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1 Introduction

This paper studies a contract design problem where a principal hires several agents
over an infinite time horizon. The environment of the stage game has the following
features. Effort is unobservable to the principal, but agents can observe each other.
There is a (possibly null) communication phase added to the standard model where,
between the time when effort is taken and output is realized, each agent can be
required to make a publicly verifiable report of his co-workers’ effort choices. Wages
in any period are contingent only on the principal’s information, i.e. the history
of output data and observation reports. The main result of this paper constructs
a class of infinite horizon collusion-proof contracts with the property that, in any
equilibrium of the induced game, payoffs to the principal and agents converge to
their first-best benchmarks as the discount factor tends to unity.

To place the dynamic problem in context, let us revisit the results developed for
the static model. Variations of this contracting environment have been studied in a
series of papers, e.g. Holmstrom (1982), Mookherjee (1984), Ma (1988), Ma et al.
(1988), Miller (1997) among others. The model closest to ours is the one in Ma
(1988). The following mechanism — which is a sibling of the Ma contract — solves
the static optimal contract problem. The contract has two components, insurance
and a stochastic bonus (reward). Each player is assigned a monitor and is, in turn,
assigned to be some other player’s monitor. Moreover, between the time when effort
is chosen and output is realized each monitor is called upon to issue a report on the
effort choice of the player he monitors. Wages are determined as follows. A player
receives insurance as long as his monitor issues a positive report. Moreover, if he
receives a positive report he can receive a stochastic bonus by issuing a negative re-
port on the player he monitors. On the other hand, if he receives a negative report
he is ineligible for insurance and gets his reservation wage. Since wages and bonuses
are contingent only on the principal’s information, under standard assumptions on
the conditional output distributions (e.g. stochastic dominance) one can construct
stochastic bonus payments that induce truth-telling in equilibrium. Using this con-
struction, one can show that, in the static setting, the optimal contract returns the
principal to the first-best, perfect information benchmark.

Since the observation reports are cheap talk a primary concern is preventing col-
lusion. That is, the game induced by the contract should not possess any equilibria
where some players shirk and still obtain insurance by issuing false reports to the
principal. The game induced by the Ma contract has this collusion-proof property.
However, a static or even a finite-horizon setting is not the best framework for ad-
dressing the possibility of collusion. To see this, imagine the time horizon is very
long, but finite. The logic of the Ma contract, extended to a finite horizon, rests on
a familiar unraveling argument: Collusion cannot be sustained in the last period of



a putative equilibrium path along which it allegedly occurs. Consequently, there is
no last period of collusion, which implies that there could not have been any col-
lusion at all. The existence of a deterministic end to the employment relationship
is a critical feature of this argument. This assumption has the effect of choking off
any incentives to collude in the final period of the contract, and arms the principal
with a de facto incentive instrument. Thus, by imposing a deterministic end to the
contract horizon we assume away a part of the problem.*

The main goal of this paper is to provide a collusion-proof implementation of
the efficient stage outcome in the infinite horizon problem. In particular, we desire
an infinite horizon contract with the following three features: (i) it prevents rents
from collusion, (ii) it maintains an efficient equilibrium — where agents work and
report truthfully, and (iii) the principal’s payoff is nearly first-best in all equilibria
of the game induced by the contract. Let us now describe the candidate contracts
that have these features. The principal starts off period 0 with the null hypothesis
that agents will be working hard and reporting each others’ effort choices truthfully
whenever asked. In anticipation of this, he offers all agents a version of the contract
in Ma (1988) for a fixed period of time, call this a ‘review phase’. At the end of
this period he conducts an audit on output quality, and decides whether the data
confirms or rejects his null hypothesis. If it confirms his null, then a new review
phase is started and he continues to offer the modified Ma (1988) contract. On the
other hand, if the data rejects the null, then this triggers a permanent punishment
phase, where agents receive the subsistence wage thereafter.

The auditing mechanism in the contract takes the form of a statistical test. The
principal holds a hypothesis on the level of effort that has been chosen and either
accepts or rejects by comparing the empirical distribution of output to its hypoth-
esized distribution. This idea of statistical testing in contracts can be traced to
the seminal paper by Radner (1985). Our contract melds the static multiple-agent
contract with a variant of the single agent contract in Radner (1985). In contrast
to Radner (1985), it contains two incentive instruments: (i) the monitoring mech-
anism in the stage contract and (ii) the statistical review mechanism from which
the principal infers effort choice from output data. However, setting aside the stage
contract, there are some important differences between our review mechanism and
the one introduced in Radner (1985).

The principal change is that our review mechanism, and the contract as a whole,
is independent of the discount factor. This is a feature that is relevant to the prob-

!This is unfair to Ma (1988) since the stated question, while relevant to the static model, is not
the question of his paper. Ma’s paper is primarily concerned with unique implementation of the
constrained efficient outcome - which had been an open question in the literature.



lem of robust design. Time preferences are subjective and the discount factor, in
particular, is not outwardly observable. Hence, it is up to the principal to elicit
this object through clever choice experiments. However, if the agent(s) knows that
the principal is going to offer a review-style mechanism where reviews (comprised
of test periods and punishment periods) are sensitive to the reported discounted
factor, then he might have an incentive to misrepresent his time preference.? With
our contracts, we can escape this problem. All agents receive the same contract
regardless of their reported discounted factor.

Finally, let us note that the two incentive instruments in our contracts are both
necessary to obtain our results. If one merely repeats the stage contract, then the
infinite horizon game inherits the efficient equilibrium. However, there are now also
undesirable equilibria where collusion persists in every period. These equilibria seem
at least as plausible as the efficient outcome, hence we are not content with merely
repeating the stage contract. In order to remove these equilibria, the principal uses
the Radner-style statistical reviews. This then raises a secondary question. Since
we are introducing the possibility of colluding on reports by requiring an otherwise
elective communication phase, can the problem be solved by using statistical reviews
or more simply — Radner’s review contracts — alone?

The Radner (1985) approach runs into some non-trivial difficulties. The primary
obstruction regards the principal’s payoff, where we require a lower bound taken
across equilibrium, as opposed to cooperative, outcomes. This is a non-issue with
a single agent since team incentives and agent incentives are (vacuously) aligned.
However, with multiple players this need not be the case. Moreover, what is best for
the team may not even be implementable in equilibrium. There are also additional
technical issues that arise once we introduce multiple agents, e.g. the fact that equi-
libria can be non-stationary. These issues do not offer a simple resolution via the
Radner (1985) approach or even if we couple the Radner (1985) contract with the
stage monitoring contract, i.e. a ‘Radner plus Ma’ approach.

A contribution of our paper is that it provides an alternative to the Radner ap-
proach that circumvents these problems and delivers payoff bounds, uniform across
all (subgame perfect) equilibria, for both the principal and agent. We accomplish
this by shifting away from the dynamic programming approach in Radner (1985)
and analyzing, instead, the set of admissible probability distributions on histories,
i.e. probability measures on histories that are induced by equilibrium strategies.
The hypothesis of equilibrium places a tight structure on the set of admissible mea-
sures, which is then used to extract payoff bounds for both contractual parties.

2This is exactly what would happen if the principal uses Radner review contracts (which are
sensitive to the discount factor) and the agent anticipates this.



An additional benefit of this approach is that it shows that the unraveling logic
of the finite shot contract can be extended to the infinite horizon. Hence, in addition
to obtaining payoff bounds we provide some game-theoretic intuition for why these
bounds obtain in equilibrium: For collusion to persist in equilibrium, it cannot
be so frequent that it induces detection by the statistical review. Moreover, once
the statistical review registers failure the game collapses to a finite-horizon model
and agreements to collude are unraveled. This unraveling phenomenon is unique
to our contract and would be absent in a putative extension of the Radner (1985)
framework. More generally, in that paper restrictions on equilibrium behavior are
implicit in the results about equilibrium payoffs. In our paper, it is the other way
around. We first derive explicit implications about equilibrium behavior and use
these restrictions to derive payoff bounds.

1.1 Related Literature

There is a rich literature on static contracting problems with multiple agents, initi-
ated by Holmstrom (1982), Mookherjee (1984), and subsequently developed in e.g.
Ma (1988), Itoh (1991), Ishiguro and Itoh (2001). However, there has been compar-
atively little work on dynamic extensions of these contracts to the infinite horizon.
Some recent exceptions are Che and Yoo (2001) and Bonatti and Horner (2009), who
also study repeated teams problems. See also Abdulkadiroglu and Chung (2003).
Additionally, there is a related literature on experimentation in teams that we are not
mentioning here, although the Bonatti and Hérner (2009) paper can also be consid-
ered an example of this. The principal objective of the Che and Yoo (2001) paper is
to provide a simpler (and stationary) incentive mechanism (joint-performance eval-
uation contracts) that in many cases dominates more commonly used mechanisms.

Bonatti and Hérner (2009) study a repeated teams problem where agents must
work together and exert costly and unobservable effort into a project of unknown
value. Higher effort induces quicker discovery of the value of the project. Project
value is realized only when discovery occurs and, moreover, when this happens the
game terminates. The authors carry out a comprehensive analysis of this problem,
among other things obtaining closed form solutions for equilibrium effort choice
(when agents themselves value discovery) and solving for the optimal wage scheme
when a principal owns the project.

2 The Stage Contract

A risk neutral principal must hire n agents to complete a task. Output assumes a
finite set of values and is a function of collective effort choice. These choices are



unobservable to the principal but are observable to the agents. Between the time
when effort is chosen and output is realized, each agent makes an observation report
to the principal. These reports are contractible and are made publicly, so that all
agents know what other agents have reported.”

The set of possible effort choices for each agent is {ey, er}, i.e. each agent just
chooses (if he takes a pure action) between high and low effort.” Let e € {eg,er}"
denote a vector of effort choices for the labor force and let f(x;|e) be the probability
of output x; conditional on this choice. Lastly, let c(e;) denote each agent’s (utility)
cost of choosing e; and assume the common utility index U(w,e) = u(w) — c(e),
where u(-) and c¢(-) are increasing and u(-) is weakly concave and C?. Also assume
vNM preferences over wage lotteries (with money kernel u(-)). Let E be the set of all
cumulative effort choice vectors. To this set-up we add the following assumptions.
For e € {ey,er}", say that e < €’ if at least as many agents select ey under €’ than
under e. Let ‘FOSD’ abbreviate the first-order stochastic dominance relation.

Assumptions on primitives:
1. If e < €, then F(-|€’) FOSD F(:|e).

2. e :=(ey,eq,...,eqy) is first-best.

