the 

results. For instance, when there is only one horizontal plane in the scene, the assumption 

is no longer valid. Another assumption is that one of the camera internal matrices has 

some special properties. When the camera has a very wide view angle, the results might 

be distorted due to improper assumption of the focal length. In Chapter 3, we proposed a 

new algorithm which performs camera calibration from two views. The algorithm can 

also be used for image rectification for stereoscopic visualization. Compared to the 

algorithm in Chapter 2, this new algorithm does not have any assumptions and is more 

reliable in producing distortion-free results. However, one significant disadvantage of the 

algorithm is that the self-calibration process might simply fail due to near degenerate 

camera configuration. Overcoming this degeneracy issue should be a continuing work. 

For stereoscopic view synthesis from monocular endoscopic videos, we exploited the 

special camera motion characteristics of endoscopic videos. While this can help to handle 

serious practical challenges in endoscopic videos, it may fail for other kinds of videos. To 

develop a more general system, we may need to design an algorithm to detect the type of 

camera motions and use the detection results to guide which algorithm we should use. 

For single view modeling, we extended existing systems with cones and cylinders 

modeling. There are several directions we should pursue and explore in the future. First, 
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there is a needed to design a pattern language and design algorithms to reconstruct object 

patterns in the 3D scene. This can help us to rapidly model a large scale scene. Second, 

there is a need to extend single view modeling to multiple view modeling. A single image 

is usually not able to cover all aspects of a scene. Third, there is a need to design 

algorithms for free-form 3D scene.  

For vision guided mobile robot navigation, we do not have a real-time system yet. 

Using advanced hardware such as GPU might solve the speed issue. In addition, we 

proposed three different kinds of approaches for the navigation task, each using different 

cues and different strategies. In the future, we should merge these three different 

approaches together so that we can overcome limitations of each individual approach for 

mobile robot navigation. 

Finally, we believe that 3D vision systems should combine different approaches 

together to handle practical 3D vision tasks, just like human beings combine different 

visual cues for 3D inference. How to integrate multiple cues and resolve any potential 

conflicts will be among our future efforts too. 
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