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1 Introduction

Compromise is a central feature of many decision problems. It can arise in the context
of bargaining between two agents with non-aligned preferences, e.g. wage bargaining
or dispute resolution. However, it can also arise in the context of single-agent decision-
making - take the example of career choice or mate selection. In these situations the
decision problem has the following structure. There is a menu of ‘objective’ options
from which the decision-maker (DM) must make a choice. However, there is a tension
between what the DM wants and what the DM can actually choose. That is, not all
of the options on the menu may be feasible choices for the DM. In particular, some of
the options that the DM might most prefer may be infeasible. This tension leads the
DM to maximize his normative preference not over the full menu of options, but over
the subset of attainable options[l] The utility maximizing outcome from this process
is what we refer to as the DM’s compromise.

This paper develops and provides axiomatic foundations for a formal model of
compromise. Taking the above procedure as a description of the process of compro-
mise, there are two key questions that must be answered by our model if it is to
provide insight into this process. First, why does the DM face a tension between
what is on the menu and what he considers feasible? In other words, what is the root
cause that leads the DM to compromise in the first place? Second, if the root cause is
“X7 what is the precise mechanism through which the presence of X maps a menu of
choices into a sub-menu of (subjective) feasible choices? To answer the first question,
this paper singles out temptation as the X factor that is at the root of compromise.
As such, it makes a contribution to the axiomatic literature on temptation and self-
control, initiated by the seminal piece Gul-Pesendorfer (GP) (2001). However, it is
also distinguished from GP (2001) and the subsequent literature in that it is a model
of compromise as opposed to a model of ‘costly self-control.’

To explain this distinction in more detail, let us first recall that the behavioral
primitive in models of temptation is (usually) taken to be an order on menus, or sets
of consumption opportunities. The intuition is that the DM wants to, for example,
quit smoking. However, he cannot pre-commit to avoid situations where there are
opportunities to smoke. This implies a non-trivial ranking on menus, i.e. a rank-
ing that is not induced up from the ‘normative’ ranking on singleton menus. For
example, the DM attempting to quit smoking might exhibit the ranking, {coffee} =
{coffee, cigarette} = {cigarette}. This means he would rather have the chance to con-
sume something other than a cigarette than be committed to smoking (e.g. {coffee,
cigarette} > {cigarette}). Moreover, he would rather have himself committed to cof-
fee than allow for the possibility of smoking (e.g. {coffee} = {coffee, cigarrete}).

!The key point here is, while a given menu of options is ‘objective’ - i.e. the same for all DM’s, the
determination of what is feasible is 'subjective’ and dependent on the individual DM’s preferences.



When the DM exhibits the preference, {coffee} = {coffee, cigarette} >~ {cigarette},
the interpretation is that he anticipates exerting costly self-control, i.e. he plans on
drinking coffee and incurring a utility cost of resisting the temptation to smoke. In
contrast, when the preference is weak, i.e. {coffee, cigarette} ~ {cigarette}, the in-
terpretation is that the DM caves in to temptation and smokes the cigarette.

Our model requires that the DM compromises in the face of temptation, rather
than exerting costly self-control. This is certainly a stark restriction were we to only
consider doubleton menus. The force of our theory derives from its explanatory power
on more general (non-doubleton) menus. Moreover, the class of preferences analyzed
in this paper cannot (necessarily) be built up from rankings on doubleton menus. Let
us revisit the previous example, except now add the possibility of consuming nico-
tine gum (n-gum), which we take to be a milder temptation than a cigarette. How
does the DM evaluate the menu {coffee, n-gum, cigarette}? Our model predicts a
ranking: {coffee, n-gum, cigarette} ~ {n-gum, cigarette} ~ {n-gum}. Following the
compromise process outlined in the first paragraph, the DM reduces the tripleton
menu {coffee, n-gum, cigarette} to the menu of feasible choices {n-gum, cigarette}.
The intuition is as follows. Since cigarettes are available and the DM is tempted to
smoke (and since he never exerts costly self-control), he knows he won’t be able to
choose coffee. Thus, his feasible set of consumption options is {n-gum, cigarette}.
Maximizing his normative ranking on this set yields {n-gum}, which is the less harm-
ful temptation.

The reduction procedure that maps the menu {coffee, n-gum, cigarette} to the
subset {n-gum, cigarette} relies on both (i) the existence of temptation and (ii) the
fact that the DM doesn’t exert costly self-control. The fact that temptation exists
means that the DM can first sort the menu into a subset of elements that are ‘un-
tempted’, e.g. {n-gum, cigarette} in the example. Second, the fact that the DM never
exerts costly self-control implies that he never chooses elements that are tempted (i.e.
coffee), so that he is indifferent between the original menu and the subset of un-
tempted elements. Thus, when coffee and cigarettes are on the same menu together,
it is as if coffee was never available in the first place. This reduction procedure ex-
plains how temptation reduces the ‘objective’ set of options to a ‘subjective’ set of
feasible options.

The preceding discussion describes both how and why the presence of temptation
can induce compromise, but we have not yet made an argument for why one needs
yet another model of temptation. Beyond mere theoretical interest what can a model
of temptation-driven compromise explain that existing models cannot? The inter-
est in our model is that it provides a novel representation of two important classes
of behavioral phenomena that cannot be explained by standard temptation models.



Respectively label these phenomena as simple compromise and attmctz’onﬂ canonical
example of simple compromise is the one given above. In symbols, we rewrite the
example as follows.

Example 1 (Simple Compromise). Put z > y > z.
o {z,y} ~{z}
o {x,z} ~{z}
o {z,y,2} ~ {y}.

Note that the preference is formally identical to the previous coffee and cigarettes
example. We have called this an example of ‘simple’ compromise since the compromise
of y (from the menu {z,y, 2}) is induced by direct temptation, i.e. {z} = {z,z} ~
{z} (for future reference we denote direct temptations with the notation = —; y).
However, direct temptation is not the only manner in which the DM can be tempted.
Consider the following example of ‘latent temptation’,

Example 2 (Attraction). Put x = y > z.
o {z,y} ~{a}
o {z,2}~ {z}
o {z,y,2} ~{u}.

To fix ideas, take x = coffee, y = n-gum, and z = cigarette. The idea here is that
the DM is tempted by nicotine and this temptation is latent (as opposed to direct) so
that neither n-gum nor a cigarette can individually induce a compromise. However,
when both are available on the menu the temptation for nicotine is triggered and
he compromises. The example is an illustration of what is known as an “attraction
effect”.

In the choice theory literature, the attraction effect typically refers to the follow-
ing choice behavior. A DM is offered choices between pairs {x,y}, {y, 2}, {z, 2}, in
which case he chooses (respectively) x, y, and z. However, when offered a choice
from the triple {z,y, 2z} he chooses y. Thus, his choices from menus cannot be re-
covered from a single preference order over singletonsﬂ There have been several re-
cent attempts to model compromise and/or attraction effects, e.g. Ok-Ortoleva-Riella

2The phenomenon we refer to as simple compromise is not the same as the “compromise effect”
from the behavioral economics literature. In this literature, the compromise effect refers to the
tendency of consumers to choose a middle-ground choice when offered, say, a menu of 3 different
brands (e.g. ((high reputation, high price) (middle reputation, middle price), (low reputation, low
price))). Our example of compromise pertains specifically to temptation preference.

3The reason for the name is that the presence of z evidently creates an attraction for y where
previously none was present when z was available.
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(2007), Cherepanov-Feddersen-Sandroni (2008), Masatlioglu-Nakajima-Ozbay (2009),
and de Clippel-Eliaz (2010). Several of these papers model the choice behavior exhib-
ited in the attraction effect as arising from an aggregation amongst multiple (possibly
conflicting) preference relations.ﬁ Our paper is distinguished from these other models
in that it explains the attraction effect as an outcome of temptation-induced com-
promise, and hence provides a novel explanation for why it occurs. We now go into
details of the model and conclude with a summary of our main representation results.

1.1 The Category Model
The model in this paper has two parameters:

e Take C := {C;}; to be a collection of subsets of the consumption space X (a
category).

e Let u(-) : X — R be a representation of the singleton ranking.

Using these two ingredients we construct the following menu utility:
U(A) := maxc,.c,nax0 MiNgec,na u(z)

Hereafter, in writing the above formula we will suppress the qualification that the
maximum is taken only over those 7 such that C; N A # (). In this paper, we refer to
any given pair (u,C) as a category model. To motivate the model, let us match the
features of the model with the informal compromise process described in the opening
paragraph. Fix a DM whose preference on menus is represented by a category model,
(u,C). Break up the decision process into three steps, (i) categorization, (ii) reduc-
tion, and (iii) maximization. The last two steps formalize the compromise procedure
outlined in the opening paragraph. From a given menu A, the DM makes a subjec-
tive determination of what is feasible from the menu (reduction) and then maximizes
his normative ranking over the reduced subset (maximization). The first step, cat-
egorization, is the mechanism that determines how reduction occurs. Observe that
the categories are derived from the DM’s order on menus, so that the categorization
process is what makes the reduction procedure subjective. Putting these three steps
together we can associate the category utility with the following decision procedure:
(put A* := U; arg min, sc, u(z))

A Aotz {C;n A}, reduge A*(= U, arg min, ¢ 4, u(z)) 7 aX e A u(z) = U(A)

4The “multiple preferences” approach is not homogenous and each of these papers provides a
novel perspective. For example, in Cherepanov-Feddersen-Sandroni (2008) the attraction effect arises
within a model of multiple rationales, so that choice from a given set of options is determined by
maximizing over the subset of rationale-dependent maxima. In contrast, de Clippel-Eliaz (2010)
axiomatize a model of two-player bargaining and nest the attraction effect as a solution to this
bargaining problem. de Clippel-Eliaz (2010), Masatlioglu, et al. (2009), and Manzini-Mariotti
(2010) and our paper have some overlap, which we elaborate on in section 4.



The key feature of our model is the first step. Thus, we now briefly describe how
categories are created from the preference order and then illustrate the construction
with a representation of the simple compromise and attraction examples (Examples
1 and 2). The reduced menu A* is then easy to compute once we understand how
temptation feeds into the creation of categories.

Categorization

The DM faces temptation (perhaps only weak temptation, in which case C is just a
collection of singletons). Moreover, there is a subjective collection of temptation char-
acteristics that describe the aspects of the DM’s temptation problem. The subscripts
on the categories C; index these attributes. How does the DM categorize objects into
the attribute-specific bins C;? To illustrate, fix any x (e.g. something healthy) and
note that, with the process of compromise in mind, the DM faces two kinds to ob-
structions that could prevent him from choosing z (for any given menu A). First,
a menu A might possess a direct temptation for x (leading to simple compromise).
Second, there might be a latent temptation (due to attraction effects). Recall that
a direct temptation is one where x is tempted by a singleton y (i.e. = —; y). A
latent temptation is where there is some (non-singleton) menu A where z > A and
x> {x, A} and z ~ {z, A\y},Vy € A. That is, the element z is tempted by the set A
and no smaller subset of A tempts x. Call a set A(z) with this property an attraction
set (for x). For a given attraction set A(x), the DM considers the attributes of each
element z € A(x) (each of these attributes are latent temptation characteristics). All
elements that share, say, attribute ¢ are mentally categorized into the set C;. Thus,
the set C; contains all elements y that possess the (subjective) attribute ¢ and that
belongs to an attraction set A(x) that tempts z.

Note also that if  —; y, then y is a microcosm of all the attributes in A(z) that
tempt x so that y is in every category C; that contains an element of A(z). The
DM then evaluates a menu as follows. Fix an x € A and imagine that the DM asks
himself the question, “If I wanted to pick x from A can I do so without compromise?”
If all the components of an z-attraction set are present, then a latent temptation is
triggered and he compromises. If not all attractions are present, then he (costlessly)
commits to x. If any direct temptations are present, since each direct temptation itself
contains all attributes of the attraction set, he compromises in this case as well. To
illustrate the categorization process, consider the simple compromise and attraction
examples. The elements z,y, z below are exactly as described in those examples, e.g.
x = coffee, y = n-gum, etc.

Example 1 (Simple Compromise). Let {z,y} ~ x,{x, 2} ~ z and {z,y,z} ~y. Put
Ci:={y},Co :={x,2} and C = {Cy,Cs}.

o U({w,2}) = u(2), U ({z,y}) = u(x).
o U({z,y,2}) = uly).



To explain this representation note that the indices on the sets C; and Cy enumerate
the temptation characteristics, {low nicotine, high nicotine}. The set Cy is the “high
nicotine” bin and C; is the “low nicotine” bin. Since y is a low nicotine item and
nothing is (directly) tempted by y, the set C; contains only y. Moreover, since z has
high nicotine and z is directly tempted by z, the set Cy contains both x and zE| Thus,
using the category utility formula, we can see that the DM only makes the switch from
x to y when z is present. The category model also provides a natural representation
of the attraction example.

Example 2 (Attraction). Let {z,y} ~x ~ {z, z},{z,y, 2} ~y. PutCy :={z,y},Cy :=
{z,z},C = {C1,Ca}. Notice that

o US({z,y}) = u(zx) = U ({z, 2}).
o U({z,y,2}) = u(y).

Similar reasoning explains this representation. The indices on the bins C; and
C, index the (latent) temptation characteristics, {low nicotine, high nicotine}. Since y
possesses the first attribute and z possesses the second, they are (resp.) placed in bins
C; and C,. Furthermore, the set {y, z} is an attraction set (or compound temptation)
for x. Thus, x is placed in any bin which contains an element of the attraction set
for z - as z is implicitly tempted by the attribute (nicotine) possessed by that element.

Neither simple compromise nor attraction can be explained by the benchmark
models in the temptation literature. Recall the following utility representation, ax-
iomatized in GP (2001):

USP(A) = max,en (u(z) + v(x)) — max,eq v(x)

This utility is often re-written in the following form. Put ¢(z, A) := max,c4 v(2)—v(z)
and note that

USP(A) = maxzeq (u(z) — c(x, A))

This representation was generalized in DLR (2009) who axiomatized the following
model:

UPER(A) = Y, g [maxeau(z) — Sy, ez, A)

where ¢ (2, A) := max,cqvp(z) — vg(z). In the case of no uncertainty, the model
reduces to the following

5We have stated that the categories are subjective. The labels ‘low nicotine’ and ‘high nicotine’
are certainly objective - all DM’s would probably agree that n-gum has lower nicotine than a typical
cigarette. What is subjective is the grouping of elements into bins, e.g. whether the DM is tempted
by low nicotine vs. high nicotine.



U(A) = maxgeq [u(z) =34, cr(z, A)]

We take this to be the benchmark ‘no uncertainty’ model of temptation preferences.
The simple compromise example violates one of the DLR behavioral postulates (axiom
AIT). To see that the attraction example cannot be represented consider each of the
cost terms ci(z, A) in the no-uncertainty utility and note that

ce(z, {z,y, 2}) = max{cg(z,{z,y}), cx(z, {x,2})} =0

Thus, the no-uncertainty DLR model cannot model the attraction example. Similarly
reasoning on a “state-by-state” basis one checks that the full DLR model cannot rep-
resent the example either.