Definition 1 (Definition of Collusion). An outcome is said to be collusive if col-
lective effort choice is less than first-best, yet some agent is earning better than his
reservation wage.

Intuitively, we say that agents are colluding if they are shirking and collecting
insurance and, nevertheless, lying to the principal about the effort choices of their
peers. The definition above includes this possibility and more. For example, it
also counts as “collusion” the situation where someone is shirking and someone else
(who isn’t shirking) is earning insurance. Using a broader definition of collusion
only strengthens our desired conclusion since our goal is to design a contract that
rules out manifestly collusive behavior without ruling out the efficient equilibrium. It
suffices, then, to rule out collusive outcomes using the broader definition of collusion
given above.” The following proposition was previously established in Ma (1988).
However, the mechanism given in Ma’s paper is slightly different than the one we
present. For this reason only, a proof is also provided in this paper (in the appendix).

3The assumptions on observability and report structure are elective. We can just as well allow
private reports and/or imperfect observability of effort choice without changing the results for the
stage or infinite horizon contract.

4The assumption on support of effort is for economy of notation. It is not necessary for any of
the results.

®Note that the efficient outcome (i.e. all agents putting in high effort and truth-telling) is not
collusive under the definition.



Proposition 1 (Ma (1988)). Assume players cannot make inter-personal transfers
(i.e. side-contracts). There exists a contract that attains the first best effort choice
at the first best cost. Moreover, in the extensive form game induced by the contract
there 1s no collusion in equilibrium.

We first give a sketch of the argument for the illustrative case where there are
two agents, two effort choices, and two values of output (Brusco (1997) refers to this
as the 2 x 2 x 2 model). Consider the contract represented by the following matrix
of payoffs. Label the players {1,2}. The entries in the box denote player 1’s payoff.

T2 =+ 2= —
rs1 = + U)FB UJFB + (Rl, RQ)
21 = — Wo — € Wo

Table 1: A sample contract

The term 7 » denotes player 1’s report on player 2, and similarly for ro;. A plus (+)
denotes a good report and minus (—) is a bad report. Thus, if both players issue
good reports on each other, they both get the first-best wage (i.e. full insurance).
If 1 gives 2 a minus and 2 gives 1 a plus, then 1 additionally obtains a stochastic
reward (R, Rs). The reward pays out R; < 0 if output is high and Ry > 0 if the
output is low. The idea behind the sign convention is that if 1 reports on 2 and is
telling the truth (i.e. somebody is shirking), then low output should be more likely
than high output. Thus, the reward should have positive expected value. If neither
player is shirking and player 1 is untruthfully giving player 2 a thumbs down, then
high output should be more likely than low so that the reward should have negative
expected value. Analogously defining the payoff matrix for player 2, one can verify
that there is no collusion in equilibrium under this contract. Moreover, both players
putting in high effort and truth-telling is an equilibrium.

The principal difference between the mechanism we use to prove the Proposition
and the one constructed in Ma (1988) is that the equilibrium outcome is not unique
in our set-up whereas it is unique in Ma’s contract. The reason for this is that the
environment in our paper, while related to the one in Ma (1988), is formally distinct.
In Ma (1988), the principal’s information consists of a bivariate public signal —
implicitly, one for each agent’s action choice. In contrast, in our environment there
is a single public signal for the principal with values that are correlated with the
joint effort choices of the agents. The following lemma shows that (for the 2 x 2 x 2
model) any mechanism that is collusion-proof and maintains an efficient SPNE must
also admit another (inefficient) SPNE. Let £ denote the economic environment. This
consists of: (i) two agents, two effort choices, and two output values, (ii) a single
public signal taken to be the value of output, and (iii) with a view to the infinite
horizon problem, agents are assumed to have non-negligible (but arbitrarily small)
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liability. Consider contracts, C(£), that satisfy symmetry, i.e. w;(-,(m',m?)) =
w_;(-,(m?,m'))) — so that the wage is not dependent on the identity of the sender.

Lemma 1. For any contract C(E), let G denote the game form induced by the
contract and let X(G) be the set of SPNE. If the efficient outcome (i.e. high effort
and full insurance) is an outcome of some equilibrium in 3(G) and no equilibrium
outcomes exhibit collusion, then there must be multiple equilibria.

Thus, if we simultaneously want collusion-proofness and (weak) implementation
of the efficient outcome, then non-uniqueness of equilibrium is endemic to our single
signal environment.® Matters are different when the principal receives a bivariate
signal (as in Ma (1988)) since he can use a different bonus scheme for each agent.
Since agents are truth-telling in any SPNE, one can check that, in the two signal
setting, the efficient equilibrium is the only equilibrium. None of this is of issue
for the infinite-horizon implementation problem. Due to the presence of an (en-
dogenous) participation constraint — where players only sign the contract if they
anticipate obtaining at least a small ¢ more than reservation utility (see proof of
Theorem 1) — the outcome where players shirk and report on each other in every
period is “screened out” by the infinite-horizon contract.

3 The Infinite Horizon Contract

Now consider the infinite horizon setting. If the principal were to unconditionally
offer the stage contract in every period, then the following trigger strategy consti-
tutes an equilibrium: everyone shirks and covers for each other until a period when
someone reports otherwise. After this happens, everyone shirks and reports truth-
fully in every period. It is easy to see that when players employ this strategy profile,
collusion occurs in every period on the equilibrium path (for large 9).

To break this equilibrium the principal needs to offer large rewards for reporting.
However, unless liability is unbounded, the only way to make the rewards large (in
expectation) when agents shirk is to make the output-contingent payment large in
reward states, e.g. when output is low in the 2 x 2 x 2 model. But this means that
the reward has large positive expected value even when nobody shirks, which de-
stroys the efficient equilibrium. Hence, the Ma contract alone cannot yield dynamic
collusion-proof implementation of the efficient outcome. We now design an infinite
horizon collusion-proof contract that is insensitive to the liability bound.

6The proof of the lemma is not hard but requires a fair bit of notation. Moreover, the restriction
to the 2 x 2 x 2 model is for simplicity alone. The argument itself is not difficult to generalize.
Details are available online at: http://www.public.asu.edu/~mchandr6.
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By offering the stage contract unconditionally the principal is ignoring the in-
formation about effort choice contained in the stream of output data. With a large
enough stream of data the principal should be able to infer whether agents were
indeed implementing the first-best if that is what they were reporting. Hence, the
additional incentive instrument takes the form of a statistical test on the hypoth-
esis that the agents are implementing the first-best effort level. Before we explain
the construction, let us make some assumptions to structure the infinite horizon
problem:

e Al: Assume that, at time ¢ = 0, the principal offers each agent a con-
tract. This contract specifies: (i) a state space, (ii) an initial state, (iii) state-
dependent payment rules, and (iv) transition rules that determine what the
next period’s state will be given the current state.

e A2: If any of the agents refuses the contract, the game ends and all agents
receive their reservation utility. These rules cannot be renegotiated once the
contract is signed.

e A3: Agent have a common (subjective) discount factor § € (0, 1) and payoffs
in the infinite horizon game are evaluated using the d-discounted sum of stage
game payoffs.

e A4: Agents can accept an arbitrarily small, but positive, amount of liability.
The liability bound is insensitive to the discount factor, 9.

The first three assumptions are, more or less, standard. Let us comment on A4.
Note that the stage contract (Table 1 for an example) requires A4 since the reward
incentives assess a small amount of punishment when high output is realized. Since
we want the infinite horizon contract to inherit the efficient equilibrium, we need to
be able to punish agents an arbitrarily small amount in each period, i.e. A4 requires
that agents have a small, but positive, per period liability. This bound can be arbi-
trarily small, but does not change with the discount factor. Hence, we consider it a
primitive of the contracting environment.

With the primitives of the infinite horizon problem described, we now move on
to strategies and histories. We have not yet formally described the infinite hori-
zon contract, which determines the game to be played. However, we just need an
informal description to proceed here. The class of contracts we construct will alter-
nate between two spot contracts, with history-dependent transitions. The first spot
contract, which applies in ‘work’ periods, is the stage contract described in section
2. The second spot contract, which applies only in the punishment phase, pays a
constant ‘punishment wage’ unconditionally.



Histories: Let h" := () be the null history. Let h! denote the history of the game
up through period ¢. The contribution to h' in period ¢ itself consists of the follow-
ing data: (1) the effort choices taken by the agents in period ¢, (2) the reports the
agents have made, and (3) the realized output level. In a period in which the game
is in a punishment state we denote that period’s contribution to the history with
the emptyset symbol, . Let H' denote the set of histories up through period ¢ and
put H := U, H'.

Strategies: Let R; : E — A({0,1}) denote agent i’s observation report strat-
egy (i.e. 0 = a shirk report, 1 = no shirk). Let 3; denote the set of such R; and let
{en,er} denote the set of available effort choices. Then, agent i’s strategy space,
S(i), in a work period can be described as A({ey,er}) x ;. A strategy for player
i (in the stochastic game) is a function p; : H — S(i) that prescribes an (possi-
bly mixed) action pair in period ¢ 4+ 1 as a function of h* € H. If h is such that
the spot contract in period t+1 is the reservation wage contract, then set p;(h') = .7

Notice that each agent sees the same history at time ¢, consisting of the history
of output, effort choices, and reports. Accordingly, the solution concept employed
in this paper is subgame perfect Nash equilibrium (SPNE).

3.1 Statistical Testing

We now describe the statistical tools that are implemented in the contracts. Let E
be the set of collective effort choice vectors and denote the first-best choice as e*.
For a given e € E, output X is distributed as F'(-|e). Consider Xi, .., X7 distributed
independently and identically (as X). The empirical c.d.f corresponding to X7, .., Xr
is defined by the formula:

1 T
Fr(zle) := Z L(x,<a)-
z:l

We now use the formula for the empirical c.d.f. to define a statistic. For X ~ e
(i.e. X is distributed as pe-) put K = l-max, Var(1(x<y)) (where [ is the cardinality
of the support of output). Define the following parameters of the hypothesis test

1 K 4
VYo = ——=, € = —, =N .

\/ﬁ? n ng’

These parameters serve the following roles:

"Reporting strategies in our stage contracts are richer than described here, since we use sequen-
tial reports. However, beyond formality, there is little conceptual content to the more elaborate
definition of reporting strategies. Hence, we obscure the distinction here.
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e Margin of Error: The quantity v, determines the allowable margin of error
which determines the rejection region for our hypothesis test.

e Type I error bound: The term ¢, is an upper bound on the probability of
a Type I error (this follows by a simple application of Chebyshev’s inequality,
see proof of Proposition 3).

e Sample Size: The quantity ¢,, is the sample size of the hypothesis test.

