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Introduction to K-means — |

@ Problem Statement

Given a set of data points {x1,--- ,xy}, where x; € RP and the

cluster number K, the goal is:
e An assignment of data points to clusters

o A set of vectors {p}, where py is the prototype of the k-th cluster,

and the sum of the squares of the distances of each data point to its

closest vector p is a minimum
@ 1-of-K coding scheme to describe assignment of data points to

clusters
1 ifx, €Cx
r'nk =

0 otherwise

@ Properties of 1-of-K coding scheme

K

Z rak = 1 and ry, € {0,1}
k=1
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Introduction to K-means — I

@ The objective function in K-means, i.e., distortion measure:

K
J=3"3" rwllxn = gk (2)

n=1 k=1

@ By minimizing the distortion measure, we can find the values of {r,}
and {yuc}
@ Procedures of K-means

© Choose some initial values for pi
@ Repeat until convergence

@ Keeping {u«} fixed, and minimize J w.r.t. rp
@ Keeping {ra} fixed, and minimize J w.r.t. u
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Optimization Process

@ When {p} is fixed, J is a linear function of ry, and J is minimized if
1 if k = arg min;||x, — u;l?
o g minj{[x, — 4| 3)
0 otherwise
@ When {rpk} is fixed, J is a quadratic function of i

Z rok (1 1ok = 208 Xn + X Xp)
n=1 k=1

‘Qv
(.
HMZ

a,uk Fnk ,uk - Xn

0J
Therefore, —— =0 py = 2 InkXn 4)
a’LLk Zn rnk

@ Lk in (4) equals to the mean of all data points x, assigned to cluster
k, and this is the reason why this algorithm is called K-means
algorithm
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Online Stochastic Algorithm

o Two different kinds of algorithm

e Batch algorithm
e Online algorithm

o Key idea is to apply Robbins-Monro procedure to find the roots of
the regression function (4), i.e., to find 1y

@ The updating scheme of puy in online algorithm is

R = uQd 4 (x, — u@9) (5)

@ 1), is the learning rate parameter, and is typically made to decrease
monotonically as more data points are considered
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K-medoids Algorithm — |

Drawbacks of K-means algorithm

e It cannot process categorical attributes
e The determination of the cluster means is nonrobust to outliers
e It may converge to a local rather than global minimum of J

K-medoids algorithm can overcome the first 2 drawbacks

A more general dissimilarity measure V(x, x’) is used in K-medoids
algorithm

The new distortion measure is given

K
j = Z Z rnkv(xna Mk) (6)

n=1 k=1
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K-medoids Algorithm — Il

@ Procedures of K-medoids algorithm

© Choose some initial values for pux
© Repeat until convergence
@ Keeping {u«} fixed, assign each data point to the cluster for which the
dissimilarity to the corresponding i is smallest
@ Keeping {rw} fixed, and find the optimal {p}
To simplify computation, we restrict each cluster prototype to be one
of the data points
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The goal of image segmentation is to partition an image into regions each
corresponds to objects or parts of objects

of which has a reasonably homogeneous visual appearance or which

K=2 K=3
. . [ 8

Original image

Mixture Models and EM

= DA
August 27, 2007

9/ 84



Applications of K-means Algorithm — Vector Quantization

@ Vector Quantization is used in lossy data compression

@ For each of the N data points, we store only the identity k of the
cluster to which it is assigned. We also store the values of the K
cluster centres py

@ Each data point is then approximated by its nearest centre py
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Basis of Gaussian Distribution

@ Gaussian distribution, or normal distribution, is a widely used model
for the distribution of continuous variables

@ Gaussian distribution in 1-dimensional space
N(x1,0%) = s exp | — 25 (x — )? ™)
o -~ (2mo?)l/2 P1™ 202 H

where 1 is the mean, and o2 is the variance

o Gaussian distribution in D-dimensional space

N6 ) = g o0 { 50— 0 E k- 0} (@)

where i is a D-dimensional mean vector, ¥ is a D x D covariance
matrix, and |X| is the determinant of ¥
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Mixture of Gaussian — |

@ Gaussian Mixture Distribution is a linear superposition of Gaussians in
the following form:

K
p(x) = mN (x| ptie, T) (9)

k=1

e Each Gaussian density N (x|ux, k) is called a component of the
mixture

o 7 is called mixing coefficient

o If we integrate both sides of (9) w.r.t. x, we can get

e p(x) >0, and N(x|uk, Xk) = 0 ensure that m, > 0 for all k
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Mixture of Gaussian — I