Since the DM does not exert costly self-control in either example, perhaps the
Strotz model is the right place to look for a representation. Recall that this model is
described by a pair of mappings u,v : X — R which are used to define the following
menu utility: (for any menu A, put A4, := arg max,, v(x))

UST(A) == max,ea, u()

It is straightforward to see that the attraction example does not admit a Strotz
representation. Moreover, the simple compromise example doesn’t admit a Strotz
representation either, although the argument is slightly more subtle. The preference
is an example of what GP (2001) call a ‘cycle’, which they show is precluded by
the Strotz model. Thus, none of the benchmark models in the temptation literature
(neither GP (2001)/DLR (2009) nor Strotz) can rationalize either simple compromise
or the attraction effect.

1.2 Summary of Results

The paper is broken into two main sections. Section 2 analyzes category models, i.e.
pairs (u,C), which are free of attraction effects. Hence, the category models in this
section are models of simple compromise alone. Why bother analyzing a less general
model? First, note that the issues of simple compromise and attraction are distinct.
Thus, it is important to see whether we can use categories to model this distinction.
Second, and somewhat surprisingly, the category model turns out to nest the Strotz
model. Moreover, the class of categories that represent Strotz preferences do not
admit attraction effects (call these Strotz categories). Thus, in order to understand
where the class of Strotz categories is situated in the universe of category models it is
important to analyze models of simple compromise. Third, the axioms that charac-
terize the main representation (Theorem 2) in this section translate very easily into
the verbal process of compromise described in the opening. Thus, the representation
gives an intuitive behavioral description of the category model.



Having analyzed models of simple compromise, section 3 takes up the issue of
attraction and contains two primary representation results, Theorems 4 and 5. We
also introduce two new axioms in the section, respectively labelled “Compromise” and
“Strong Reduction”. The Compromise axiom is our formalization of the idea that the
DM always compromises in the face of temptation. Theorem 4 shows that a version
of the category model, called the local category model, is characterized by the Order
and Compromise axioms. The import of this result is that, through the Compromise
axiom, it ties the functional form of the category model to an axiomatic formulation
of compromise. The second axiom introduced in the section, Strong Reduction, for-
malizes the idea that a menu can be iteratively reduced (by removing elements that
are either directly or latently tempted) to an ‘untempted’ menu, A* that is indifferent
to the original menu. The relevance is that we maintain the link between the behav-
ioral (i.e. axiomatic) description of our model and the informal verbal description of
compromise given in this introduction. The main result in the section, and in the
paper, is Theorem 5 which shows that the full category model is characterized by the
Order, Compromise, and Strong Reduction axioms.

Since all categories are subjective, an important issue is identification. More pre-
cisely, is there a one-to-one map between category models and menu preferences rep-
resentable by category models? In most cases, the answer to this question is ‘yes’ -
however, this answer comes with two caveats. First, with few exceptions, we cannot
identify categories when there are ties in the singleton rankingE] Second, akin to the
refinement in Dekel, et al. (2001) that requires states to be relevant, we need to
make a refinement in the class of allowable categories in order to pin down the model.
As in DLR (2001), the problem is that we can artificially inflate the model with
irrelevant categories even though the utility representation only ‘lives on’ a smaller
sub-collection of categories. Once we make a refinement to eliminate such wasteful
representations, the model is essentially pinned down. Finally, omitted proofs from
the main text are collected in the appendix.

2 Models of Simple Compromise
We begin with a description of the choice environment.
e Let X = {x1,...,2,} be an enumeration of the prize space.
e Let 2% denote the collection of subsets of X (menus).
e Let P(X) be the set of complete, transitive preference relations defined on 2.

Finally, a word on notation. For any menu A we take sup(A),inf(A) to be (resp.) the
set of »-maximal (>-minimal) elements, i.e. singleton menus, in the menu A.

6We state explicitly in our uniqueness results when we do or do not require the no ties condition.



Definition 1: Fix any A € 2%. An element 2 € A is called a strong compromise of
A if the following two properties hold:

o 1~ A.
o A"~ A whenever A’ C Aand x € A'.

Let ¥4(A) denote the strong compromises of a menu A. To motivate the title, note
that the first condition says that every menu possesses a compromises. The second
condition says that if a sub-menu contains the original compromise, then the DM is
indifferent between the two menus.

A1*: (Strong Compromise) If A # (), then X,(A) # 0.

A1*: (Degenerate Set-Betweenness) For any menus A, B either AU B ~ A or
AUB ~ B.

We will refer to the latter restriction as ‘Degenerate Set-Betweenness,” after GP
(2001). To explain why we have given the axioms identical labels note that the first
axiom clearly implies the latter. Moreover, the converse is true. Refer to Degenerate
Set-Betweenness as ‘DSB’ and let ‘SC’ denote Strong Compromise.

Lemma 1. DSB and SC are equivalent.

Definition 2: Let u : X — R, v : X — R be a pair of mappings. Let A, :=
arg max,. 4 v(z) and put
UST(A) := max,ea, u()

where the super-script stands for Strotz utility.

In GP (2005), it is shown that the Strotz model is characterized by solely the order
and DSB axioms. Note that the (u,v) formulation of the Strotz model given above
allows for there to be ties in v(-) ranking. In the menus of lotteries choice domain
there are observable restrictions (on the menu preference) implied by the existence of
ties in the v(-) ranking. However, in the finite menus case this is no longer true. To
see this, given a pair (u,v) we resolve all ties in the v(-) function to obtain an equiv-
alent representation by a pair (u, L) as follows (where the ranking L is free of ties).
Let I!,...,I¥ be a top-down enumeration of the indifference classes of v(-). Within
each class resolve ties in favor of the u-ranking. If there is a tie in both the v and the
u ranking, then break the tie arbitrarily. Label the resulting function L(-) and note
that the pair (u, L) generates the same menu preference (via the Strotz formula) as
the pair (u,v). It will be easier to carry out comparisons with the Strotz model when
the v(-)-ranking is strict, so we shall use the (u, L) formulation when referring to a
Strotz preference. The following definition just re-labels the parameters of the Strotz
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utility.

Definition 3: Let u : X — R be a commitment mapping andlet L : X — {1,...,|X|}
denote a labeling of the elements of the prize space X. Define the induced relation,
=1, on X as follows: x > y if and only if L(z) < L(y). Put

UM(A) := u(> —maxgeq )
and call this a rank-based representation.

The following Theorem characterizes preferences representable by rank-based (Strotz)
utilities.

Theorem 1. (GP (2005)) A preference = € P(X) satisfies A1* if and only if it can
be represented by a rank-based utility.

We now turn our attention to an alternative model of no uncertainty temptation
preferences.

Definition 4: Let LJ; B; be a partition of X and u : X — R a commitment mapping.
Define a partition utility, UF(-), as follows:

UP(A) := max; {mingecanp, u(z)}

Call a menu A temptation free (i.e. there are no direct temptations) if for any pair
x,y € A with x = y we have {z,y} ~ {z}. Introduce the following axioms. The first
axiom will be referred to as No Attractions, or NAT for short. In words, it says that
if there are no direct temptations, then there are no latent temptations either.

A1’": If AU B is temptation free, then AUB ~ A or AUB ~ B.
A2*: (Reduction) If x > y and {z,y} ~ y, then A ~ AU x for any A > y.

The former axiom clearly weakens Al by requiring that Degenerate Set-Betweenness
only holds on temptation free menus. The latter axiom can be seen as a consistency
condition on the preference: Think of the first statement (y ~ {x,y}) as saying that
y tempts x. The axiom requires that when we enlarge the ambient menu from {z,y}
to A 5 y, the menu A should still tempt z since the original temptation y is still
present. Note that A1* implies Reduction (this is easiest to see using the Strong
Compromise formulation of A1*). Despite these relations between the axioms, the
U%(-) model is distinct from the UP(-) model as a consequence of the following ad-
ditional axioms. Let (—o0,z] = {y € X : z = y} denote an order interval in X and
say that * —; y if x > y and {z,y} ~ {y} (i.e. x is overwhelmed by y). Denote
Bi(z):={ye X 1z = y}.
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A3a: Fixx >y > z. lf v =, y and © —; z, then y —, z.
A3b: Fixzx >y >z If v = 2z and y — 2, then x —; y.

Axiom A3a can be thought of as a “temptation monotonicity” condition: It says
that the relation “—,” places an ordering on the set of all elements that tempt x.
Axiom 3b says that no two x and y can share a common temptation without one
tempting the other. The following examples verify that the partition and rank-based
models are formally disjoint in the sense that neither one nests the other.

Example 3 (UF % UT). Let X = {x =y = 2z} and let v —; y,x — 2, but y /4 2.
Puty =1 2 =1 x and note that U*(A) := u(>1 —max,ea ) represents =.

Example 4 (U” 4 UF). Let X = {z =y = 2 = w}. Put By = {z,2}, By = {y,w}
and set UP(A) := max;—1 o {min,canp, u(r)}. Note that the preference generated by
UP(-) does not satisfy A1*: {z,y, z,w} ~ {2}, yet {y, 2z} ~y = 2.

The following is the final axiom required by the partition model.
A4: If 2y ~ z9 and & — 21, & = 29, then {z 12—y 21} = {x 1 2 —¢ 22}

This final axiom is imposed only on pairs (z1,29) where z; ~ z. In words, it
says that the partition model is too blunt to distinguish between elements with the
same normative value: Their respective sets of temptations must either be disjoint or
identical. Note that when there are no ties in the normative ranking, then Axiom A4
is completely vacuous. Among the axioms that characterize the partition model, A3b,
is in our view, the most severe. We next consider what model obtains when we keep
Al', A2* and A3a, but drop A3b. The resulting category model turns out to be an
interesting generalization of the partition model, which we call the narrow category.
First, we present the representation result for the partition model. The proof requires
the following lemma.

Lemma 2. Assume = € P(X) satisfies A2*. If x =y and y — 2z, then x — 2.

Proposition 1. A preference = € P(X) satisfies A1, A2*, A3a, A3b, and A4 if and

only if it admits a representation by the partition model.

We have the following straightforward uniqueness claim, so that partitions are
identifiable from preference.

Corollary 1. Let ({B;},u(-)), ({Bi},u/(+)) be two distinct UT(-) representations of
=. Then, {B;} ={B.} and u(-) and ¥'(-) are ordinally equivalent.
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As a consequence of the NAT axiom, the partition model only represents pref-
erences where temptations are multi-dimensional, but not compound. However, it
goes a little further than this. As a consequence of A3a and A3b, there are no ‘shared
temptations’ either. For example, one could imagine that two candidate commitments
x1 and x5 are both subject to various types of simple temptations. Moreover, some
of the objects that tempt x; may also tempt x5. This possibility is excluded by the
partition model. We now consider a category model, the NAT category, that relaxes
this restriction while keeping the NAT axiom intact. Nevertheless, a relative virtue
of the partition model over the NAT category is that it is much easier to actually
construct a partition model whereas it isn’t as transparent how to construct a NAT
category (that isn’t a partition) from scratch.

Definition 5: A No Attractions (NAT) category is comprised of a collection of sets
C = {C;}; and a commitment mapping u : X — R with the following two properties:
(let (—o0,z) :={z€ X x> z})

2. Let ¥(x) = {C; € C: x € C;}. Then, there is some C, € ¥(x) s.t. (—oo0,x)NC, C

Theorem 2. A preference = € P(X) is representable by a NAT category model if
and only if it satisfies Al and A2*. Moreover, if (u,C) is any category model that
represents =, then C is a NAT category.

Proof. We first check the representation claim, then the minimality claim. We first
verify necessity of A1 and A2*. To check Reduction (A2*) take x —; y and note
that if (u,C) represents =, then whenever z € C; we must also have y € C;. It follows
that A\z ~ A. To check Al’, it suffices to show that if A is temptation-free, then
for each = € A there is some C, € C with ((—oo,x) U{z})NC, = {z}. Since C is a
NAG category, find C, such that (—oo,2) NC, C C;,VC; € X(x). I claim that if A is
temptation-free, then (—oo,z) NC, = 0. Else, if z > y € C,, then y € C;,VC; € X(z)
implying that  —; y - contradiction. Axiom Al’ follows. Now we turn to the
sufficiency argument. For each # € X consider the set C, := Bi(z) U {z} and let
C=1{C,: v € X}. Let U°: 2% — R be the function defined by
UC(A) := maxc, min,ec,na u(2)

I claim that (i) C = {C,}. is a NAT category and (ii) U°(-) represents =. For
the first claim let = € C, N C, and note that (—oo,x) NC, = By(x). Moreover, if
x € By(y) N By(z), then By(x) C B(y) N B(z) (by Lemma 2). Thus, C, C C, NC, so
that the collection {C,}, is a NAT category. Now we check representability. Given
a menu A, let A* denote its maximal temptation-free subset (which exists by Al’

and A2*). Note that U¢(A) = UC(A*), so that (as in the proof for the partition
model) it suffices to check representability on the set of temptation-free menus. But
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this is obvious since for any x € sup(A) we have C, N A = {z} as A is temptation
free. Thus, U¢(A) = u(z) = U(A). Now for the minimality claim[]] For each z € X
put X(z) := {C' € C: x € C'}. Let (u,C) denote any category that represents the
preference and, towards contradiction, assume there is some x such that for every
C' € ¥(x) we have (—oo,z) NC' L C", for some C" € ¥(z). For each C', select
some 2z’ € {(—oo,z) N C'}\C" and note that, by representability, 2/ ¢ Bi(x). Let
A:={z el :C € X(x)} U{z} and note that, by A1’ and A2*, A ~ z. On the other
hand, we have U°(A) < u(z) - a contradiction. O

We turn now to the issue of identification of the NAT category. First, note that
the definition of the NAT category allows categories to be redundant. That is, if
C = {C;}; is a category, then we say that the collection is redundant if there is some
C; € C such that C; C U;»; C;. Notice that, absent a restriction that rules out redun-
dant categories, there isn’t a unique category model (u, C) that represents a preference
>~. To see this most clearly, let x, be the lowest ranked singleton in X and note that if
the model (u,C) represents =, then so does the model (u,C’), where C’' := CU{z.}. Of
course, this begs the question of why we don’t just add on a non-redundance restric-
tion in the definition of the NAT category. The reason we don’t do this is that there
is an important sub-class of NAT preferences, namely - Strotz preferences, that only
admit a representation by a redundant category. Thus, in order to represent these
preferences with a category model we must move out of the domain of non-redundant
categories.