The values v, €,,t, are fixed for the rest of the paper. The nth review phase,
of length T,, := n-t,, is partitioned into n samples of output data, {(i — 1)-¢, +

1,... it} . Define the empirical c.d.f. for each sample,
1 ity
Eyr, (z) = P Z Lix,<a), forie {1,2,..,n}.
" i=(i— 1)t +1

Definition 2 (Statistical Test). The Kolmogorov-Smirnov test statistic is given by
the formula,
St, = max; {sup, |Fi 1, () — F(xz[e")[}

The idea behind the statistical test is that the principal breaks up the nth work
phase into n data gathering (sub)phases. During the entire work phase, the null
hypothesis is that agents are working the first best and truth-telling in every period.
For each of the n batches of output data, the principal uses a Kolmogorov-Smirnov
(KS) test to match the empirical cdf of output with the hypothesized cdf. If the
deviation from any of the n samples (weakly) exceeds the margin of error (v, defined
above), then the null is rejected and a punishment phase follows.

3.2 Contract Description

State Space
The state space is divided into two classes, work states and a single (absorbing)
punishment state.

1. Work states are identified by a pair (W,,, i), where W), is of length T,, = n-t,
and ¢ denotes the current period within the given work state W,.

2. There is a singleton and absorbing punishment state, denoted ().

Transition Rules
Transitions between work states and the punishment state are determined as follows:

1. Initial state: (Wq,1).

11



2. If in state (W, 1), where i < T,,, proceed to state (W,,,i+ 1).

3. Ifin state (W,,, T,), consider the value of the KS statistic Sz, . If St,, > 7, then
proceed to the unemployment state (). Otherwise, proceed to state (W1, 1).

4. If in state (), then remain in state ().

Payment Rules

Payment alternates between two types of spot contract. First, a verbal description.
In any given period, either the Ma contract or the punishment contract (where
everyone earns an € less the reservation wage) is in place. Denote this contract by
C(¢, Ry, Ry, wI'P) with arguments: (i) the punishment quantity (¢), (ii) the negative
reward when high output values are realized (R;), (iii) the positive reward when low
values are realized (Ry), and (iv) the insurance payoff w!®, which equals cost of high
effort plus another €. Let s denote a generic state and let T denote the stopping
time associated to the KS statistic, i.e. T'(h) is the first time (along history h) where
it becomes known that the next state is the punishment state. The notation s;(h)
denotes the state of the contract along history A and time ¢, and C'(wp) denotes the
spot contract that unconditionally pays every agent the reservation wage. The spot
contract function is formally described:

C(¢, Ry, Ry, wEB) —t., ift <T(h),s(h)

(
Cy(h) =< C(¢, Ry, Ry, wiB) —t., if t > T(h),si(h)
C(wg) — te, if s¢(h) = 0.

40
40

This completes the description of the infinite horizon contract.® The choice param-
eters of the contract are:

e The stage contract parameters (i.e. €, Ry, Ry, w!'B),

e The KS test statistic, and
e The per-period participation fee ..

In particular, note that none of these parameters depend on the discount factor.
Let & denote the set of such contracts, with generic element C.

Choose the fee t. plus the (negative) reward R; to sum to less than the liability
bound granted by assumption A4. The fee can simply be absorbed into the wage
function of the work state spot contract, C(€, Ry, Ry, w'®). However, we choose to
write it this way since selection of an appropriate participation fee will allow us,
through contract design, to elicit a bound on the induced (equilibrium) probability

8In the definition, wf'® denotes the insurance level where agents are insured an amount exactly
equal to the cost of high effort.
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that the KS test statistic never falls into the rejection region. The bound on this
‘tail” success probability is key to getting a good lower bound on the principal’s
payoff.

3.3 Equilibrium Behavior

Let ¥(d) denote the set of (measurable) SPNE strategy profiles in the game induced
by a contract C. For a given equilibrium p € 3(6), let P,(-) denote the conditional
distribution on work phase n, where we condition on the set of histories that reach
the n-th work phase.

—C(T:”) > a) > 0 for some a > 0. Then,

lim sup P,(sup, | Fr, (z) — F(x|e*)] > r) > 0 for some r € (0,1).

Proposition 2. Assume that lim sup Fp(

Proposition 2 says that if agents are shirking frequently and reporting that they
are working first-best, the statistical test will eventually catch on. Moreover, it tells
us that when they collude often they not only fail the test, but the failure probability
is bounded away from zero. Hence, whenever the conclusion of the Proposition holds
it must be the case that (for large n) the null hypothesis is violated in more than
one sub-phase of the work state. Taken together with the following observation,
these two insights are the key to understanding equilibrium behavior and deriving
bounds on equilibrium payoffs.

Observation: Collusion stops once agents are caught.

To justify this observation, let p € () and assume that there is a history h such
that St, (h) falls in the rejection region prior to the start of the nth sub-phase. Take
the earliest of the sub-phases for which this happens, say sub-phase k where k < n.
What can equilibrium play look like from the start of sub-phase k£ + 1 until the end
of work-phase n? We claim no collusion can occur from the start of phase k + 1
until the end of work phase n. This follows from an unraveling argument. If there
is collusion, there is a last period in which it occurs. Since punishment states are
absorbing and players receive subsistence wages after the review, the present value
of reporting exceeds the value of not reporting. Thus, collusive agreements are
impossible to sustain once everyone knows that a punishment phase is forthcoming.
Consequently, once players have completed a sub-phase of work and know that the
next state is a punishment state, then play in each period till the termination of
the work state reduces to one of the stage SPNE. In so far as agents’ payoffs are
concerned, we can wlog assume that play reverts to the efficient SPNE. Refer to a
profile p with this property as a rectified strategy.
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Proposition 3 (Equilibrium Behavior). Let p be any SPNE (in the game induced
by C). Then, for any € > 0 we have ﬁp(%i") >¢e)—0asn— o0’

The statement applies only to phases which are reached with positive probability
on the equilibrium path. For the ‘finite punishments’ version of C (see Corollary 1)
all phases are reached with positive probability, so that the conditional distributions
are always defined. The statement of the proposition does not invoke any restrictions
on the SPNE, but we prove the proposition by reducing to rectified equilibria. By
the preceding discussion, this reduction entails no loss of generality in so far as the
distribution of C(T,,)/T,, is concerned.

4 Main Result

Let V() denote the set of payoff vectors attainable through SPNE in the game
induced by the contract C. Our main result produces a pair of equilibrium payoff
bounds. The first is an upper bound on agents’ payoffs. It says that as d increases to
one, the set V(0) converges (in the Hausdorff metric) to a point mass on the vector
(uw(wfB) — cleg), ..., u(wfP) — cley)), i.e. where every agent is earning the pay-
off under the first-best, perfect-information benchmark. Moreover, since sufficiently
patient players can obtain close to this payoff by employing the efficient stage game
equilibrium, this payoff vector is attained in the limit.

The second half of the theorem provides a lower bound on the principal’s equi-
librium payoff. The lower bound is more difficult to derive than the upper bound.
The key is to obtain control of (equilibrium) tail probabilities, i.e. the probability
that agents never fail the KS test. The observation of Proposition 4 (see below)
and the existence of a participation fee are critical to bounding this tail probability.
Since the contract is independent of d, the proposition delivers uniform bounds (i.e.
across equilibria and across discount factors) on tail probabilities. The participation
fee, which is only required for the lower bound, then ensures that these probabilities
approach unity for large 6. Moreover, step 1 of the lower bound argument shows
that for the principal’s payoff to approach the first-best benchmark it is both nec-
essary and sufficient that this tail probability approaches unity.

Introduce some notation. Let IT¥Z denote the first-best principal’s payoff and
let (resp.) W(p),V(p) denote the principal’s and a given agent’s discounted payoff
under SPNE p. Note that any element C € ® is defined independently of the discount
factor. However, the SPNE set of the game induced by C will typically depend on
the discount factor.

9T am grateful to the anonymous referee who suggested this result.
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Theorem 1. Let 3(§) denote the set of all SPNE in the infinite horizon game
induced by the contract C. Given € > 0, we can find a contract C. € ® which yields
the following bounds on equilibrium payoffs:

1. (Upper Bound) Put V'(§) = supesy5) V(p). Then, limsyy (1-6)V (9) = u(wfB)—
cley).

2. (Lower Bound) Put W (6) = infyex ) W(p). There exists 6. > 0 s.t. Yo > 6,
we have (1 —0)W(8) > TIFB —e.

The contracts in the class ® all have an absorbing punishment state. Since agents
are required to hand over a (arbitrarily small) participation fee in each period, it
might seem unrealistic that they would agree upfront to this sort of liability. All
the more so since a punishment phase can be triggered (albeit with very small
probability) even when everyone pursues the efficient equilibrium. The following
corollary shows that we recover the same result as Theorem 1 even if we require
punishments to be memoryless, as in Radner (1985), so that punishment phases are
finite and of identical length. Let C(d) be identical to a contract C chosen from
®, with the only difference being that the punishment lengths are of some finite
length L(9). The state space, payoff functions, and transition rules admit obvious
adjustments — hence, we omit the formal (re)definition for C(6).

Corollary 1. Fix e > 0. Then, 35, > 0 such that for each 6 > d. we can find a
finite punishments contract C.(6) such that the bounds in Theorem 1 hold.

The main result consists of two parts, (i) an upper bound on equilibrium payoffs
for agents and (ii) a lower bound on equilibrium payoffs for the principal. To derive
these bounds we require a strengthening of Proposition 3. The following Proposition
and its companion (Proposition 5) form the heart of the argument for Theorem 1.

Proposition 4. Given any a > 0,8 > 0 there is an index N(«, B) such that when-
ever n > N(a, 8) we have P,(C(T,)/T, > o) < 5,Vp € ¥(9), V0.

When play doesn’t reach the nth review phase, the conditional distributions are
not defined. Hence, we add, as in Proposition 3, the qualification that the bound
of the Proposition applies whenever n > N(«, 5) and the nth phase is reached.
The key is that the bound N(a, ) applies across all profiles p € ¥(9) and across
all discount factors. This is the sense in which we are strengthening the previous
Proposition, which prima facie suggests that the bound is dependent on the given
profile.

Notice that the Proposition delivers a uniform bound on the distribution of the
“frequency of collusion” variable. Hence, if we can somehow pass from discounted
payoffs to time-average payoffs we can leverage this result. Of course, the chal-
lenge of discounted repeated games lies precisely in the fact that dynamic incentive
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provision is much more subtle with time-discounting than with time-averaging. To
generate a folk theorem with discounting we require a rich enough set of ‘delayed
reward sequences’. Loosely speaking, to sustain a target profile of on-path play we
need to have the ability to bring sticks to the present and push carrots into the
future. As the discount factor increases, to incentivize sophisticated patterns of
on-path play we require access to a rich set of payoff sequences where rewards are
(possibly) delayed further and further. These sequences exist so long as the feasible
set of the stage game is sufficiently rich.