@ By using a sufficient number of Gaussians, and by adjusting their
means and covariances as well as the coefficients in the linear
combination, almost any continuous density can be approximated to

arbitrary accuracy

p(7)y

[\
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Mixture of Gaussian — From the Perspective of Latent
Variables — |

@ The mixtures of Gaussians can be described by introducing latent

variables
@ We also use 1-of-K coding scheme to represent the latent variable z,
and z" = [z1,-- -, zk]
K
2 €{0,1} and ) z =1 (11)
k=1

e We can define the joint distribution p(x,z) in terms of a marginal
distribution p(z) and a conditional distribution p(x|z)
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Mixture of Gaussian — From the Perspective of Latent
Variables — |1

@ The marginal distribution over z is specified in terms of the mixing
coefficients g

plzk = 1) = i (12)
@ The parameters {7} must satisfy
K
0<m <1 and Y m=1 (13)
k=1

@ Like multinomial distribution, p(z) can be represented as:

K
p(z) = [] =%, where 2" = [z1, -+ , z] (14)
k=1
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Mixture of Gaussian — From the Perspective of Latent
Variables — IlI

@ The conditional distribution of x given a particular value for z is a
Gaussian

p(x|zx = 1) = N(x|px, k) (15)

@ This conditional distribution can be rewritten as

p(x|z) = HN X| 1, X )% (16)

k=1
@ The joint distribution p(x,z) is
K K
p(x,2) = p(@)p(x|z) = [ 72 [] N (xlpe. o)™
k=1 k=1

K
= [T rN (Xl s, Zh))
k=1
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Mixture of Gaussian — From the Perspective of Latent
Variables — IV

@ The marginal distribution of x is

p(x) = > p(x,2)

K
— Z H(ﬂ'kN(x‘Mk? X))

z k=1

K
= ) N x|k, Tk (17)
k=1

@ The marginal distribution of x is the same as the definition of
Gaussian mixtures given by (9)

o If we have several observations xi, - -+ , Xy, it follows that for every
observed data point x, there is a corresponding latent variable z,
because we have represented the marginal distribution in the form
p(x) =2, p(x,2)
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Mixture of Gaussian — From the Perspective of Latent
Variables — V

@ The conditional probability of z given x is denoted as 7(zx)

Y(zk) = p(zx = 1|x)
p(zi = 1)p(x|zx = 1)
YR p(z =1)p(x|z = 1)
TN (X| ks X k)
> mN (X, E5)

@ 7, can be considered as the prior probability of zx = 1, and (zx) can
be considered as the posterior probability after observing x

@ 7(zx) can also be viewed as the responsibility that component k
takes for ‘explaining’ the observation x
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Mixture of Gaussian — From the Perspective of Latent
Variables — VI — Sampling

@ We can use the technique of ancestral sampling to generate random
samples distributed according to the Gaussian mixture model

@ Procedure of sampling

o First generate a value for z denote Z from the marginal distribution p(z)
o Then generate a value for x from the conditional distribution p(x|2)

@ Techniques for sampling will be discussed in Chapter 11 in detail
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Example of 500 points drawn from the mixture of 3 Gaussians

0.5

= = = 9ac
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Maximum Likelihood To Estimate Parameters of Gaussian
Mixtures

@ Given a data set of observations {xi,--- ,xy}, and these N points are
drawn independently from the distribution

@ Here we wish to model this data using a mixture of Gaussian

@ The question is how to estimate parameters {m}, {1k} and {X} for
the data set

@ The log of the likelihood function

N K
Inp(X|p, E,7) =) In {ZﬂkN(xn|uk,Zk)} (18)
k=1

n=1
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n=1,--,N

Graphical representation of a Gaussian mixture model for a set of N i.i.d.
data points {x,}, with corresponding latent points {z,}, where

«O» «F>r « =

« =




Limitations of ML — Singularities

For simplicity, suppose X, = ail, and p; = x, for some value of n

@ Point x, will contribute a term in the likelihood function of the form

1 1

N (Xn|Xn, 031) = ——— 55—
(X |X Gk) (27T)D/2 0j

(19)

e 0; — 0, then (19) — +o00

@ It means that maximizing the log likelihood function is an ill-posed
problem

@ The singularities will always be presented and will occur whenever one
of the Gaussian components ‘collapses’ onto a specific data point

@ But this problem does not arise in the case of a single Gaussian

e 0; — 0, then N (x,|p, X) — oo, but N(xj|p, X) — 0 for j # n, thus
the log likelihood function will go to O rather than +oo
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Limitations of ML — Singularities

One of the components can have a finite variance and therefore assign
finite probability to all of the data points while the other component can
shrink onto one specific data point and thereby contribute an ever
increasing additive value to the log likelihood.