All is not lost if we relax the non-redundance restriction. For example, akin to the
refinement on the state space in DLR (2001) that requires all states to be relevant,
we can allow categories to be redundant, but not irrelevant. That is, every category
is relevant for the comparison of some pair (A, B) so that the reduced model obtained
by omitting this category produces an incorrect ranking on the pair (A, B). Formally
stated, we have:

Definition 6: A category (u(-),C) is called sharp if for any complete sub-category
CI Q C we have t(u,C)?ét(u,C’)'

The identification result we present is for sharp category representations. That is,
if we enrich the class of models (u,C) to include categories that are possibly redun-
dant, but still sharp, then we can pin down the representing category. This claim,
however, comes with a caveat - there is no hope of obtaining identification when there
are ties in the singleton ranking. To see this, take X = {z1,...,2,} to be any set

"This argument is not the same as checking necessity. The preceding argument just shows the
axioms are necessary and sufficient for a NAT category representation. The minimality claim shows
that, moreover, there cannot be any other category model that represents these preferences. Thus,
the only way to interpret axioms A1’ and A2* (NAT preferences) with a category model is via a
NAT category.
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and assume all elements are indifferent under the singleton ranking. Then, the fol-
lowing two categories constitute distinct, sharp representations: C; = {x1,...,z,},
Cy = {{z1},{x2},.. .., {zn}}. A similar multiplicity can be constructed if there is
any non-trivial indifference class in the singleton ranking. Thus, for the identification
result we will assume that the restriction of the menu preference to singletons is strict.

Say that the set By(z) U x is dominated by Bi(y) U y if (i) z € B(y) and (ii)
Bi(x) U = B(y) N (—o0, x]. Note that the notion of domination can be formalized
as a transitive relation on the collection of sets {B;(z) U x }. To see this, note that
the association = +— By(x) U z is a bijection from X to the collection of sets of the
form By(z)U x: If x # y and we have By(z) Ux = B;(y) Uy, then y € B;(x), so that
x > y. But then, we cannot have z € B;(y). Thus, we get a well-defined induced
“dominance” relation on X which we can equivalently think of as a relation on the
sets By(z)U x.

Let B* denote the collection of maximal elements under this relation. That is, let
B* = {B;(x;) Ux;} denote the collection of all undominated sets under this relation.
Say that a category Cs is a prolongation of C; if there is a bijection 7 : C; — Cy such
that for every C{ € C; we have C; C m(C;). We then have the following identification
claim for the NAT category.

Corollary 2. Assume = |x is strict and let (uy,Cy), (u2,C2) be any two sharp NAT
category representations of =. Then, both C; and Cy are prolongations of the category
B* and uy; and us are ordinally equivalent.

Say that a model (u,C) is a retraction of (u,C’) if the latter is a prolongation of
the former. The corollary says that there is a unique sharp category that represents
>~ with the property that this model is the retraction of all other sharp models (u,C)
that represent >. We take the NAG axiom along with A2* (Reduction) as a definition
of temptation without aggregation, so that the theorem provides a behavioral iden-
tification of compromise without latent temptation. Our final representation result
for this section is for a model that we call the narrow category. The narrow category
relaxes the partition model by removing axiom A3b. It is also rich enough to allow
different sets of temptations for pairs of elements (21, z2) with 23 ~ 25, so that it also
relaxes axiom A4.,

Definition 7: Let (u(:),C) be a category, where C = {C;} has the following two
properties:

2. fzeCnNCj,then {yeCi:x >y} ={yelC:z >y}
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Call a pair (u(-),C) where C satisfies these properties a narrow category. Note that
the narrow category model nests the partition model. We have the following charac-
terization:

Theorem 3. A preference = € P(X) satisfies Al';, A2*, and A3a if and only if it
admits a narrow category representation.

Since the narrow category sits inside the NAT category, we know that the iden-
tification result from corollary 2 applies. However, for this particular model we can
provide an even stronger form of identification.

Corollary 3. (Uniqueness) Assume that (uy(-),Cy), (u2(-),Cs) are two narrow cate-
gory representations of a preference = (where = |x is strict) and assume C; and Cy
are sharp. Then, uy(-) and uy(-) are ordinally equivalent and Cy = C,.

Given a rank-based Strotz pair (u(-), L(+)), we now back out an explicit category
By, where the pair (u(-), Br) is such that UPL(-) = UL(-). Let X = {x!,..., 2"} be the
L-labeling of X. For each z* put D; := B,(z")U{z'} where B,(z) := {y : * —; y}. Set
B :={D;} and note that if = admits a rank-based representation, then the collection
B is typically not non-redundant.

Proposition 2 (Strotz Model < Category Model). Let D; :

= By(z") U {2’} and let
(u(-), B) be the corresponding category-based pair. Then, UB(-) =

UEL(Y).

Proof. Note that if x4 = arg min,c, L(2), then By(z4) N A = (. Thus, U5(A) >
u(xy) > UL(A). To show the reverse inequality note that for any x = 24 with z € A
we must have L(z) > L(x4). Thus, x — x4 so that min.¢p,@)ufepna w(z) < u(za).
It follows that UB(A) < u(x,) = UL(A). O

Note that the category used to represent the rank-based model is possibly non-
redundant. This begs the question of whether we can actually do better in general
and represent the rank-based model with a non-redundant system of categories. The
following example shows that the answer to this question is negative.

Example 5. Let X = {x1 = x3 > x3} and define xo > x3 > x;. Note that
if (u(+),B) is a category-based model that represents the preference = generated by
the rank-based pair (u(-), L(-)) then let C,, € B be a set that contains x,. Since
Ty —¢ To, X1 —¢ Ty we must have xq, x5 € C,,. But non-redundance then implies that
B ={C.,}. Thisimplies UP({xq,23}) = u(ws) # u(ws) = UL({xs,x3}) - contradicting
representability.

Thus, the refinement to sharp categories is necessary in order to represent all NAT
preferences. We now move on to consider models with attraction effects.
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3 Models with Attraction Effects

The following axiom is the main behavioral restriction in the paper, and is implied
by all versions of the category model. The axiom constitutes a definition of the idea
of compromise.

A1: (Compromise) Every non-empty menu A possesses an z € A such that:
e r~ A
e [fACAandaxe A, then A= A

Note that a compromise is defined by two characteristics. First, the DM is indifferent
between being committed to the compromise or being given the option set A. Second,
any subset of the original option set which contains the original compromise is weakly
preferred. This second feature captures the idea that compromise is relative. When
we shrink the menu of options to A’, then we have possibly removed some of the
temptations that led the DM to compromise to z in the first place. Moreover, the
original compromise is still available. Hence, the weak preference for A" over A. Let
Yw(A) denote the set of compromises in the menu A (the “w” subscript is for weak
compromise).

3.1 Local Categories

First consider the following definitions.

Definition 8: For each menu A let B4 be a collection of categories, one for each
menu A. Say that the system {Ba} is coherent if the following additional property
holds: If A’ C A, then for each Dy € Ba,3D4 € B4 with Dy C Dy.

To understand the coherence condition, fix a menu of options A" and think of the
collection By as a grouping of elements of A’ by shared temptation characteristics.
The indices of the sets C; € By label the (subjective) set of characteristics that the
DM finds tempting when the option set is A’. Now enlarge the option set to A. This
could have two conceivable effects, called respectively consistency and coarsening.
First, since there may be new temptations added to the menu, the set of tempting
characteristics is possibly larger. Moreover, the items that the DM found tempting
in the smaller option set are still present. Thus, when he groups objects by shared
characteristics, there should be still be a bin, C; € B4, assigned to every characteristic
that the DM found tempting when the option set was A’. This bin contains the
original group along with any new elements that have been added to the menu that
share this characteristic. In symbols, imagine that when the menu is A’ = {x,y, z},
the collection of subjective characteristics is {red, white}. Let’s say that this leads to
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the following grouping
Cred = {1;7 y}ucwhite = {Z}

Now enlarge the option set to A = {xz,y,z,w}. The collection of characteristics
might also be enlarged as follows {red, white, blue}. The following is an example of a
grouping that is a coherent extension of the grouping for the menu A’:

Cred - {xvyaw}ycwhite - {Z}7Cblue - {va}

Imagine that the colors are types of temptations, so that the presence of blue temp-
tation, w, creates a temptation for z where previously none was present. Note that
the coherence restriction is silent on the composition of bins that correspond to new
temptations. It only requires that bundles in the smaller menu are carried over to
the larger menu, where possibly more elements are added. This is the consistency
requirement.

A second possible effect of enlarging the option set is that the DM might make
coarser comparisons between objects with similar characteristics when there are more
comparisons to make. To fix ideas, imagine A is the set of options in a chocolate
artisan shop. Patrons have a chance to consume something (relatively) healthy (e.g.
biscotti), along with several varieties of tempting chocolates. The bins in the subjec-
tive category a patron associates to this menu index the variety of chocolates. Now
enlarge the option set to A’, where A’ is a large candy store. While there are new
temptation bins added to the category (due to the first effect), there are also many
more objects to categorize. For example, truffles and caramels are in separate bins
for the category associated to chocolate artisan shop, but they all go in one bin for
the category associated to the large store. This is the coarsening effect. The objec-
tive of the coherence restriction is to capture both effects - consistency and coarsening.

Definition 9: A collection {Ba} 4 is downwards rigid if the following condition holds:
For each D; € By, inf(D;) € Uj+ D;.

This requirement maintains that there is some separability in the collection of
tempting characteristics. Namely, for each characteristic there is an object in the
menu that possesses that characteristic only. The separability condition is formalized
as follows:

(Separability) D; € U, D;, VD; € By

That is, each set D; in the collection B4 contains a distinguished element that is not in
any of the other sets in the collection. The downwards rigidity condition strengthens
this notion of separability. The distinguished element can be taken to be the norma-
tively worst ranked element in the bin D;. The interpretation is as follows. Given
a menu A, the DM enumerates a list of the temptation characteristics possessed by
the feasible elements of A (e.g. red, white, blue in the preceding discussion). Next,
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he categorizes elements of the menu into bins labelled by these characteristics. With
this procedure in mind, note that normatively minimal elements of the sets D, are
always feasible since they are free of direct or latent temptation relative to the menu
A. Downwards rigidity requires that for each subjective temptation characteristic on
the list there is a unique feasible element in A that possesses this characteristic.

This completes the description of the parametric restrictions on the collection B 4.
A pair (u,{Ba}a) consisting of (i) a commitment mapping u : X — R and (ii) a
coherent and downwards rigid collection of categories is called a local category model.
The forthcoming theorem is the representation result for the local category model.
Since the local category is characterized by the order and compromise axioms, the
value of the result is that it ties a behavioral notion of compromise as embodied in A1)
with the functional form of the category model. For a clearer exposition, I assume
in the forthcoming proof that the singleton ranking > |y is strict. This clears up
some of the notation required to define the local categories and is wlog. A modified
construction shows the same result when ties on singletons are allowed. The proof of
the required modification is in the appendix.

Theorem 4. A preference = € P(X) satisfies Al if and only if it admits a local
category representation.

The requirements of coherence and (downwards) rigidity are both required in order
to imply axiom Al. Without either one, it is possible to construct an example of a
local category that does not satisfy the compromise axiom. We now turn to the proof
of this theorem. The key to the sufficiency construction is to study the following
function,

Upin (2, A) ;== min{U(A") : A" C Az € A"}

Here we take U(-) to be any cardinal representation of the menu order >. Note that
the function um, (-, -) yields a family of rankings {4} 4cox that is independent of the
choice of U(+). Recall the following axiom, introduced in DLR (2009):

Positive Set-Betweenness: A - B= A > AU B.

The Positive Set-Betweenness axiom yields the following important structural re-
sult on the relation »=4. Let A, denote the maximal menu such that U(A,) =
Umin (7, A) and put 0,(A) := {y : * =4 y}. The following result is taken from
Chandrasekher [2009]. We reproduce the proof here for completeness.

Proposition 3. A, = 6,(A).

Proof. Note that if x =4 y, then A, = A,. This implies, by Positive Set-Betweenness,
that A, = A, U A,. Maximality then implies A, = A, U A,. Thus, 6,(A) C A,. To
check the reverse containment, let y € A, with y =4 x. Then, since y € A,, we obtain
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Umin (¥, A) = U(A,) < U(A;) = Umin(z, A). On the other hand, y >4 x implies, by
definition, Umin (y, A) > Umin(z, A) so that y ~4 . 0

Proof of Theorem 4. Necessity of Al follows easily from the fact that the system
of local categories, {B4}, is coherent and downwards rigidﬁ Note also that both
of these conditions are necessary to imply Al. It is straightforward to construct
counterexamples if either condition is omitted. Thus, we require the full structure of
the local category system. For the sufficiency argument we first make the following
claim. Let I4(x) denote the =, equivalence class of an element x and let I}, ..., I%
be a top-down enumeration of the > 4 equivalence classes.

Claim 1. Let = € P(X) satisfy Al. Then, ¥,(A) =inf{y : y € I}}.

Proof of Claim 1. First observe that ¥,(A) C I: Otherwise, if z € ¥, (A) N I, for
some j > 1, then by Al we obtain U,> ],Zx = A. On the other hand, by Proposition
3, A=U", I = Ujso I, - contradiction. Thus, ,,(A) C Iy. Now for any y € T}
consider the menu A’ := {y,I%,...,I%} and note that A’ = A, again by definition of
= a. Take any = € ¥,,(A) so that we obtain: A’ > A ~ z. On the other hand, we claim
that umin(y, A') = U(A’). To see this, observe that i, (2, A’) = umin(z, A), Vo € A'\y
by Proposition 3. Since tmin(y, A) > tmin(z, A), Vo € A’\y it follows that

Unin (Y, A') > Umin (Y, A) > tin (@, A) = Upin (2, A'), for all z € A'\y
Therefore, by Proposition 3, we must have up,(y, A') = U(A’). Thus, we obtain

U{y}) = tmin(y, {y}) = vmin(y, A') = U(A) 2 U(A) = U({z})

It follows that y = x,Vy € I}, implying that 3,,(A) C inf{y : y € I}}. To show the
reverse containment, simply note that if y € inf{y : y € I}} and y € B C A, then by
definition of =4 we have B = A. O

Similar arguments can be utilized to show the following claim.
Claim 2. Let IY,...,I% be a top-down enumeration of the = indifference classes.
Then, inf I} = infI3 = --- = inf I%.

Now we construct a system of local categories. Consider the following candidate.
Fix a menu A and let I,...,I% be a top-down enumeration of the >4 indifference
classes. For any menu B, let Ig(z) denote the >p indifference class of x € B and

8Necessity of Al: Fix a local category model (u,{Ba}) and let Cy,...,C, denote the categories
in the collection B4 and let X,..., X,, denote the sets arg minyeci u(y). Let > denote the menu
preference generated by the local category model and let A ~ X;. By downwards rigidity, there is
some z1 € X; such that z; ¢ Uj2C;. Put A’ C A. I claim that if z; € A’, then A’ > A. Let
Ci,...,Cl, be the categories in the collection B4 and label so that x; € Cj. By coherence, there is a
category C; € B4 such that C; C C;. Since x1 € C; this implies (by downwards rigidity) that C; = C;.
Thus, min.ec; u(z) = u(r1) = U(A). Tt follows that A" = A, implying that ,,(A) # 0 - and, hence,
Al.
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let (abusing notation) I4(z) := |J{y € A’ : y = 2,y € Ix(x)} where the union is
taken over all sets A’ such that (i) A’ C A, and (ii) z € ¥,,(A"). Inductively define a
sequence of sets as follows. Put

Dy(1) = | J I'(2)

xeli‘

and let
i , A
Dyk):= |J I
zeDYy (k—1)

Note that D% (k) € D' (k-+1) so that the sequence terminates. Let D’ denote the ter-
minal element for each i and let B4 = { D%} be the candidate category. We claim that
the system B4 is a coherent category such that (u(-), Ba) represents . Completeness
is obvious from definition, so that it remains to check coherence, representability, and
downwards rigidity.