Let us see what happens when we try applying the folk theorem reasoning to our
(stochastic) game. Put the payoff from an episode of collusion at 1 and the efficient
stage outcome at 0 (any other outcome yields less than these). The Proposition
says that, with probability close to 1, a payoff stream in review phases far along the
time horizon is proportioned with at most € ones and at least 1 — € zeroes. These
are the only delayed reward sequences available through SPNE play. Hence, as we
push the discount factor to unity it might be possible to generate a folk theorem
in a vanishingly small neighborhood of the efficient stage game payoff — but that is
all. This explains, in a nutshell, how we use the Proposition to obtain an ‘anti-folk’
result for the agents’ payoffs in our game.

For the lower bound argument, I require a sharper version of the Proposition.
We apply the bounds to the variable F(T,,)/T,, where E(T,,) denotes the number of
periods in phase n in which effort choice is not first-best. Notice that C(7},) C E(T},).
While the variable C(7},) is more informative about agents’ payoffs, the variable
E(T,) is more informative about the principal’s payoff. Recall that the review phases
of contracts in the class ® have lengths indexed by the sequence f(n) = n5."% Let
Cn € ® denote the contract where the first review phase starts with the Nth term in
the sequence f(n), i.e. so that the first review has length N° the second (N + 1)°,
and so on. The Proposition stated below makes two changes from Proposition 4.
First, it switches the variable of interest from C(T,,) to E(T,,). Second, there is now
dependence of the bound I(a, ) (for convenience, we hereon switch to indexing
phases with i’s) on both the discount factor and the contract Cy.

Proposition 5. Fiz any o > 0,5 > 0. There is an N (depending on «, 3) and 6, 3
such that, for the game induced by the contract Cn € @, there is an index I(a, B)
such that wheneveri > I(a, ) we have P,(E(T;)/T; > «) < ,Vp € ¥(9), V0 > 0q,3.

While the Proposition is intuitively related to Proposition 4, its proof makes use
of bounds on tail probabilities obtained in the lower bound argument. Hence, it is

10This may seem, at first blush, like a mysterious choice. Why such a specific choice for the
sample sizes? This selection plays an important role in the proof of the lower bound for the
principal. It is what enables us to equate bounds on time-average payoffs with bounds on limiting
discounted payoffs. See the lower bound proof and Observation 2 in the appendix for details.

16



more logically correct — if somewhat non-intuitive — to present the Proposition after
we go through the tail bound exercise.

4.1 Proof of Theorem 1

All discounted quantities are assumed to be pre-multiplied by (1 — d) — we sup-
press this term in the notation. In the forthcoming argument, we take limits of
subsequences of measures. Proposition 6 confirms that we can extract a convergent
subsequence from any given sequence of measures, so that limits do indeed exist.!!

Upper Bound

Choosing an affine transformation of stage-game payoffs we assume that u(w?)—
c(eg)) = 0. Since there is an efficient equilibrium, we clearly have limgy (1 —
HV(6) > u(w™) — c(ey),¥d. 1 check that the reverse inequality holds (in the
limit, as 0 1T 1). Take a sequence of profiles ps, with (1 — §,,)V(ps,) converging
to limgy (1 — §)V(8). Let P, denote the measures on H* — the space of infinite
histories — induced by these profiles. Let u;(h) (reps. ul(h)) denote the function
which gives payoff 1 in period ¢ if collusion occurs in period ¢ and 0 else. Let uf(h)
be the time-discounted counterpart. For the sequence of probability measures, P,; ,
passing to a convergent subsequence if necessary, put P(-) := lims, 41 P, (-) and

also set u” (h) := 7 >, uy(h). I first claim that

lim u’(h)dP,, <lim supr Epa”(h),
ol J ppe n

where (i) we truncate the average and put 7' = Zle T;, the sum of the first k& work
phases, and (ii) @(h) is an ‘optimistic’ stream of payoffs that yields (in expectation)
an upper bound on actual payoffs. In the appendix, we first find an optimistic payoff
stream. Second, we verify that the discounted optimistic streams possess a long-run
time average. Assuming these two steps, we verify that time-average payoffs for
optimistic streams limit to the first-best value. Suppress the distinction between
u(h) and u(h) since we soon pass to upper bounds on both quantities.

Put ¢% equal to the probability that play reaches work phase i, i.e. that players
are not absorbed into the punishment state prior to phase 7. Notice that ¢% — ¢p.
Also let P* denote the conditional distribution on work phase ¢ histories. In order
for these to be well-defined we require that ¢% # 0. However, if ¢% = 0, then all
play ends at the conclusion of phase ¢ — 1, in which case we can trivially bound

"This claim invokes Prohorov’s Theorem (e.g. Ch. 16, Kallenberg (2002)).
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agents’ payoffs as 0 T 1. Notice that we have
k
Epu" =Y ¢pEpul,
i=1

where u! denote the partial sum along periods in review phase i. Also note we have:

Bpe(C(T3)/Ti > €) = P(C(T3)/Ti > )

and ' '
}% — ¢p.

By Proposition 4, given any €, ¢ we can find an index I(e, €) such that Vp € 3(§), Vd

we have

P,(C(T;))T; > €) < €, Vi > I(e,€).
Now apply the two equalities:

1

o 0, P, (C(T)/T, > ) = P,y (C(T)/T; > o),

o ¢, P (C(T))/T; > €) = P(C(T})/T; > e).

and obtain: A

P (C(T,)]T; > €) <€, Vi > I(e¢€).

This yields an important bound on the terms Eiu] for i > I(e, €)

/ /

Byl < u E)ETT“LGTZ. (1)
This is the key inequality in the argument, a variant of which is used in the lower
bound argument as well. Let us explain the bound on the numerator. Fix a utility
stream in work phase ¢, think of this as a vector of 0’s and 1’s — where a 1 denotes
the payoff from an episode of collusion and a 0 denotes the payoff from the efficient
equilibrium. By Proposition 4, we know that at least a fraction 1 — ¢ of these
streams is comprised of at most €7} episodes of collusion — call this the ‘almost
efficient streams’. The remaining streams (of size at most €') are comprised of up
to T; episodes — call these the ‘collusive streams’. The numerator is now obtained
by taking the sum of the coordinates of utility streams and weighting according to
whether they are efficient streams or collusive streams.

Using the trivial bound ¢% < 1 we then obtain,

I(e) k
T; (1 —€)eT; + €T;
Epu" <) 24 ) :
=1 T i=I(e,e’)+1 T
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Recall that T = Zle T;, so that by choosing a small (e, ¢) and then a large k we
may push the expected value of time average payoffs to zero.

Lower Bound

We obtain a uniform lower bound for the passing probabilities and verify that
this lower bound can be made arbitrarily close to the passing probability in the
efficient equilibrium. Let ps, be any sequence with (1 — d,,)W (ps,) converging to
lim inf (1 — 6,)W(d,). Let P, be the sequence of measures on H* and, passing to
a subsequence if necessary, let P(-) denote the limit measure. Let KS;(h) denote
the value of the Kolmogorov-Smirnov test in phase ¢ along history h. Let ¢p denote
the probability assigned to histories where agents never enter the (absorbing) pun-
ishment state.

Step 1: Bounds on passing (failure) probabilities.

We bound ¢p from below. Using a different normalization of (stage) payoffs, let
7B > 0 denote the per-period surplus to an agent from the efficient equilibrium,
i.e. equal to the € of insurance that is above the cost of high effort. Let 1 denote
the maximum (per-period) payoff from collusion, and let 0 be the reservation utility.
Also let t denote the per-period participation fee to participate in the mechanism
C.'? Then we must have,

/ u’ (h) dP,, > t,Vo;.13
We argue as in the upper-bound proof. Note that we have the inequality
lim u’(h) dPs < lim supy Epu”,
H*

where P(:) is the limit measure and 7' = Zle T;. Putting ¢p equal to the
probability of the set {h : KS;(h) < v;,Vi} (under P(-)), observe that we have
¢ | ¢p.'* Fix any a > 0 small and find I, such that ¢%» < ¢p + o, Vi > I,. Put
I* :== max{I(e,€), I,} and use the following variation on inequality (1):

Ix k

T; (1 — Vel +mFB(1 — )T;) + €T,
T 7 7 7 7
Epu < ZE 1 T + (¢P + Oz)- i_IE*—H T . (2)

12We will leave the choice of fee unspecified for now. Once we reach the step in the proof where
this is required, we then reverse engineer it to be the quantity that delivers the required lower
bound.

13The term on the LHS denotes discounted expected utility from wages, absent the per-period
participation fee. It is in service of this step that we chose not to absorb the fee ¢, into the spot
wage function in the definition of the stage contract C(e, Ry, Ra, wI'B).

14Observe that participation implies ¢% # 0, Vi.
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Let €; denote the first sum and recall that participation requires
lim sup, Epu’ > t.

This yields the following lower bound on ¢p: (ignore the correction term » ;- ;. ., T3/T,
which limits to 1)
t— €1

op 2 (1—6’)(6—}—(1—6)7?173)4—6’_@' 3)

Since T' = Zle T; we can first choose €, €, a small enough and then choose k large
enough (which, in combination, assures that €; is also small) to obtain:

t
¢P2Wﬁ-

Now select participation fees. Choose a small €, and put t = (¢pp — €)-7l'B,
where ¢pp denotes the probability of never failing the KS-test under the efficient
equilibrium. We obtain:

ot _ (¢rB— )P
¢P - 7TFB - ﬂ-FB - (bFB — €2.

It follows that, as ¢pp is close to unity, the (limiting) equilibrium probability ¢p is
close to unity as well. In particular, the argument shows that this is achieved by
controlling the contract choice parameters ¢rp, €s.

Let us briefly summarize what has been shown. Starting with any sequence of
equilibrium measures P,; converging to P we have found, as a consequence of the
participation constraint, a lower bound on the passing probability ¢p. This lower
bound has two important properties. First, it can be made, by choosing appropriate
participation fees, arbitrarily close to unity. Second, it is independent of the limit
measure P(-). Finally, observe that by choosing (at the contract design stage) ¢rp
large enough and e; small enough we can ensure that, for o large, repetition of the
efficient stage SPNE satisfies the participation constraint.

