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1 Introduction

This paper generalizes Bewley’s classic formulation of Knightian ambiguity to a set-
ting where the decision-maker’s domain of choice is the set of subsets of ∆(X), the
space of lotteries on a finite set X. Preferences over this domain have been given
the moniker “preferences over subjective contingencies” after the seminal paper by
DLR (2001) that analyzed such preferences and provided an important represen-
tation result. The DLR paper shows that preferences on 2∆(X) that satisfy the
Herstein-Milnor mixture space axioms admit a utility representation that takes the
form of a (state-dependent) expected utility functional. Moreover, the utility kernel
and the probability space over which the expectation operator is defined are shown
to be essentially unique.1

The DLR Theorem provides a beautiful counterpart (on both the axiomatic and
functional form side) of the Anscombe-Aumann Theorem. The model interprets
a menu as an implicit Anscombe-Aumann act, where the domain of the act (the
subjective state space) is in the mind of the decision-maker. An important axiom
implied by the DLR representation is the order axiom, which requires preferences
over menus to be complete. The starting point of this paper is to analyze what hap-
pens when we relax this assumption. Incomplete preferences were famously analyzed
by Bewley (1986) who provided the prevailing utility representation for incomplete
preferences. Bewley’s representation considers an Anscombe-Aumann setup, main-
taining the same axiomatic framework except for the order axiom on compound
Anscombe-Aumann acts- so that preferences are allowed to be incomplete. Bew-
ley’s representation theorem suggests that the cause of incompleteness is that the
decision-maker (DM) has imprecise probabilistic beliefs over the (objective) state-
space over which acts are defined. Thus, rather than a single probability measure
over the state space the representation posits an entire set of measures - so that the
issue of which among two acts is preferred depends on the particular belief used to
compute the subjective expected utility of that act.

This is a powerful result that has, to date, provided the prevailing paradigm
to ‘visualize’ preference incompleteness.2 The primary conceptual goal of the cur-
rent project to further extend our understanding of why preferences are incomplete.
Our model also uses the Bewley criterion for comparing menus; however, the choice
domain is different from the Bewley framework - the behavioral primitive in this
paper is an incomplete preference order over menus. Our main result provides an

1This requires fixing a normalization of the state-space and state-dependent utility kernel at
the outset.

2To be clear, there have been many axiomatic models of incomplete preferences in the decision
theory literature - a handful of which are listed in the references section. However, a “multiple-
utility” criterion is a common feature of all these models.
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axiomatic foundation for a Bewley-type criterion for representing incomplete pref-
erence relations on menus.

As a motivating example, consider a college bound senior who is choosing among
two choices, say college A and college B. This might be a non-trivial choice problem
if the DM has to commit to a college choice before knowing with certainty what
her consumption preferences (over the amenities offered by various colleges) will be.
Let us use the Anscombe-Aumann machinery to model this decision problem. For
simplicity assume the space of uncertainty facing the DM is objective so that any two
decision-makers faced with the same college choice problems have the same space
of uncertainty - for example, the space of all possible rankings of career options. A
college can then be coded as an Anscombe-Aumann act as illustrated below. Take
the state space to be the set of rankings over career options available to the DM,
and for a parsimonious description of the act associated with a college identify a
state with its top-ranked career choice.

doctor biology
physicist physics

...
...

veterinarian veterinary science


In the above example, a college is coded into an act as follows. For each state,
the DM picks the major at that college that puts him on track towards the most
preferred career choice (in that state). Once we code colleges into acts using this
procedure, the question turns to how the DM assigns utilities to these acts. The
model in this paper lies within the subjective expected utility (SEU) paradigm, so
that for each belief that the DM has about the distribution of states (she may have
several) she computes the value of an act by integrating against each subjective
belief over the distribution over states. This yields a collection of utilities for each
menu-induced act. Using the Bewley criterion, we say that college A is preferred to
college B if the prior by prior SEU value of the act induced by college A dominates
that of the act induced by college B.

So far, this description sounds just like the standard, i.e. objective Anscombe-
Aumann, Bewley model. While the utility models in the objective and subjective
(i.e. menus) setting are similar, there is an important issue that arises in the menu
choice environment that is absent in the objective setting. A key assumption in
applying the objective Anscombe-Aumann framework is that the set of feasible ex
post choices is independent of the realized ex post state. This assumption is built
into the behavioral primitive, which is a relation on lottery-valued acts whose do-
main is the objective state space. Since the range of these acts is the full set of
vNM lotteries, this implicitly makes two assumptions about the nature of the choice
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problem. First, we can arbitrarily perturb the ex post payoff for any given act and
remain within the set of feasible acts. Second, the set of all these perturbed acts is
in the support of the preference relation. Note that in the college choice example
both of these restrictions can be violated. For example, liberal arts colleges might
offer a different set of academic options than engineering schools so that when we
encode colleges as (implicit) Anscombe-Aumann acts, the set of menu-induced acts
is much smaller than the set of objective Anscombe-Aumann acts. Thus, when there
is co-dependence between the realized state and the consumption choices available
in that state, the domain of the preference relation is much smaller.

It is particularly important to take the co-dependence between ex post states
and ex post choices into account when trying to understand why preferences may be
incomplete. Indeed, one of the very sources of incompleteness may be the presence
of this co-dependence.3 For example, the reason I cannot compare A and B might
simply be because they offer different consumption options in difference states - an
explanation that is not obviously rooted in my ambiguous beliefs about the distri-
bution of ex post states. This can be an additional source of incompleteness since
there are fewer chains of comparisons that the DM can make in comparing two
objects. For example, in the objective set-up a DM can compare two acts (f, g)
by successively perturbing the payoffs of the initial act f and finding a sequence of
perturbations f0 = f, f1, . . ., fn = g such that f = f0 � f1 � · · · � fn = g. Transi-
tivity then implies that f � g. When the support of the preference relation is not
rich enough, these intermediate comparisons may not be available, thus (possibly)
leading to an additional source of incompleteness.

Thus, in the (subjective) menu choice framework there are possibly multiple
sources of incompleteness. On the one hand, there might be objective ambiguity
about the governing distribution of ex post states - as in the objective set-up. On
the other hand, there is co-dependence between the realized state and the consump-
tion choices available in that state - so that the support of the preference relation is
not rich enough to resolve comparisons of pairs (f, g) via a sequence of comparisons
among perturbed acts. The main result in the paper shows that the menu-choice
analogue of the Bewley axioms are necessary and sufficient for a representation of
the decision procedure we informally discussed above. On a conceptual level, the
value of the result is that it extends the analysis of incomplete preferences to the
domain of menu choice. Moreover, the representation ‘visualizes’ preference incom-
pleteness through the same mechanism as in the classical Bewley model, i.e. through
ambiguity over the distribution of ex post states. From an axiomatic viewpoint, we

3The question of “sources of incompleteness” is the topic of the paper Ok-Ortoleva-Riella (2009).
Thus, we are not the first to seek out sources of incompleteness other than Knightian uncertainty.
However, to our knowledge, we are the first to investigate whether the sparseness of the choice
domain is a source of incompleteness.

4



find this a surprising result. Our axioms are essentially a menu-choice translation
of the axioms in the Bewley framework, yet the domain of the preference relation
is much smaller. As discussed above, this suggests that ceteris paribus the sparse-
ness of the choice domain should compound whatever pre-existing incompleteness
in preferences is already present due to ambiguity. The representation result shows
that while our behavioral primitive accommodates an additional source of incom-
pleteness, the DM, nevertheless, behaves as if the sole source of incompleteness is
ambiguity about the distribution on the state space. Our proof of this result is novel
and uses techniques that are distinct from those typically used in the ambiguity lit-
erature. As I comment in further detail below, standard techniques encounter some
initial difficulties, which is the reason we use an alternative approach.

A standard technique applied in the objective ambiguity framework is to first
make an implicit identification between AA acts and utility vectors in R|S| (where S
is the objective state space). The set of measures that capture the DM’s ambiguity
is then recovered from the dual cone to the cone in utility space generated by the set
of differences f − g, where f � g (call this the pointed cone). A major impediment
in carrying out this procedure in our setting is the sparseness of the support in the
preference relation. Specifically, a technical hypothesis that is used to apply the
duality between the pointed cone and dual cone is that the algebraic interior of the
set of induced utility vectors (in its span) is non-empty. This condition is trivially
satisfied in the objective AA set-up precisely because the set of ex post choices is
the full domain of vNM lotteries, and hence independent of the realized state. Thus,
for every utility vector that is the image of an AA-act we can find an appropriately
scaled basis for a positive orthant with this vector at the origin such that every point
in the orthant is a multiple of the image of an AA-act.

This latter property is quite strong and much more than what is needed in or-
der to apply the duality between the pointed cone and its dual. Moreover, it is
seems unlikely (though we have not proven otherwise) that this property holds for
the menu choice domain. Thus, while our method also exploits the link between
a pointed cone and its dual, the verification step in applying this duality (check-
ing the non-emptiness of the algebraic interior) is a non-trivial part in the argument.4

4One may be able to obtain non-emptiness of the algebraic interior by standard approaches - so
that we know that the pointed cone is closed. However, this will only yield a set of possibly signed
measures whose associated hyperplanes support the cone. In the Anscombe-Aumann framework
one applies the monotonicity axiom to show that these measures must in fact be probability
measures. This works precisely because the monotonicity axiom implies that the pointed cone has
non-empty interior (in the ambient vector space). In the menus setting, showing that the pointed
cone has non-empty interior is non-trivial and constitutes the heart of our argument. I thank Fabio
Maccheroni for a helpful discussion on this point.
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The representation result yields, as a corollary, a subjective Anscombe-Aumann
representation theorem, where the domain of choice is menus rather than objective
AA acts. This result is disjoint from the DLR (2001) representation (which we also
interpret as an Anscombe-Aumann-type representation) in the sense that neither
model nests the other.

I have commented above on why the standard Shapley-Baucells argument does
not immediately apply to our setting. However, it is also natural to ask whether we
can apply the DLR (2001) technology in our setting. Let us give a quick synopsis of
the DLR strategy.5 First, obtain a linear functional on the space support functions
that represents the given preference on menus.6 Now use Hahn-Banach to lift the
linear functional on this subspace to a linear functional on the full space of functions
within which the support functions are embedded. Finally, apply continuity of the
functional (and duality) to represent the functional as integration against a (possi-
bly signed) measure on the state space (which is the domain of the support function).

There are two obstructions to carrying out this recipe in our setting. First, the
integrand in our utility representation is not a support function, but is instead a
Strotzian value function associated to a menu. In words, for a given menu the as-
sociated Strotzian value function maps a state to the indirect utility obtained from
the given menu in that state, where the indirect utility is computed using the well-
known Strotz utility formula (e.g. see Gul-Pesendorfer (GP) (2005)). The problem
is then the following: While the map M 7→ σM is a homeomorphism (here σM is
a support function), the map M 7→ φM is not a homeomorphism (here φM is the
Strotzian value function associated to the menu). Thus, linear menu preferences
that satisfy Hausdorff continuity do not map homeomorphically into the space of
Strotzian value functions.

One can try to remedy this situation in the following manner. First, find a
pair of topologies (τ1, τ2) on (resp.) the space of menus and the space of Strotzian
value functions such that menus topologized under τ1 map homeomorphically to
Strotzian functions topologized under τ2.7 Second, prove that the space of Strotzian
value functions is dense (in the topology τ2) subspace of C(S) - the space of all
continuous functions . Third, prove a version of the Riesz representation theorem

5The remainder of this introduction can be skipped by readers willing to take on faith that our
main result cannot be obtained by a modification of the DLR arguments. The only purpose of this
discussion is to convince a reader well-versed in the DLR argument that non-trivial complications
arise when one attempts to import the DLR argument to the model of this paper.

6Recall that (i) a menu is identified with the support function induced by the menu, (ii) this
correspondence between (closed and convex)) menus and support functions is bijective.

7We actually only need τ2 since we can just obtain τ1 by “pulling-back” open sets via the map
that takes a menu to its Strotzian value function.
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for the space (C(S), τ2) to decompose the lifted representation as integration against
a measure on S. The main difficulty is in the last two steps.

I can not speak to the feasibility of the third step (generalizing the Riesz theo-
rem) since that is not the path I follow in this paper. However, it is more transparent
to see that the density argument in DLR does not apply. Recall that a key step
of their density argument invoked the lattice structure of the set of differences,
{σ1 − σ2 : σi ≥ 0}, where the σi are elements of the cone of non-negative support
functions. This lattice structure does not exist when we replace support functions
with Strotzian value functions.8 This summarizes the main difficulty in trying to
import the DLR proof to our setting. As a consequence, we develop a different ar-
gument to obtain our representation result. A virtue of the approach in this paper
is that it is self-contained.