3

p(x)
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Limitations of ML

@ In applying maximum likelihood to Gaussian mixture models we must
take steps to avoid finding such pathological solutions caused by
singularities and instead seek local maxima of the likelihood function
that are well behaved

@ Another limitation of ML: Identificability

o A K-component mixture will have a total of K! equivalent solutions
corresponding to the K! ways of assigning K sets of parameters to K
components

e This is an important issue when we wish to interpret the parameter
values discovered by a model

e But if we are only interested in finding a good denisty model, it does
not matter

@ In practice, maximizing the log likelihood function is difficult because
the presence of the summation over k that appears inside the log, so
we cannot get the closed form solution
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EM for Gaussian Mixtures

Expectation-Maximization algorithm can be used to find maximum
likelihood solutions for models with latent variables

@ To introduce EM algorithm, first we investigate what conditions must
be satisfied at a maximum of the likelihood function

In other words, we need to compute the derivatives of the log
likelihood function w.r.t. {ux}, {Xk} and {7k}

The log of the likelihood function

N K
Inp(X|u, X, 7) = Z In {an/\/(xn|uk,zk)}
n=1 k=1

e And

1 1 -
N (Xnlpk, k) = W exp {—Q(Xn - Mk)TZkl(Xn - Mk)}
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dIn p(X|u, X, )

Opuk
N (kN (Xnlptx, T k)
_ Z - Kk
n=1 24j=1 71'.i-/\/’(xn“l'ja Zj)
N

TN (X | i, & _
_ Z Kk (Xn| ik, k) Zkl(xn — 1)
j=1 TN (X1, )

n=1

N
= Z 'y(znk)z;l(x,, — LK) (20)
n=1

TN (Xn 11k, Tk)
S N (Xnl 1, )

where  y(zpk) =
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Setting the derivative of In p(X|u, X, 7) w.r.t. ux to 0, we can get

N

> 1z ) Z (=% + 1) = 0
n=1

N
= Z'Y(an)(_xn + k) =0

n=1

N N
~ Z V(an)xn = Z ’Y(an)ﬂk
n=1 n=1

N
1
~ Mk = Wk Z ’Y(an)xn (22)
n=1
N
where Ny =Y v(zu) (23)
n=1
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Compute Derivative w.r.t. py

@ Ny can be considered as the effective number of points assigned to

cluster k

® i is a weighted mean of all of the points in the data set, in which
the weighting factor for data point x, is given by the posterior
probability v(z,x) that component k was responsible for generating x,
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@ Two useful formulas

o First we compute the derivative of TN (Xnpik, Xx) wort. Tt

diM| —1\T
= IMI(M™)

oa"mb)y ¢

a2

e Denote ¢ = exp {—3(xn — puk) TZp (% — p2k) }

dc

=C

1
(=506 = 1) — )"

«O> «F>r «=» «E» = Q>
Liang Sun sun.liang@asu.edu Arizona State U~ Mixture Modelsand EM ~ August 27,2007 31 /84

ot



Compute Derivative w.r.t. Z;l

AN (Xn ik, X))

-1
0%,
| T L1/
s
B o%;t
B Th C3(|Z;1|1/2) Th ’Z;1|1/28C
= (27r)D/2 82;1 (QW)D/2 82;1
me 1 g1 IS
— Wi’zkl‘ 2’Zk1‘zk+WC(—i(xn_Mk)(xn_Mk)T)

o 17Tk|Z;1‘1/2C T
= EW {Zk—(xn—,uk)(xn—,uk) }

= SN Gl T { Tk~ Gon = 16) o — 10) ) (24)
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Compute Derivative w.r.t. Z;l

dIn p(X|p, X, )
oxrt
_ ENZ kN (Xolp11s Tk)
— J 17TkN(Xn‘,UJa j) 32;1

Z TN (Xn| b, L k) {Zk — (xp — p)(xn — Mk)T}
2 S TN (%nlpg, Z))

1
- 2 3 e { Tk = (0 = )% = 124) T} (25)
n=1
Setting % to 0, we can get
k
;N
Y= /\Tk Z’Y(an)(xn — k) (Xn — Mk)T (26)
n=1
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d1n p(X|p, X, )
ok