The implication on the tail probability is not only sufficient, but also necessary
for an efficient lower bound. To see this, consider a contract C with the property
that there is a sequence of equilibria ps with limit measure P such that ¢p < k.
Then along this sequence we get a limiting upper bound on the principal’s payoff:'®

/ w(h) AP < dp-1 + (1 — dp)€ < 5+ (1 — k)€, Ve

15We take limits on § in the integral for both the integrand and the measure, which can be
justified by standard convergence arguments — which we omit.
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Let us justify this upper bound. For histories h € supp(¢p) we bound w(h) from
above by assuming the principal gets the normalized first-best payoff in every period
(set at 1). For h € supp(¢p)° there is a first time of failure. Outside a set of measure
at most €, the first failure time occurs at the latest by some N, . All histories in this
set have time-average payoff equal 0. On the exceptional set we bound the payoff
at 1. Hence, the upper bound on ¢p controls the limiting value of the principal’s
payoff, so that if it is bounded away from 1, the lower bound on the principal’s
payoff cannot be first-best.

Step 2: Computing the principal’s payoff.

Fix an (¢, €'). Apply Proposition 5 to obtain a contract Cy that attains the bounds
on the distribution of the variable E(7;)/T;. In particular, for this pair (e, ¢’) and
the corresponding contract C we obtain Vp € 3(¢§) and for all large §

This is a key bound to keep in mind, as it is important but only makes an appearance
near the conclusion of the forthcoming argument. Let w;(h) denote the time ¢ payoff
to the principal along history h, and put w’(h) to be the discounted sum of time ¢
payoffs. Now let ps, be any sequence in ¥(d) such that (1 — d,)-W(ps,) converges
to lim infs (1 — 0)W(d) and let F,; be the associated sequence of measures on H*.
Passing to a subsequence if necessary, let P denote the limit measure. We now
estimate the integral
lim [ w’(h)dF,,
I

from below. We verify in the appendix that the expected value of discounted sums of
payoff streams can be bounded below by (expected) discounted sums of a particular
set of ‘pessimistic’ payoff streams. These streams possess a long-run average so that
we can pass from discounted sums to time-average payoffs (by Abel’s Theorem, see
Radner (1985), pg. 1175). Moreover, the time-average payoff to the principal along
these streams is close to first-best. With this outline, let us derive a lower bound
for (a subsequence of) the limiting time 7" averages and show that it is arbitrarily
close to the first best payoff for the principal. For simplicity, for the remainder of
the argument we deal only with time averages.

Let w”(h) denote the time average of the principal’s payoff from 1 to 7' (along
history h). As before, compute this limit along the subsequence T := Zle T;, ie.
look at segments of time that cover complete work phases. Let w* denote the total
wages paid out when all agents report that they are working hard, and let x;(h)
denote the value of output in period ¢ (along h). Then, we obtain:

T Zle z(h) — Tw*
() w () > 2z W) T
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For large T', the contribution to the average from Zil x;, where T" = zi]ff/) T;,
is at most some small €. From () we obtain:

(xx) Epw’(h) —¢é| dPe1, _er).

* T *

> Zthl EpXy —Tw _ / D=y EXi(e) —w'T
- T (el,....eT) T

The notation X;(e) stands for the output r.v. conditional on collective effort choice
of e. Note that going from the second integral to the third we have changed the
domain of integration to the domain of ‘effort histories’. We now obtain a lower
bound on the RHS of (#x), which requires a bound on the terms E(X; + ...+ Xr,).
For this we will use the identity (this is an important ingredient in the proof of
Proposition 2 as well)

E(Xi+...+Xp) = Z ¢ [EXi1(e') + ...+ EXp(e")] P(e', ..., e"),

(917"'7eTl)

where EX (e’) is the conditional expectation of output in period j conditional on
effort choice e’ (and on play entering phase i), P(-) is the conditional distribution
on phase 7 histories, and ¢% is the probability that play enters phase i. Let F(T;)
denote the number of periods in which effort choice is not first best (in phase ).
Proposition 5 and the fact that P,, limits to P implies that (using (é))

E(T; .
() >€) <€,Vi>I(e€).
T;
Let EX* be the value under first-best effort, £ X, is the value under the worst
effort choice, and II"'? = EX* — w*, Il = EX, — w*. Ignore the correction term
Zf: tteery+1 Li/Ti, which limits to 1 for large k. We obtain the following bound:

P(

/ ST EXole) = w'T
(et,....eT)

0 dPer, ety > ¢p[(1—€)-(1—e)II" P +ell)+€' 11— (1—¢p)w™.

Let us explain this bound. The (1—¢’) term gives a lower bound on the (conditional)
probability of the set
{(e,....e") s B(T)/T < ¢}

for each I(e,€') < i <k, and ¢p is a lower bound on the probability that any of these
phases are reached. The coefficient ¢’ is an upper bound on the conditional probabil-
ity of the complement and the term EF X, —w™ is the minimum value of the integrand
on this set. Finally, as ¢ | ¢p by replacing each ¢ with ¢p we maintain a lower
bound. This yields the lower bound on (xx). O

It remains to justify some details. First, we need to verify that sequences of
measures possess convergent subsequences. This is done by constructing a specific
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metric on H* whose open sets generate the domain of the measures P,. Second,
we need to justify passing from expected utility of normalized discounted payoffs to
(limits of) expected utility of time averages. Third, in computing time averages we
have just computed limits over a subsequence of times. As an aside, this is where
we use the particular choice of sample sizes, viz. the fact that they have polynomial
growth. These details are addressed in the appendix as (resp.) Proposition 6 and
Observation 2, Observation 3.

The proof makes ample use of the statistical review mechanism, but it may not
be as evident where we use the ‘short-run’ monitoring incentives. The monitoring
mechanism ensures that collusion stops once the KS statistic falls into the rejection
region. In the absence of this structure, for example if we unconditionally provide
full insurance then players would simply (in equilibrium) take the insurance and
shirk till the resumption of the next review phase. This is important for us since the
proof of Proposition 4 and, consequently, Proposition 5 uses the observation that
collusion stops once it has been detected by the KS test.

Thus, we require both incentive components for the proof of our result. This
leaves open the issue of whether the same features are required of any contractual
mechanism that attains the same result as Theorem 1. A natural question — in light
of its ubiquity in repeated agency models — is whether one can obtain our main result
by simply using the Radner (1985) contract. There are non-trivial obstacles to this
approach. First, with multiple agents we cannot assume that equilibrium actions
of a team coincide with those of a cooperative. Team equilibria in the infinite
horizon game can be inefficient, and it is easy to construct examples where the set
of equilibria (induced by Radner contracts) might yield an approximately efficient
bound for the agents, yet yield a folk theorem for the principal. Radner’s analysis
also requires stationarity, which is wlog for a cooperative problem. For example,
assuming stationarity he obtains recursive expressions for the agent and principal’s
payoff which allows him to solve for the (stationarity) success probability and, in
turn, to verify a lower bound on the principal’s payoff. In contrast, stationarity is
not without loss of generality in our model. Our approach shifts the analysis to
distributions on equilibrium histories, which admits a direct analysis of equilibrium
behavior.

5 Conclusion

This paper considers an infinite horizon repeated moral hazard problem with multi-
ple agents. The environment is like the canonical principal-agent model except that
between the time when effort is taken and output is realized, agents can be required
to communicate their observations (of co-workers’ effort choices) to the principal.
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Our main result constructs a class of contracts with the following features. First, for
all (SPNE) equilibria in the game induced by the contract, payoffs for both the prin-
cipal and the agents can be pushed arbitrarily close to their first best benchmarks
(as the discount factor gets large). Second, while the set of SPNE is a function of
the discount factor, the contract itself is independent of the discount factor.

Contrast the review contracts constructed in Radner (1985) with the construc-
tion in this paper. Radner review contracts are described by a sequence of hypothesis
tests with two key properties. First, review tests are stationary and exhibit ‘lack of
memory’, i.e. past review outcomes are bygones and have no bearing on subsequent
reviews. Second, the two main parameters of the review contract, (i) the review
length and (ii) the punishment length, increase without bound as the discount fac-
tor increases. Both features are required for the Radner argument.

Our contracts maintain an abstract review structure, i.e. they are comprised of
test phases and punishment phases, but there are two substantive changes. First,
the reviews are becoming more refined over time. Moreover, they become refined
quickly enough that we still obtain limit efficiency, e.g. Type I errors can be made
arbitrarily small. Second, the same reviews apply to all discount factors. Hence, a
patient agent receives the same contract as his relatively less patient counterpart.
Let us elaborate on the value of this latter feature.

Most repeated games analysis assumes a common and known discount factor
across players. This is innocuous from a repeated games perspective since the stage
game is a primitive of the repeated games problem. However, in our case the par-
ticular repeated (more precisely, stochastic) game that is played is induced by a
choice of contract between a principal and agent(s). In other words, fixing time
preferences, the game itself is changing as a function of the agreed upon contract.
In this setting, the assumption is more substantive. What if discount factors differ
and, more practically, the principal cannot truthfully elicit the agent’s discount fac-
tor (which is subjective) before designing the contract? For example, if the agent
anticipates that the principal is going to use a Radner review contract, then he has
an incentive to understate his rate of time preference, i.e. make himself look much
more patient than he really is. With our contracts, we can get around the preference
elicitation problem as the same review mechanism applies to all agents regardless of
their discount factor.
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6 Appendix - Omitted Proofs

6.1 Omitted Proofs from Section 2

Proof of Proposition 1. Proceed in two steps. In the first step we show the exis-
tence of incentive compatible reward schemes that are designed to elicit truthful
observation reports. In the second step, using these reward schemes we describe the
contract and characterize the equilibria of the extensive form game induced by the
contract.

Step 1

Put e* := (ey, .., ey) and consider the set of effort choice vectors E\e*. The collec-
tion {F(-|e)} is partially ordered under FOSD. Put € := (eq,...,en,er) and note
that F(-|e’') =rosp F(-|e),Ve € E\e*. That is, F(-|e') is (weakly) > pogp-maximal
in E\e*. Now consider the cdf’s F(-|e), F(-|e*). By FOSD these cdf’s are distinct
so that there is a least integer m (# |X|) such that F(z,,|e) > F(z,,|e*). Thus,
the system

(1—F(zn|€))R + F(z,le )Ry = A

(1 — F(zp|e")Ry + F(z,|e")Ry = B.
has a unique solution with R; < 0, Ry > 0 for any A > 0, B < 0. Choosing A, B
to be arbitrarily small, we can make R, Ry arbitrarily small. As u(-) is C?, the

quadruple (wf? wy, Ry, Ry), where wf'? := u=(ug + c(ey) + €), wo := u=*(up) and
Ry, Ry are sufficiently small, solves the following system:

1. IR: u(wfB) —cley) > ug
2. IC;: (1 — F(zp)e))u(w?™ + Ry) + F(z,]e)u(w’™ + Ry) > u(w!P)
3. ICy: (1 = F(zmle"))u(w?™® + Ry) + F(zy,|e*)u(w!® + Ry) < u(w'P).
By maximality of F'(-|e’), if this system holds with the given choice of Ry, Ry then:

(1 = F(zmle)u(w!® + Ry) + F(x,|e)u(w™ + Ry) > u(w!?P).

for any e € E\e*. The two IC’s are truth-telling conditions. IC} implies that agents
report shirking to the principal. IC5 ensures that it is not profitable to issue a false
report.