Coherence

Let A’ C A. We wish to show that for any DY, there is some j such that D?, C D’,.

Note that once we obtain D’,(n) C D’ (m) for any integers m > n, then it follows that
(n+1) C D%, (m+1), and so on; so that D%, C D’,. Now let z € inf (I%,) and note

that I4'(z) C D’ (1) for some j with 2 € I, by completeness. Thus, D%, (1) C D’ (2).

Representability

Note that, from the preceding proposition, inf (/%) ~ x whenever z € ¥,,(A). Thus,
min,epi (1) w(¢) = mingeyi u(r). Applying the same reasoning to each D’ (n) we find:
Mil,e pi (ny W(T) = Milyepi (no1) w(2) = - = mingepi u(z). It follows that, for each
i, inf (DY) = inf ([4). Fix some z' € inf(I%). Since I} = I% = --- = I% (by the
preceding claim), we obtain UP4(A) = max; {u(x!), ..., u(z¥)} = u(zt) = U(A).

Downwards Rigidity

We claim that if x € inf (/%), then z ¢ Dix for any j # k. Towards contradiction,
let z € inf (I%) N D’,. Thus, = € I4(y) for some y € D (n) and A’ C A such that
y € B, (A’). Note that since € inf (I%) and the indifference classes I’y are disjoint, if
z € DY, then there is a minimal n such that z € D’ (n+1),z ¢ D’ (n) (where we take
D (0) := I’). Thus, we can assume z # y. Since 2 € D’ (n + 1), this means that
x € I*(y), where y € D’,(n) - which, in turn, implies that = > y (since > | x is strict).
On the other hand, we know (by Claim 1) that wmy,(x, A) = u(z) - contradicting the
requirement that = € 14 (y). O

The importance of this result is that it ties the functional form of the category
model to the process of compromise. Recall that our description of compromise in-
volves two stages: (i) a reduction from an objective menu A to a subjectively deter-
mined feasible set A* and (ii) standard maximization over the feasible set. The key
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to this process is understanding how a DM extracts a feasible subset A* from a given
menu A. To this end, Theorem 4 provides the answer - categorization. Thus, if we
believe that Al is a behavioral description of compromise, then we are naturally led
to study the category model. We also note that the system of local categories is not
uniquely pinned down by the menu preference >~. However, the construction given in
the above proof is not ad hoc either. We demonstrate in the following two examples
that it actually gives a concrete algorithm to produce a system of local categories
(whenever the preference satisfies Al).

Example 6. Denote weak compromises of menus with an underscore. Define a pref-
erence as follows:

o X ={x1 > x5 > w3}

hd {ﬂ> 1'2}, {@a IB}a {mhﬂ}'

Put Ay = {x1,22}, Ay = {2, 23}, A3 = {z1, 23} and note that Ba, = {{z1},{z2}}
and Ba, = {{x2},{x3}}, Ba, = As. Moreover, we have Bx = {{x1, 22}, {x1,23}}.

Note that there two > x indifference classes with infy = {x5},inf3 = {z3}.

For the second example we compute the categories B4 generated by a rank-based
(Strotz) preference. Note that since A1* (DSB) implies A1 we know that all Strotz
preferences admit representations by a category model.

Proposition 4. Let (u, L) be a Strotz model. Then, for a given menu A, the cat-
egory {B4}; (in the proof of Theorem 4) is defined via the following formula: (put
2t € inf (1Y) and let I, ..., I% denote a top-down enumeration of the = 4 indifference
classes) ‘

By ={y € A\(Ujci-1 [}) 1y = 2’}

Moreover, the local category model (u(-),{Da}) is such that UBA(A) = UL(A).

3.2 Main Result

We now come to the main result of the paper, a representation result for the category
model which generalizes the NAT category. The representation shows that the general
category model is characterized by 3 axioms: Order, Compromise, and Strong Reduc-
tion. We now introduce the second main axiom of the section, the Strong Reduction
axiom.

For a given menu A, I want to define a subset A* of “subjectively feasible” elements.
Intuitively, I consider z € A a (subjectively) feasible element if for all subsets D C A
such that x € D we have D > x. That is, whenever x is available, then I can do
no worse than z. One can check that (assuming order and Al) this is exactly the
statement that there are no direct temptations or attraction sets for the element x in
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the menu A. Thus, following the notion of compromise outlined in the introduction,
the idea is that the element z should survive the ‘reduction’ process that maps a menu
A to the sub-menu A* of (subjective) feasible consumption elements. Deliberately
carrying over the A* notation we put

A*={xe€eA:D»z,VYDC Ast.xe€ D}

Summarizing the preceding discussion, x is considered feasible relative to the menu
A if whenever x is available, then the DM never has to compromise to something
worse than x (since he can always choose x if he wants to). The following axiom,
a strengthening of Reduction, makes two restrictions. First, the set of subjectively
feasible elements in a menu determines the class of a menu - this is the analogue
of Reduction when there are attractions as well as direct temptations. Second, if a
subset of a menu contains all feasible, i.e. untempted, elements of the original menu,
then the subset is in the same indifference class. We interpret this second point as a
consistency restriction on the notion of feasibility. As will become clear from Lemma
4 (below), the effect of the restriction is that it makes the categories ‘global’; i.e.
independent of the menu.

A2: (Strong Reduction) If A* C A" C A, then A’ ~ A.

The axiom says that if A’ is contained in A but contains all of the feasible elements
from A, then A’ is equivalent to A. Note the link with the Reduction axiom (A2*)
which said that if all the simple temptations in A are present in A’, then A’ is indif-
ferent to A. Call a menu A simple if A = A* - that is, the menu, and all of its subsets,
are compromise-free. The following lemma, which shows that A1+ A2 implies a form
of Set-Betweenness (after GP (2001)). An implication of the lemma (and the ensuing
representation result) is that the category model allows non-trivial Set-Betweenness
on menus, despite the fact that the DM is always compromising on any given menu.

Lemma 3. Assume = € P(X) satisfies A1 + A2 and let A be simple. Then, for any
ye X, {y} = Au{y} = A, wheny = A and A = AU{y} = {y} when A = y.

Recall Lemma 2 from section 2 which said that Reduction implied transitivity of
simple temptations, i.e. * —; y and x —; z implies * —; 2. In words, all simple
temptation of y are simple temptations of x if y is, itself, a simple temptation of x.
Our first observation is that Strong Reduction (A2) yields a generalization of this
property when temptations can be latent. We refer to the generalized property as
substitution. Fix v € X and say that a menu A(z) is an attraction set (of x) if we
have (i) = y,Vy € A(z), (ii) z > A(z) Uz, and (iii) x ~ (A(z)\y), Yy € A(x). That
is, the menu A(x) tempts x, but only does so when all components of the attraction set
A(x) are present. Summarize (i), (ii), and (iii) with the common notation x —; A(z).
We then have the following generalization of Lemma 2.
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Lemma 4. Assume = P(X) satisfies Al and A2. If x —; y and y —; A(y), then
z=xUA(y).

We can iterate the above argument, so that if we have any chain x > 2 U A(z) and
y — A(y) for some y € A(x), then we have z = x U A(y) U (A(z)\y) | Similarly, we
can inductively extend this result to arbitrary chains of direct/latent temptations.

Say that a pair (u,C) is a flexible category if U;C; = X. Thus, the only restriction
on the sets C = {C;} is that they cover X. The following is the representation
theorem for the flexible category model and provides a generalization of the NAG
category representation.

Theorem 5 (Main Result). A preference = € P(X) satisfies A1 (Compromise) and
A2 (Strong Reduction) if and only if it admits a flexible category representation.

The proof of this theorem is a little long, and the construction of the categories
required to model attraction (aggregation) does not resemble the earlier constructions
- where we just took collections of simple temptations. Also note that if (u,C) is a
flexible category representation, then it is straightforward to use this to obtain a sys-
tem B4 of local categories. For example, enumerate C = {Cy,...,C,} and note that
the collection By = {C;NA,CoNA,...,C,N A} is already coherent and represents >.
We omit the straightforward modification of this system that also delivers downwards
rigidity.

We use the preceding lemma to provide an intuition for the construction. The
construction of the categories is recursive and (implicitly) invokes the lemma at each
level of the recursion. The moral of the lemma is that “a (latent/direct) temptation
of a (latent/direct) tempation of --- of a (latent/direct) temptation of z is itself a
(latent/direct) temptation of z.” This gives us a hint as to how to account for the
temptations of x. Create a “tree” whose nodes are subsets of X and with the element
x at the (top) root of the tree, call this an z-tree. Take any attraction set A;(x) for
x and at the first level of the z-tree (i.e. the branches immediately attached to the
root of the tree) create a new node for every element of the attraction set. Whereas
the root node denotes the singleton {z}, each of the new nodes denotes a doubleton
{z,z}} for some z} in the attraction set A;(z). Now consider another attraction set
Ay(z) and repeat the previous part. That is, for each node {z,z}} create |Ay(z)]
branches. The new nodes at the ends of these branches denote triples of elements,
{,z},27}, where 27 is in the attraction set As(z). Keep adding branches and new
nodes until we exhaust all z-attraction sets. Now for each node at the end of this

Rl
process pick any z in the node and repeat this procedure.

9Proof: Note that z,y & (zUyUA(y)UA(z))*, so that (zUyU A(y) UA(z))* C A(y) U (A(z)\y).
Strong Reduction then implies z U (A(y) U (A(x)\y)) ~ A(y) U (A(z)\y), so that z > = U A(y) U

(Ax)\y)-
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Formally, this is where the recursivity of the construction enters. We construct
a-trees by inducting upwards on the singleton ranking and (recursively) re-construct
x-trees for higher singletons by attaching z-trees for the lower singletons. This is the
formal argument, but the informal logic for why these should yield a representation is
the preceding lemma. Elements in nodes of z-trees, where z is a latent x-temptation,
are also latent x-temptations - hence, should be contained in any category that contain
x. This is the construction in a nutshell. Note that we are being quite wasteful in this
construction. That is, many of the categories created in this tree-like construction
will never be pivotal for the comparison for any pair of menus (A, B). Hence, the
representation will not generally be sharp. The work of the identification corollary
which follows the Theorem is to see whether this issue can be suitably repaired.

Proof. Necessity of Al is straightforward, hence we omit the argument. Necessity of
A2 is also straightforward, but we nevertheless provide the argument since it justifies
why A2 contains the word ‘reduction’ in its title. To this end, let (u,C) be a (flexible)
category and let = denote the underlying menu preference represented by (u,C). Let
A*={x € A: D » AVD C A,z € D} be the “no compromise” subset of A and let
Al ) = Uiarg min, e, 4 u(z), where we take C = {C;}. Note that A2 is implied by
the equality
A" = >{u,C)

To check this, consider the left-to-right inclusion. Let z € A* and put X(z) = {C; €
C : xz € C;}. I claim that there must be some C; € ¥(x) such that x € inf(C;N A). Else,
for each C; € 3(x) choose some z; € inf(C; N A) with > z; and consider the menu
A= {z : z € C;} U{x}. Note that x = A’ - contradicting the fact that z € A*.
Thus, there is some C; € C such that « € inf(C; N A) C A, ). For the right-to-left
inclusion take = € A@C) and take any set A’ C A with z € A. Find C; € C such that
x € inf(C; N A) and note that this implies x € inf(C; N A’). It follows that A" = A,
implying that x € A*. Now take A* C A’ C A and substitute A* = A?u,C)‘ Notice
that this implies (A')f, o) = Af,¢)- Hence, A" ~ (A')7, o) = Af, o) ~ A

We now turn our attention to the sufficiency of the axioms. The proof of the rep-
resenting set of categories uses a recursive construction that I call the “tree category.”
To each x € X we associate an “z-tree.” The terminal nodes in each z-tree will be
the elements of the overall category.

Step 1: Constructing z-trees.
For x € 3; we define an object called an x-tree. Introduce the following terminology.

Fix an index set {1,2,..., N}. An z-tree is a triplet of data ({C}}72,, {£:})%,, (¢ -

Ck.,}), consisting (resp.) of nodes, levels, and branches, with the following structure:
e A collection of nodes C{,Cj, .. .,C.. for each index i.

e A collection of levels £(1),...,L(N), where each L; := {C{,C},...,C}, }
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e A collection of branches {C! — C! ¥ 1} connecting nodes on consecutive levels.
Call C/ the root of the branch {C/ — Ck,}.

e Every node Cj in level i (for i > 0) has a unique root in level i — 1.
e Every node C; in level 7 is the root of a branch.

For each x € ¥; I inductively construct an z-tree as follows. First make the following
simplification. Since representability requires that B;(x) € C; whenever = € C;, | make
no distinction between the element x and the set {x}U B;(x). That is, whenever I say
x € C; I implicitly mean (unless explicitly stated otherwise) that By(z) U {z} C C,.
Let Ai(z), As(z),..., An(z) be the compound temptations of x (here I distinguish
between z and Bi(z) U {z}). The z-tree construction is as follows. Proceed by
double-induction. The outer induction is on the >=-rank of the element 2 for which
the x-tree has been constructed. The inner induction is on the tree construction for a
fixed element x. For a >=-minimal element x (in X), let the z-tree be just the singleton
node {z}. Taking this as the base step of the outer induction, induct upwards on -
rank to construct an z-tree as follows. Let A;(z) = {z},...,2}} be the elements of
the compound temptation set and take

Cl ={x,2;},L,=1{C,C5,....CL}

Note that the sizes of the compound temptation sets A;(x) need not be the same.
For notational brevity, we suppress this dependence - it will make no difference what-
soever for the ensuing arguments. Inductively, assume we have defined nodes and
branches (with unique root restriction) for levels {1,2,...,m} (for m < n - where n
is the total number of compound temptations for =) and define level m + 1 as fol-
lows. Let {C!,} ¥ be an enumeration of the nodes that form £,,. For each node C!,
create |Ap1(2)] branches as follows. Let A,,41(x ) = {2, m“, oY and put
Choy=Chufa™},CE =CLuf{ay™},. . ck =CL u{al™}. Similarly, put
COTR 2 i U fap i}, CUTR = et {x?+1}7-. Cikyy = €y U {z ). Thus,
level £(m + 1) consists of N,,:|A.,+1(x)| nodes, C,jn+17 and N,,-|A,,1(z)| branches,
{Ci, — Cl.\} (where (i — 1)k +1 < j < k) Inductively proceed until we exhaust
all compound temptation sets {A;(z), ..., A.(z)}. Let L(n) ={C(1),C(2),...,C(N)}
be an enumeration of the nodes at level E(n) Take any y with z > y and for each
C(i) with y € C(i) attach a y-tree (which has been constructed by the induction
hypothesis). This extends the levels in the original z-tree by the number of levels
in the y-tree. Note that for each C(i) in level L(n) that does not contain y we just
extend a single branch {C(i) — Cp41(7)},{Crt1(i) — Cny2(7)}, and so on, for each
subsequent level, where we put C(i) = C,41(i) = -+ = Cpyr(4) (here I take M to be
the number of levels in a y-tree). Thus, we obtain a tree with n + M levels. Now
continue this procedure. Take any z # y with = > y and for each C(i) € L(n + M)
with z € C(i) attach a z-tree. Iteratively proceed as above. Since X is finite, this
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process terminates at some level £L(N,). This concludes the construction of the z-tree.