The structure of this paper is as follows. In the upcoming section we provide
a description of the DLR model and, for our purposes, the main results in DLR
(2001). We then describe the required modification of these axioms which yield our
main result, a generalization of Bewley’s theorem. Section 3 is devoted to a proof
of this result and section 4 concludes.

2 The DLR Model

Let X := {x1, .., xk} be a finite set and put ∆(X) := {(p1, .., pk) :
∑k

i=1 pi = 1, 0 ≤
pi ≤ 1} the set of lotteries on the set X, viewed as a metric space with the topology
induced by the usual Euclidean metric. Put M(X) := {M : M ⊆ ∆(X), M closed}
and let d(·, ·) be the metric induced by the Hausdorff topology (induced by the Eu-
clidean metric). Consider a preference relation (referred to as DLR preferences) on
M(X) defined by the following axioms:

A0: (Non-Triviality) ∃M,M ′ ∈M(X) such that M �M ′.9

A1′: (Order) (�,M(X)) is a complete, rational order.

A2: For each menu B, the sets {A ∈ M(X) : A � B} and {A ∈ M(X) : B � A}
8To see why this is not the case note that the supremum of two Strotzian value functions is not

necessarily a Strotzian value function.
9The only role of A0 is to ensure uniqueness in the utility representation. Indeed, for our model

the indeterminacy is quite stark. Without A0, the representation is completely indeterminate -
any set of measures can be used to represent the trivial menu preference where all menus are
indifferent. On the other hand, with A0 the representing set of measures is unique.
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are closed.10

A3: (Independence) If A � B, then ∀α ∈ (0, 1) and any C ∈ M(X), α·A + (1 −
α)·C � α·B + (1 − α)·C, where we put α·A + (1 − α)·C := {l ∈ ∆(X) : l =
αp+ (1− α)q, p, q ∈ A,C resp.}

Put S := {(u1, .., uk) ∈ Rk
+ :

∑k
i=1 ui = 1} and for each s ∈ S define a vNM

utility on ∆(X) by the formula Us(p1, .., pk) =
∑k

i=1 piui. Clearly any given vNM
preference is identified by an equivalence class of affine utilities. It is a simple ex-
ercise to check that for any affine utility U(·), there are constants a, b with a > 0
such that the utility U ′ = aU + b has indices ui ≥ 0 and

∑k
i=1 ui = 1. This process

does not lead to a unique element of S, so that S is a superset of the set of vNM
preferences over ∆(X). Contrast this with the space that DLR (2001) use as a
representative set of vNM preferences,

SDLR := {s = (u1, .., uk) ∈ Rk : (i)
k∑
i=1

ui = 0, (ii)
k∑
i=1

u2
i = 1}

These two conditions on the vectors (u1, .., uk) assure that if u, u′ ∈ S and u =
a·u′ + b, then a = 1, b = 0. Letting ΠvNM denote the set of vNM preferences
we can explicitly identify ΠvNM with a quotient of S and endow ΠvNM with the
corresponding quotient topology. To see why these remarks are relevant recall the
basic DLR strategy. Let Σ := {M ⊆ ∆(X) : M convex, closed} and following DLR,
define a map Θ : Σ ↪→ C(SDLR) by

Θ(M)(s) := maxx∈M Us(x)

An important consequence of this is the following:

Fact: Θ induces an affine homeomorphism betweenM(X) and the subset of C(SDLR)
defined by Θ(M(X)).

The fact allows DLR to transfer the analysis of preferences on the space M(X)
to preferences on C(SDLR), by identifying a menu with the vector of ex-post utilities
induced by this menu. The key result in DLR (2001) for our purposes is:

Theorem 1. (DLR) Let (�,M(X)) be a preference relation satisfying A0 − A3.
Then, there is a subset S0 ⊆ S and a signed measure π (on S) with supp(π) = S0

such that � has the following characterization: M � M ′ ⇔ U(M) ≥ U(M ′),
where U(M) :=

∫
S

Θ(M)(s)πs.

10In the corrigendum to DLR (2001), it was noted that this form of continuity was not sufficient
to imply the DLR representation theorem. For this paper, however, we will only require a weaker
notion of continuity that is more closely related to Hausdorff continuity than the L-continuity
axiom required by the general DLR model, hence our sloppiness in writing down the DLR axioms.
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The result says that we can think of the choice of a menu M over M ′ as if it
is based on comparing the expected values these menus yield when viewed as ele-
ments of C(SDLR). Since SDLR can be identified with ΠDLR the result offers the nice
interpretation that the agent computes the value of a menu by taking a weighted
combination of the ex-post values the menu yields in each conceivable ex-post state
(i.e. realized vNM preference). If we replace SDLR with S in the statement of the
theorem we lose this interpretation since ΠvNM is a proper quotient of the space S.
However, this problem can be resolved if there is a natural way to project the repre-
sentation on the space S onto the space ΠvNM such that (i) the measures (or weights)
that with domain S can be pushed forward to the quotient ΠvNM, (ii) the utility
kernel U(M) ∈ C(S) can be also be pushed forward to a function U(M) ∈ C(ΠvNM),
and (iii) the integral on the pushed forward space also generates a cardinal repre-
sentation of the preference.

Despite the fact that the set ΠvNM is a proper quotient of S, we stick with S
as the operative ‘state space’ in our analysis in this paper. The main reason we do
this is twofold. First, since the space S is convex11 this allows us to push through
our proof strategy for the desired representation results (note that the space SDLR is
not convex). Second since the set of vNM preferences is a natural quotient of S, we
use the “push-forward” procedure described in the preceding paragraph to transfer
representation results on the space S onto the real state space of interest, ΠvNM. For
a given menu M and state s we let M(s) := arg maxx∈Ms

u(x), where u(·) is a fixed
vNM representation of the ranking on singleton menus and Ms := arg maxx∈M us(x)
(here us(·) is a representation of the vNM preference that defines state s).

To the original DLR axioms A0− A3 we add the following:

A4: (monotonicity) Let M,M ′ ∈M(X). If M(s) �M ′(s),∀s ∈ S, then M �M ′.

To incorporate ambiguity into the model we also require a weakening of A1′:

A1: (partial order) (�,∆(X)) is a total order and (�,M(X)) is a (rational) partial
order

Finally, the standard continuity axiom (A2 as stated above) does not hold for
the subjective Bewley model.12 To formulate the continuity axiom implied by the
Bewley model, introduce the following notation. For each menu M define a function

11Note that SDLR is not convex.
12The easiest way to see this is to note that when we impose completeness of the menu order,

the Bewley model can be interpreted as the random Strotz model of Dekel-Lipman (2007) - which
is known to violate the continuity axiom.
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φM : S → R via the formula

φM(s) := maxf∈Ms u(f)

where Ms := arg maxf∈M us(f). Notice that any two menus M,M ′ for which
φM = φM ′ are equivalent under the menu preference �, by axiom A4. Identify
functions φM with elements of the product space RS , endowed with the product
topology.

To define the continuity axiom introduce the following terminology. A partition,
{Ei}, of S is called a Borel partition if it is generated by a finite collection of
hyperplanes {s : pis ≥ ci}. Furthermore, call the Borel partition coherent if the
constants ci ≡ 1/k. We will shortly see the value of the coherence restriction. For
the moment, we restrict attention to the collection of all coherent Borel partitions
of S.13 Denote a Borel partition as {Ei} and let ΣEi denote the set of menus M
such that φM is a {Ei}-measurable function (call a menu {Ei}-measurable when this
happens). Let Λ be an index of the set of all coherent Borel partitions (denote a
generic partition as {Eα}) and put

A :=
⋃
α∈Λ

{Eα}

Abusing notation, let ΣA be the set of all menus whose associated value functions,
φM , are A-measurable (i.e. σ(φ−1

M (B) | ∀B ∈ B) ⊆ {Ei} for some {Ei} ∈ A). We
now introduce our continuity axiom.

A2: (ΣEi-continuity) For any M ∈ ΣEi the sets {φM ′ : M ′ ∈ ΣEi ,M
′ � M} and

{φM ′ : M ′ ∈ ΣEi ,M
′ �M} are (relatively) closed.14

Notice that this is indeed weaker than continuity since we only require continu-
ity of the preferences along sequences of menus which are measurable with respect
the same (finite) Borel partition. For readers concerned that the notion of ΣEi

is not definable from behavioral primitives, we make two remarks. First, we can
easily define the notion of ΣEi-measurability using only �. Fix a Borel partition
and consider the following relation, R, on the (objective) states. Say that sRs′ iff
sup(M(s)) ∼ sup(M(s′)). Recall that sup(M) denotes the � |∆(X)-maximal ele-
ments of M . The relation R is clearly an equivalence relation on S. Call a menu M

13Note that hyperplanes have non-zero intersection, so that we need a consistent way to assign
boundary states to pairs of cells (Ei, Ej) that share a hyperplane on their boundary. This turns
out to be an important issue that we revisit in the course of the proof of Theorem 2.

14The topology is the induced Euclidean topology on the space of utility vectors {φM : M ∈ ΣEi}.
We also note that this axiom is strictly weaker than the standard Hausdorff continuity axiom, listed
as A2 in the list of DLR axioms. The proof that this is the case can be read off from our proof
that A2 is necessitated by the Bewley model.
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ΣEi-measurable if the partition induced by this equivalence relation is a coarsening
of {Ei}.

Second, note that while the closed condition is stated on the set of value func-
tions induced by menus, it is a simple exercise to check that A2 is equivalent
to Hausdorff continuity on the set of {Ei}-measurable menus. That is, the set
{M ′ ∈ ΣEi : M ′ �M,M ∈ ΣEi} is closed (and similarly for the lower contour sets).
Combining A0−A4 yields the following generalization of Bewley’s result to the DLR
model. Let ΣA denote the set of all A-measurable menus (in M(X)).

Definition: A pair (u,Π), where u : ∆(X) → R and Π ⊆ ∆(S), is called a
subjective Bewley representation of a preference (�,ΣA) if we have

M �M ′ ⇔ Eπ φM ≥ Eπ φM ′ ,∀π ∈ Π

The following is the main representation result of the paper.

Theorem 2 (Main Result). A preference (�,ΣA) admits a subjective Bewley rep-
resentation (u,Π) if and only if it satisfies A0 − A4. Moreover, if (u′,Π′) is any
other subjective Bewley representation, then Π′ = Π and u′ = α·u + β for some
α > 0, β ∈ R.

The following corollary provides a “subjective” Anscombe-Aumann representation
for menu preferences which satisfy the weakened continuity axiom A2.

Corollary 1. An order (�,ΣA) satisfies A2−A4 if and only if it admits a subjective
Bewley representation (u,Π), where Π = {π} is a singleton set.

Note that this generalizes the classical Anscombe-Aumann theorem in two di-
rections. First, the objective state space is not finite. Second, the support of the
preference relation is the set of menu-induced AA acts on this state-space, not the
full set of objective acts. Also note that we have only provided a representation
for menus in ΣA, i.e. menus whose associated value functions φM have finite sup-
port.15 An extension of the representation to the full space M(X) is currently work
in progress. We make some (at this point, completely speculative) remarks on how
a putative extension argument would proceed in the appendix. I now verify that A2
is implied by the subjective Bewley model.

Proposition 1 (Necessity of A2). If � admits a subjective Bewley representation,
then it satisfies A2 (ΣEi-continuity).

15For this reason, I will at times refer to the representation result (for each fixed space ΣEi) as
the ‘finite subjective Bewley’ theorem.
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Proof. The necessity argument proceeds in three steps. First, we use a closed graph
argument to show that the limiting utility value of a sequence of menus evaluated
at any state s is a lower bound on the value of the limiting menu at state s. Second,
we use this argument to verify that the set ΣEi is closed (in Rk, where k = |{Ei}|).
Third, we use this to verify that A2 holds.