Step 2

Give agents labels 1,..,n and let r; ;41 (mod n) denote agent i’s report on agent i+ 1
(mod n). Require agents to make announcements sequentially. That is, i makes his
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report on i+ 1. Upon hearing this, i+ 1 reports on i+ 2, etc. Let ¢ > 0 and consider
the following wage contract (let w(7) = agent i’s wage):

wh?, if ri1=emn, Tii1 = en
w(i) = (wh® ﬂ,L Ri)l(osan) + (wh? + Ro)1l(z<am), ?f Tic1i = €H, Tiit1 7 €H
Wp — €, if Ti—1,i # €eH, Tii+1 = €EH
w, if ri_1i # em, Tiiv1 7 en.

Note that (i) choosing ey and reporting truthfully is an equilibrium, and (ii) there
is no equilibrium where collusion occurs on the equilibrium path. Let us verify (ii).
Fix a history where effort choice is less than first-best, and consider agent n. By ICy,
it is strictly dominant for him to report on agent 1. Thus, along any equilibrium
history where effort choice is less than first-best, agent n is always reporting on
agent 1. But then, along any such history it is a strict best-response for agent 1 to
report on agent 2, and thus for 2 to report on agent 3, and so on. Hence, along any
history where collective effort is less than first-best, everyone is reporting on each
other and nobody is earning higher than the reservation wage. O]

6.2 Omitted Proofs from Section 3

Proof of Proposition 2. All probabilities and expectations are conditional in the
forthcoming proof, although we will suppress the P notation. Hence, for a given
phase n, when we write P we mean P and when we write E,(-) we mean Ep(-).
Wlog assume that o > 0 is such that lim PP(%?) > «) = > 0. Towards a contra-
diction, assume that Vr € (0,1), P,(sup, |Frp,(x) — F(z|e*)| > r) — 0. We will now
compute the limit of Ep(%tﬁx“) in two different ways, obtaining two different

answers as a consequence of this assumption.

Method 1

Assuming that Vr € (0,1), P,(sup, |Frp, (x)—F(z|e*)| > r) — 0 we obtain, E,|Fr, (x)—
F(zle*)| < 2-P,(|Frp,(x) — F(x|e*)| > r) + r-P,(|Fr,(z) — F(z|e*)| < r) — r, Vo
Since this holds for all » € (0, 1), it follows that we may find ¢,, — 0 such that

= Gn < Ep(Fr, () — F(z]€7)) < Gu, Va. (4)

Relabel the per-period output variables, in phase n, so that X; denotes output in
period ¢ (notation for the work phase within which it occurs is suppressed). Let
X; ~ w; and let p*(-) denote the measure that corresponds to F(-|e*). Choose a
labeling of the support of output X := {xy,..,2;} such that x; < x;,;. Plugging
xr = xy into (4) gives:

< Ti Z {5 }i) — Flagle’) < ¢, (5)
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equivalently,

Ty
Flogle?) = G < e S l{Yims) < Flanle?) + G,
" i=1

This implies

F(xp]e”)— __Z Hi {x]}] 1) > Z pi(Thg1) < F(rpale’)+C— Z Hi {xj}j 1

Using the bounds from (5) we then obtain:
1 &
1 (1) — 26, < T Z pi(@r1) < pf(@hgr) + 26,
=1
We deduce that for each j:
i (zj)e; — 225G, < Z pi(zj)w; < p(xg)z; + 225G, (6)
In i=1

Now note that

T, l l T

Xi+Xo+..+X 1 «— 1 «—
E,( Lt 2;_ - Tn T Z pi(z;)z Z i (7)

n " oi=1 j=1 j=1 n =1

Let X ~ p*. Sum inequality (6) on j and apply equation (7) to obtain:

l l
Xy 4+ Xot o+ X
EX -3 22, < B(2LE 2; TR < px 46 Y 2

J=1 J=1

Since ¢, — 0 we obtain that Ep(%’:*xm) — EX (as n — o0).

Method 2

Let E = {ey,...,e,} be a labeling of the set of collective effort choice vectors.
Let X(e;) denote a r.v. with c.d.f. F(-|e;). Since e* is first-best we know that
EX(e*) > EX(e;),Vi # 1. Put EX' := max(ee-) EX(e;). Let E/ be the
r.v. that denotes effort choice in phase i, period j. For notational economy,
suppress the i-subscript and write E; for Ef . Note that the variable X, is dis-

tributed as X(e;) conditional on E; = e,. This allows us to write: E,X; =
P P(E; = en) S PX; = x|E; = en)rr. Put X(en) ~ fie,. Since
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P,(X; = z4|Ej = en) = He,,(xx) we obtain: EX; =" | P,(E; = e,)-EX(en).

Let €’ denote a realized value of E;. It follows that we may write

E,Xi+EXo+. . +E Xy, = Y Pye'. e’ .. eM)[EX(e")+ -+ EX(e™)].
(el,e?,...,eTn)

By hypothesis, Ja, 8 > 0 such that Pp(%%:") > «) > 5,Vn. If we define E(T),) to be

the number of periods in which collective effort choice is less then first-best, then
we have F(T,) > C(T,). Thus, {%ﬁ") > a} D {%1;") > a}. Note that, for each

realization (e!,...,e™), either {(e',...,e™)} C {E(T" > a} or {(e',...,eT")} N
{E(T” > a} = (. Let [oT,] denote the integer part of aT,,. Since P, ( ) > B
we have the following upper bound:

EXi1+E,Xo+ ..+ E,Xr, <((1-08)T,+ (T, — [oT,])) EX + BlaT,|EX'".
Thus,

Xi+Xo+..+X 1-8)T, T, — o7, T,
T, T, T,
1,
_ Sl hEX—EXq
1,
For large n the RHS is at least %O‘(EX — EX') > 0. This contradicts the limit
obtained by the first method. m

Remark: Note that the proof only requires the hypothesis that P,(E(T,)/T, >
a) > 3, where E(T,,) counts the number of periods in phase n where effort choice
is not first-best. Since C(T,,) C E(T,,), it is sufficient if the inequality is satisfied

for C(T,,). In the proof of Proposition 5 we will use a formulation of Proposition 2
with E(T,) in place of C(T,,).

Proof of Proposition 3. Since an (equilibrium) strategy and its rectified companion
(which is also an equilibrium) have the same C(T,,)/T,, distribution, we will assume
that all strategies are rectified. Furthermore, suppress the P(+) notation - keeping in
mind that all probabilities in question are conditional probabilities, where for each
work phase ¢ we condition on the set of histories that reach work phase i. Towards a
contradiction, assume that C(7,,)/T,, # 0 (in probability) and let  be the constant
given by Proposition 2. Put

Bi(r) := {sup, |[Fr,(z) — F(z|e")] = r}.
For h € B, (r) we have

"1
r < sup, | P, (v) — F(ale”)| <Y ~sup, |Fi, (v) = F(a]e")] (8)
i=1
Introduce the following r.v’s,
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o M,(h) = |{i:sup,|Fir,(z) — F(z]e")] =},
o C,,:={h: M,(h) >2}.

Thus, M, (h) counts the number of (sub)phases within the ith work phase in which
the margin of error is surpassed (along history h) and C,,(h) is the set of histories
for which this happens at least twice. By inequality (8), IN(r) >> 0 such that
Vn > N(r), M,(h) > 2 whenever h € B, (r). This implies B, (r) C C,, ¥Yn > N(r).
We claim that P,(C,) — 0. Define {h™¥(W} to be the set of histories that agree
with h up through the first failure time along h, N, (h)t,, and note that the sets
{pNe(MtnY are disjoint sets of histories. Put

C, = Uy (B P} 0 C,).
Observe that
P,(C,) = Z Py(Cyy () {RN2 )y |y Ne)t). P (N (Bt )y,
Note that
Py(Co[ AN Mt) = Py ({3i > Ny (h) s.t. sup, | Fir, () — F(z]e*)] > y,} | AN "tn),

Since p is rectified (wlog - as this doesn’t change the P, distribution of C(T},)/T,,), for
histories following h™¥»("* the output process in every period follows the law F'(-|e*).
Let P(-) denote the product measure on the sample space HE; X — generated by
t, i.i.d draws from the distribution F'(-|e*). By Chebyshev’s inequality, we have

:en

P(sup, |Fy, (x) — F(z|e")] = m) < o

n

where K = [-max, Var(1(x<,)) (and [ is the cardinality of the range of output). Now
define

%

)1 iff sup,|Fig, (7) — F(z|e*)| > vy,
0 else.

This gives:

P,({sup, |Fir, (v)—F(x|e")| > v, i > Nyp(h)}] hN"(h)t") < P(Y; =1 for some i, 1 <7 <n).

Note that {Y;}?, are i.i.d and P(Y; = 1) < ¢,, by the Chebyshev bound. The fact
that ne, — 0 then implies,

P,(C,) = Z P,(Cn {hNn(h)tn}|hNn(h)tn>_Pp<hNn(h)tn)
Z P(Y; =1 for some i, 1 <i< n).Pp(hNn(h)tn)
< nep Yy B(h ) < ne, — 0.

IN

This contradicts that B,(r) C C,,¥n > N(r) and lim,, P,(B,(r)) > 0, by Proposi-
tion 2. u
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6.3 Omitted Proofs from Section 4

Proposition 6. There is a metricd : H* x H* — R, such that, under this metric,
the space (H*,d) is compact and the open balls under this metric are exactly the
cylinder sets of histories in H*.