O
_ i N (Xalptxs Zi)
n=1 szlN(anruhzj)

N
_ Z’Y(an)
n=1 Tk

0 {wavzl In {Zszl TN (Xn| 1), zj)}}




@ For {mx}, we need to consider the constraint Zle T =1
@ We can form the Lagrangian:

K
L=Inp(X|p, Z,m) + A (
@ Setting aa—7fk to 0, we can get

oL

om0

N
Z 7(an) ~A=0
n=1 Tk

N
A Z'Y(znk) = ATk
n=1
«O> «F>r «=» «E» = Q>
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3

T ¢

Mz

Y(znk)

= A\mg

3
Il
—

N
> (an) = 3 (o)

k=1

= )\Z?‘l’k
k=1

WERINE
M= 1

'Y(an)

3
Il
._.
>
Il

1
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[ary
I
>

i
|-



N
Z ’7(an) _ )\ﬂ_k
n=1
o N = Ny
Nk
o = N

N
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Summary of Derivatives

o If we set the derivatives of the log of the likelihood function w.r.t.
{ux}, {1} and {7} to 0, we can get

N
i = Ajk > (an) (27)
N
- ﬁk Z V(zm) (%o — i) xn — )T (28)
mi= (29)

N
where N, = ZV(an)
n=1

@ Note that these are not closed form solution for parameters {1},
{Xk} and {7k} because y(z,x) are dependent on these parameters
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EM Algorithm for Gaussian Mixtures

@ First choose some initial values for the means {yux}, {X«}, and
mixing coefficients {7y}

@ In the expectation step, or E step, we use the current values for the
parameters to evaluate the posterior probabilities, or responsibilities

{W(an)}

@ In the maximization step, or M step,we use {7(zyk)} to re-estimate
the means {px}, covariances {Xx}, and mixing coefficients {my}

@ E step and M step are repeated until it is converged
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[llustration of EM Aglorithm
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Drawbacks of EM Algorithm

o Compared with the K-means algorithm, EM algorithm takes many
more iterations to reach (approximate) convergence

@ Each cycle requires significantly more computation in EM algorihtm

@ EM is not guaranteed to find the largest of these maxima
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EM for Gaussian Mixtures — Detailed Procedures

Given a Gaussian mixture model, the goal is to maximize the likelihood
function with respect to the parameters (comprising the means and
covariances of the components and the mixing coefficients)
e Initialize the means {ux}, covariances {Xx} and mixing coefficients
{7k}, and evaluate the initial value of the log likelihood.
o (E Step) Evaluate the responsibilities using the current parameter

values N (ol 54)
7r X ,
Zj:l TN (x|, Zj)
@ (M Step) Re-estimate the parameters using the current
responsibilities
1 N
ZalR PRCHE ()
R Zv 20k) %0 — 11 (0 — )T (32)
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EM for Gaussian Mixtures — Detailed Procedures —
Continued

@ M Step (continued) Re-estimate the parameters using the current
responsibilities

N
e = = (33)
where
N
N = Y(znk) (34)
n=1

o Evaluate the log likelihood

N K
Inp(X|,u,Z,7T):ZIn{ZwkN(xn|uk,Zk)} (35)

n=1 k=1

and check for convergence of either the parameters or the log
likelihood. If the convergence criterion is not satisfied return to E step
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An Alternative View of EM: From the Perspective of
Latent Variables

@ This framework considers the mixture model by using latent variables
@ The goal of the EM algorithm is to find maximum likelihood solutions
for models having latent variables
@ Notations
e The set of all observed data is denoted as X

e The set of all latent variables is denoted as Z
e The set of all model parameters is denoted as 6

@ The log likelihood function is

In p(X|0) = {Zp (X ze)} (36)

@ The presence of the sum prevents the logarithm from acting directly
on the joint distribution p(X, Z|0), resulting in complicated
expressions for the maximum likelihood solution
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Assumptions

@ For each observation x,, in X, the corresponding value of the latent
variable z, in Z
{X,Z} is called the complete data set, and we refer to the actual observed
data X as incomplete

@ The maximization of the complete-data log likelihood function
In p(X, Z|0) w.r.t. 0 is straightforward
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Main lIdea of EM in the Framework of Latent Variables

@ Since latent variable Z is not observed, we cannot use the
complete-data log likelihood. Instead, we use the expectation of
complete-data log likelihood under the posterior distribution of the
latent variable to approximate In p(X|0)