Step 1: A Closed Graph Argument.
Fix Mn ∈ ΣEi and assume the sequence converges to some M∗. We check that
M∗ ∈ ΣEi (the key part of the argument for this is in this step, but the formal
argument spills into step 2 as well). Let {E1, . . ., Ek} be an enumeration of the
partition cells and let {un1 , . . ., unk} be an enumeration (with possible repetition) of
the values of φMn evaluated at these cells. Passing to a common sub-sequence if nec-
essary we can assume that the values uni all converge. Now let Θ := {1/n}∞n=1 ∪ {0}
and consider the correspondence Ds(1/n) := arg maxf∈Mn

us(f). A straightforward
application of Berge’s Theorem of the Maximum reveals that this is an upper hemi-
continuous correspondence Ds : Θ ⇒ ∆(X). Take the function us(1/n, f) := us(f)
and D(1/n) := Mn, D(0) := M∗. Note that us(·, ·) is continuous on Θ×∆(X) and
D(·) is a continuous (i.e. uhc and lhc) correspondence, so that the hypotheses of
Berge’s Theorem are met. The proof that D(·) is a continuous correspondence is
straightforward, but since we have not been able to locate a reference we provide a
proof here for completeness. Recall the following notation. Let dE(·, ·) denote the
Euclidean metric on ∆(X) and let dH(·, ·) denote the Hausdorff metric on M(X).
Let Θ := {1/n}∞n=1 ∪ {0} (viewed as a topological space with the relative topol-
ogy from [0, 1]) and let Mn ∈ M(X) be such that dH(Mn,M

∗) → 0. Define a
correspondence, D : Θ ⇒ ∆(X) via D(x) = M1/x (for x ∈ Θ), where D(0) := M∗.

Claim 1. D(·, ·) is uhc and lhc (hence, continuous).

Proof of Claim 1. Since any x(6= 0) ∈ Θ is isolated, it is easy to check that D(x)
is uhc and lhc. We verify that this also holds at x = 0. First we verify uhc. Let
V ⊆ ∆(X) be an open set with M∗ ⊆ V . For each v ∈ V find an εv > 0 so that
B2εv(v) ⊆ V (i.e. the open ball of radius 2εv is contained in V ). Note that the
collection {Bεv(v)}v∈V covers M∗. Since M∗ is compact, extract a finite subcover,
Bεv1

(v1), . . ., Bεvn (vn). Put M ′ := ∪ni=1 Bεvi
(vi) and find N > 0 large enough so that

dH(Mn,M
∗) < min{εvi : i = 1, . . ., n},∀n ≥ N and let U := {1/n : n ≥ N}. Let

x ∈ U and take any t ∈ M1/x. I claim that there is some vi ∈ {v1, . . ., vn} such
that dE(vi, t) < 2εvi . To see this note that dH(M1/x,M

∗) < εvi , ∀i implies that there
some z ∈M∗ such that dE(t, z) < εvi ,∀i. Find a vi such that z ∈ Bεvi

(vi) (since M ′

covers M∗) and note that

dE(vi, t) ≤ dE(vi, z) + dE(z, t) < εvi + εvi

Thus, t ∈ B2εvi
(vi). It follows that M1/x ⊆ ∪ni=1 B2εvi

(vi). Since this holds for any
x ∈ U and B2εvi

(vi) ⊆ V , it follows that D(x) ⊆ V, ∀x ∈ U . This verifies uhc. For
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lhc, let V be open with V ∩M∗ 6= ∅ and find ε > 0 with v ∈M∗∩V and Bε(v) ⊆ V .
Find N > 0 such that dH(Mn,M

∗) < ε,∀n ≥ N and put U := {1/n : n ≥ N}. Since
dH(v,Mn) ≤ dH(M∗,Mn) < ε,∀n ≥ N there is some tn ∈ Mn with dE(tn, v) < ε.
Thus, tn ∈ V - so that Mn(= D(1/n)) ∩ V 6= ∅,∀n ≥ N .

Return to the proof of the Proposition. Now consider the graph of the corre-
spondence, Ds(·), in Θ×∆(X), where we set

Gr(Ds) := {(x, y) ∈ Θ×∆(X) : y ∈ Ds(x)}

Take s ∈ Ei and consider a sequence of pairs (1/n, fn) where fn ∈ Ds(1/n) is
such that u(fn) = uni . Passing to a convergent subsequence if necessary we obtain a
convergent sequence (1/n, fn) ∈ Θ×∆(X). By the Closed Graph Theorem, the limit
of this sequence (0, f ∗) is an element of Gr(Ds).

16 Note that lim uni = lim u(fn) =
u(lim fn) = u(f ∗). Thus, setting u∗i := u(f ∗) we obtain the following conclusion:

For every s ∈ Ei, ∃f ∈ arg maxg∈M∗ us(g) s.t. u(f) = u∗i .

Step 2: ΣEi is closed.
Now consider a state s ∈ Ei and, abusing notation, let su denote the state with
cardinal utility u(·). Let M∗

s = arg maxf∈M∗ us(f) and let u := maxf∈M∗s u(f).
The preceding observation implies that u ≥ u∗i . We check the reverse inequal-
ity. Consider first the case where s is an interior state. Find α ∈ (0, 1) so that
sα := α·s + (1 − α)·su ∈ Ei. Let M∗

sα := arg maxf∈M∗ usα(f). Observe that, by
definition of sα, we must have u(f) ≥ u,∀f ∈M∗

sα .17 Applying the preceding closed
graph argument to the state sα we know that there is some f ∈M∗

sα with u(f) = u∗i ,
so that u∗i ≥ u. It follows that u = u∗i . Now consider the case where s ∈ Ei is a
border state. If there is an α with sα ∈ Ei, then we can apply the above argument
verbatim. Otherwise, sα ∈ Ej where the cell Ej is adjacent to Ei. Since the border
of the pair (Ei, Ej) is assigned to the cell Ei, it must be the case that u∗i ≥ u∗j . Take
u = maxf∈Ms u(f) as above and note that the closed graph argument yields the in-
equality u ≥ u∗i . For the reverse, the preceding argument yields u(f) ≥ u,∀f ∈M∗

sα .
By the closed graph argument applied to the state sα, there is some f ∈ M∗

sα such
that u(f) = u∗j . Thus, u∗j = u(f) ≥ u. Since u∗i ≥ u∗j it follows that u∗i ≥ u,
implying the equality u∗i = u when s is a border state. It follows that M∗ ∈ ΣEi .
Now note that elements of ΣEi are really equivalence classes of menus (all of which
are equivalent under �). Thus, closedness of ΣEi means that if we have a convergent
sequence of equivalence classes [Mn], then the limiting class [M∗] is in ΣEi .

18 To
distinguish sequences of classes of menus from sequences of menus, let φnM denote a

16Since Ds is uhc and closed-valued (and ∆(X) is a metric space, hence trivially Hausdorff) the
hypotheses of the Closed Graph Theorem are satisfied.

17Else, if f ∈ M∗sα with u(f) < u find fu ∈ M∗s with u(f) = u and notice that sα·f =
αs·f + (1− α)su·f < αs·fu + (1− α)su·fu.

18The notation [M ] denotes the ΣEi class of the menu M .
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convergent sequence in ΣEi - with limit φ∗M . Extract from this sequence of functions
a sequence of menus, Mn, which are representatives of the classes corresponding to
the functions φnM(·). Since the space M(X) is a compact metric space under the
Hausdorff metric, pass to a convergent subsequence Mnk → M ′. By the preceding
argument, φMnk

→ φM ′ ∈ ΣEi . Moreover, φMnk
= φnkM → φ∗M since the sequence φnM

is convergent. Thus, φ∗M = φM ′ - showing that ΣEi is closed.

Step 3: Verification.
To verify axiom A2 let Mn → M where Mn � M ′ and Mn,M

′ ∈ ΣEi . By step
1, M ∈ ΣEi . Let {un1 , . . ., unk} be the values assumed by the function φMn(·) on
the cells E1, . . ., Ek and let {uM ′(i)} denote this set of values for φM ′ . Note that
representation by the Bewley model means: (abusing notation we revert to letting
Θ denote the set of measures in the Bewley representation)

Mn �M ′ ⇔
n∑
i=1

uni ·πi ≥
n∑
i=1

uM ′(i)·πi,∀π ∈ Θ

Now choose any subsequence Mnj such that the associated k-tuple of utility values
{unj1 , . . ., u

nj
k } converges.19 It follows that

k∑
i=1

u
nj
i ·πi ≥

k∑
i=1

uM ′(i)·πi ∀nj ⇒
k∑
i=1

u∗i ·πi ≥
k∑
i=1

uM ′(i)·πi

Since this holds for all π ∈ Θ (and we are assuming � admits the above Bewley
representation), it follows that M �M ′.

To place our continuity axiom in context let us recall the Strotz model, ax-
iomatized in Gul-Pesendorfer GP (2005). This model is comprised of two maps,
u, v : ∆(X)→ R which are assembled into a menu utility as follows:

UST (A) := maxx∈Av u(x)

where Av := arg maxz∈A v(z). It is well-known that the Strotz model does not satisfy
Hausdorff continuity. Consider the following example, taken from GP (2001). To
fix ideas, think of x = work, y = shirk, z = play. The DM wants to commit to work
but is tempted to play. Model this with a Strotz utility as follows. [Utility Drop
Problem] Let u(x) > u(y) > u(z), v(z) > v(x) = v(y) and make the obvious exten-
sion to lotteries on {x, y, z}. Put M = {x, y}, yε = (1− ε)·y+ ε·z, and Mε = {x, yε}.
Note that UST (M) = u(x) and UST (Mε) = u(yε) so that UST (M) is bounded above
UST (Mε) even as Mε → M . Since the subjective Bewley nests the Strotz model,

19Note that the argument in step 1 yields that the limiting utility values u∗i are the same no
matter which sub-sequence we pick - so that the limit function φM is independent of the choice of
subsequence.
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it is subject to the same ‘utility drop problem’ described in the example. How does
ΣEi-continuity get around this problem? The idea is that it only requires continu-
ity along sequences Mn (with Mn → M) where every element of the sequence is
measurable with respect to the same Borel partition. To see this concretely, let us
check that the example given above is consistent with A2. I claim that no sequence
of menus Mεn can belong to the same Borel partition. Check this via contradic-
tion: Let {Ei} denote a doubleton partition such that Mε ∈ ΣEi for infinitely many
Mε. Note that, for this doubleton partition, we may group states into three sets,
Σ1(ε) := {s ∈ S : yε �s x},Σ2(ε) := {s ∈ S : x �s yε},Σ3 := {s ∈ S : x ∼s yε}.
Note that if Mεn is ΣEi-measurable for each εn, then the sets Σ1(εn),Σ2(εn),Σ3(εn)
are independent of n. Now consider a state, sv, that corresponds to the ranking v
in the UDP example, so that yε �sv x for all ε. Then, sv ∈ Σ1(εn),∀n.

OTOH, the argument in step 1 of the proof of Proposition 2 shows that if Mεn →
M in the Hausdorff metric and Mεn ∈ ΣEi , then M ∈ ΣEi . Now notice that since
x 6= y, we can find some state s ∈ S such that x 6∼s y.20 Thus, M induces
the same doubleton partition {Ei} of the state space as the menus Mεn . But this
gives a contradiction. The state sv must lie on the hyperplane that defines the
partition since x ∼sv y. Yet, for each of the menus Mεn we have yεn �sv x - so that
the hyperplanes defining the partitions generated by (resp.) M and Mεn must be
distinct.

2.1 A Subjective States Axiomatization

Notice that the state space S is explicitly referenced in our axioms - namely, A2
and A4. This breaks with the subjective state space approach of most menu choice
papers. Our motivation for this model is to see if richness (resp. sparseness) of the
choice domain presents a source of incompleteness. In particular, we have in mind
the following comparative statics exercise. Imagine we have two decision-makers,
DM1 and DM2. The support of the preference relation of the first DM is the full
domain of Anscombe-Aumann acts. The support of the preference relation of the
second DM is the subset of this domain consisting of Anscombe-Aumann acts in-
duced by menus. Moreover, the preference relation of the first DM is assumed to

20To see this note that by the Separating Hyperplane Theorem, there is a vector p ∈ Rk such
that p·x > c > p·y. Since x, y are lotteries, putting ~c = c·~1 we obtain, (p− ~c)·x > (p− ~c)·y. Now

find a constant K big enough so that (p−~c)i+K > 0, i.e. every component of the vector p−~c+ ~K

is positive. Note that (p − ~c + ~K)·x = (p − ~c)·x + K > (p − ~c)·y + K = (p − ~c + ~K)·y. Divide

through by
∑
i (p− ~c+ ~K)i and put

s∗ :=
(p− ~c+ ~K)i∑
i (p− ~c+ ~K)i

We then have x �s∗ y.
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be an extension of the preference relation of the second DM. If indeed the ‘size’
of the choice domain provides a source of incompleteness - in the sense that the
second DM has a more incomplete relation - and both preferences are represented
by the Bewley model, then the collection of measures that captures incompleteness
for DM2 is a superset of DM1’s measures. The point of the representation result
is that it proves the Bewley representation for DM2, so that we can use the same
decision model - and a common parameter - to measure the relative incompleteness
of the decision-makers’ preference relations.

