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for determining the values and scaling rule for the band gap
of graphene armchair or zigzag ribbons.*” We have exam-
ined its effect on the level-spacing statistics. Specifically, af-
ter generating the billiard, we determined the boundary
atoms, and changed the hopping energy of these atoms with
other atoms inside the billiard to 1.1z. Our computations
revealed no observable difference in the level-spacing
statistics.

Another important feature is staggered potential, that is,
the two inequivalent sublattices are biased to different poten-
tials, which can be a natural way to tune the band gap of gra-
phene nanoribbon as the staggered potential can arise
naturally from the interaction between graphene and the sub-
strate.*®*? Figure 11 shows the energy gap caused by a stag-
gered potential Uy =0.1z. The edge states are visible as the
horizontal line segment at E,= *= U,. The level-spacing
statistics for the energy levels in the range U, +
2E.=0.12<E,/t<0.5 are shown in Fig. 12. The statistics
apparently still belong to the GOE class.

IV. EFFECT OF MAGNETIC FIELD ON LEVEL-SPACING
STATISTICS

A. Weak magnetic field

The presence of a magnetic field breaks the time-rever-
sal symmetry of the graphene system® and, consequently,
the level-spacing distribution belongs to the GUE class. Fig-
ure 13 plots the same quantities as Fig. 4 for the same Africa
billiard with a uniform magnetic field ¢ = ¢/8000. Figure
14 presents the level-spacing statistics for the one-eighth
Sinai billiard in Fig. 3(b) with ¢ = ¢/8000. Figures 13(a)—
13(c) and 14(a)-14(c) indicate that the level statistics agree
well with the semiclassical predictions [Egs. (5) and (6)].
The unfolded level-spacing statistics are shown in Figs.
13(d)-13(f) and 14(d)-14(f). In both cases, we observe
strong signatures of GUE statistics.

B. Strong magnetic field

For a stronger magnetic field, e.g., for ¢ = ¢o/800, the
quantization of the energy levels to Landau levels becomes

0.25F
0.2r
0.15F
0.1F
0.05F

E /t

-1
16 1.8 2 2224 26
n x10*

E /t

-0.05f
=01
-0.15f
-0.21
-0.25

FIG. 11. (Color online) Eigenenergies of the Africa billiard of N =42505
atoms with staggered potential Uy =0.1¢, which demonstrates the band gap
caused by the staggered potential.
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FIG. 12. (Color online) Level-spacing statistics for the Africa billiard of
N =42505 atoms with staggered potential Uy =0.1¢ in the absence of mag-
netic field. (a) Spectral staircase function N(E) vs oE? (solid curve). The
dashed straight line is the averaged staircase function [Eq. (6)]. The eigene-
nergies are in the range Uy + 2E,=0.12 < E,,/t < 0.5 that contains 946 lev-
els. (b) Unfolded level-spacing distribution P(S). (c) Cumulative unfolded
level-spacing distribution /(S). (d) Spectral rigidity Aj.

important. The energy levels are clustered, leading to
ON/OE — oo, appeared in the plots of staircase function
[Figs. 15(a)-15(c) and 16(a)-16(c)] as the large vertical
steps. The staircase counting function deviates markedly
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FIG. 13. (Color online) Level-spacing statistics for the Africa billiard in
Fig. 3(a) for ¢ = ¢o/8000. (a) Wavevector staircase function N(k) for eige-
nenergies 0 <E,/t<0.4 with a total of 559 energy levels. The curve is
(N(k)) :Akz/(Zn) + 35 [Eq. (4)]. (b) Spectral staircase function N(E) vs
aE?* for 0.02 <E,/t<0.4 (solid curve). There are 522 levels. The dashed
straight line is the averaged staircase function [Eq. (6)]. (c) Magnification of
part of (b) for 0.02 < E,/t<0.1 with 28 levels. (d) Unfolded level-spacing
distribution P(S). (¢) Cumulative unfolded level-spacing distribution /(S). (f)
Spectral rigidity As.
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FIG. 14. (Color online) Level-spacing statistics for one-eighth of the Sinai
billiard in Fig. 3(b) for ¢ = ¢¢/8000. (a) Wavevector staircase function N(k)
for eigenenergies 0 < E,/r < 0.4 with a total of 590 energy levels. The curve
is (N(k)) :Akz/ (2m) + 34 [Eq. (4)]. (b) Spectral staircase function N(E) vs o
E? for 0.02< E,/t<0.4 (solid curve). There are 550 levels. The dashed
straight line is the averaged staircase function [Eq. (6)]. (c) Magnification of
a part of (b) for 0.02 < E, /1t < 0.1 with 30 levels. (d) Unfolded level-spacing
distribution P(S). (e) Cumulative unfolded level-spacing distribution /(S). (f)
Spectral rigidity As.