Step 2: Check the inequality UC(-) < U(-).

Having defined the x-tree for each x € X we take the category, C, to be the set of
all terminal nodes in the level L(N,) for every z € X. Taking u to be a represen-
tation of the singleton ranking, the claim is that the pair (u,C) represents >=. Let
U(-) be any cardinal representation of > (which extends u(-)). As in the other proofs
we show representability by checking equality U¢(-) = U(:) on all menus. The tree
structure of the categories allows for a useful decomposition of the function UC(-).
Let £(N,) denote the set of all terminal levels across all trees. Let Ty, Ty,, . .., Ty, be
an enumeration of all trees (where | X| = n) and define

UTV(A) = Maxc,er(n,) Minzeane, u(2)
Observe that we have the equality
UC(A) = maxr,, UTv(A)

Thus, the value the category utility assigns to menu A is the maximum of its value
across trees. Thus, we may analyze U(-) by analyzing its behavior on a tree-by-tree
basis. For a given tree 7, let £(1),...,L£(NN,) denote its levels. For each level L(7)
consider the function

ULt (A) 1= maxc,er@) min.canc, u(2)
and note that if, say, ANC; # 0,VC; € L; then we have
UFO(A) > UFHD(A) > ... > UFND)(A) = UTv(A)

Let x4 denote a compromise in A and consider any x € A with z > x4. Take any
z € inf(I4(x)) and note that z4 > z. Note that either z € By(x) or the menu A
contains one of the z-compound temptations, say A(x). Consider any tree 7, and
note that the value upy,(z, A) is attained on T,. Take A(x) C A with A(x) ~ z
(we are implicitly applying Strong Reduction here) and consider the level £(i) of the
tree T, at which we place elements of the temptation set A(z) in each node from the
preceding level. By construction, mingec,eci)u(y) < u(z). Applying the preceding
monotonicity condition, we then obtain that minyec,cr(n,) u(y) < u(z). It follows
that, for each x € A, the value of the category function U°(-) on the x-tree T, is
bounded above by umm(x, A). This implies that U¢(A) < U(A).

Step 3: Check the inequality UC(-) > U(-).

We now check the reverse inequality. First introduce some terminology. For no-
tational brevity I denote level i tree nodes as z;(i) (the j-th node in level i) and
branches are denoted x;(i) — x,(i + 1). Fix a menu A and some x € A. Consider
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the x-tree T, and consider the set of all directed paths along branches in the tree,
b = {f 0= {I — Qizl(l) — $Z2<2> — s = Tiy, (Nx)}} Let ¢ = (61,62,...,61\[1)
denote the nodes along the path ¢. I say that x is unobstructed in T, by the menu A
if there is a path ¢ € ® such that {; N A = {z},V/;. I claim that x is unobstructed
(by a menu A) if and only if z € A*. For the “if” part of the claim assume that x is
unobstructed. Then clearly the value of the category function on the tree 7, is u(x).
It follows that x € A*. Now for the reverse direction. Proceed by induction on the
~-rank of z. That is, for the base step take z € inf(X') and verify that: For any menu
A with z € A and z € A*, the tree 7T, is unobstructed by A. Now induct upwards. If
x is the lowest ranked singleton in A*, then the unobstruction claim is obvious. Thus,
assume z is not the lowest ranked singleton in A* and wlog that z ~ A* (since, if 7T,
is obstructed in A, it can only be obstructed by elements with >-rank lower than x).
Moreover, for the unobstruction claim we actually need only consider menus A of the
form A = {x} U A’ where A" := Uy, y. Thus, we shall assume that A has this form.

Let Ay(x), As(x),. .., Ax(z) be an enumeration of the attraction sets of z. I claim
that for each A;(x), there is some z; € A;(z) such that (i) the z-tree is unobstructed
in A and (ii) z; € A. Check this via contradiction. Assume A;(z) is such that for
every z € Aj(x) either (i) z is obstructed in A, or (ii) z € A. Then, when z is ob-
structed in A we have (by the induction hypothesis) z € (AU 2)*. Let {z1,...,2,}
be elements of A;(x) that are obstructed by A and let {z,11, 2n+2, ..., 2m} be the
elements of A;(z) that are unobstructed by A, but for which z; € A. Since we are
alleging {z1, 22, .. ., 20} U {2041, .- -, 2Zm} = A1(x), we then obtain (A;(z) U A)* C A"
It follows (by Strong Reduction) that A ~ A;(z) U A. OTOH, by Strong Reduction
again, A ~ A* ~ x - contradiction. Thus, for each A;(x) find z; such that (i) z; is
unobstructed in A and (ii) z; & A.

For what follows I will need to concatenate paths from different levels (in the -
tree 7). Let £(i,j) denote a path connecting a node in level £(i) to a node in level
L(7). Recall that the element x had k attraction sets. Let 2, ..., z; be a list of unob-
structed elements chosen respectively from A;(z),..., Ax(z) (and such that z; € A).
Let x(k) denote a node in level L(k) of the z-tree that contains {z, z,...,2x}. Let
0(0, k) denote the unobstructed path from level 0 (with the singleton node {z}) to
level k that ends at the node x(k). From the construction of the x-tree, we succes-
sively attach y;-trees for some y1, ya, . .., y; where y; = z;, (for some z;; € {z1,..., 2 }).
Let yi, = Y1 = Ziy, Yiy, - - -» Ui, e the subsequence of {y1,ys, ...,y } where we first at-
tach a z;-tree in the z-tree construction algorithm. Let £(Ny), ..., L(N;) denote the
terminal levels of the y;-trees being attached to the nodes at level £(k). I inductively
concatenate the unobstructed path ¢(0, k) with an unobstructed path ¢(k,k + Ny),
and in turn with an unobstructed path ¢(k + Ny, k + N; + N3), and so on.

Since y; € {z1,..., 2} (call this the “unobstructed set”), there is an unobstructed
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path ¢(k,k + Np) from the node z(k) to some node z(k + Ny) in level L(k + Ny)
of the partial tree obtained by concatenating the y;-tree to the preceding levels
L(1),L£(2),...,L(k). Concatenate £(0,k) to ¢(k,k + Ny) to obtain an unobstructed
path from level £(0) to level L(k + Ny). If yo & x(k + N;p), then a copy of the
node z(k + Np) is replicated on every level of the attached y,-tree. Thus, take
((k+ Ny, k+ Ny + Ny) to be the path which concatenates the branches {z(k+ N;) :=
Co — Cl}, {Cl — Cy = £C<]€ + ]\[1)}7 Ce {Clel(: l’(k + Nl)) — CNI(: .Z'(k —+ Nl))}
If yo € x(k + Ny), consider two cases. Either y, is in the unobstructed set or it is
not. In the former case, replicate the argument for the y; case to extend the un-
obstructed path. If ys is not in the unobstructed set, then s is first introduced at
some level L(k + k,) of the y;(= z;,)-tree. Let z(k + k,) be the unique predeces-
sor node at this level for which there is an unobstructed path starting at z(k + k)
and terminating at z(k 4+ N;p). Since we attach a yo-tree at some level of the con-
struction of the y;-tree, a portion of this path must pass through (unobstructed) an
yo-tree. Denote this path segment as ¢(kq, ks) (where there are Ny branches that
comprise this segment). Note that the y,-tree is embedded inside the y;-tree, so that
(by the recursivity of the tree construction) the image of the same path in any em-
bedded yo-tree is unobstructed (w.r.t the menu A). Let ¢(k + Ny, k + N; + N3) be
a copy of the path ((ki, ks) with root node x(k + Np), and that passes through the
yo-tree. Consider the concatenation, (€(0,k);¢(k,k 4+ N1);0(k + N1,k + Ny + Ns))
and note that this concatenation is unobstructed. Let the terminal node of this path
be denoted x(k + Ni + N). Inductively extend the path to obtain a sequence (put
ki=hk+> 5 Nj) (€0,k); €(k, ki1); -5 €(ki—1, k1)). Note that this is a complete path
in the z-tree and, moreover, it is unobstructed. It follows that the value of the cate-
gory function U¢(+) on the tree T, is u(x), proving that U¢(A) > U(A). O

It is possible to obtain an identification result for the flexible category. First note
that the flexible category model does not have a non-redundance restriction. When
we relax the redundance restriction on the category model, it is not possible to point
identify the representing category. As a trivial example, let (u,C) be a non-redundant
category representation of some preference >=. Let x, be a >-minimal singleton and
consider the following category. Let C' := {C,{z.}}. That is, we have simply added
the singleton set {x,} to the original collection C. It is easy to see that if the original
pair (u,C) represents >, then the pair (u,C’) also represents >=. Moreover, the cate-
gory C'" is obviously redundant.

As we pointed out in the section on simple compromise, this issue can be circum-
vented when restrict attention to category models (u,C) that are possibly redundant,
but still sharp - i.e. every set C; € C is necessary for the comparison of some pair
of menus (A, B). Readers familiar with DLR (2001) will note that this is analogous
to the notion of a “relevant state,” which is a necessary refinement in their identifi-
cation result as well. The following corollary shows that when we restrict attention
to sharp category models (u,C), then flexible category representations can be weakly
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identified in the following sense. Given two models (u,Cy), (u,Cq) say that (u,Cs) is a
prolongation of (u,Cy) if there is a bijection 7 : C; — Cy where for every set C;(i) € C;
we have m(Cy(7)) 2 Cy(i). This refinement was also used in the identification result
for the NAT category.

The identification result for the flexible category is as follows. Let (u,C) be the
“tree-category” constructed in the sufficiency proof of the theorem. The corollary be-
low shows that there is a unique sharp sub-category (u,C*) of the tree category with
the property that every sharp category model (u,C’) that represents the preference is
a prolongation of the model (u,C,). We illustrate with an example.

Let X = {x,y, z,p, q} where z is attracted to {y, z}, {p, ¢}, {y, ¢}, and {p, z}. Also
put y —; p and z —; ¢, and assume there are no other temptations (direct or latent).
Consider the following category,

Ci :=A{z,y,p}.Co = {z,2,q}

where C, = {C;,Cs}. Note that the pair (u,C) represents =. Now compare this with
the category we obtain from the tree algorithm in the theorem. It is straightforward
to see that the only relevant categories are those in the xz-tree. There are 4 levels
in the z-tree corresponding to the four z-attraction sets, A;(z) = {y, 2}, As2(x) =
{p,q}, As(x) = {y,q}, As(z) = {p,z}. A list of the categories on each level is as
follows:

1. £(1) ={C} = {z,y,p},C3 = {z,2,q}}.
2. L(2) ={C} ={z,y,p},C3 ={x,y,p,q},C3 ={z,2,p,q},C; = {z,2,q}}.

3. L(3) = {C} = {z,y,p},.C3 = {x,y,p,4}.C3 = {z,y,p.4},C} = {z,y,p,q},C3 =
{z,y,2,p,¢},Cd = {z,2,p,q},,C3 = {x,2,y,p,¢},C3 = {z, 2,4} }.

4. L(4) ={C} ={z,y.p}.C3 ={a.y,p,2,¢},C5 = {x,y,p.q}.C{ = {z,y.p,2,¢},C2 =
{z,y,p.q¢},C¢ = {z,y,p,2,4},C3 = {2,y,p.q},C4 = {z,y,p, 2,4},C4 = {z,y,2,p.q},
C%O = {x,y,z,p, q}7cil1 - {CL’,Z,p, Q}7Cil2 - {JZ,Z,p, Q}vcil?) = {ZL’,Z,y,p7 Q}a
Cf4 = {xa 2 Y, D, Q}7Cil5 = {I,Z,p, Q}ac% = {x7Z7Q}}

Let us make three observations about this example. First, the construction is very
wasteful. The tree construction, while producing a representing category, also pro-
duces many categories which are either redundant or otherwise irrelevant for the
comparison of any two menus. Second, note that in the tree construction we still
consider nodes as formally distinct even though the underlying sets are identical (e.g.
we think of C§ and C§ as distinct since they represent different paths in the tree even
though, as subsets of X, they are identical). This may seem like an artificial distinc-
tion, but it turns out to be important in our proof since we will select paths in the
tree with specific properties. In order to prove the existence of such paths, I need to
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leave the entire structure of the tree intact. Of course, after I show representability
then we can delete redundant sets since we then know which ones we need for the
representation. The key point is that this can only be done after we prove the tree
construction yields a representing collection of categories.

Third, and most importantly, notice that the category C, is a sub-category of the
terminal nodes of the z-tree. This points us to the general proof strategy for the
uniqueness claim. We proceed in two main steps. Fix any category representation
(u,C). The first step is to use the concepts of prolongation and sharpness to realize
this model as a prolongation of some sub-category (u,C,) of the tree category. This
shows that there is a minimal sharp retraction of the model (u,C) that sits inside the
tree category, we call this the “embedding” step. The second and more difficult step,
called pruning, shows that there is a unique sharp sub-category of the tree category.
The proof is in the appendix.

Corollary 4 (Uniqueness). Let (u1,C1) and (ug,Ca) be any two sharp representations
of = (where = |x is strict). Then, uy and us are ordinally equivalent and C; and Co
are prolongations of the unique sharp sub-category, (u,Cy), of the tree category.

We have suggested that the notion of sharpness is akin to the Dekel, et al. (2001)
notion of a relevant state. However, our identification results (for the NAT and flex-
ible category models) use an additional refinement, the idea of prolongation. Both
sharpness and prolongation are crucial for our proofs of the results, but this, never-
theless, begs the question: are they both necessary? Is it possible to obtain a stronger
form of identification without the prolongation refinement (we have already explained
why sharpness is necessary)? The following example shows that the answer to this
question is ‘no’ - so that the identification we provide is the strongest form of identi-
fication that is available.

Let X ={x >y > 2> p> q}. Assume A,(z) = {z,p}, A2(z) = {2,¢}, and p —
¢,y —¢ p. Put C; = {y,p,q},Co = {x,2},C5 = {x,p,q} and consider the category
model (u,C) given by C = {C;,C5,C3}. Note that (u,C) is a sharp representation
of =. Now consider the following prolongation of C. Put C; = {z,y,p,q},C =
Co,Ci = C3 and let C' = {Cy,C},CL}. Note that the model (u,C’) also represents =
and, importantly, is also sharp - as y is not a latent temptation for z we cannot omit
C; from the representation. Thus, we need the prolongation refinement in order to
pin down the model.