This is why we have expressed the axioms of the model with an explicit (i.e.
objective) state space. Nevertheless, it is still legitimate to ask - can all this be done
with a subjective state space? In other words, imagine DM2’s relation on menus
is still represented by the Bewley model and DM1’s relation is still an extension of
this model. However, the state space that DM2 visualizes as the relevant space of
uncertainty is not outwardly observable to the modeler. Thus, we seek axioms on
menus that are equivalent to the given A0−A4, but that make no explicit mention
of a state space. To carry this out, define the following axioms. Let inf(A) (resp.
sup(A)) denote the infima (resp. suprema) w.r.t to � |X (the singleton ranking) on
the (closed) menu A.

A4∗: (Weak Dominance) If inf(A) � sup(B), then A � B.

Let us interpret. In the unobserved second stage of choice, some item from the
menu is chosen. Moreover, interpreting via the Bewley model, states are unobserved,
but state-dependent preferences over lotteries are the same across states. Hence, if
menu A has the property that its worst lottery (where ‘worst’ is determined by
the state-independent utility) is weakly better than the best lottery in B, then the
DM should prefer A to B.21 Now we reformulate the partition-dependent Hausdorff
continuity axiom without explicitly mentioning the state space. For the reader who
has seen A2 already, this construction will seem a little contrived. We agree - it
is a contrivance. In our view, the importance of the translation of the axioms is
mostly symbolic - it is just to show that our primitive is really no different than the
standard menu choice primitive (despite the fact that two of our axioms have states
explicitly in the statement).

Given a menu M , let {Iu(f)}f∈M denote the partition of M , where elements
of each partition cell are � |X-indifference classes (w.r.t the ranking on singleton
menus applied to M). Let {I1

u, . . ., I
k
u} = M be an enumeration of this partition

21Note that in the objective Anscombe-Aumann setting (and with a finite state space), Weak
Dominance can replace the usual monotonicity axiom and, along with the other Bewley axioms
(and Indifference - see A5 below), still characterizes the Bewley model.
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(ranking indifference classes from top to bottom). For any fixed lottery p ∈ ∆(X),
we can compute the dot product p·f for each f ∈M . Say that p ∈ Iu(i) (not to be
confused with I iu) if p·f is maximal for some f ∈ I iu. If this happens for more than
one partition cell, break ties in the direction of the singleton ranking, i.e. choose the
lower-numbered indifference class. Note that the partition, {I1

u, . . ., I
k
u}, of M now

induces a partition, {Iu(1), . . ., Iu(k)}, of ∆(X), call it ΠM . Let HC = Hausdorff
continuity and let ΣΠ := {M ∈M(X) : ΠM = Π = ΠM ′}.

A2∗: (Partition-Dependent HC) Fix any ΣΠ. Then, for any M ∈ ΣΠ the relative
upper-contour (resp. lower-contour) set

{M ′ ∈M(X) : M ′ �M} ∩ ΣΠ

is closed in ΣΠ.

Finally, we require one more axiom for a subjective state space axiomatization.

A5: (Indifference) If M,M ′ ∈ ΣΠ have the property that {f} ∼ {f ′} for any
f ∈M ∩ I iu, f ′ ∈M ′ ∩ I iu, then M ∼M ′.

In words, take two menus which induce the same partition ΣΠ of lottery space.
If the second stage of choice yields the same utility from both menus, for every
possible second stage choice, then the DM is indifferent between the two menus.
The observation below just records that A0, A1, A2∗, A3, A4∗, A5 are equivalent to
A0 − A4. The proof of the equivalence goes via the proof of the representation
theorem. Clearly, if we think of a menu as an implicit Strotzian value function, then
A2∗ itself is equivalent to A2. The less trivial observation is that we can switch our
A4 for A4∗ (weak dominance) and still obtain the same representation. To show
this, we go via the sufficiency argument presented below. There is a step in the
proof of the direction “A0−A4⇒ Bewley representation” where we will invoke A4
(namely, here). In this step, we will point out that (in the presence of the other
axioms) replacing A4 with A4∗ yields the same implication. The proof transfers the
menu preference to an induced relation on the space of Strotzian value functions.
Indifference ensures that this transfer is well-defined.

Observation 1. A partial order (�,ΣA) satisfies A0−A4 if and only if it satisfies
A0, A1, A2∗, A3, A4∗, A5.

3 Proof of Theorem 2

Recall that the space S is a superset of the set, ΠvNM, of vNM preferences on ∆(X).
Let Π∗ : S → ΠvNM be the natural projection map defined by Π∗(s) =�s, that
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is, the projection maps a state s to the ordinal vNM preference generated by that
state. Put [s] = (Π∗)−1(s). We say that a Borel partition, {Ei}, is coherent if for
any s ∈ S, whenever s ∈ Ei, then [s] ⊆ Ei. In the course of the proof of Theorem
2, we will define sets of measures for each Borel partition of the state space. As
we refine the partitions, we will see that the sets of measures are also ‘refined’ in a
corresponding fashion. Thus, for a fixed partition of the state space we inductively
define a sequence of refinements with an associated sequence of refined measures on
these partitions. The importance of the Borel property is that it allows us to show
that the limiting process, particularly the set of measures obtained in the limit, are
independent of the refinement process. On the other hand, we would also like to
only consider coherent Borel partitions since these are the only partitions that allow
us to interpret the results in terms of the set of ex-post vNM preferences. Note
that a Borel partition is specified by a collection of pairs {(pi, ci)} consisting of a
separating vector together with a separating constant. By choice of the space S we
can equivalently describe the partition with a collection {(p∗i , c∗i )}, where p∗i ∈ ∆(X).
That is, we can take the separating vectors to be lotteries. We refer to the collection
{p∗i , c∗i } as a lottery representation of the given Borel partition {Ei}. The following
proposition gives a complete, concrete characterization of the set of Borel partitions
in terms of their respective lottery representations.

Proposition 2. Let {Ei} be a Borel partition of S. The following are equivalent,

1. {Ei} admits a lottery representation {p∗i , c∗i }, where c∗i ≡ 1
k
,∀i.

2. {Ei} is coherent.

Proof. (2) ⇒ (1): Let {pi, ci}i∈I be a Borel partition that generates {Ei} and note
that {Ei} is coherent if and only if the doubleton partition, S1(i) := {s : p1·s ≥
c},S2(i) = S\S1(i), is coherent for each i ∈ I. Thus. we are reduced to the case of
doubleton partitions, say S1 = {s : p·s ≥ c},S2 = {s : p·s < c}. Note that we may
normalize p such that pi ≥ 0 and

∑
i pi = 1, so that lottery representations always

exist. Via contraposition, if we have a lottery representation of the partition with
c 6= 1/k, say c > 1/k. then consider

s′ := α·s+ (1− α)·
~1

k

where s ∈ S1 and ~1
k

= (1/k, 1/k, .., 1/k). Note that by coherence, s′ ∈ S. Choose α
sufficiently close to 0 so that p·s′ < 1/k + ε < c - contradiction.

(1) ⇒ (2): As above we reduce to doubleton partitions S1 := {s : p·s ≥ c},
S2 = {s : p·s < c}, where p is a lottery and c = 1/k by hypothesis. Define the fol-

lowing companion lottery, p′ := (~1−p)
k−1

and consider the following coherent partition
of S,

E∗1 := {s : p·s ≥ p′·s}, E∗2 := {s : p·s < p′·s}
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We claim that S1 = E∗1 ,S2 = E∗2 . To see this note that

p·s ≥ p·s′ = (~1− p)
k − 1

·s =
1

k − 1
− p·s
k − 1

so that s ∈ E∗1 iff p·s ≥ 1/k iff s ∈ S1.

Transfer to Ex Post Utility Space
We transfer menu preferences to the space of induced ex post utility vectors, i.e.
Strotzian value functions. Let {Ei}i denote a (finite) Borel partition of S and,
abusing notation, let {Ei} also denote the σ-algebra on S generated by this parti-
tion. Let ΣEi denote the set of {Ei}-measurable menus, i.e. consider the function
φM : S → R defined by s 7→ maxf∈Ms u(f), where Ms := arg maxf∈M us(f). Con-

sider the σ-algebra defined by σ(φ−1
M (B) : B ∈ B), where B is the Borel sigma-algebra

on R. The menu M is said to be {Ei}-measurable if σ(φ−1
M (B) : B ∈ B) ⊆ {Ei}.

Let k = |{Ei}| be the cardinality of the partition {Ei} and identify the set ΣEi with
the equivalence classes of vectors in Rk under the map into Rk implicitly defined
by M 7→ φM .22

Denote the image in Rk of the map M 7→ φM by Uφ. Notice that Uφ is a closed
and convex set, and that it inherits from ΣEi (as a consequence of A4 and the fact
that the map M 7→ φM is affine, i.e. φα·M+(1−α)·M ′ = α·φM + (1− α)·φM ′) the pre-
order on menus that satisfies axioms A0 − A4 (equivalently, A0, A1, A2∗, A3, A4∗).
I claim that dim(Uφ) = k, the set Uφ contains a basis for the vector space Rk.

Aside: Monotonicity v.s. Weak Dominance
The way we check the dimension claims is by producing a collection of menu-induced
vectors φiM that generate a basis. In particular, starting with a fixed vector φM we
produce (by induction) perturbed vectors φiM where φiM is equal to φM in all coor-
dinates j 6= i and strictly bigger in coordinate i. By A4, this means the difference
Φi
M − ΦM is in the pointed cone at the origin. So that the differences {Φi

M − ΦM}
span the full vector space. Now assume we only assumed A4∗ - does this same step
carry through? To see that it does, let M denote a menu consisting of a singleton
� |X-minimal lottery and note that we have, by Weak Dominance, φiM − φM in the
pointed cone. Hence, Φi

M−φM−(φM−φM) = φiM−φM is in the span of the pointed
cone. Since the span has full dimension, this is all that is needed for the next step.

22In defining this map, there is a subtle point concerning the borders of the partitions {Ei}.
However, this issue can be skirted by noting that a menu can be identified with the vector φM
where we just consider the value of the function φM at interior states. It is a simple exercise to
check that this association is well-defined. Thus, we can think of the set Uφ as the collection of
vectors φM , where we only evaluate the functions φM at interior states.
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Now assume we have shown that dim(Uφ) = k. By convexity, this would then
imply that Uφ has non-empty interior. Think of the coordinates on the vectors in Uφ
as a space of symbols, {1, 2, . . ., n}. Standard arguments then imply the existence
of a set of probability measures Θ ⊆ ∆({1, 2, . . ., n}) such that for any two vectors
(uM , uM ′) ∈ Uφ (with uM := (uM(1), . . ., uM(n)) and uM ′ := (uM ′(1), . . ., uM ′(n)))
we have

uM � uM ′ ⇔
n∑
i=1

uM(i)·πi ≥
n∑
i=1

uM ′(i)·πi, ∀π ∈ Θ

Now pull back the measures in Θ to the state space S via the map M 7→ φM to
obtain (abusing notation, refer to a generic pullback as π as well)

M �M ′ ⇔
n∑
i=1

uM(i)·π(s : φM(s) = uM(i)) ≥
n∑
i=1

uM ′(i)·π(s : φM ′(s) = uM ′(i)), ∀π ∈ Θ

There is a subtle point involved in making sure the above pull-back construction
is well-defined. First, note that in setting π(s : φM(s) = uM(i)) = π(i) we are
implicitly assuming that the only states where the value of φM equals uM(i) are
those states that comprise the partition cell Ei. This means that if s is any state
that lies at the border of two cells, say, (Ei, Ej), then if M ∈ ΣEi is such that
uM(i) = φM(s) ≥ uM(j), then for any other menu M ′ ∈ ΣEi we must also have
uM ′(i) = φM ′(s) ≥ uM ′(j). Thus, consider the collection of interiors of the partition
cells, int(Ei). The choice of a partition {Êi} whose interiors correspond the collec-
tion {int(Ei)} implicitly determines an assignment rule on boundary states. The
preceding sentence requires that we are able to find a partition with an assignment
rule satisfying the consistency condition: (denote the border of a cell Ej as ∂Ej)

If s ∈ Ei and s ∈ ∂Ei ∩ ∂Ej, then uM(i) = φM(s),∀M ∈ ΣEi .