Only the incomplete data X is observed in practice. Our knowledge of the
values of the latent variables in Z is given only by the posterior distribution
p(Z|X,0)

e By maximizing the approximated In p(X|6), we can get updated
parameter 9NEW

@ Like K-means, we can repeat the process until it converges
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EM in the Framework of Latent Variables

o Initially, the parameter 6 is set as 6y
@ In E step

e We use the current parameter values 6°!d 1o find the posterior
distribution of the latent variables given by p(Z|X, 6°d)

e Use p(Z|X,9°ld) to compute the expectation of the complete-data log
likelihood In p(X, Z|6) under p(Z|X,6°'d)

Q(6,6°%) = 3~ p(2|X,6°9) In p(X. Z|6) (37)

o In M step, we need to compute OMW which maximizes Q(6, §°!d)
0"V — arg max,Q(#, 90|d) (38)

@ Note that in this framework log function acts directly on p(X, Z|0),
and by assumption this is tractable
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The General EM Algorithm

Given a joint distribution p(X, Z|6) over observed variables X and latent
variables Z, governed by parameters 6, the goal is to maximize the
likelihood function p(X|6#) with respect to

o Choose an initial setting for the parameters 9!
o E step Evaluate p(Z|X, 6°1d)

e M step Evaluate "W given by
0"V = arg max,Q(#, GOld) (39)
where
Q(6,6°%) = >~ p(ZIX.6°) In p(X, Z|6) (40)
Z

@ Check for convergence of either the log likelihood or the parameter
values. If the convergence criterion is not satisfied, then let

gold . gNeW 414 return to E step
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Gaussian Mixtures Revisited — |

@ We apply the general EM algorithm to Gaussian mixtures from the
perspective of latent variables
@ The complete-data likelihood function is

N

p(X, Z|, ,m) = [ [ p(xn, 2zalps, T, 7)
n=1

N K
HH TN (X 1 Ze

@ The log likelihood function is given as follows

N K

Inp(X, Z|p, T, m) = Y >z {Inme + InN (x|, Tie) b (41)

n=1 k=1

@ This complete-data log likelihood function can be maximized w.r.t.
Wi, 2k, Tk in closed form
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Gaussian Mixtures Revisited — I

To apply the general framework of EM algorithm, we first need to
compute the posterior distribution p(Z|X, p, X, )

p(ZIX, p, X, ) o< p(Z|p, T, 7)p(X|Z, p, X, )
N
= p(zn|p, T, ) p(Xn|zn, 1, T, )
1

n—=

N K
— HH[?TkN X,,‘,uk,zk)]z"k

n=1 k=1

Liang Sun sun.liang@asu.edu Arizona State U Mixture Models and EM August 27, 2007

51/ 84



The expectation of z,, under the posterior distribution p(Z|X, i, X, ) is

Elzm] = 1x p(zok = 1|X, p, Z,7) + 0 X p(znk = 01X, p, T, )
= p(zok =X, p, X, )
kN (Xn |k, i)
> TN (xal, )
= v(znk)
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Gaussian Mixtures Revisited — IV

@ The expectation Q of the complete-data log likelihood function is

Q= E[ln p(X> Z|:U’7 Zaﬂ-)]
N K

= Z Y(Zok)(In Tk 4+ In N (X | 2k, Zk))

1k

3
Il
Il
—

I
M=
M) =

1 1 B
Yz ) (In e+ S0 (55 = 5 0t — i) "I (%0 — 1)
1

b
2

x
I
—

3
Il

In(27))

@ By setting the derivatives of Q w.r.t juk, i, 7k, we can get uReW,

Fhew qnew
@ Note that y(z,x) are considered as fixed values when computing

derivatives
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Z’Y(znk
3Mk pt
By setting % to 0, we can get

S+ T %)

1 N
Hk = Wk ; V(an)xn

«O>» «Fr «=>r «E=)» = Q>



1
82_
1

Z’Y(an (__(Xn — i) (Xn — pi) " A S Zk]|E 1|):k)
5 Z’Y(an)(zk = (%0 = ) (Xn — i) )
n=1

Setting -2 a):_—f to 0, we can get

1
Ny

Z Y(Zok ) (Xn = i) (Xn — fik) T
n=1
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Gaussian Mixtures Revisited — VI

For 7, we need to consider the constraint Zszl 7, = 1, thus we can
construct the Lagrangian

K
L=Q+ XD m—1)

k=1
Z ’Y an
87rk Mk

By setting C%Lk to 0, we can get

oL
=0
Oy
= A=N
= E "y(Z,,k) = N
Ny
& T = W
Liang Sun sun.liang@asu.edu Arizona State U Mixture Models and EM August 27, 2007