from the semiclassical predictions. The unfolded level-spac-
ing distribution is shown in Figs. 15(d) and 16(d). The high
value of first data point is originated from the spacing of
energy levels within the Landau levels, which is basically
zero compared to the normal level-spacings. Figures 15(e)
and 16(e) show the cumulative distribution excluding the
first point. The results show deviations from GUE and are in
fact closer to GOE. Intuitively, this can be understood by
noting that the Landau levels “squeeze” the energy levels
around them [Figs. 15(c) and 16(c)], resulting in smaller
level-spacings and larger values of P(S) for small S. At the
same time, because the overall slope of the staircase count-
ing function is unchanged, the squeezing of energy levels
around the Landau levels tends to stretch the energy levels in
between the different Landau levels [Figs. 15(c) and 16(c)],
yielding large level-spacings and larger values of P(S) for
large S. This stretching “pushes” the level-spacing distribu-
tion from GUE to GOE. Similar results have been observed
in nonrelativistic quantum chaotic billiards where the system
is described by Schrodinger equation, in the energy range
where the density of states is low and the Landau levels are
apparent.

Figures 15(f) and 16(f) show the spectral rigidity, which
does not fall into any of the three known categories. This is
because the staircase function no longer follows the semi-
classical prediction when the effects of the Landau levels
cannot be neglected for strong magnetic field.
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FIG. 15. (Color online) Level-spacing statistics for the Africa billiard in
Fig. 3(a) for ¢ = ¢o/800. (a) Wavevector staircase function N(k) for eigene-
nergies 0 <E, t<0.4 with a total of 560 energy levels. The curve is
(N(k)) :Akz/ (2m) + 34 [Eq. (4)]. (b) Spectral staircase function N(E) vs
aE* for 0.02 <E,/t<0.4 (solid curve). There are 509 levels. The dashed
straight line is the averaged staircase function [Eq. (6)]. (c) Magnification of
part of (b) for 0.02 < E,,/t < 0.15 with 52 levels. (d) Unfolded level-spacing
distribution P/S). (¢) Cumulative unfolded level-spacing distribution /(S).
(f) Spectral rigidity As.

To illustrate the effect of level stretching and level
squeezing as caused by the eigenstates entering and leaving
a Landau level, respectively, we plot the eigenstates around
a Landau level in Fig. 17. A general observation is that,
when the energy is increased to enter a Landau level, both
the pattern and eigenenergies vary significantly, with less
correlation between adjacent states. When the energy is
increased further to leave the Landau level, the consecutive
states show a systematic variation and the level-spacing
becomes smaller. Note that, for extremely strong magnetic
field, almost all the energy levels are quantized to Landau
levels, between two Landau levels the states are such that the
electrons/holes are localized at the edge of the billiard, as in
nonrelativistic two-dimensional electron gas systems.>”

For higher energy levels where the Landau level is not
apparent, the level-spacing statistics return to the GUE class
again. Figure 18 shows, for the one-eighth Sinai billiard, the
level-spacing statistics for eigenenergies in the range
0.4 <E/t<0.7. Figures 18(b)-18(d) indicate GUE statistics.
Although in this energy range trigonal warping becomes
dominant (Fig. 1), which renders the theoretical description
of Dirac equation inappropriate, the energy levels can be ac-
cessible in experiments and thus relevant to graphene quan-
tum-dot operations. We note that N(E,) still depends
hyperbolically on E,, [Fig. 18(a)], indicating a linear depend-
ence between E, and k,. This can be understood that in this
energy range, the trigonal warping determines the scars
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FIG. 16. (Color online) Level-spacing statistics for one-eighth of the Sinai
billiard in Fig. 3(b) for ¢ = ¢/800. (a) Wavevector staircase function N(k)
for eigenenergies 0 < E,,/t < 0.4 with a total of 589 energy levels. The curve
is (N(k)) :Akz/(Zn) + 34 [Eq. (4)]. (b) Spectral staircase function N(E) vs
aE?* for 0.02 <E,/t<0.4 (solid curve). There are 538 levels. The dashed
straight line is the averaged staircase function [Eq. (6)]. (c) Magnification of
a part of (b) for 0.02 < E,/t < 0.1 with 57 levels. (d) Unfolded level-spacing
distribution P(S). (e) Cumulative unfolded level-spacing distribution /(S). (f)
Spectral rigidity As.