To show that there is (in fact, canonical!) an assignment rule satisfying the above
consistency condition I break the forthcoming argument into two pieces. First, I
reduce to the case where the collection of hyperplanes {L1, . . .,Lk} which generate
the partition all have the property that su /∈ Li, i.e. the state corresponding to the
cardinal ranking on singletons, u(·), is in the interior of the partition. Second, I
verify that partitions formed by hyperplanes which contain su are observable indis-
tinguishable from those obtained by deleting these hyperplanes. For this reason, I
refer to the steps (resp.) as (i) reduction and (ii) removal of unobservable hyper-
planes.

Reduction
Consider the following assignment rule. Abusing notation, let {int(Ei)}i denote the
(disjoint) collection of sets formed by the intersections of the hyperplanes L1, . . .,Lk.
We now specify a partition of S where the set of interiors of the partition cells is pre-
cisely the collection {int(Ei)}. We assign boundary states as follows. For each state
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s, let Σ(s) = {Li : s ∈ Li}. Consider the set of states {s′α : s′ = αs+ (1−α)su} (re-
call that su was the state whose vNM preference agrees with the normative ranking
u(·)). Notice that (since su /∈ Li) each s′α is in int(Ei) for some i. Assign the state s
to the unique int(Ei) such that s′α ∈ int(Ei),∀α ↑ 1. Note that if s ∈ int(Ei), then
s gets assigned to int(Ei) under this rule. This rule yields an assignment function,

κ : S → {int(E1), int(E2), . . ., int(En)}

and put
Ei := {s ∈ S : κ(s) = int(Ei)}

This defines a Borel partition. I now verify that it has the desired consistency prop-
erty.

To check this take a pair of adjacent cells (Ei, Ej) (i.e. the cells share at least
one hyperplane boundary) and let M,M ′ ∈ ΣEi . I claim that:

uM(i) ≥ uM(j)⇔ uM ′(i) ≥ uM ′(j)

Find a state s ∈ ∂Ei ∩ ∂Ej such that there is an ε > 0 with Bε(s) ⊆ Ei ∪ Ej, i.e.
the ε-ball in S around state s lies entirely in the union of the two cells. Find a pair
of sequences sni , s

n
j such that sni ∈ Ei, snj ∈ Ej and sni , s

n
j → s. Also find an associ-

ated pair of sequences of lotteries (fni , f
n
j ) such that fni ∈ arg maxf∈M usni (f), fnj ∈

arg maxf∈M usnj (f) and u(fni ) = uM(i), u(fnj ) = uM(j). Put Θ(i) := {sni }n ∪
{s} and consider the correspondence Φ(i) : Θ(i) ⇒ ∆(X) given by Φ(i)(s) =
arg maxf∈M us(f). Consider the graph of this correspondence, Gr(Φ(i)) = {(x, y) ∈
Θ(i) × ∆(X) : y ∈ Φ(i)(x)} and (as in the proof of Proposition 1), after passing
to a convergent subsequence if necessary, we have (s, f ∗) ∈ Gr(Φ(i)) (where f ∗ :=
lim fni ). Note that u(f ∗) = uM(i). Now repeat the argument with the sequence snj
to obtain (s, f∗) ∈ Gr(Φ(j)) where f∗ := lim fnj and u(f∗) = uM(j). If κ(s) ∈ Ei
(i.e. state s is assigned to cell Ei), then note that we must have uM(i) ≥ uM(j).
This is a similar argument as given in step 3 of Proposition 1, but we repeat for the
reader’s convenience. Find α ∈ (0, 1) such that α·su + (1− α)·s ∈ int(Ei). Towards
contradiction, if uM(i) < uM(j) then take an alleged fsα ∈ arg maxf∈M usα(·) with
u(fsα) = uM(i). Note that

sα·f∗ = αsu·f∗ + (1− α)s·f∗
> αsu·fsα + (1− α)s·f∗
≥ αsu·fsα + (1− α)s·fsα (since f∗ ∈ arg maxus(·))

This contradicts the assumption that fsα ∈ arg maxusα(·). Thus, uM(i) ≥ uM(j)
whenever κ(s) ∈ Ei. A symmetric argument using f ∗ shows that uM(i) ≤ uM(j)
whenever κ(s) ∈ Ej. Since this conclusion holds for all menus in ΣEi , the desired
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consistency property follows.

Removal of Unobservable Hyperplanes
The preceding argument presumed that su was not on any of the hyperplanes, Li,
that defined the partition. We verify that there are no observable implications to
this assumption. Though the idea is simple, to formalize this ‘no observable impli-
cations’ condition requires some notation. From the preceding arguments we find
that a (coherent) Borel partition can equivalently be described by a pair ({Li}, φ)
consisting of a finite collection of hyperplanes, e.g. {s : p·s = 1/k}, and an assign-
ment rule γ(·) that assigns border states to cells. Although γ need not be consistent
in the sense defined above, the state s must be assigned by γ(s) to a cell for which it
is part of the border. That is, let {int(Ei1), . . ., int(Eil)} be a list of cells for which

s ∈ int(Eij). Then, we require that γ(s) ∈ Eij for one of these j.

Now label the set of hyperplanes as {L1, . . .,Lk,Lk+1, . . .,Ln}, where su /∈ Li, 1 ≤
i ≤ k and su ∈ Li, i ≥ k + 1. Let ({Li}ki=1, κ(·)) denote the Borel partition with
assignment rule κ as defined above. Also note that the rule γ on the finer parti-
tion defined by the set {L1, . . .,Ln} induces an assignment rule on the (implicit)
coarsening defined by {L1, . . .,Lk}. Thus, starting with the consistent rule κ(·) de-
fined on the set of planes {L1, . . .,Lk}, find an extension of this rule γ that gives
an assignment rule on the full set of hyperplanes, {L1, . . .,Ln} (subject to the con-
straint specified above). Take {Ei} to be the Borel partition generated by the pair
({Li}ni=1, γ) and let {E ′i} be the coarser partition generated by the pair ({Li}ki=1, κ).
Let M ∈ ΣEi . I claim that, in fact, M ∈ ΣE′i

. This is the formalization of the
statement that there are no observable restrictions to considering only Borel parti-
tions where all planes omit the state su. To check this, proceed by induction on the
number of hyperplanes in the set {Lk+1, . . .,Ln} - call this the set of unobservable
hyperplanes.

Base Step: |{Lk+1, . . .,Ln}| = 1.

Let {Ei} denote the Borel partition formed by all k + 1 hyperplanes and let {E ′i}
denote the partition formed by {L1, . . .,Lk}. Let E ′i1 , . . ., E

′
il
} be an enumeration of

the partition cells that intersect the plane Lk+1. Also let E1
im , E

2
im denote the two

cells into which the plane Lk+1 splits Eim . Let s ∈ Eim and as above find a pair of
sequences (s1

n, s
2
n) ∈ E1

im × E
2
im such that s1

n, s
2
n → s. The same argument as above

shows that φM(s) ≥ φM(s1
n) and φM(s) ≥ φM(s2

n). Say that φM(s1
n) ≥ φM(s2

n). Note
that for all α close to 1 we have sα := αs+(1−α)su ∈ ∂E1

im ∩∂E
2
im . Moreover, note

that we have u(f) ≥ φM(s),∀f ∈ arg maxusα(·). Now apply the preceding closed
graph argument again with ŝ2

n ∈ E2
im , ŝ

2
n → sα to find an f ∗ ∈ arg maxusα(·) with

u(f ∗) = φM(ŝ2
n) = φM(s2

n). Since u(f ∗) ≥ φM(s) and φM(s) ≥ φM(s1
n) we obtain
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φM(s2
n) ≥ φM(s1

n) ≥ φM(s2
n) - implying that the value function φM is constant on

the union of the cells E1
im ∪ E

2
im .

For the inductive extension, take {E ′i} to be the partition generated by L1, . . .,Lk
and m − 1 of the unobservable hyperplanes in the set {Lk+1, . . .,Ln}. Denote the
partition generated by the original k hyperplanes and the m− 1 unobservable ones
as {Ei}. Add an additional unobservable hyperplane to the collection and let the
corresponding partition be denoted as {Êi}. Mimic the base step argument to show
that a menu M ∈ ΣÊi

descends to a measurable function on the coarser partition, so
that M ∈ ΣEi . Now apply the induction hypothesis to claim that, in fact, M ∈ ΣE′i

.
This shows that there are no observable restrictions to omitting hyperplanes which
contain the state su and concludes the proof that there is a (canonical) consistent
assignment rule on the boundary states - hence giving us a well-defined partition.

Returning to the proof of Theorem 2, the key step we need to prove is the full
dimensionality of the set Uφ in its vector span. Showing this full-dimensionality con-
dition in the menu choice environment is the key technical innovation of the paper.

Descriptive Representations
For notational brevity I will identify menus M in ΣEi with elements of Uφ, hence
ignoring the distinction between a menu and its equivalence class under the map
M 7→ φM . Let {Ei} be the given Borel partition and let {(pi, 1/K)} be the associ-
ated lottery representation. Consider the set of pairs (pi, p

′
i) consisting of the lottery

and its companion. Say that a pair of cells (Ei, Ej) in the Borel partition {Ei} are
adjacent if there is some lottery (p∗i , 1/K) that defines the partition such that the
set Ei ∪ Ej is a cell in the Borel partition obtained by omitting this lottery. That
is, Ei ∪Ej is a cell in the Borel partition generated by the set of hyperplanes given
by {(pi, 1/K)}i\(p∗i , 1/K). I say a menu M ∈ Uφ is a descriptive representation of
the given Borel partition if it has the following properties,

1. M = {f1, . . ., fk}, where fi =
∑k

j=1 aj p
i(j), pi(j) ∈ {pj, p′j}

2. 0 ≤ aj ≤ 1

3. fi = arg maxf∈M us(f), ∀s ∈ int(Ei)

4. |{j : pi(j) 6= pi
′
(j)}| = 1 for all pairs (fi, fi′) where (Ei, Ei′) are adjacent.

I claim that every Borel partition has a menu which is a descriptive representation of
the partition. Check this by induction on the number of hyperplanes that generate
the Borel partition, i.e. the size of the set {(pi, 1/K)}. Note that the result is ob-
vious when this set is singleton. Inductively assume we can construct a descriptive
representation M whenever the set has size k − 1 or less. Now let {(pi, 1/K)}ki=1
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denote a lottery representation of a Borel partition generated by k hyperplanes.
Note that this is obtained as the smallest refinement of the partition generated by
{(pi, 1/K)}k−1

i=1 and the partition generated by {(pk, 1/K)}. Let Mk−1 be a descrip-
tive representation of the partition generated by {(pi, 1/K)}k−1

i=1 and define a new
menu Mk as follows. Let {(a1, . . ., ak−1); (f1, . . ., fk−1)} denote Mk−1 in shorthand.
Let {Ek(1), Ek(2)} denote the partition of the state space induced by the lottery
representation {(pk, 1/K)}, i.e. Ek(1) := {s ∈ S : us(pk) ≥ us(p

′
k)}, Ek(2) := {s ∈

S : us(pk) < us(p
′
k)}. Also let {E ′i} denote the Borel partition induced by the set

{(pi, 1/K)}k−1
i=1 . Put these partition cells into groups as follows. Define

Σi := {E ′j : int(E ′j) ⊆ Ek(i)}

Pick any constants b1, b2 such that bi > 0 and b1 + b2 = 1 and for each cell E ′j such

that E ′j ∈ Σ1 ∪ Σ2 define an associated lottery f̂j as follows.

f̂j =

{
b1·fj + b2·pk, if Ej ∈ Σ1

b1·fj + b2·p′k, if Ej ∈ Σ2

For cellsEj /∈ Σ1∪Σ2 define f̂j as follows. For s ∈ Ej let pk(s) := arg maxf∈{pk,pk′} us(f).
If the arg max is not singleton, let pk(s) denote the lottery with the higher u(·)-value.
Note that for each Ej /∈ Σ1 ∪ Σ2 we break up the cell into two new cells, E1

j , E
2
j

where int(E1
j ) ⊆ Ek(1), int(E2

j ) ⊆ Ek(2). Accordingly define adjusted lotteries f̂j as
follows,

f̂ ij =

{
b1·fj + b2·pk, if i = 1

b1·fj + b2·p′k, if i = 2.