4 Discussion

This paper presents an axiomatic model of compromise that contributes to the deci-
sion theory literature on temptation and self-control. We introduce a class of utilities,
referred to as the category model, that can capture several features that are germane
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to the issue of temptation, e.g. multiple sources of temptation, aggregation, attraction
effects. However, in contrast with most other papers in the temptation literature (GP
(2005) notwithstanding) we model these issues within a framework of compromise, so
that the DM never exercises costly self-control as in GP (2001).

The max-min structure of the category model might look somewhat strange to
readers familiar with Gul-Pesendorfer style temptation models. For example, it might
seem ad hoc that the DM evaluate within categories using the min function, but then
take the maximum across categories. We now clarify the connection between the
category model and more standard temptation models, which requires going into a
little detail. Recall the Positive Set-Betweenness axiom, mentioned in the proof of
local category representation. This axiom is implied by the no-uncertainty version
of the DLR (2009) utility. We now recall a utility functional (used in the proof
of Theorem 4) that is characterized by the Positive Set-Betweenness axiom. Fix a
function U : 2¥ — R and consider the map

Upin (2, A) == min{U(A") : A" C Az € A"}

The number wuy,(z, A) is interpreted as the value of the most costly self-control
problem faced by the DM when he is trying to commit to the option x and resist
the temptations in the menu A. Notice that in a Gul-Pesendorfer representation we

havel]

Upin (7, A) = u(z) + v(z) — max,ea v(2) = u(z) — c(z, A)

so that the GP utility can be expressed as UF(A) = maX,e 4 tmin(z, A). Similarly,
consider a category pair (u,C) and let U(-) be the utility generated by the formula
U(A) = maxe, min,eanc, u(z). For each x € X let ¥(x) := {C, € C : x € C,}. That
is, ¥(z) is the sub-collection of sets in C that contain x. Notice that

Umin (T, A) = Maxe, ex(p) Minzec,na u(2)

Putting C = {C;}; note that we can simply re-organize the sets in C as U ex X(z). It
follows that

U(A) = maxc, min,ec,na u(z)
max,cx [maxczeg(m) min,ec,na u(z)]

= MmaXgex Unin(T, A).

Thus, the category model and the GP (2001) model (and the no-uncertainty version of
DLR (2009)) are both specializations of a more general functional which is character-

10When z is “overwhelmed” by a temptation in A this equality does not hold, but the equality
between the max-min utility on menus and the GP utility does always hold - its only the case that
the maximands aren’t necessarily pointwise equal.
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ized by the Positive Set-Betweenness axiomH Consequently, the max-min structure is
a thread that runs through all of the standard (no-uncertainty) models of temptation.

We now discuss some (possible) alternative approaches to modeling the issues
addressed by this paper. First, note that the category model is not a canonical gener-
alization of Strotz. For example, one could take the Strotz model as a baseline model
of compromise and try to more directly generalize the elements of the Strotz repre-
sentation. Recall from GP (2005) that the temptation utility v(-) is a representation
of the following binary relation on elements of X (assume no ties on singletons for
this discussion),

TRy < [ A1y Vy — 1]

Since this relation is transitive (and complete), simple compromise cannot be repre-
sented - else it would create a cycle in the v-ranking of a putative (u, v) representation.
Thus, one approach to modeling simple compromise is to keep the dual self idea intact
but to relax the requirement that R be transitive. Since A1 allows for simple compro-
mise, and hence cycles, it follows that the induced binary relation R is intransitive.
This suggests the following alternative representation. Let vy, ..., v, be (completions
of) the temptation representations on the transitive components of the relation R
(viewing the relation R as a subset of X x X these are just the connected compo-
nents of the corresponding directed graph) and consider the following Bewley-style
“multi-self” representation: (let u o v denote the Strotz utility on menus)

A¥» B& uov(A) >uowv(B),Vi=1,2,....k

This is an interesting representation and we have not investigated the connections
between this utility and the category model. Certainly they aren’t equivalent as this
model is incomplete, but there may, nevertheless, be some interesting connections
between the observables of the two models. We also note, however, that our goal in
this paper is to provide a theory of compromise that tightly models the compromise
and attraction effects, not to generalize the Strotz utility. That the category model
nests the Strotz model is, in our view, an accidental benefit but not the main feature
of the theory.

A second approach to modeling the issues we have raised is to take a different be-
havioral primitive. In particular, we could assume that the modeler’s observable is ex
post choice (as opposed to ex ante choice - which is what we have done here). That is,
the primitive is a choice correspondence which maps a menu A into a subset of itself.
One could then carry out the exercise of the paper on the ex post choice domain. The

1 The observation that Positive Set-Betweenness characterizes functions with this general structure
is a result of K. Nehring, who provides a related (but formally distinct) characterization of Positive
Set-Betweenness. The exact statement and proof of the max-min characterization of Positive Set-
Betweenness we have stated is a (mild) generalization of a lemma in GP (2001) and may be found
in Chandrasekher (2009).
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goal being to characterize when this choice correspondence may be recovered as the
arg max of a category model. In order to disentangle normative choice from choice
induced by temptation, this approach requires two observables: (i) a choice corre-
spondence and (ii) a ranking on singleton menus (choices). With these two in hand,
the axioms and analysis can be transferred to the ex post choice domain. Moreover,
one can go in the other direction as well. That is, given a choice correspondence and
a normative ranking on singletons, say (=*, C(+)) one can (i) translate the axioms on
these observables to axioms on menus (which are, of course, just Compromise and
Strong Reduction) and (ii) induce an order, =, on menus such this order satisfies the
corresponding axioms. In sum, there is a one to one map between menu orders that
satisfy Compromise and Strong Reduction and pairs, (=*,C), of ex post observables
given via the obvious mapH Hence, the two approaches are equivalent. Note that this
is in stark contrast to all GP-style models of temptations - since the ex post choice
map and normative ranking cannot, by themselves, pin down the order on menus.
This is not surprising in view of the fact that the GP model and its successors are
models of costly self-control. In order to reveal self-control, one necessarily has to use
the richer primitive of an order on menus.

Finally, we conclude with a discussion of some recent and related papers which
follow, at least in spirit, the ex post choice approach described above. Let us begin
with Manzini-Mariotti (2010) (“Categorize then Choose” - CTC). The observable in
this paper is an ex post choice function (mapping menus into choices) and the goal
of the authors is to explain observable choices via the following two-stage “categorize
then choose” procedure. First, the DM sorts (with a possibly incomplete sorting pro-
cedure) menus into categories. Then, for a given menu he eliminates elements that
lie in dominated categories (under the sorting procedure). Second, he maximizes an
(unobservable) preference relation over the undominated elements in the menu. The
resulting element is his choice. Manzini-Mariotti (2010) show that this procedure
characterizes choice functions that satisfy a weakening of Arrow’s well-known WARP
aXiomH The CTC procedure is an apt description of the decision procedure axiom-
atized in this paper. Indeed, from a menu preference induced by a category model
(u,C) we obtain an implied ex post choice function (when there are no ties on single-
tons). Our model in this paper is more narrow than the CTC model. The conceptual
goal of the CTC model is to provide a general model of bounded rationality, whereas
our goal is to provide a temptation-driven model that rationalizes the compromise

120ne of the axioms on the ex post observables that we require to make this correspondence well-
defined is that, for any menu A we have x ~* y,Va,y € C(A). That is, all elements in the choice
correspondence have the same normative value. Now from a pair (=*,C(-)) we define an induced
order = via: A > B & x =* y where x € C(A),y € C(B). Going the other way, given = we put
C(A) =3, (A) (the set of weak compromises) and =*:= = |x.

13More precisely, from observable choices they construct two unobservables, (i) a sorting procedure
and (ii) a preference on singletons, such that choices from menus are generated by a CTC procedure
using these two unobservables.
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and attraction effects alone.

A second related paper is Masatlioglu-Nakajima-Ozbay (2009). This paper also
takes ex post choice as the observable and characterizes choice functions generated by
the following “limited consideration” procedure. First, from each menu the DM ex-
tracts a subset, e.g. the only options that catch his attention. Second, he maximizes
a (unobservable) preference relation over this subset of options. The resulting choice
function is called a “choice by limited consideration” (CLC) function. The paper also
shows that this procedure characterizes choice functions that satisfy a weakening of
the WARP axiomE Choice functions generated by category models can be realized
as CLC choice functions. To see this, take the consideration map to be the function
that maps a menu A to the set A* of no-compromise elements and take the (hidden)
preference relation to be the restriction of the menu order to singleton menus. Using
the CLC procedure with this pair recovers the choice function implied by the category
model. Also akin to Manzini-Mariotti (2010), the goal of Masatlioglu, et al. (2009)
is to provide a general model of bounded rationality. Consequently, the CLC class is
much larger than the set of choice functions generated by category models.

Lastly, we discuss de Clippel-Eliaz (2010). The similarity between our paper and
the preceding two examples was in the means (of the analysis), but not in the ends.
In contrast, the similarity with de Clippel-Eliaz (2010) is in the ends, whereas the
divergence is in the means. As in this paper, the goal is to provide a concise model
that explains the compromise and attraction eﬂectsm The behavioral primitive is a
pair of (strict) orders on the set of consumption options. For example, imagine com-
peting selves in the DM’s mind who may have non-aligned rankings over consumption
options. Taking choices on menus to be generated by a bargaining procedure between
the two selves, the authors axiomatize a choice function, called the fallback solution,
that generates the compromise and attraction effects. Interestingly, the fallback solu-
tion picks the choice from a menu that is “least worst” among the two selves. Choices
generated by the category model also have a “least worst” feature, although there
does not seem (to us) to be an obvious way to embed these functions into the class
of fallback choice functions (or vice versa). These are the formal differences in the
approaches. The main conceptual difference is in how we explain the compromise and
attraction effects. In contrast to the multi-self approach, our paper points to temp-
tation as a common source for both effects and suggests a mechanism (the category
model) that shows explicitly how the presence of temptation generates these effects.

“More precisely, from observable choice the authors extract (i) an “attention filter” and (ii) a
preference relation on singletons such that this pair generates the choice data via the CLC procedure.

15The attraction effect as described in de Clippel-Eliaz (2010) is formally distinct from, but similar
in spirit to, our description of this phenomenon. Their description of the attraction effect is more
faithful to the experimental literature in which the attraction phenomenon was documented.
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5 Appendix

5.1 Omitted Proofs for Section 2

Proof of Lemma 1. Consider the set £(A) = {xr € A:x ~ A}. We claim that there
is some x4 € A such that VB C A with x4 € B we have B ~ A. Otherwise, for each
x such that x ~ A there is a subset B(z) C A with z € B(z) and A # B(z). Put
A" = A\ Uzexa) B(x) and note that A = Ugexa) B(z) UA’". By DSB, A ~ A" which
implies (by iterative application of DSB) that 3z € A’ such that z ~ A. On the other
hand, z € B(z) and B(z) N A’ = () - contradiction. O

Proof of Lemma 2. By A2*, {y,z} ~ z implies that {x,y,z} ~ {x,z}. Similarly,

{z,y} ~ y implies that {z,y,z} ~ {y,z}. Thus, {z,2} ~ {z,y,2} ~ {y,2} ~ 2z s0
that x —; 2. O

Proof of Proposition 1. We only check sufficiency as necessity is obvious. Let X1, ..., X
be a top-down enumeration of the > |y-indifference classes. Fix a class ¥; and for
21,29 € X say that 2Rz if {z : x = 21} N {x : © = 22} # (0. Note that, by A4,
R is an equivalence relation on %;. For z € ¥; let [x] denote its R-equivalence
class in ¥;. Elicit a subjective partition as follows. Let z, € inf(X) and put
B(l)={zr € X :x = x,} Ulz,]. Set X; = X\ U;;ll B(j) and inductively de-
fine
B(i) :={r € X, :x —¢ x;} U [z

where z; € inf(X;). Clearly, the sets {B(7)} are disjoint and partition X. Choose any
2" € inf(B(7)) and let B(x') denote the partition that contains z*. Defining

U"(A) == max; {min,c anp) u(z)}

we claim that U?(-) represents =. From the menu A, extract out the set of partition-
dependent minima in A. That is, put X'(A) = arg min sz, u(xr) and consider the

set
A* =X (A),.. ., XN (A}

By successive application of A2* and A3b we know that A ~ A*. Thus, it suffices
to verify that U (-) represents = restricted to the set of menus of the form A* (call
such menus non-reducible). We claim that A* ~ sup(A*). Note that this observation
yields the result since UP () trivially represents the singleton ranking. As a first step,
we verify that A* is temptation-free. Let z,y € A* with z € B(z%),y € B(x’) where
i > j. If v —; y, then x —, 2/ by Lemma 2. But, by construction, this means
that © & X (i) = X\ Uj<,—1 B(j) - contradiction. Thus, consider the possibility that
y —; . Note that we have z° = x7 whenever i > j. If 2 = 27, then (by Lemma 2
if v # 2') y —; ' and y —; 7. Thus, by A3a, 2° —; 27 - contradiction. If z° ~ 27,
then o' & [27] so that {z : x —; 2"} N{z : 2 —, 27} = 0. OTOH, we assumed y —, ,
so that y —; z* (and y — 27) - contradiction. It follows that A* is temptation-free.
[terative application of A1’ implies that A* ~ x for any = € sup(A*). ]
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Proof of Corollary 1. Let (u(-),{B;}) be a given partition-based representation. De-
note the partition constructed in the proof of the Theorem by {B(z%)}. That is,
consider the underlying preference = represented by the given pair (u(-),{B;}) and
construct the partitions {B(x%)} corresponding to this preference =. Let By(x) :=
{y € X : © —, y} and note that for any z € B; we must have, by representabil-
ity, Bi(z) C B;. Thus, take any x € By and find z with z € B(z"). Then,
z' € By(x) C By. Since {B;} partitions X it then follows that B(x?) C By. Thus,
the partition {B;} is a coarsening of {B(z)}. If there are two distinct B(z?), B(x)
with, say, 2° = 27 contained in a common cell B;, then by representability we obtain
r' —; 27 - a contradiction. If ' ~ 27 and B(z"), B(2’) lie in a common cell, then
x' € [27] - again, a contradiction. It follows that {B;} = {B(z")}. O

Proof of Corollary 2. Put C, := Bi(z) U {z} and let C* = {C,}.ex. Let ¥i(x) :=
{C" € C, : x € C'}. Note that, by representability, C, C C',VC' € C;. We claim that
there is some C’ € C; such that C, = (—o0, 2] NC’. Otherwise, for each ¢’ € ¥;(z) find
some 2’ € {(—o00,z)NC'}\C, and put A" := {2’ : 2/ € (—o0,2)NC'\C, }U{z} and note
that U (A’) < u(z) - a contradiction, since representability and A1, A2* imply that
A" ~ x. Thus, for each C,, we can find some C;(z;) € C; such that Cy(z;) N (—o0, x;] =
Cy;. I first claim that C; = {Ci(21),...,Ci(z,)}. For each z; we have C,, C Ci(x;).
Let C, = {C,,} and put C' = {Cy(z1),...,Ci(x,)}. Observe that UC (-) = US(-).
Since U%(+) represents = it follows that Ucl(-) represents >, implying C* = C; by
sharpness. I now claim that the sets C;(x;) are in one-to-one correspondence with the
undominated sets of the form By(x;) U {z;}, via By(x;) U {z;} = Ci(x;) N (—o0, x;].
Towards contradiction, assume there is a pair {z;,z;} with Ci(z;) = Ci(z;) (say
z; > x;). Then, By(z;) U{x;} = Ci(z;) N (—o0, z;] and

)
By(z;) U{a;} = Ci(z;
= Cl(xi (_OOV%']
= (Ci(zi) N (=00, zi]) N (=00, 7]
= (Bi(z;) U{zi}) N (—o0, z;]

) N (=00, 2]
)n

This contradicts the assumption that B;(z;) U x; is undominated. It follows that the
category C; is a prolongation of the category B* and similarly Cs is a prolongation
of B*. Tt is straightforward to check that (u,B*) is a sharp representation of >.
Representability is trivial given the sufficiency proof of Theorem 3, so that the only
issue is sharpness. Towards contradiction, say that there is some undominated set
By(x;) U {z;} which is not relevant. Then, we must have X = U;; (B(z;) U {z,}).
Since By(x;) U {x;} is not dominated by any of these sets, for each j # i with x; €
By(z;) U {z;} find b; € (Bi(x;) N (—o0,z;))\(Bi(z;) U {z;}) and consider the menu
A ={b;}; U{x;}. Note that A ~ x;, by A1’ and A2*. OTOH, evaluating the function
UC(A), where C := B*\(B;(z;) U {z;}) we get U°(A) < u(x;) - contradiction. O

Proof of Theorem 3. Necessity of NAT and Reduction is straightforward.
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Necessity of A3a

Let (u(-),C) be a representing narrow category and say that z > y > z with © —, y
and r —; z. Note that this implies that whenever x € C;, then we must have
y € C; and z € C;. To show that y —; z it suffices to show that z € C; when-
ever y € C;. Thus, let C; be a neighborhood that contains y. Let C; contain = and
note that we must have y, z € C;. Since the category is narrow we must then have,
{eC:y=2}={2€Cj:y> 2} Thus, z € Cj so that y —, z.