56 / 84



Comparison of K-means and EM Algorithm — |

@ Comparison of K-means and EM Algorithm

e K-means gives a hard assignment of data points to clusters
e EM algorithm makes a soft assignment based on the posterior
probabilities

@ K-means algorithm can be considered as a particular limit of EM for
Gaussian mixtures
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Comparison of K-means and EM Algorithm — [l

@ Consider a Gaussian mixture model in which the covariance matrices
of the mixture components are given by €/, i.e., Ly = el, where e € R
is a fixed constant, and it need not to be estimated

@ Each component is given by

1 1 5
PRl T4) = s 9 {5l - ml?) (42)
@ The posterior probability of z, given observation x,, is

o) — TPl /20
S (=l — 1517/2)

@ Suppose j = arg min,||x, — uk||?, if € — 0 and 7, # 0 for all k, then

(z00) 1 ifj=k (44)
n e
M\ Znk 0 otherwise

(43)
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Comparison of K-means and EM Algorithm — [ll

o (44) implies that v(zpx) — rak when e — 0
e For parameter {ux}, the formula in EM is

N
§:nrnkxn
k= > W zok)xn — 20 45
7 Nk '}’(n)n Enrnk ( )

n=1

e For parameter {m}, the formula in EM is

N
Nk > 1ok
= — ==

N N (46)

Tk

@ It means that the limit of the EM algorithm for this particular
Gaussian mixture is the exact K-means
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Mixtures of Bernoulli Distributions — |

@ In this part we focus on mixtures of discrete binary variables described
by Bernoulli distributions, or latent class analysis

@ Bernoulli distribution, namely, binary distribution
Bern(x|u) = (1 — )™, and x € {0,1} (47)

o Consider a set of D binary variables x;, where i = 1,---, D, each of
which is governed by a Bernoulli distribution with parameter g, so
that

(1) = Hu,o (1~ o)™ (48)

where x = (Xl,"' ,XD)T, u= (Mlo,"' ,NDO)
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Mixtures of Bernoulli Distributions — Il
@ The mixture model is given by

p(x|p, ) Zﬂ'kP (x|pk) (49)

where i = {juz.- - ik}
@ Gven a data set X = {x1,---

,Xn }, the log likelihood function for this
model is given by

In p(X]p, ) Z {Zwkp Xn|fik) } (50)

n=1
@ Still, the summation appears inside the logarithm, which makes the

maximum likelihood solution to In p(X|u, ) difficult
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Mixtures of Bernoulli Distributions — |11

@ To derive the EM algorithm for the mixtures of Bernoulli
distributions, the latent variables {z,} are introduced

e For each x,, a latent variable z, = (zp1,--- , zox) " is introduced, and
K
Zznk =1, and zp, € {0,1} (51)
k=1

@ The conditional distribution of x, given z, is given by

p(Xn|zn, 1) H P(Xn]| ok ) (52)

@ The prior distribution of latent variables is

p(zq|7) = H e (53)
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Mixtures of Bernoulli Distributions — IV

@ The joint distribution of x, and z, is
K

p(xn, znlpt, m) = ] ] (macp(xnlpua) )

k=1
@ The complete-data log likelihood function is given by

N
Inp(X, Z|u,7) = Z In p(xp, zp|p, 7)
N K
SDICLY) (CESEY

n=1

N K D
= ZZznk{InTrk—FZ[X,,,-Inuk;—F(1—x,,,-)|n(1—,uk,-)]}

n=1 k=1 i=1

o Like Gaussian mixtures, to compute the expectation of
In p(X, Z|u, ), we only need to compute the expectation of z,
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Mixtures of Bernoulli Distributions — V

@ Like Gaussian mixtures, the expectation of z, is
TkP(Xn| k)
i mip(Xnl 1))
@ The expecation of the complete-data log likelihood function is given

by

E[an] = = ’7(an)

Q =E[lnp(X, Z|u, )]

N K D
= Z ZV(an) {In T + Z[Xn; In pki + (1 — xpi) In(1 — Mki)]}

n=1 k=1 i=1
@ In M step, we need to maximize the expectation of the log of
complete-data likelihood function
@ The method to compute optimal {yx} and {7k} in M step is similar
to that of Gaussian mixture models, i.e., by setting the derivative of
Q =E[Inp(X, Z|p, w)] w.rt. {ug} and {m} to 0, and compute