Put
Mk :=

⋃
j∈Σ1∪Σ2

f̂j ∪
⋃

j /∈Σ1∪Σ2

{f̂ 1
j , f̂

2
j }

Notice that by the induction hypothesis (and by construction) the menu Mk is a
descriptive representation of the Borel partition generated by the set {(pi, 1/K)}ki=1.
Therefore, all Borel partitions afford descriptive representations. I will now take a
specific descriptive representation and show that one can generate a vector basis
within Uφ by taking suitable ‘perturbations’ of this representation.

The argument proceeds by induction on the number of hyperplanes that gen-
erate the partition {Ei}. The first step is to consider a special class of (coherent)
Borel partitions - called conical partitions. These are partitions, {Ei}, with the
following additional property. The intersection Li ∩ Lj is identical for all pairs of
hyperplanes Li,Lj that define the partition. It will be useful in what follows to
consider the intersection Li∩Lj in the full space Rk, as opposed to just in the state
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space S. Note that this is wlog. In particular, for any 4-tuple (i, j, k, l) we have
Li ∩Lj = Lk ∩Ll ⇔ Li ∩Lj ∩S = Lk ∩Ll ∩S. To see this check the⇐ implication
via contraposition. Say that there is some s ∈ Rk with s ∈ Li ∩ Lj\(Lk ∩ Ll).
Since Li := {s : (pi − p′i)·s = 0} (where each pi is a lottery and p′i is its com-
panion), put ~c = [c, . . ., c] and note that (pi − p′i)·~c = 0. Thus, find c > 0 large
enough so that (s + ~c)i ≥ 0,∀i = 1, 2, . . ., k (with strictness for some i) and note
that (pi − p′i)·s ≥ (≤) 0⇔ (pi − p′i)·(s+ ~c) ≥ (≤) 0. Put ŝ := (s+ ~c)/

∑k
i=1 (s+ ~c)i

to obtain that ŝ ∈ Li ∩ Lj\(Lk ∩ Ll).

When Li ∩ Lj = Lk ∩ Ll for all (i, j, k, l) we call this a conical partition for
the following reason. The intersection property implies that for any menu M which
gives a descriptive representation (M = {(a1, . . ., an); (pi1 , . . ., pin)}) of the partition,
the states that comprise, say, cell E1 are described by

E1 = {s ∈ S : (i) pi1(1)s ≥ pi1(1)′s, and (ii) pi2(1)s ≥ pi2(1)′s}

That is, E1 is exactly the positive cone (in S) formed by the two planes pi1(1)−pi1(1)′

and pi2(1) − pi2(1)′. For this reason, we call these conical Borel partitions. I now
prove a claim for conical partitions that will be referred to as a “perturbation argu-
ment.” This claim will be invoked in the inductive extension. Label this as step 1
of the argument.

Step 1: Perturbation argument for conical partitions.

Let E1, E2, . . ., Ek be an enumeration of the cells of the partition, labeled so that the
boundary of (Ei, Ei+1) is given by Li+1 := {s : (pi+1−p′i+1)·s = 0}. Assume the par-
tition is generated by {L1,L2, . . .,Lk} and let M = {(a1, a2, . . ., ak); (f1, . . ., f2+2k)}
be a descriptive representation.23 We label so that fi is the lottery chosen by states
in cell Ei. Now consider the following perturbed lotteries. Put

f̂1 := f1 + α1·(p1 − p′1), f̂2 := f2 + α2·(p3 − p′3)

and, in addition, choose α1, α2 such that u(f̂1) = u(f̂2). Let M̂ := {f̂1, f̂2, f3, . . ., f2+2k}.
Consider the following hypothesis:

(H): There is a pair of states (s1, s2) ∈ E1 × E2 with f̂1 �s1 f̂2, f̂2 �s2 f̂1.

Let us assume for the time being that I can choose perturbed lotteries f̂1, f̂2 such
that hypothesis (H) holds. I now check that this implies that the menu M̂ is ΣEi-
measurable. We then use this in step 2 to show that the span of the set Uφ has full
dimension.

23The size of the menu, 2 + 2k, turns out to be a consequence of the partition being conical, but
this is an unimportant fact for what follows.
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Consider the hyperplane L := {s : f̂1·s = f̂2·s}. I claim that the partition
obtained by adding the plane L is also conical. To see this, label the planes that
define the borders of cells E1 and E2 as pn, p1, p2. That is, pn defines the border
between cells En and E1, p1 defines the border between cells E1 and E2, etc. Note
that we are making strong use of the conical structure here since we can associate
cones formed by border planes with partition cells in a one-to-one manner. Let Li
denote the plane corresponding to the border formed by the lottery pi. I first claim
that

L2 ∩ Ln ⊆ L ∩ L2

To see this note that L2 ∩ Ln = L1 ∩ Ln = L1 ∩ L2. Therefore, if s ∈ L2 ∩ Ln,
then s ∈ L. The containment follows. Now notice that L2 ∩ Ln and L ∩ L2 are
both linear spaces of dimension one less than the dimension of the hyperplane.
Since strict subspaces must have strictly smaller (linear) dimension, it follows that
L2 ∩ Ln = L ∩ L2. Now observe that we have the following string of equalities,

L ∩ (L2 ∩ Ln) = L2 ∩ Ln
L ∩ (Li ∩ Lj) = Li ∩ Lj ( since L2 ∩ Ln = Li ∩ Lj)

The latter implies that Li ∩ Lj ⊆ L ∩ Li. Comparing linear dimensions yields
the equality L ∩ Li = Li ∩ Lj. Therefore, the augmented partition is also conical.
Let {E1, . . ., En} denote the cells in the original partition and assume that Ei, Ej
are such that L ∩ int(Ei) 6= ∅ and L ∩ int(Ej) 6= ∅. Let {(p1 − p′1), . . ., (pn −
p′n)} denote the set of normal vectors associated with the collection of hyperplanes,
{L1, . . .,Ln}, that form the partition. Let {(a1, . . ., an); (f1, . . ., fn)} be a descriptive
representation of the partition, where fi =

∑n
j=1 aj·fi(j) (and fi(j) ∈ {pj, p′j}).

Let supp(fi) := {fi(1), . . ., fi(n)}. If L intersects both int(Ei) and int(Ej), then I
claim that supp(fi) ∩ supp(fj) = ∅. Check this via contradiction. If there is some
f∗ ∈ supp(fi)∩ supp(fj), find g∗ /∈ supp(fi)∩ supp(fj) (which exists since Ei 6= Ej)
and let g∗ ∈ supp(fi), g

′
∗ ∈ supp(fj). Take si ∈ L∩ int(Ei) and sj ∈ L∩ int(Ej) and

note that
si·(g∗ − g′∗) > 0 and sj·(g∗ − g′∗) < 0

Find α ∈ (0, 1) so that α [si·(g∗ − g′∗)]+(1−α) [sj·(g∗ − g′∗)] = 0. Consider the state
sα := α·si + (1 − α)sj and note that sα·(g∗ − g′∗) = 0. Thus, letting L∗ denote the
hyperplane in the collection {L1, . . .,Ln} with normal (g∗ − g′∗), we have sα ∈ L∗.
Since sα ∈ L we obtain, as the (augmented) partition is conical

sα ∈ L ∩ L∗ = Li ∩ Lj,∀Li,Lj ∈ {L1, . . .,Ln}

Thus, sα·(pi − p′i) = 0, ∀i. However, there is some f∗ ∈ supp(fi) ∩ supp(fj), which
implies (find pk such that f∗ ∈ {pk, p′k}) that either

1. si·(pk − p′k) > 0, sj·(pk − p′k) > 0 or
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2. si·(pk − p′k) < 0, sj·(pk − p′k) < 0.

In either case, we obtain sα·(pk − p′k) 6= 0 - contradiction.

It follows that if (Ei, Ej) are such that L ∩ int(Ei) 6= ∅ and L ∩ int(Ej) 6=
∅, then supp(fi) ∩ supp(fj) = ∅. Now consider a state s ∈ S where, say, f̂1 ∈
arg maxf∈M̂ us(f). Consider two cases: (i) s ∈ L and (ii) s /∈ L. In the first case,
if s ∈ L ∩ Lk (for some k), then s ∈ Li ∩ Lj, ∀(i, j) from which it follows that
φM̂(s) = φM(s). Thus, consider s ∈ L, s /∈ Li,∀i. If s /∈ E1∪E2, then the preceding
observation implies that s·(f1(1)− f1(1)′) < 0 (since (i) by hypothesis (H) there is
a pair of interior states (s1, s2) ∈ E1 × E2 with f̂1 �s1 f̂2 and f̂2 �s2 f̂1, and (ii)
si·(f1(1)− f1(1)′) > 0 for all states in the interior of E1 ∪E2). But this implies that
s·f̂1 < s·f1 ≤ s·fi (where fi ∈ arg maxf∈M us(f)) - contradiction. Thus, if s ∈ L
and f̂1 ∈ arg maxf∈M̂ us(·), then s ∈ E1 ∪ E2. Now consider the case where s /∈ L.

Say that f̂1 �s f̂2 with f̂1 ∈ arg maxf∈M̂ us(·). If s /∈ E1 ∪ E2 and, additionally,
s·(f1(1) − f1(1)′) = 0, then we still have φM̂(s) = φM(s). Thus, we reduce to

f̂1 �s f̂2 and f1(1) �s f1(1)′ (for f̂1 ∈ arg maxf∈M̂ us(f)). Label the hyperplanes in
the original partition such that cells E1 ∪ E2 (disregarding boundaries) are formed
by the cone between L1 and L3 (hyperplane Li has normal pi − p′i). That is,

E1 ∪ E2 = {s ∈ S : (p1 − p′1)·s ≥ 0, (p3 − p′3)·s ≥ 0}

Also let L := {s ∈ S : (f̂1 − f̂2)·s ≥ 0}. Let

C(L1,L) := {s ∈ S : (p1 − p′1)·s ≥ 0, (f̂1 − f̂2)·s ≥ 0}

I claim that C(L1,L) ⊆ E1 ∪ E2. Check this via contradiction. Take an alleged
s∗ ∈ C(L1,L2)\E1 ∪E2 and find s∗ ∈ int(E1 ∪E2) ∩ int(C(L1,L2)) (note that there
is at least one such state by construction of f̂1, f̂2). Note that we have

1. s∗·(p3 − p′3) < 0

2. s∗·(p3 − p′3) > 0

Thus, find an α ∈ (0, 1) and sα := α·s∗ + (1− α)·s∗ such that sα·(p3 − p′3) = 0, i.e.
sα ∈ L3 := {s : (p3 − p′3)·s = 0}. Note also that sα ∈ int(C(L1,L)). In particular,
sα /∈ L1 ∩ L3. Consider the vector span, V = span(L3 ∩ L1, sα). Note that (i)
dim(V ) = k − 1 and (ii) since L3 ∩ L1 = L ∩ L1 (as the augmented partition is
conical) we have V ⊆ L3.24 Comparing linear dimensions we get V = L3. Since
V ⊆ C(L1,L) this implies

E1 ∪ E2 = C(L3,L1) ⊆ C(L,L1)

24Recall our earlier comment that allowed us to pass between the sets L (which is a linear space)
and L ∩ S.
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This contradicts the hypothesis (H) that there is some state s ∈ E1 ∪ E2 for which
f̂2 �s f̂1. It follows that the only states s ∈ S for which f̂1 ∈ arg maxf∈M̂ us(f) are
states in the union of the cells E1 and E2. This completes the proof that, for conical
partitions, the perturbed menus M̂ are also measurable w.r.t. to the original Borel
partition {Ei}.

Step 2: Full-dimensionality of non-conical partitions.

We proceed by induction on the number of hyperplanes that define the Borel parti-
tion. We first require an intermediate step where the partition is (conical) generated
by two hyperplanes. We could simply invoke step 1 at this point and move on to
non-conical partitions with three or more hyperplanes; however, we feel it is easier
to appreciate some of the subtleties in the extension argument after going through
the 2-hyperplane case in detail first. With this case in hand, I then show the full-
dimensionality claim for non-conical partitions generated by 3 hyperplanes. The
general inductive extension is easy to follow from this point on.

Sub-Step 2a: Full-dimensionality of two-hyperplane partitions.
To see this, let {L1,L2} denote the two hyperplanes that generate the partition
{Ei}, where we put L1 := {s ∈ S : (p1 − p′1)s = 0},L2 := {s ∈ S : (p2 − p′2)s = 0}
and, by hypothesis, pi ∼us p′i. Now add a hyperplane, L∗, to this partition with the
following two properties.