Sufficiency

Let C = {Bi(x) Uz} denote the NAT category constructed in the proof of Theorem 2.
We know that the corresponding model (u,C) represents =. I check that the category
is, in fact, narrow. To see this, put C, = By(x) U {z} and let z € C, N C,. Either
inf(z,y) > z or z = inf(z,y). In the former case (the other one is similar, hence we
omit the proof), say that x > z and consider the set {2’ € C, : z = 2’}. Thus, for
each such 2/ we have x = 2z = 2/ and * —; z,2 —; z/. By A3a we obtain z —; 2.
Since z € C,, Lemma 2 (when z # y) then implies that y —; 2, so that 2’ € {2 € C, :
z > 2'}. Similar reasoning shows the inclusion {2’ € C, : z = 2’} C{z € C, : z = 2'}.
Thus, the NAT category is narrow. O

Proof of Corollary 3. Fix a sharp model (u,C;), where C; = {C{,...,C'} and let = be
the underlying menu preference. Put z; := sup(C}) and note that, since the category is
narrow, we have Ci = By(2;)U{z;} (choose the labeling such that z; = 25 = ... = z,).
Let A :={z,...,2,}. I claim that A is a maximal, simple subset of X. First, check
the simplicity claim. To this end, I claim that z; & U, (B(2;) U {z;}). If not, let
us allege that z; € By(z1) U {21} (by the labeling we can only have z; € By(z;) U {2}
for some z; > z;, so we are just picking z; wlog). Take any y € By(z) with z; >y
and note that we have z; —; z;,21 —¢ y. By A3a, this implies z; —; y, so that
Bi(z) U{zi} = (=00, 2;] N (B(z1) U{z1}). That is, the set Bi(z;) U{z;} is dominated
by the set By(21) U {z}. This contradicts sharpness of the model (u, C;) [ It follows
that we cannot have z; —, z; for any pair (z;, z;) in the set A. By NAT and Reduction,
this implies that A is simple. I now claim that A is a maximal simple set. To see
this note that X = U; (B(2;) U {2;}). Thus, if there is some z € X\{z1,..., 2.}
then z; —, z for some z; € A - implying that A U z cannot be simple. Let (u,Cs)
be any other sharp category representation of >. I show that the category C; is a
sub-category of Cy. Sharpness of Cy then implies equality of the categories. Labeling
C, ={C{,...,C}, I show this by inducting downwards on the sets Ci. For notational
brevity, from here on put C; = C(i) and denote generic elements of Cy as Ca(j). First
check the claim for ¢ = 1, via contradiction. Fix z; and say that for each Cy(j)

with z; € Co(j) we have C(1) # Ca(j). Then, for each j find b; € Co(j)\C(1) and

16Ty see this, note that the category C; = C;\Ci is complete. Moreover, take any menu A and
consider the value of the function U1 (A). Assume that the value of UC'(A) is attained on the set
Ci. Since C}(= (Bi(21) U {z1})) dominates Ci it follows that the maximum is also attained on Ci.
Thus, U1 (A) = U1 (A).
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consider the menu B(1) := {b;}; U {z1}. Since z; > b;, Vb;, representability implies
that z; ¢ B(1)* (since U®(B(1)) < u(z;)). But this implies, by iterative application
of Strong Reduction and No Attractions, that z; —; b; for some b; € Ca(45)\C(1) -
contradiction (since By(z1) C C(1)). Now consider C(2). Apply the same argument.
I claim that there is some Cy(j) with C(2) = Co(j). Otherwise, for each Co(j) with
2y € Co(j) we have C(2) # Cy(j). For each such j select any b; € C5(j)\C(2). Note
that if 2z, > b;,Vb;, then putting B(2) := {22} U {b;}; we find 2, > B(2). Thus,
2y —+¢ bj for some b; - contradiction. If b; > 2z, for some b;, then b; € C(1). Since the
category (u(-),Cs) is narrow this implies {x € C(1) : b; > 2} = {x € Cs(j) : b; = z}.
As zp € {z € Cy(j) : b; = =} we obtain 2o € C(1), implying that z; —; 2o -
contradiction. Inductively assume that we have shown that C(i) € Cy,Vi < n — 1.
Now claim that C(n) € Cy. Otherwise, for each Cy(j) with z, € Ca(j) there is some
bj ¢ C(n). Collect all these b;’s and consider the menu B(n) := {b;}; U {2,}. If
2z, = b;,Vb;, then by representability we have z, ¢ B(n)*. Thus, z, — b;, for some b;
- contradiction. If there is some b; with b; = z,, then b; € U_' C(i), say b; € C(in).
By the induction hypothesis, C(i,,) € Cy. Thus, since (u(-),Cs) is narrow we have
{x €C(in) : bj = 2} = {x € C1(j) : b; = x}. Since z, € {x € C3(j) : b; > x} it follows
that z, € C(i,), implying that z;, —; 2, - contradicting simplicity of A. It follows
that for all ¢ the sets C(i) € Cy. By sharpness, it follows that C; = Cs. O

5.2 Omitted Proofs for Section 3

Proof of Theorem 4. This proof extends the argument given in the text to allow for
ties in the singleton ranking. We will just indicate the where we need to make changes
in the proof presented in the text. Fix a menu A and recall the sets D’ (k). Recall
the notation [4(x) = U{z : 2 = 2,2 € Ix(x)} where the union is over all subsets
A" C A with z € X, (A). Using these sets we recursively put (with D% (0) = I)

Dyk = U 1)
z€DY (k—1)
When there are ties among singletons we amend this definition as follows. First, let
I2(2) :={z}UU{z: 2 = 2,2 € Iy (x)} and put {zi, 2%, ..., 2} } = inf(I}). For cach
% recursively define (put DY(0) = {23y U{z € La(2}) - 2= 21 })

D'k = |J I

2eDP (k—1)

As before the sequence of these sets is increasing, i.e. Dg’i)(k’) C Dg’i)(k‘ +1) - hence,

terminates at some Dg’i). Also note that U; Dg’i) = A, so that completeness holds.
Representability follows as before, so that the only possible issues are coherence and
downwards rigidity. We first verify coherence. Fix A" C A and take Dg,’l). Note
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that, by construction, inf(DY") = oh € inf(I'y). Find I’y such that z% € I)). Let

{zl,... 2L} = inf(I}) and note that DY (0) € DY(1) for some 1 < ¢ < ny. As
in the proof in the text this implies that D" (n) € D@ (n + 1),vn > 0. Thus,
since both sets stabilize we obtain ng,’l) C fo’l) - proving coherence. Next, we verify

downwards rigidity. Note that we can enumerate the sets in the local category
By = {DY"Y jcpnic

where I}, 12, ..., I% enumerates the =, indifference classes. Moreover, by construc-
tion, % = inf(Dif’Z)). Thus, =) ¢ DS”) for any other n # j,n < n;. The only way
downwards rigidity could fail is if 2% € fo’l) for some [ > i, i.e. 2% = al = inf(fo’l)).
Thus, towards contradiction, let us allege that there is such a pair (g,1). Since
zh & D'@M(0), there is a first time n such that Th € D (n\DY(n — 1). Find
z € D' (n = 1) such that zh € I'(z). Note that z% > z and, moreover, = € Iy (2)
for some A’ C AE This contradicts the fact that u(z}) = umin(2%, A). Hence, down-
wards rigidity also holds. O

Proof of Proposition 4. 1 only present the proof when there are no ties on singletons.
As in the extension for the proof of Theorem 4, the argument is easily adapted (with
more notation) to deal with ties. We will require the results of Claims 1 and 2 that
were stated in course of proving Theorem 4. From the fact that 3, (A) = inf (I})
we obtain inf(7}) = arg min,. 4 L(x). Similarly, we have inf(7%}) = arg min . 4 L(x)
where we have set A’ := A\(U;<;_1 ;). This implies that for a given z € I}, L(z) <
L(y),Yy € I,j > i. Thus, D}y D {y € A" : y = 2'}. To show the converse,
we check by induction that D%(n) C {y € A" : y > z'}. First, we check that
Dy(1) C{ye A" :y = x'}: If y € I4(x) for some x € I’y (with z ~ A” C A), then
y = x by Claim 1. Since x > z' we obtain y = a!. We check that y € A’. Note
that L(y) > L(z) since z € %, (A’) = arg min,_ 4 L(z). Moreover, L(z) > L(z")
so that L(y) > L(z%). If y € I% for some k < i, then {y,2'} ~ {2’} ~ A < A,
- contradiction. Thus, y € Iﬁ‘, for some j > i so that y € A’. For the inductive
step assume that D%(n — 1) C {y € A’ : y = x'}. The above argument then applies
verbatim, so that we obtain D% (n) C {y € A" : y = 2} (here we are using the fact
that z = z',Vz € D' (n — 1)). Since the sets D%(n) eventually stabilize we obtain
DYy C{y e A" : y = 2}, and hence equality. To check the representability claim note
that 2! = 2% = .-+ = zF by Claim 2, so that UP4(A4) = u(x'). On the other hand,
inf(7}) = arg min, 4 L(x) so that u(z') = UX(A). O

17This is the step where we require a different construction when there are ties. If we had used
exactly the same construction of sets D as in the main text, then we could not claim z7 > z. It
i.
_ J
(where z is a no-compromise element of A). Thus, to pick up this distinction we need to use the

modified construction we give here.

is possible for 2% and z to be “normatively” equivalent, but for z to be susceptible to compromise
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Proof of Lemma 3. Break into two cases, (i) y > A, and (ii) y = A. In the former
case, if {y} = AU {y} then (AU {y})* C A so that A ~ AU {y} by A2. In the
latter case, if y ~ A and AU {y} < A then we again have (AU {y})* C A so that
{y} ~ A ~ AU {y} - contradiction, so that y ~ A ~ AU {y} in this case. If
A >y, then note that if AU {y} < {y} we must have (AU {y})* C A, which implies
A~ AU{y} by A2 - a contradiction. Thus, AU {y} = {y}. O

Proof of Lemma 4. Since © —; y we have z ¢ (xUyU A(y))*, by Reduction (which is
implied by A1+ A2). Moreover, y —; A(y) implies that y ¢ (zUyUA(y))*. Therefore,
(xUyUA(y))* € A(y). By Strong Reduction, this implies that zUyUA(y) ~ zUA(y) ~
A(y). In particular, x = U A(y). O

Remark: In the forthcoming proof we will commit a wild abuse of notation and
denote nodes of the tree category, i.e. menus, and elements of menus both with lower
case Roman letters, e.g. x,y, etc. That the notation denotes a node vs. an element of
a node will be clear from the context of the argument. The reason for this is that we
will also need to introduce notation for sets of nodes and wanted to avoid introducing
a third hierarchy of notation.

Proof of Corollary 4. The argument follows two steps, resp. labeled (i) embedding
and (ii) pruning. The first step shows that every category model (u,C) that is sharp
is a prolongation of some sharp sub-category of the tree category - hence, it can be
embedded in the tree category. The second step shows that there is a unique sharp
sub-category of the tree category.

Step 1: Embedding.

For each x € X consider ¥'(z) = {C' € C; : x € C',x € sup(C")}. If ¥'(x) # 0, 1
show that ¥'(z) is a sub-collection of the terminal nodes in the z-tree associated with
~. With labeling determined by the z-tree construction, let A;(x),..., Ax(x) be the
attraction sets associated with x. I will reconstruct a set of paths through the z-tree
whose associated set of terminal nodes is exactly >'(x). Let ® be the set of all paths in
the z-tree and for each £ € ®, let £~!(x(1)) denote the set of all terminal nodes which
have z(1) as a predecessor node[| Similarly, for any (partial) path ¢(1,n) from level 1
to level n, let £71(¢(1,n)) denote the set of all terminal nodes whose associated paths
through the tree all share the initial segment ¢(1,n). Consider the attraction set A;(x)
and an element z(1) € A;(z). We do not know yet that the sets in ¥'(x) are terminal
nodes in the z-tree - this will be our conclusion. Nevertheless, we will apply the nota-
tion £71(£(1,n)) to the sets in ¥'(z). The meaning is the following: For z(1) € A;(x)
we take £~!(z(1)) to be the set of all elements (terminal nodes) in 3'(z) that contain
the element x(1). Similarly, for any x5(i) € Aa(x) let £71(2(1), 29(i)) denote all el-
ements in '(z) which contain both z(1) and z3(i). Note that, by representability,

8Note that, by the tree structure, there is a one-to-one correspondence between (complete) paths
in the z-tree and terminal nodes of the z-tree.
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every node in ¥'(x) is in £7*(z(4)) for some (i) € A;(z) (there may be some nodes
contained in ¢~!(x, (7)) for more than one ¢). Thus, we have a non-empty valued corre-
spondence 7y : Ai(z) = X' (x) given by z1(j) — ¢71(x1(j)). Now iterate this process.
For each x4 (i) consider the set £~1(z1(j), x2(i)) and note that, by representability, ev-
ery node in /() lies in £~ (z1(5), z2(7)) for some pair x1(j), 2(i). Consider the cor-
respondence 7 : Aj(x) x Ay(x) = B (x) given by (z1(i), z2(5)) — £ (21(7), 22(5))-
Inductively construct correspondences, v, : [[7_; A;j(x) = £7'({(1,n)). Note that
(after k levels) for the next step of the x-tree construction we attach an x;(j)-tree for
some z;(j) € A;(z). For any partial path ¢(1,%) such that ¢~'(¢(1,k)) # ) we can
extend via the same procedure as above to obtain an extension of the path through
the z;(j)-tree. Observe that each path that passes through a node that contains
x;(j) extends by representability - there must be an element of any attraction set
associated to x;(j) contained in the node. Also note that if x;(j) & z(k) for some
z(k) € £71(¢(1,k)) then this path is extended without branching until the terminal
level of the x;(j )-tree.@ Inductively proceeding we obtain a collection of paths in the
T-tree.