{1k} and {my}
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Mixtures of Bernoulli Distributions — VI

N
0Q Xpi 1 — Xpj
P Z [

Opiki ;7( nk)(Hki 1- Mki)

N
_ Z'V(Z K Xni — Hki
- n

pry fki (L — fiki)

By setting % to 0, we can get

N
1
P = - Z V(Znk ) Xni (54)
k n=1
Or equivalently,
1 & _
Hk = N7k Z ’V(an)xn = Xp (55)
n=1
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To compute {7k}, we need to construct the Lagrangian

Q- )\(Z Tk — 1)
therefore 871’k ny(z,,k)— —A
= A=N
Ni
= T = ——

N
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The EM Algorithm in General — |

@ The EM algorithm, is a general technique for finding maximum
likelihood solutions for probabilistic models having latent variables

@ In this part we consider a general probabilistic model
@ Problem statement in general discussion

e All of the observed variables are denoted by X

e All of the hidden variables are denoted by Z

e The joint distribution p(X, Z|0) is governed by a set of parameters
denoted by 6

e The goal is to maximize the likelihood function given by

p(X|0) = Zp (X, Z|0) (56)

@ In our discussion, Z is assumed as discrete variables, but the
conclusion still holds for continuous variables and the combination of
discrete and continuous variables
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The EM Algorithm in General — Il

@ Assumptions

e The direct optimization of p(X|6) is difficult

e The optimization of the complete-data likelihood function p(X, Z|0) is
much easier

@ For latent variables Z, the distribution is denoted as g(Z)
@ The decomposition of p(X|f) for any choice of q(Z2)

Inp(X10) = £(q.6)+KL(qllp) (57)
ere P(X, Z10)

wh £(q,0) ZZ: { W) } (58)
p(Z|X, 6)

Ul = - a@m{ 27501 6

e £(q,0) is a functional of the distribution g(Z), and a function of the
parameters 0
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The EM Algorithm in General — Il
Definition and Properties of K-L divergence KL(q||p)

o For probability distributions g and p of a discrete random variable i,
the Kullback-Leibler divergence (also information divergence,
information gain, or relative entropy) of p from q is defined as

KL(alp) = 3 atyin 20 (60)

i

@ The K-L diverence is a measure of the difference between two
probability distributions: from a “true” probability distribution g to
an arbitrary probability distribution p

e KL(q|lp) = 0 for any distribution p and g
o KL(qllp) =0iffg=p
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The EM Algorithm in General — IV

Inp(X, Z|0) = Inp(Z|X,0) + In p(X]|0)

0=y

= a(2)(Inp(X, Z|6) ~Inq(2))

= q(2)(Inp(Z|X,0) + In p(X|0) — In q(2))
V4

(Z)In {”(j('gg)} + 2 a(2)inp(x10)

= —KL(qllp) + In p(X]0)
= Inp(X]0) = L(q,0) + KL(ql|p)

I
"G
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KL(qllp)

e Since KL(gl|p) > 0, £(q,8) is a lower bound on In p(X|60)

L(q,0)

np(X|9)

Figure: lllustration of the Decomposition
«O> «F>r «=» «E» = Q>




The EM Algorithm in General — VI — E Step

@ Suppose that the current value of the parameter vector 0 is gold
@ In the E step, the lower bound £(q,#) is maximized with respect to
q(Z) while holding 6°!9 fixed

@ Note that
£(q,6°'9) = —KL(qllp) + In p(X|6°) (61)
o When KL(q]|p) = 0 or g(Z) = p(Z|X,6°!d), £(q,6°'d) is maximized
KL(gllp) = 0
£(q,0°) Inp(X|6°'Y)
Figure: lllustration of the E Step
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The EM Algorithm in General — VII — M Step

@ In the M step, the distribution g(Z) is held fixed and the lower bound
L(q,0) is maximized with respect to  to give some new value MW

o In E step, q(Z) is fixed as q(Z) = p(Z|X, 6°'d)

£(q.0) = > p(ZIX.6°)Inp(X, Z|6) (62)

z

=3 p(z1X, 6% 1n p(Z, X|6°)
V4

= 9, 9°|d) + const (63)
where Q(6,6°Y) =" p(Z|X,6%) In p(X, Z|0)  (64)