1. L∗ = {s : (p∗ − p′∗)s = 0}, where u(p∗) = u(p′∗).

2. L∗ ∩ L1 = L∗ ∩ L2 = L1 ∩ L2.

That is, the partition of S induced by these three hyperplanes is conical and, more-
over, the state su (where the state-dependent vNM utility is equivalent to the norma-
tive ranking on lotteries)lies on the plane L∗. It is straightforward to see that such a
plane L∗ exists.25 To distinguish this partition from the original two-hyperplane par-
tition, let the augmented partition be denoted as {Ei} and the original partition as
{Ei}. Let M be a descriptive representation of Ei. Importantly, note that M ∈ ΣEi

(the original two-hyperplane partition). Let (E1, E2, E3, E4)) be an enumeration of
the cells in this original partition, and take su ∈ E1. Take V = span(L1∩L2, su) and
note that V is a hyperplane. Denote this as Lu. Consider adding this (unobservable)
hyperplane to the original partition, so that we have a conical partition formed by
{L1,L2,Lu}. Coordinatize the cells for the partition formed by {L1,L2} as follows,

1. E1 = {s : (p1 − p′1)·s ≥ 0, (p2 − p′2)·s ≥ 0}

2. E2 = {s : (p1 − p′1)·s ≥ 0, (p2 − p′2)·s ≤ 0}
25To see this, let W = L1 ∩ L2 and let su be the state with cardinal preference given by u(·).

Consider V = span(W, su) and note that V has linear dimension k−1, hence is itself a hyperplane.
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3. E3 = {s : (p1 − p′1)·s ≤ 0, (p2 − p′2)·s ≤ 0}

4. E4 = {s : (p1 − p′1)·s ≤ 0, (p2 − p′2)·s ≥ 0}.

Since su ∈ int(E1), the plane Lu intersects E1 and (by the argument in step 1) E3.
Let pu− p′u denote a normal to Lu and coordinatize the cells of the partition formed
by {L1,L2,Lu} as follows.

1. E1
1 = {s : s ∈ E1, (pu − p′u)·s ≥ 0}

2. E2
1 = {s : s ∈ E1, (pu − p′u)·s ≤ 0}

3. E1
3 = {s : s ∈ E4, (pu − p′u)·s ≥ 0}

4. E2
3 = {s : s ∈ E4, (pu − p′u)·s ≤ 0}

Let M = {(a1, a2, a3); (f1, . . ., f6)} be a descriptive representation of this partition
and note that φM(s) = φM(s′), ∀s, s′ ∈ E1 and, similarly, φM(s) = φM(s′),∀s, s′ ∈
E3 - so that the φM is measurable w.r.t. to the original partition {Ei}. I now
construct a perturbed menu M̂ as in step 1 and verify that hypothesis (H) is satisfied
for this menu. Once we show this, the argument from step 1 shows that (1, 0, 0, 0)
(in the {Ei} coordinates) is in the span of Uφ. Find states s1,∈ E1

1 , s2 ∈ E2
1 such

that pu �s1 p′u and pu �s2 p′u. For each si, find a ball Bε(pu), Bε(p
′
u) such that

(resp.) p �s1 p′u,∀p ∈ Bε(pu) (and similarly for p′u). Now find α1, α2 > 0 such that
the following two properties are satisfied:

1. pu + α1·(p1 − p′1) ∈ Bε(pu), p
′
u + α2·(p2 − p′2) ∈ Bε(p

′
u)

2. u(f̂1) = u(f̂2).

It follows that (H) is satisfied for this choice of αi. Therefore, the span of Uφ has
dimension 4 - so that two-hyperplane partitions are full-dimensional.

Now apply this argument to the case where the partition consists of three
planes {L1,L2,L3} where L3 is transversal to the two-hyperplane partition formed
by L1 and L2 - that is, the plane L3 intersects the interiors of every cell in the
two-hyperplane partition. The base step of our induction argument shows full-
dimensionality of this class of Borel partitions.

Base Step: Full dimensionality of 3-hyperplane partitions (that are not conical).
Coordinatize the cells as follows. Let {E1, E2, E3, E4} denote the cells in the two-
plane partition formed by L1 and L2. Since the plane L3 is transverse to all of these
cells, put L3 := {s ∈ S : (p3 − p′3)·s = 0} and let E5 := E1 ∩ {s : (p3 − p′3)·s <
0}, E6 := E2∩{s : (p3−p′3)·s < 0}, and so on. In writing this coordinatization, I am
implicitly assuming that L3 intersects the interior of all cells {E1, E2, E3, E4} that
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form the two-hyperplane partition created by L1 and L2. To see this note that since
the partition generated by L1,L2,L3 is not conical, we know that L1 ∩ L2 6( L3.
Now for a set V , let T (V ) denote the set of all half-spaces that contain V , where
the half-spaces take the form {s ∈ Rk : (p− p′)s ≥ (≤) 0} - the pair (p, p′) consists
of a lottery and its companion pair. Towards contradiction, say that L3 does not
intersect the interior of E1 and, abusing notation, let E1 = E1 (the closure of E1).
Note that some boundary states need to be assigned to int(E1) under the assignment
rule κ(·), so that E1 is not necessarily closed. This distinction makes no difference
for the forthcoming argument. Notice that we have the equality of sets

T (E1) = T (int(E1))

Let H(L, E1) ∈ T (E1) denote a half-space (of the given form) that contains E1. We
then obtain

E1 =
⋂

H∈T (E1)

H(L, E1) =
⋂

H∈T (int(E1))

H(L, int(E1))

If L3 does not intersect the interior of cell E1, then we know that either {s : (p3 −
p′3)·s ≥ 0} ⊇ int(E1) or {s : (p3−p′3)·s ≤ 0} ⊇ int(E1). Say the former holds. Then,
the preceding sentence implies

L1 ∩ L2 ⊆ {s : (p3 − p′3)·s ≥ 0}

However, L1 ∩ L2 is a linear space - so that we must have L1 ∩ L2 ⊆ L3. This
contradicts the hypothesis that the partition formed by {L1,L2,L3} is not conical.
Therefore, L3 has non-trivial intersection with int(E1), a symmetric argument ap-
plies to all other Ei. This shows that the chosen coordinatization is well-defined. I
now claim that the rows of the following matrix are in the span of the set Uφ (the
set of utility vectors induced by menus in ΣEi - the 3-hyperplane partition),

A =



1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 1 1 0 0 0 0


Note that we are applying the full-dimensionality of two-hyperplane partitions in
two separate places to claim that the rows of A are in the span of Uφ. First, to claim
that the top 4× 8 block is in the span - here we are applying the full dimensionality
of the partition formed by L1 and L2. Second, to show that the bottom three rows
are in the span of Uφ we are applying the full-dimensionality claim to (resp.) the 2-
plane partitions formed by (L1,L3) and (L2,L3) - since each of the rows correspond
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to cells in one of these partitions. To show that span(Uφ) has full dimension, I must
produce one more row vector independent of the others in the matrix A. To do
this, mimic the idea from sub-step 2a of adding an unobservable hyperplane to the
partition. Let L1,L2 be conical and add a hyperplane Lu with su ∈ Lu and such
that {Lu,L1,L2} is conical. Now consider adding L3 to this partition. Since the
plane Lu is unobservable the partition formed by the planes {L1,L2,L3,Lu} admits
the same coordinatization as given above. In particular, we choose coordinates such
that

1. E1 = {p1 �s p′1, p2 �s p′2, p3 �s p′3}

2. E2 = {p1 �s p′1, p2 ≺s p′2, p3 �s p′3}

3. E3 = {p1 ≺s p′1, p2 ≺s p′2, p3 �s p′3}

4. E4 = {p1 ≺s p′1, p2 �s p′2, p3 �s p′3}

5. E5 = {p1 �s p′1, p2 �s p′2, p3 ≺s p′3}

6. E6 = {p1 �s p′1, p2 ≺s p′2, p3 ≺s p′3}

7. E7 = {p1 ≺s p′1, p2 ≺s p′2, p3 ≺s p′3}

8. E8 = {p1 ≺s p′1, p2 �s p′2, p3 ≺s p′3}.

We label the vectors (pi, p
′
i) such that pi �su p′i. TakeM := {(a1, a9); (f1, f2, . . ., f12)}

to be descriptive representation of the partition formed by the planes L1,L2,L3 and
the unobservable hyperplane Lu. Since Lu intersects cells E1 and E5 we choose the
labeling in the descriptive representation such that f1, f2 are chosen by states in cell
E1 and f7 and f8 are chosen by states in cell E5. Now consider a perturbed menu
M̂ as follows. As in the text put f̂7 = f7 + α1·(p1 − p′1), f̂8 = f8 + α2·(p2 − p′2).
Consider the hyperplane L∗ = {s : (f̂7− f̂8)·s = 0}. The argument in step 1 implies
that the partition formed by {L1,L2,Lu,L∗} is conical. Hence, exactly as in step 1,
we obtain the inclusion

C(L∗,L1) ⊆ C(L1,L2)

This implies that the only states s ∈ S for which either (i) f̂7 or f̂8 ∈ arg maxM̂ us(·)
are states in the union of the cells E1 ∪ E5 (ignoring boundaries). Since u(p1 −
p′1), u(p2 − p′2) > 0 we can choose α1, α2 such that u(f1) = u(f2) = u(f̂7) = u(f̂8)
- that is, the function φM̂(·) is constant on the union E1 ∪ E2. Since φM = φM̂
outside of E1 ∪ E2, it follows that φM̂ is measurable w.r.t. the partition formed by
{L1,L2,L3}. Moreover, note that φM̂ − φM is proportional to [0, 0, 0, 0|1, 0, 0, 0].
This implies that [1, 0, 0, 0|0, 0, 0, 0] is in the span of Uφ. Thus, the span of Uφ
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contains the rows of the following matrix,

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1
1 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0
0 0 1 1 0 0 0 0
1 0 0 0 0 0 0 0


It is straightforward to see that the above matrix has full rank. Take this to be the
base step of the induction argument. Now we extend to partitions generated by an
arbitrary (but finite) number of hyperplanes. Consider a partition {Ei} formed by
planes {L1, . . .,Ln}. Label so that {L1, . . .,Lk} forms a maximal conical partition
and such that su ∈ C(L1,L2). Let E1, E2, . . ., Em be an enumeration of cells of the
partition, where Ei, Ei+1 are adjacent cells in a descriptive representation.26 Note
that, by the induction hypothesis, the rows of the following matrix are all in the
span of Uφ. 

1 1 0 0 · · · 0 0 0
0 1 1 0 0 · · · 0 0
...

...
...

. . .
...

...
...

...
0 0 0 · · · 0 1 1 0
0 0 0 0 · · · 0 1 1


n−1×n

Note that cells E1, E2 are separated by a single plane, say Lk := {s : (pk−p′k)·s = 0}.
Thus, once we remove this plane the union E1∪E2 is a cell in the coarsened partition
(call it {E ′i}) obtained by removing Lk. By the induction hypothesis, the vector
[1, 1, 0, . . ., 0] is in span(Uφ ∩ΣE′i

) where we identify ΣE′i
with its (embedded) image

in ΣEi . Similarly argue to show that the remaining rows of A are in the span of
Uφ. We now add an unobservable hyperplane to the partition. Arguing as in the
base step, add Lu to the partition, where Lu = span(su,L1 ∩ L2) (here we take
su ∈ C(L1,L2)). Let E1, . . ., Ek be a list of the cells that are contained in the cone
C(L1,L2) and let f1, . . ., fk be the lotteries (resp.) selected by states in Ei, . . ., Ek
(from the descriptive representation M), and let fui , f

u′
i denote the lotteries with

small weights attached (resp.) on the pair (pu, p
′
u), where pu− p′u is a normal vector

to the unobservable hyperplane. Consider the following perturbed menu, M̂ . Put

f̂ 1
1 = fu1 + α1

1(p1 − p′1), f̂ 2
1 = fu

′
1 + α2

1(p2 − p′2), . . ., f̂ 1
k = fuk + α1

k(p1 − p′1), f̂ 2
k =

fu
′

k + α2
k(p2 − p′2). Leave the lotteries fi,∀k + 1 ≤ i ≤ m chosen by states in cells

26If fi is chosen by states in cell Ei and fi+1 is chosen by states in cell Ei+1, then the adjacency
condition is that there is exactly one vector pk such that pk ∈ supp(fi) and p′k ∈ supp(fi+1). For all
other vectors pairs (pj , p

′
j) we have either pj ∈ supp(fi)∩ supp(fi+1) or p′j ∈ supp(fi)∩ supp(fi+1).
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Ei,∀i ≥ k + 1 unchanged and put M̂ := {(f̂ 1
i , f̂