Proof. Let H® denote the set of histories in work phase i. Choose an embedding x; :
H? < (0,1]. In order to make open balls coincide with cylinder sets I will need the
maps k; to have specific properties, but for the moment this will be left unspecified.
Also define x;(@) = 0. Now for any history h € H* write h = (h',h? .. K%, ...),
where h' € H®. This is excepting the possibility that punishment is incurred along
h prior to phase i. When this happens we have h™ = 0,Vn > i. Let x(h) :=
(k1(hY), ka(R?), ..., ki(hY),...). Define a metric d(-,-) on H* via the formula:

dlh ) = 3 avlii(b) = wil (1))

for constants a; € (0, 1) soon to be specified. For the compactness argument we just
need the assumption that the sequence {a;} is summable. Let us first check that
this makes (H*,d) a compact metric space. Let z,, denote any infinite sequence of
elements of H*. For a fixed infinite history, z,,, the term z¢, denotes the component
of the history in phase i. I will find a convergent subsequence of {x,} by repeated
application of the ‘pigeonhole principle’. Notice that H*, the set of possible phase 1
histories is finite. Since {z,} is an infinite sequence (else, we are done), there must
be some phase 1 history, h! such that h! = 2 for infinitely many n. More precisely,
there must be infinitely many distinct infinite histories, z,, that share the same
phase 1 component h'. Pass to this subsequence and, to avoid an infinite regress of
subscripts, let us abuse notation and denote this subsequence as {z,(1)}.

Now repeat the preceding argument. There are finitely many phase 2 histories
comprising H2. Hence, there is some h? such that infinitely many elements of the
sequence {r,(1)} share the phase 2 history h?. Note that since all elements of
{z,(1)} are distinct, it cannot be the case that play terminates after h% i.e. that
punishment is incurred along history h?. Select the subsequence of x,(1) corre-
sponding to those elements which share the same h?, and denote this subsequence
as {z,(1,2)}. Inductively proceed to define, for each i, a nested collection of subse-
quences {z,(1,2,...,7)}. Define an element of H*, z,, via the formula:

rt=2"(1,2,...,1)

That is, the phase ¢ component of the infinite history z, agrees with the phase ¢
component of any element of the subsequence {z,(1,2,...,4)}, say h*. Now choose
a subsequence of the original {z,} converging to z, as follows. Let y; = z,, de-
note any element from the set {z,(1)}. Let y, = x,, denote any element from the
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set {z,(1,2)} with subscript larger than n;. Inductively proceed and let {y,} be
the corresponding subsequence of {z,}. Notice that vy, — x, under d(-,-). Hence,
(H*,d) is sequentially compact (and thus, compact).

To conclude I need to verify that the x;, a; can be selected such that the topology
generated by the d-open balls is exactly the one generated by cylinder sets in H*. To
this end, we inductively select constants a; and maps k;. For i = 1, let N} = |H!|

(the cardinality of H') and let hy,.. ., hjy, be an enumeration of elements of H'. Put
k1(h}) := 1/i and choose any summable sequence {al} with ol € (0,1) and such
that

For i = 2, put N, = |H?| and analogously define x5. Choose a summable sequence
a? with the property that (i) a2 < al,Vn and

At stage i = I, put Ny = |H'| and define x as before. Choose a summable sequence
{al} with the property that o < ol ¥n and such that

[ o0
oy I
NN+ 1) 2. o

n=I+1

Put «,, := o and let d(-,) be the metric defined by the datum ({«;}, x;). For any
history h let {(h',...,h™")} C H* denote the cylinder set of histories which coincide
with h up through phase n. I claim that for each n there is some ¢, such that

B, (h) = {(h',...,h™)}. Since

Qp
L m
N.(N, + 1) > @

m>n+1

choose o
weld o T

n

and note that B, (h) = {(h',...,h")}. Furthermore, note that as we refine the
cylinder sets by taking narrower cylinders, i.e. increasing n in {(h!,...,h")}, then
we can select a strictly decreasing sequence {¢,} such that B, (h) = {(h',...,h")}.

Using this fact, we can now show an equivalence of topologies. Let U; be an open
set under the cylinder set topology and take h € U;. Since U; is open and cylinder
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sets form a base for the topology, there is some {(h!, ..., h")} C U,. By the preceding
paragraph, B, (h) C U;. Conversely, let Uy be an open set under the d-metric and
let h € Us. By d-openness there is some ¢ > 0 such that B.(h) C Us. Find ¢, from
the preceding paragraph such that €, < € and note that {(h',...,h")} C B, (h) C
Be(h). Tt follows that the topologies coincide. O

Remark: Note that measures on H* induced by SPNE have domain the Borel
o-algebra generated by cylinder sets of histories. Since (by Proposition 6) this gen-
erating set coincides with the open sets under the constructed metric d(-, ) and the
space (H*,d) is compact under this metric, Prohorov’s Theorem (Ch.12, Kallenberg
(2002)) can be applied — so that sequences of measures on the space (H*, B(H"))
(where B(-) denotes the Borel o-algebra generated by cylinders) possess convergent
subsequences.

Proof of Proposition 4. Proceed via contradiction. Fix an € and find a sequence of
SPNE p; € ¥(0;) and associated work phases n; such that

C(Tn,)

ng

lim P, (

>¢€)>0.

Note that we may wlog take each p; to be a rectified profile and this doesn’t change
the P, -distribution of C(T},,)/Ty,. Now let N = U;{n;_1+1,...,n;} be the partition
of N induced by the sequence {n;} and, putting H? equal to the space of phase j
histories, define measures P; on H’ as follows. Put

Let P, := ®], P,. Abusing notation let H* now denote the product space H* =
H?‘;l HY. The following observation is a straightforward application of Kolmogorov’s
extension theorem (see Ch.6, Kallenberg (2002)).

Observation 1. There is a probability space (H*, F*, P,), with o-field F* C 21
and p.m. P, that uniquely extends P, to H*.

Proof of Observation 1. For each j identify each H? with a discrete subset of [j, j+1)
(vielding an embedding x : H* < RY) with corresponding discrete measure P,
where from (%) we have j € {n;_1 +1,...,n;}. For brevity, denote the measure as
Pp](j). Thus, we obtain a sequence of measures P, = ®}_, Pg(j) (resp. on (R", R"),
where R" is the Borel o-algebra on R"™). Moreover, note that the sequence is consis-
tent, i.e. Pi1(AXR) = P,(A), forany A € R" of the form A = (A, .., 4,), A; € R.
By Kolmogorov’s Extension Theorem, there is an (unique) extension of the P,, call
it py, to (RN, RN). Now we can define the infinite product measure. For the domain
of the measure we take

F* =k Y(RN):={ACH*":3B € RN st. A=r"(B)}
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and for A € F* we define
P.(A) = u.(B)

where B is any element of RN such that k~1(B) = A. The key is to check that this
gives a well-defined function. Let Bj, By € RN be s.t. A = k7 1(By) = £ 1(Ba).
Note that we have

e x(H*) is RN-measurable (as it is a countable intersection of sets which are
each finite unions of Gs’s in RN).

o 1.(k(H*)) =1 (by the extension property and continuity of z.(-)).
Also note that By N k(H*) = k(A) = Ba N k(H*). It follows that

(By) = (B NV R(H")) = i (5(A)) = p(Ba N R(H*)) = j1.(By)

so that P, is well-defined. For countable additivity let A; € F* be disjoint, and
choose any B; such that k~!(B;) = A;. Put B := Bi\(U;;ll B;) and note that
since the A; are disjoint, k= 1(B;) = A;. It follows that P.(U; 4;) = p.(U; Bf) =

Zi p(B;) = Zz P.(A;). u

Now apply Proposition 2 and Proposition 3 to the composite measure P,. Note
that, by construction, we have lim P,(C(T,)/T, > €) > 0. Hence, 3r > 0 such
that lim P, (sup, |Fr, (v) — F(z|e*)] > r) > 0. Now note that the only input of
equilibrium in Proposition 3 was to be able to claim that the profiles generating
the conditional measures P,(-) on H™ were rectified. Rectification implies the r.v’s
|Fr, () — F(x|e*)| cannot be bounded above some fixed r with probability bounded
away from zero — as Type I error probabilities vanish. Hence, we have a contradic-
tion, implying that there could not have been a sequence of alleged counterexample
SPNE p; € %(6;) with P,,(C(T,,,)/T,, > €) /0. It follows that, given ¢ > 0,8 > 0,
there is some integer N (e, ) such that ¥n > N(e, §) we have

C(Tn)
Tn

]_Dp( >e€) < f3

where the bound holds for all p € ¥(J) and for all § € [0,1). O

Proof of Proposition 5. We use the result of Step 1 from the lower bound argument.
That shows that for any C € ® we have (for participation fee set equal to t :=
brp — €2):

lim > —€
i $p,, = OrB — €2

where ps € ¥(0). Use the following equivalent formulation of Proposition 2.



Claim 1 (Proposition 2 — Equivalent Formulation). Fiz «a, 3 > 0. Then, there
are numbers f(a, B, P),g(c, 5, P) such that, for any sequence of measures {P,}
on H™ whenever lim,, Pn(%i") > a) > 3, then lim, P,(sup, |Fr, (z) — F(z|e*)| >

fla,B,®)) = g(a, 5, D).

Proof of Claim. Clearly, the claim implies Proposition 2. We check the converse via
contradiction. Assume Proposition 2 (actually, we will invoke the proof of Propo-
sition 2 — see remarks after the proof of Proposition 2) and — via contradiction —
find a sequence of pairs (f;, g;) decreasing to (0,0), (i.e. fir1 < fi,g9is1 < gi) such
that for each (fi,g;) there is a measure P,, on H™ (n; is an increasing sequence)
such that (i) Py, (25 > a) > 8, and (ii) P,,(sup, | Fr,, () — F(zle)] > f;) < g.
But now consider the sequence of measures {P,,} viewed as conditionals on H™
the latter as a slice of the product space [[, H™. Apply Proposition 2 to obtain a
pair f*, ¢g* > 0 such that lim; P, (sup, \Fr, (z) — F(z]e*)| > f*) > g*. However, for
all large ¢ we have f; < f*,g; < g*. Put together this yields:

9i < g" < By (sup, |Fr, ()= F(z]e")| = f*) < Py, (sup, | Fr, (2)—F(z]e’)| = fi) < gi

which is a contradiction. Hence, there could have been no such counterexample
sequence (fi, gi, Pn,), implying the result of the claim. ]

Returning to the proof of the current Proposition, note that (for fixed (e, ¢’)) the
constants f(e, €', @), g(e, €, ®) do not change if we change the contract to any Cy € ®.
In other words, it does not matter where in the sequence f(n) = n® we start our
review contract. For a fixed pair (¢, €) the same tail constants (f(e, €, @), g(e, €/, D))
apply. Hence, choose N large enough and €5 small enough so that (note: for Cy we
have ¢pp > [[,>y (1 — €,), where ¢, is the Chebyshev upper bound on a Type I
error) -

(x) opp — €2 > 1 —g(e, €, D).
Consider the associated contract Cy (with fee ¢t = ¢pp — €3). I claim that there
is an index I(e,€') and a threshold d. such that for all i > I(e, ¢') and all SPNE
p € 3(6),Y0 > 6. we have

!/

E(T) >e€) < €.