(electron density patterns obtained from eigenstates) in the
system, and restrains them to having line segments only in
three directions, e.g., from the Dirac points to the origin.5 !
Along these directions, the E — k relation is approximately
linear up to E/t~1. This explains the hyperbolic relation
between N(E,) and E, even for high energies far away from
the Dirac point.

FIG. 17. (Color online) Some typical consecutive states for the Africa bil-
liard around a Landau level for a smaller system with 13859 atoms. The
energies are E/t=0.1596,0.1651,0.1664,0.1666,0.1684,0.1693 for (a)—(f),
respectively. The level-spacings for these states are AE/t=0.0055,0.0013,
0.0002,0.0018,0.0009. (c) and (d) are two Landau-level states.
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FIG. 18. (Color online) Level-spacing statistics for the billiard in Fig. 3(b)
for ¢ = ¢o/800. (a) Spectral staircase function N(E) vs oE? for E,, Jt > 04
(solid curve). The dashed straight line is the averaged staircase function [Eq.
(6)]. (b) Spectral rigidity As. (c) Unfolded level-spacing distribution P(S).
(d) Cumulative unfolded level-spacing distribution /(S). (b)—(d) are for
energy levels in the range of 0.4 < E,, /1 < 0.7 with a total of 1294 levels.

The above observation of the GUE statistics for higher
eigenenergies, from another aspect, corroborates our argu-
ments that, around the Dirac point, the energy level-spacing
statistics are shifted “artificially” to GOE by the Landau lev-
els. This could be important as the level-spacing can possibly
be revealed in the peak spacings of the conductance in the
corresponding quantum dots made from “open” billiards.>>

Magnetic field effects in classical billiards have been
studied in Ref. 53, where it was found that for billiards with
sufficiently smooth boundaries, such as the integrable ellipti-
cal billiard system, flyaway chaos can be induced by an in-
termediate magnetic field, but increasing the magnetic field
further to the Landau regime can squeeze out the existence
of this chaos.

V. CONCLUSIONS

We have examined the level-spacing statistics of chaotic
graphene billiards in the low-energy regime around the Dirac
point where the energy-momentum relation is linear so that
the quasiparticles are characteristic of relativistic motion.
Our general finding is that, in the absence of magnetic field,
the level-spacings follow the GOE statistics. The GOE distri-
bution is robust with respect to various modifications to the
Hamiltonian such as the addition of next nearest-neighbor
interactions, different lattice orientations, boundary-bond
effect, and staggered potentials. This should be contrasted to
the GUE statistics predicted for relativistic, spin-half par-
ticles such as neutrinos in chaotic billiards in the absence of
magnetic field. The underlying mechanism for the GOE sta-
tistics in chaotic graphene billiards is the finite-boundary
induced coupling of the quasiparticle motions about the two
Dirac points, which preserves the time-reversal symmetry.

We have also investigated the effect of magnetic field
on the level-spacing statistics, which breaks the time-reversal
symmetry. For weak magnetic field, the level-spacing statis-
tics become of the GUE type. However, for strong magnetic
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field, around the Dirac point where the density of states is
low, Landau levels arise. As a result, energy levels are
squeezed about and stretched in between the Landau levels,
shifting the level-spacing distribution from GUE to GOE.
This is, however, an artificial effect because, in this case, the
spectral staircase function, one of the fundamental quantities
in characterizing energy-level statistics, deviates signifi-
cantly from the semiclassical prediction. For higher energy
levels well above the Dirac point for which the relativistic
quantum description becomes less relevant, the GUE statis-
tics are recovered in the presence of a magnetic field.

In this paper, we have focused on the chaotic graphene
billiards. Mixed billiards exhibiting regular motion on invari-
ant tori for some initial conditions and chaotic motion for the
complementary initial conditions are also important subjects
in quantum chaos,’ and the level-spacing statistics of mixed
graphene billiards deserve future investigation.
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