@ Thus in M step, we only need to maximize Q(6,9°|d) w.r.t. 6
e 9(0, 6?°|d) is the expectation of the complete-data log likelihood
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The EM Algorithm in General — VIII = M Step

e By maximizing Q(G,QOId) w.r.t. § we can get

Hnew

o KL(g|lp) = KL(p(Z|X,6°'d)|p(Z|X,60MEW) > 0 in most cases
e Both £(q,0) and KL(q||p) are increased in the M step

L£(q, ™)

1

In p(X[0"")

Figure: lllustration of the M Step
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The EM Algorithm in General — IX

Red curve is In p(X|0)

Blue curve is the lower bound L(q, 0 old

Old) given 0

Both curves have the same gradient and same value for the point gold

Since L(q, GOId) is a convex function having a unique maximum for
mixture components from the exponential family, we can get §™W in
M step

Inp(X|0)

gold_ grew

Figure: lllustration of EM Algorithm

Liang Sun sun.liang@asu.edu Arizona State U Mixture Models and EM August 27, 2007 76 / 84



The EM Algorithm in General — IX

@ In each cycle of E step and M step, In p(x|) is guaranteed to be
increased

e For any optimization problem, if the maximum is not o0, any
algorithm which increases the objective function in every step or every
t(t > 1) steps, is guaranteed to find a local maximum

@ For the general EM algorithm, a local solution is guarrateed
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Extensions of EM Algorithm

@ The EM algorithm breaks down the potentially difficult problem of
maximizing the likelihood function into two stages, the E step and the
M step, each of which will often prove simpler to implement

@ For complex models it may be the case that either the E step or the
M step, or indeed both, remain intractable

@ This leads to two possible extensions of the EM algorithm

e The generalized EM, or GEM, addresses the problem of an intractable
M step

e For complex E step, we can perform a partial, rather than complete,
optimization of £(q,6°'d) with respect to g(2)
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Generalized EM Algorithm

o GEM addresses the problem of an intractable M step

@ GEM seeks to change the parameters in such a way as to increase the
value of £(q,6)
o Different forms of GEM
e Use one of the nonlinear optimization strategies, such as the conjugate
gradients algorithm, during the M step
e Expectation conditional maximization, or ECM, involves making several
constrained optimizations within each M step

@ Example: Parameters might be partitioned into groups, and the M step
is broken down into multiple steps each of which involves optimizing
one of the subset with the remainder held fixed
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Incremental EM Algorithm

@ This algorithm can be utilized to process independent data points
X1, -+ , Xy with corresponding latent variables z3,--- ,zpy

@ The joint distribution p(X, Z|6) can factorize over the data points, i.e.

N
p(X, Z|0) = HP(XmZnW) (65)

n=1

@ In incremental EM algorithm, at each EM cycle only one data point is
processed
e In E step, the responsibility of only one point is re-evaluated
e In M step, we can use some simple statistics to update parameter 6 if
the mixture components are members of the exponential family
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Incremental EM Algorithm for Gaussian Mixture Model

@ Suppose we perform an update for data point m, and the old and new
values of the responsibilities are denoted as 7°|d(zmk) and Y"Y(z,4)

o Before updating data point m
Id L Id
NI? = Z’Yo (znk)
n=1

o After updating data point m

NEeW _ ZVOId(an)-i-VneW(ka)
n#m

— N,?ld _ ,YO|d(ka) 4 ,yneW(ka)
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Incremental EM Algorithm for Gaussian Mixture Model —

Estimate €W in M Step

N
1
ML‘IGW — Nnew Z,yneW(an)xn
k n=1

1
= NNew Z 70|d(znk)xn + ’Ynew(zmk)xm
k n#m

1
_ e (Nold old _ Old(ka)Xm+’YneW(ka)Xm)

- 1 ((Nnew OId(ka) _ ’VneW(ka)> #2Id

new
Nk
old new
- (ka)xm + (ka)xm>
new oId
_oold (7 (Zmk) — 72" (2mk) _ old
= Mk Nnew (xm — 1)
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@ Advantages of incremental EM algorithm

e Both the E step and the M step take fixed time that is independent of
the total number of data points in each iteration

e The convergence rate is faster than the batch version of EM algorithm
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Summary

@ The K-means Algorithm
@ The EM algorithm

e The EM algorithm for mixtures of continuous variables
@ Mixtures of Gaussian Distributions
e Two different methods to derive the EM algorithm for mixtures of
Gaussian distributions
@ From the perspective of maximum likelihood
o From the perspective of latent variables
e The EM algorithm for mixtures of discrete variables
e Mixtures of Bernoulli Distributions
e The EM algorithm in general
o Extensions of EM algorithm
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