Some observations about the nodes in ¥'(z) that are the terminal ends of these
paths. Note that every node 2’ € ¥/(z) has the property that 2’ € ¢71(1,k),Vk < k,
for some path in the x-tree of length k,. Now we apply the concept of prolongation
to show that every node in ¥'(x) is in fact a terminal node of the z-tree. Fix a node
' € ¥ (x) and let {¢1,0s,...,¢,} be an enumeration of paths in the z-tree (let k;
denote the length of path ¢;) such that 2/ € £;'(1,k),Vk < k; and for all paths /;.
Also let z(i) denote the terminal node of path ¢;.

We first make an observation about non-redundant sets C; € C, where the model
(u,C) is a sharp representation of the underlying preference. This means that for each
set C; € C one of the following must be true. Either (i) C; € U;; C; or (ii) there is
a menu A for which arg maxg, cc min.ec,na u(z) = C;. Using this observation, I claim
that there must be a unique ¢; with (i) € a’. Towards contradiction, assume there are
two nodes x(i), x(j) with x(7),z(j) C 2’. Applying the preceding observation about
sharpness consider two cases, (i) ®(z’) := {A : arg max, ., min,e,na u(z) = '} # 0,
(ii) " € Uzec . Note that the two cases are not mutually exclusive. Consider first
the setting where only (i) holds. Then, for each A € ®(z’) we know that the (strict)
maximum value U¢(A) is attained on the set 2’ N A. Let ®;(2') denote the menus for
which the maximum is attained on z(7) and similarly denote ®;(z’). If both ®;(z’) and
®;(2') are non-empty, then find menus A; € ®;(2'), Ay € ®;(2) such that A; > A,.
If Ay = Ay, then we obtain on the one hand U¢(4;) = u(xa,). OTOH, consider
the menu A; Uz 4,. Note that we still have U%(A; U x4,) = u(x4,) (since the tree
category represents =). By sharpness, we know that the value of U(A;) on the set

Here I make an even more egregious abuse of notation and take ;(j) to be an element, whereas
z(k) is a node.
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2’ M Ay is a strict maximum. However, representability implies that there must be a
set 2%(# 2') € C such that min,e,«n(4,0r4,) ¥(2) = u(za,). This contradicts the fact
that the strict maximum of the category function occurs on the set &’ N Aj.

This completes the argument for the setting where only (i) holds. Now assume
that there is some element z; € x(i) with z; & U,zp.0ec . Consider again the sets
Q;(x). If ®;(z") # 0, then take A € ®;(2') and note that x4 # 2. If x4 > z;, then
apply the preceding argument verbatim to deduce that only one of the nodes x(i) or
x(j) can be contained in z'. If z; = x4 consider the menu A = {z;,z4}. Consider two
sub-cases, (i) z4 € x(i) and (ii) x4 & (7). In the latter case, representability implies
that UC(A) = u(z;). OTOH, since z; € Uy, zprpec @ we must have UC(A) = u(z4) -
contradiction. Note that this happens if there is even a single A € ®;(2’) such that (ii)
holds. We are left with the case where x4 € x(i) whenever ®;(z") # (. Note that this
implies, in particular, that z(j) C U,z(j).wcc . Now apply the prolongation reduc-
tion - replace the category C with the category C’' := C\2’Ux(7). The model (u,C) is a
prolongation of (u,C’) (call C" a retract of C), where both models are sharp. Applying
this argument to each node 2’ € ¥/(z) we obtain, by successively retracting if neces-
sary, that each node in the set ¥'(x) contains only a single terminal node in the z-tree.

To complete the embedding argument, we verify that, by retracting again if nec-
essary, for each 2/ € ¥'(x) there are no elements outside of the z-tree. Again via
contradiction, say that there is some z € x’ where the z-tree is not embedded in the
x-tree. Apply sharpness and consider the case where ®(z’) # ). Let A be a menu such
that the strict maximum of UC(A) is attained on 2/ N A and let 24 be the maximizer.
If x4 > z, then consider the menu AUz. Since the z-tree is not embedded in the z-tree
we have AU z ~ x4 - so that U°(AUx,) = u(x,). This implies there must be some
set 2" € C such that min,c,vqnau(z) = u(za). Since z” # 2/, this then contradicts
the fact that A € ®(2’). It follows that if there is a z € 2/, where the z-tree is not
embedded in the z-tree, then we must have ®(a’) = (), so that there is some z, € z’
with 2, € Uy zp.ec €. Choose a >-maximal z w.r.t the property that (i) z € 2’ and
(ii) the z-tree is not embedded in the x-tree. Note that if z, > z, maximality (and
strictness of the singleton ranking) then implies that the z,-tree is embedded in the
x-tree. Since z, is not in any other set z” € C, representability implies that z, —; z,
so that the z-tree is embedded in the a-tree. Thus, consider z > z.. Since ®(z') = 0,
consider the subset of 2’ defined by z, := {y € 2’ : z = y} and note that the retracted
category given by C’ := C\z’ Uz, is also a sharp representation of ». Thus, we may
iteratively retract the original category (u,C) to obtain a sharp sub-category of the
tree category that also represents >.

Step 2: Pruning.

We show that there is a unique sharp sub-category of the tree category. First, we
produce a sharp sub-category of the tree category. Second, we prove that this is the
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only sharp sub-category. To get a hint as to where to look for a sharp sub-category,
consider the example we gave preceding the proof of the corollary. Note that there
was only one z-tree required for a sharp representation, and moreover, the only rele-
vant nodes in the z-tree were the minimal (w.r.t. set inclusion) terminal nodes. This
provides a clue as to what the unique sharp sub-category should be. For each tree 7,
let C; denote the collection of all minimal terminal nodes. Consider the sub-category
of all minimal terminal nodes across all a-trees, i.e. put C := {C:},cx. It is straight-
forward to check that the model (u,C) represents =. By deleting nodes, if necessary,
pass to a sharp sub-model of this category representation, and abusing notation, de-
note the pair with the same notation (u,C). This is a sharp sub-category of the tree
category that represents >. We now check there is no other.

Start with the >-maximal z-tree. Take (u,C;) to be any sharp sub-category. Let
(u,C) be the sharp category constructed in the preceding paragraph. First, observe
that for any >=-maximal z-tree all minimal terminal nodes are relevant for the sub-
category of all minimal nodes, and hence present in the sharp sub-category (u,C).
The argument for this is useful and is implicitly invoked many times in the remainder
of this proof. Towards contradiction, assume there is a minimal terminal node, say
x, that is not in the sub-category (u,C). Let {xy,...,zx} be an enumeration of the
nodes in the z-tree with x; = x,. For each x;(# x1) pick some element z; € x;\z;
(by minimality of x,). Consider the menu A" := {z; : z; € z;} U {z}. Since the
x-tree is unobstructed at A" we must have A’ ~ x. OTOH, consider the value of the
function U(A’). Note that the only nodes in the category that contain x are the
terminal nodes from the z-tree (by »-maximality). Since z, € C and = > z; € x;,
every node in C that contains the singleton z is obstructed by some z;. It follows that
UC(A’") < u(x) - contradicting representability. Thus, all minimal terminal nodes for
a ~-maximal z-tree are present in the model (u,C).

Similar reasoning shows that all minimal terminal nodes are present for any non-
embedded z-tree (with the obvious notion of embedding). Accordingly break up the
x-trees into two groups, group [ is the set of non-embedded z-trees and group I7 is
the set of embedded a-trees. I first check that the category (u,C;) contains all nodes
from (u,C) that come from trees in group I. Then, I induct downwards on >-rank
to show that all nodes in (u,C) that come from group I/ trees are also in (u,Cy).
Sharpness of (u,C;) then implies the equality of categories. First consider trees in
group I. Take any z-tree in group I and recall that the previous paragraph showed
that all minimal terminal nodes were present in the sharp model (u,C) constructed
above. Towards contradiction, say that x. is a node in (u,C) that is not in (u,Cy).
Let {x1,...,2,} be an enumeration of the (terminal) nodes in the z-tree and note
that, by minimality of x,, for each z; there is a z; € z;\z,. Put A’ = U, z; U {z} and
note that A’ ~ x, whereas U (A’) < u(x) - contradiction. Thus, for all group I trees
the nodes in (u,C) are contained in (u,C).
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I now consider the terminal nodes in group /1 trees. I claim that all minimal nodes
in the category C; (for any group 11 tree) are present in C and, moreover, all nodes in C
are present in C;. For this we apply sharpness of both categories. Induct downwards on
the »-rank of the z-trees in group /7. Begin with a »-maximal embedded z-tree (note
that there may be more than one) and consider the terminal minimal nodes. First
check that all nodes in C are contained in C;. Let 2! € C be a node in the sharp sub-
category consisting of minimal nodes and assume, towards contradiction, that 2! & C;.
By sharpness, either (i) there is some 21 € x! such that 2; & U;z",Va'(# 2!) € C or (ii)
there is a menu A such that the strict maximum of U¢(A) is obtained on the node x!.
Consider the latter case first and let x4 denote the compromise in the menu A (where
T € xl). Take any x; such that the tree 7, is embedded in 7,,, where the z;-tree is
non-embedded. Let x;(z') = {y;(j) € C1 : ' C y;(j)} denote the set of all terminal
nodes in the z;-tree that contain the node z'. Note that for each y;(j) € k;(x') one
of the following is true: Either (i) the node is minimal or (ii) the node is non-minimal
and there is some z; € y;(j) with x > z;.

Note that there is a third possibility we are omitting: the node is non-minimal
and the elements of the node z! form a lower bound order interval for the node
yi (7 )m I claim this cannot happen if (u,C;) is a minimal, sharp sub-category. Else,
by sharpness consider a menu A such that U (A) attains a strict maximum on y;(j).
If z4 = z;, then the maximum is also attained in some minimal node of the x;-tree
contained in the node y;(j). By the argument for group I trees, this node must be in
Cy - which contradicts sharpness. Thus, x; > z4. If z4 > x, then by >-maximality
of x among group I trees, we know that the z-tree is not embedded in the x4 tree.
Thus, we must have AUx ~ 4. OTOH, the strict maximum of the function U1 (A)
occurs on y;(j), which implies that U (AUx) < u(z4) - contradicting representability.
It follows that w4 € z'. This then implies we can replace the node y;(j) with the
node x' and take the retracted category, C’' := (C;\vi(j)) U x'. The model (u,C’) is
also a sharp representation of > - contradicting minimality of C;. It follows that the
third possibility cannot occur. Now if y;(j) is minimal (the first possibility), then by
sharpness of (u,C) and the fact that all minimal nodes from group I trees are present
in C, there is some z; € y;(j) with z > z;. Similarly, find such a z; in case (ii). Thus,
for each non-embedded z;-tree in which the z-tree is embedded, find a set

Ai=A{zio>z,z €uy(7),u(y) € Fdz‘(xl)}

Finally, since 2! is a minimal node of the z-tree, for any other terminal node z* in the
tree find some y; € 2°\z* and put A’ := {z} U; y;. Consider the menu A := A’ U; A;
and note that the z-tree is unobstructed at fl, so that A ~ z. OTOH, computing the
value of U (A) note that the embedded image of z-trees in any x;-tree is obstructed

20T say that a set A is a lower bound order interval for a set B if A C B and there is some 2 € BNA
such that (—oo,z] N B = A.
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by A (for the sub-category C;) and, by construction, the nodes in C; from the z-tree
are also obstructed by A. It follows that U (A) < u(z) - contradicting representabil-
ity. Thus, all nodes in C from the z-tree are present in C;.

For the reverse inclusion, take a minimal node 2! € C; and proceed as above.
If #! & C, then find a menu A as above at which all C nodes in the z-tree and its
embedded images are obstructed. Note that since C contains only minimal nodes, by
construction, finding this menu A is much easier (and uses only (i) from the above
argument) than the direction showing the inclusion of C C C; (for z-tree nodes).
The same argument as above then gives A ~ z (since U (A) = u(x); however,
UC(A) < u(x) - contradiction. Thus, the minimal nodes of C; and C agree on the
a-tree for any »-maximal group /7 tree. List the group I trees as {x1 = xo -+ = ,,}
and inductively assume we have shown the equality of minimal nodes for all z;-trees
where 1 < ¢ < k. Consider the xy, -tree. As above, first check the harder inclusion
of C C Cy. Let 2! € C\C; as before, and proceed via contradiction. Define the sets
of nodes k;(z') as before and note that any y;(j) falls into three cases, (i) v;(j) is
minimal, (ii) y;(j) is non-minimal but contains some z; with x > z;, and (iii) v;(j)
is non-minimal and elements of the node z' form the lower bound order interval on
y; (7). T check that case (iii) is empty. Fix an x;-tree that contains the z-tree and take
a node y;(k) € r;(x') that allegedly falls into case (iii).

Consider a menu A for which U (A) attains a strict maximum on the node ;(5)
and consider z; >~ x4 > x. Take the >-maximal x4 with the property that the
strict maximum of UC (A) is obtained on the node y;(k). Note that this implies any
lower ranked singleton is embedded in the z4-tree. I claim that (—oo,za] N y;(k)
is a terminal node in the x4-tree. This follows by an identical embedding argument
as in step 1, hence we omit the details. Let y,, denote the corresponding node of
the x4-tree and note that we then obtain a proper retraction of the category C -
contradicting minimality. It follows that case (iii) is empty. Therefore, for every y;(j)
that contains the node z', we have either (i) y;(j) is minimal or (ii) there is some
x > z; € y;(7). In the former case, apply the induction hypothesis (to the z;-tree)
to claim that the node y;(j) € C N Cy. Thus, by sharpness of z! (relative to C) there
is some z; € y;(j) with z4 > z; (where, as above, x4 is the compromise for some
menu A at which the function U¢(A) attains a strict maximum at z'). Assemble sets
A; and A’ as before and put A = U; A, U A'. Note that the z-tree is unobstructed
at A - so that A ~ z. OTOH, the nodes of the category C; are obstructed, so that
U (A) < u(x) - contradiction. The reverse inclusion similarly follows. Thus, for
all z-trees we have (i) all minimal nodes in C; are contained in C, and (ii) all nodes
(which are minimal by construction) in C are in C;. In particular, we have C C C;.
By sharpness, C; = C. O]
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