2
i )ki=1, fk+1, . . ., fm}. I claim that

(i) M̂ is ΣEi-measurable and (ii) we can choose the pairs (α1
i , α

2
i ) such that φM̂

is constant on the cone C(L1,L2). The second claim mimics the prior arguments
verbatim - First, adjust the weights on the descriptive representations so that the
differences φM(s)−φM(s′) are very small for all s, s′ ∈ C(L1,L2). Next, choose α1

i , α
2
i

such that u(f̂ 1
i ) = u(f̂ 2

i ) = u(f̂ 1
j ) = u(f̂ 2

j ),∀(i, j). For the ΣEi-measurability claim

simply note that if f̂ 1
i or f̂ 2

i is selected (say f̂ 1
i ) from M̂ for any alleged state outside

the cone C(L1,L2), then we may consider the plane L := {s : (f̂ 1
i )− f̂ 2

i )·s ≥ 0} and
apply the argument (via contradiction) from step 1. Namely, show that (by choice
of the constants αi) we have the inclusion of cones C(L,L1) ⊆ C(L1,L2). Having
checked ΣEi measurability, consider the difference of the two functions, φM̂ − φM .
Wlog say that we have the ordering φM(s1) > φM(s2) > · · · > φM(sk), si ∈ int(Ei).
We thus obtain φM̂ − φM = [0, r2, r3, . . ., rk, 0, 0, . . ., 0] , ri < ri+1. This then implies
that

[0, 0, r3 − r2, r4, . . ., rk, 0, 0, . . ., 0] ∈ span(Uφ)

which in turn implies that [0, 0, 0, r4 − (r3 − r2), r5, . . ., rk, 0, 0, . . ., 0] ∈ span(Uφ). In-

ductively proceeding we obtain that
[
0, 0, . . ., rk −

∑k−2
i=1 (−1)i−1·rk−i, 0, 0, . . ., 0

]
∈

Uφ. It follows that span(Uφ) is full-dimensional.

This completes the proof of Theorem 2. The forthcoming arguments concern the
extension of this result to the domain of menus that are σ(A)-measurable.27 This
part makes strong use of the duality between the cone in Rk generated by the set of
differences, {φM −φM ′ : φM � φM ′} and the ‘dual’ cone (also in Rk since Euclidean
space is self-dual) of probability measures on the σ-algebra {Ei}. Since we will need
to make frequent reference to these objects, we label them as follows. Put

CEi :=
⋃
r>0

rH, H := {h ∈ Rk : h = φM − φM ′ ,M �M ′}

Let L(Rk) be the (vector) space of linear functionals on Rk and denote the canonical
“duality map” via t : Rk → L(Rk). Since the set CEi has non-empty interior, axiom
A4 (and the self-duality of Rk) implies that CtEi can be uniquely identified with a
(closed and convex) set of probability measures (via the pullback map) on the state
space S.

27This portion of the argument (from this sentence until the beginning of the construction of
the inverse limit below. is directed towards the extension of Theorem 2, i.e. where the domain of
the menu preference includes the σ-closure of the set A. We have not yet succeeded in providing
this extension, so that the remarks on directed sets, etc. are not relevant for the proof of Theorem
2 as currently stated. Thus, the reader may skip this portion of the argument without any loss in
continuity.
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3.1 Background on Directed Sets

Let X be any set and let Λ be a possibly uncountable index set endowed with a
partial order �∗. A collection of sets C := {Cα}α∈Λ is said to be directed downwards
if the following holds,

∀Cα, Cβ ∈ C, ∃γ �∗ α, β and surjections φγ,β : Cγ � Cβ, φγ,α : Cγ � Cα

A subset lim←−Cα is called an inverse limit of the directed downwards system C if it

is the smallest subset of X with the property that there is a (canonical) map φ that
makes the following square commutative (for all pairs (α, β) ∈ Λ)

lim←−Cα@ > φ >> Cγ1@V V φV@V V φγ1,βV Cγ2@ > φγ2,β >> Cβ

That is, if we project via φ from lim←−Ci to Cγ1 and then from Cγ1 to Cβ (where we

take γ1 �∗ β, γ2 �∗ β), then this is the same as if we first project to Cγ2 and then
from this set down to Cβ - thus, the order of projection does not matter. Similarly,
A collection of sets C := {Cα}α∈Λ is said to be directed upwards if the following
property holds,

∀Cα, Cβ ∈ C, ∃γ �∗ α, β s.t. Cα, Cβ ⊆ Cγ

A set lim−→Cα is called a direct limit of the directed upwards system C if it is the
smallest subset of X with the property that Cα ⊆ lim−→Cα,∀α ∈ Λ.

While these may seem like rather abstract notions, they have surprising relevance
for the problem at hand. In particular, consider the following relationship between
the two objects lim←−Cα and lim−→Cα. Note that for any setX we put Y := HomΣ(X,R)

to be the space of all functions with some structure Σ (e.g. Σ could be linear
functionals) from X to R. The terminology is somewhat non-standard, but we will
refer to the space Y as the algebraic dual of X. Now take a downwards directed
collection of sets C := {Cα} in the space X and note that the surjection

φβ,α : Cβ � Cα

yields an inclusion
HomΣ(Cα,R) ⊆ HomΣ(Cβ,R)

Thus, a downwards directed collection in X corresponds naturally to an upwards
directed collection in Y , the algebraic dual of X. It follows from this that if the
inverse limit of the collection C exists, then the direct limit of the dual collec-
tion, Ct := {HomΣ(Cα,R)} also exists. Let Blsc(S) denote the space of uniformly
bounded lower semi-continuous functions on the state-space S, endowed with the
product topology. Let B∗lsc(S) := {φ ∈ Blsc(S) : ∃M ∈ M(X), φ = φM}. Let
HomΣ(B∗lsc(S),R) denote the space of linear functionals on this space. Now take
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the upwards directed system in X to be as follows. Let Λ be the collection of all
(coherent) Borel partitions of S and take the relation �∗ to be {Ei} �∗ {Fi} iff
{Ei} is a refinement of {Fi} - this is clearly a well-defined partial order. Consider
the collection {ΣEi}, the system of Ei-measurable menus and let C := {CEi} - where
CEi is the positive cone of {Ei} measurable functions. Let CtEi denote the set of
probability measures on the Borel partition {Ei}, obtained from the finite subjec-
tive Bewley theorem. Similarly define C(B∗lsc(S)). Finally, let ca(S) denote the set
of (σ-finite) measures on the state space S. Now notice that the system {CEi} is
upwards directed and the system {CtEi} is downwards directed. The former claim is
obvious. The latter claim follows from an application of the finite Bewley theorem:
Notice that if {Fi} �∗ {Ei}, then the set ΣEi ⊆ ΣFi and is closed. Thus, CEi ⊆ CFi
(as a closed subset). Let ι(CEi) denote the image of CEi in CFi . For each π ∈ CtFi we
put

proj(π)(D) :=
∑

Fi:Fi∩D 6=∅

π(Fi)

where D ∈ {Ei}. Note that proj(π) is a well-defined probability measure on {Ei}.
Let x, y denote generic elements of ΣEi and note that we have the following sequence
of implications,

x � y ⇔ ι(x) � ι(y)

⇔
∫
{Fi}

ι(x) dπ ≥
∫
{Fi}

ι(y) dπ, ∀π ∈ CtFi

⇔
∫
{Ei}

x d proj(π) ≥
∫
{Ei}

y d proj(π), ∀π ∈ CtFi .

Since this holds for all pairs x, y ∈ CEi , by the uniqueness of the Bewley representa-
tion we obtain that the projection map, proj : CFi → CEi , is a surjection. Uniqueness
of the Bewley representation for ΣEi-measurable menus is standard, but in the inter-
est of completeness we provide the formal argument here. Fix Rn and let C ⊆ Rn

be a closed and convex cone. Assume we have two sets of closed, convex functionals
in L(Rn,R) (call them L1,L2) such that all elements of L1,L2 are represented by
dot products with probability measures and

C =
⋂
`∈L1

{x : `(x) ≥ 0} =
⋂
`∈L2

{x : `(x) ≥ 0}

Towards contradiction, say that L1 6= L2. Take `1 ∈ L1\L2. Note that {`1} and L2

are closed, convex, and disjoint sets in L(Rn,R) (where {`1} is obviously bounded).
By the Separating Hyperplane Theorem, there is a functional x̂ ∈ L(L(Rn,R),R)
such that x̂(`1) < c < x̂(`2),∀`2 ∈ L2. Since Rn is reflexive, the functional x̂ is given

35



by point evaluation for some x ∈ Rn. That is, x̂(`) = `(x),∀` ∈ L(Rn,R) (for some
x ∈ Rn). Since the functionals in L1,L2 are all represented by dot products with
probability measures, consider x′ := x − c·~1 and note that `(x′) = `(x) − c, ∀` ∈
L1,L2. It follows that

`1(x′) < 0 < `2(x′),∀`2 ∈ L2

Therefore, since C = ∩`∈L2 {x : `(x) ≥ 0}, we obtain x′ ∈ C. OTOH, we also have
C = ∩`∈L1 {x : `(x) ≥ 0}. Thus, if x′ ∈ C then x′ ∈ {x : `1(x) ≥ 0} - contradiction.
It follows that L1 = L2.

Now we apply this to the sets of functionals at hand. Take C ′ := CFi , C := CEi ,
where {Fi} �∗ {Ei} and, by abuse of notation, let CtEi , C

t
Fi

denote the (closed and
convex) collections of equivalence classes of the dual cone of linear functionals -
so that for each class of functionals induced by the same probability measure we
select the one such that `π(~1) = 1. Note that, by the sufficiency argument for the
representation (applied to ΣFi), we have

CFi = ∩`∈CtFi {x : `(x) ≥ 0}

Now pull back both sides of this equality using the ι map. That is, the preceding
equality yields: ι−1(CFi) = ι−1(∩`∈CtFi {x : `(x) ≥ 0}). Note that ι−1(CFi) = CEi and

(∗) ι−1(∩`∈CtFi {x : `(x) ≥ 0}) = ∩proj(`):`∈CtFi
{x : proj(`)(x) ≥ 0}

where the notation proj(`) denotes the (normalized) linear functional represented by
dot product with the probability measure proj(π), where π ∈ CtFi is the probability
measure that represents `. Thus, put proj(CtFi) to be the set of projected functionals
and put L1 = proj(CtFi),L2 = CtEi . By (resp.) (∗) and the Bewley representation
applied to ΣEi we have

CEi =
⋂
`∈L1

{x : `(x) ≥ 0} =
⋂
`∈L2

{x : `(x) ≥ 0}

Applying the argument in the previous paragraph we obtain L1 = L2 - proving
uniqueness.

Returning to the main argument, it follows that the upwards directed system,
C := {CEi} corresponds, via the Bewley representation, to the downwards directed
system, Ct := {CtEi}. Now we show that (i) the inverse limit of the downwards sys-
tem exists, call it lim←−C

t ⊆ ca(S), in the space ca(S) and (ii) the topological dual of

this system is exactly the cone, C(B∗lsc(S)). This will yield the Bewley representation
for the full space of menus.
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I first check that the inverse limit exists and is closed. Let X :=
∏
{Ei} ∆({Ei})

and endow this space with the product topology (recall: the topology on ca(S) is the
topology of weak convergence). Consider the set X ⊆ X defined by X :=

∏
{Ei} C

t
Ei

.

Let lim←−C
t be defined as follows. Since there are uncountably many (coherent) Borel

partitions {Ei} and this collection is endowed with a natural partial order �∗, let
us index the collection with the set Λ. Put

lim←−C
t := {π = (πα, πβ, . . .) : γ �∗ α, β ⇒ projγ,α(πγ) = πα, projγ,β(πγ) = πβ}

Notice that this is clearly a closed subset of X. Moreover, notice that it can naturally
be identified with a subset of the set of measures on A. To see this, let B denote
the σ-algebra on S generated by all (finite) Borel partitions of S and recall that
A =

⋃
α∈Λ σ({Ei}) is the algebra generated by all finite Borel partitions. Notice

that every element of lim←−C
t determines (uniquely) a (finitely-additive) measure on

the algebra A. Similarly, any measure on A determines an element of the set lim←−C
t.

In other words, as sets we can identify lim←−C
t with the collection of measures on A.

Since the product topology on the set lim←−C
t coincides with the topology of weak

convergence28 when we identify this set with measures on A, the identification is a
topological isomorphism.

28Here we take the class of test functions to be the set of A-measurable functions.
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