P~

Else, find a counterexample sequence of equilibria ps,, where ¢; is increasing to unity,
and with associated (conditional) measures F,, := P, on H" (n; increasing in )
such that

By the preceding claim we must have,

lim; P, (sup, |, (x) — F(x|e”)| > f(e, €, @) > gle, €, ).

%
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Note that, for all large 7, this gives a bound on the probability that play enters phase
n; + 1, i.e. qb?ggl < 1—yg(e,€,®). By passing to a convergent subsequence of {F,; }
if necessary, we know that the limit measure P has the property that ¢p > ¢pp — €.
Assembling these implications, we obtain:

® dp, — dp
. 551 <1 gled,)
* ¢p, < qﬁ’]{s_ﬂ (as, for any fixed p, the sequence ¢p, + ép,).

The second and third points above yield, ¢p, <1 — g(e, €, ®). Now take limits on
the LHS to obtain:

¢rp — €2 < ¢p =lim ¢p, < 1—g(c, ¢, ).

This contradicts inequality (). Hence, there is no such sequence of counterexamples,
concluding the proof of the Proposition. m

Proof of Corollary 1. Let K denote the maximal payoff from the stage game. The
idea is to find, for each §, a punishment length L(J) satisfying three inequalities.
The first inequality is
(SL(5) K
I): <€
D 57— <¢

for some appropriately small € to be specified. For the second inequality, let —K;
denote the maximal (expected) stage game loss for the principal (i.e. lowest expected
output plus insurance payments). Choose L(d) such that

5L(5)K1
(1) : 1=90)

~

< €1

for some €; to be specified. For the third inequality on L(J) let é; denote the expected
value of the bonus payment from reporting in a given period. We need L(J) long
enough so that

SFOK
(1-9)

This ensures that under C(d) collusion stops once it becomes known that the KS test
registers failure. Let ¢ be fixed as in the Corollary and let C. denote the contract
produced by Theorem 1, with participation fee ¢¢.. Now choose € and a participation
fee, t¢(s), such that the following two inequalities are satisfied. First:

(I11) :

< €

(IV) . tce S tc((;) - é(l - 5)
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The inequality says that tc(s) is to be chosen so that the difference between the
participation fees t¢, and t¢(s), viewed forward from a period where the KS statistic
has fallen into the rejection region, is at most the maximal (normalized discounted)
continuation payoff. Also select t¢(s) to satisfy:

(V) Dle, < tc(g) — él(l — (S)

Note that the principal’s expected loss, viewed forward from a period where the KS
statistic has fallen into the rejection region, is at most €;. Hence, if we reduce the
participation fee to t¢, , his expected (normalized discounted) payoff (viewed from
such a period on) is lower than in the equilibrium with the contract C(9).

Consider the class of contracts, C(J), where the KS statistic and stage parame-
ters (e.g. Ry, Ro, etc.) are the same as in C.. Punishment lengths equal L(J) (chosen
to satisfy the above inequalities I-I1IT) and the per-period participation fee is some
te(s) that satisfies the above inequalities (IV-V). I claim that this collection {C(d)}
satisfies the Corollary. We check this by reducing the argument to the result of The-
orem 1. Let us treat the upper bound on agents’ payoffs. Let ps, be the sequence of
SPNE in 3(é,) and for each ps, consider the associated strategy, call it ps, , in the
game induced by contract C.. The associated strategy profile ps  just mimics ps,
along histories along which the null hypothesis is never rejected. Along histories in
which the null hypothesis is rejected, the p strategy mimics p until the conclusion of
the current review phase. From that point on, there is nothing to mimic since the
punishment length is infinite under the contract C..

Note that by choice of the participation fee t¢(5) and the lengths L(6) we ob-
tain that payoffs to agents under C. are weaker highly under the profile ps, than
under the contract C(6) when the profile ps, is played. Importantly, the partici-
pation constraint holds for the game induced by the contract C. (under the profile
ps, ). Also note that the profile ps, inherits the property that collusion stops once
the null hypothesis is rejected (moreover, it is an SPNE if ps, is pure — although
we do not need this), hence the arguments of Theorem 1 apply to this modified
profile, as the only place where we use the hypothesis of equilibrium is to claim
(i) participation holds and (ii) that collusion stops once the null is failed. Finally,
observe that the probability measures P, live on the product space [, H*. Adjust
continuation probabilities as follows: include ) in the space of continuation histories
and whenever punishment is incurred place all mass of the continuation probability
on (). Now extend to H* — arguing as in Observation 1 — to obtain a measure P;,
on the histories induced by C.. We apply the result of Theorem 1 to the sequence
(s> Pss, ). Payoffs to agents from this sequence approach the first-best payoff. Since
payoffs under p are higher than under p, the upper bound on agents’ payoffs follows.
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Now for the principal’s payoff. Let ps, , ps, be as above, the latter with associated
measures P,; . Note that by choice of the participation fees (and since the participa-
tion constraint is satisfied under ps, ) and punishment lengths L(6), the principal’s
payoff in the contract C. under the profile ps, is lower than in the game induced by
contract C(0).'"" Now apply the result of Theorem 1 to the pair (ps,, Pp; ). Since par-
ticipation holds under this sequence of profiles, the principal’s payoff approaches the
first-best benchmark. Since payoffs under the contracts C(9) (under the equilibria
ps, ) are higher, the lower bound follows. O

6.4 Omitted Details from Proof of Theorem 1

We now turn to details regarding passage from discounted sums to time average
sums, which was one of the steps we omitted from the proof of Theorem 1 given in
the text. Define the following two payoff sequences %, (resp. u?): (when k = 1 the
sum below is, by fiat, zero)

1, ifte (X5 T X0, Tk < I(e€)
=11, ifte (X T, T+ eTi], k> I(e,€)
0 ifte (XN Ti+eT, S0, Ti) k> I(e,€).

For @) just multiply each case by (1 — §)§. This is the “optimistic stream” of
expected payoffs mentioned in the text. Let Ebul denote the sum of the expected
values of payoffs summed over times during the i-th work phase. We have:

[ mdr, = Enui= 3 Bl
* t=1 i

The above equality involves an interchange of integral with a summation, which can
be justified as follows: truncate the normalized discounted payoff at some large 7.
The interchange of sum and integral is obviously justified for the truncation. Now
take arbitrarily large truncations to obtain equality. Now we use the reasoning from
equation (1) to bound the terms E}% ul for i > I(e,€'), (let O(i) denote the times ¢

that cover review phase )
E}péuf < @1 —¢€) Z W+ o' Z 12
teO(i) teO (i)

where ¢ denotes the probability of reaching this phase (we suppress the dependence
on the underlying measure P,, as we will be using a trivial bound on ¢’ that applies

16Note that the inequalities defining L(d),tc(s) imply that the reduction in the participation
fee (which itself can be made arbitrarily small) outweighs the maximal potential (normalized,
discounted) loss to the principal from restarting the review phases after a punishment of length

L(6).
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regardless of the measure), and finally put 19 := (1—4)d*-1, where 1 is the normalized
stage payoff from collusion. Summing over phases ¢ we obtain,

/ u’(h)dP,, = Z Ep,. ul = Z Eppéuf
§2215+ >, #l0- Zut+621

i=1 teO(i i>1(e,e)+1 teO(i

Use the trivial bound ¢* < 1 to obtain

/u‘s(h)de5§el+(1—e’)~ > Zut+e’

i>1(e,e)+1 t€O(

where €' is the bound on the sum over phases up until (e, ¢'). By choosing § large
we can make €' as small as we like (since I(e,€') is independent of § for all large
9). Similarly, by choosing €, € to be small at the outset we can make the final term
above as small as we like.!” Hence, to show that the limiting value as § tends to
unity is close to 0 it suffices to check that

Yy w-y

i teO(i)
can be made (by making €, ¢ small) arbitrarily close to 0 as § gets large.

Observation 2. Let uf(h) denote the (normalized) discounted time t payoﬁ for the
agent. Then, we have (up to the €', ¢ terms): lim [, ul(h) dPs < limy £ S T

Proof. We have already verified that (up to the €, ¢! terms, which we ignore here)

lim [,,. ul(h)dP,; <3, . Hence, it suffices to check that 3, @ = limy & >°1_, .
In the text we computed the limit of this latter term along a subsequence of times of

the form 7' = ). T; and found that it could be pushed arbitrarily close to 0. We now

check that taking any other sequence of times we obtain the same limit. By Abel’s

Theorem (Radner (1985), pg. 1175) this proves that limsy Y-, @ = limy 7 S T

To prove the latter limit exists, take any 7" and put T'(k) = Zle T;. Find k such

that T'(k) < T < T(k + 1). Notice that we have

I

——
1< R T
t=1 t=1 t=T(k)+1

———
II

17This may require a larger I(e, ¢’), but once this is done we then take limits on § — hence making
the first and third terms as small as we like.
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We check that, by the selection of sample sizes T}, term II tends to 0 as T is large.
Recall that we selected T}, := k°. Notice that

t=T(k)+1

Now use the fact that the function n — f(n) = n® is convex and increasing. Using
right-endpoint Riemann sums (with rectangles of partition length 1 and of height

f(), f(2),..., f(k)) we obtain

k k
1
T(k)+1:ZTi+12/O x5dx+1:6k6+1.

i=1
Since Ty11 = (k + 1)° we clearly obtain
Tt
T(k)+1
as k — oco. Similar reasoning applies to show that

T(k)
T !

as k — o0o. Hence, term I determines the limit and, itself, limits to the average along
the subsequence T'(k). Since we verified in the text that this term can be made as
small as we like the claim follows. m

— 0

Now for the principal’s payoff. Let w?(h) denote the (normalized discounted)
principal’s payoff at time ¢ along history h. We have:

/ * w'(h) dPy = Ep,w) = Y Ep, w] (9)
t

i teO(i)

where Epw? is the expected time-t discounted payoff (we are interchanging sum and
integral as before). The term Zte@(i) Epw? denotes the discounted expected value
of output summed over the i-th work phase. To find a lower bound on this sum,
we find a stream of (expected) per-period payoffs that (i) yields a lower bound, (ii)
possesses a time average, and (iii) has limiting time-average arbitrarily close to the
first-best principal’s payoff. Let w* denote the (aggregate) insurance wage and let
EX*, EX, (resp.) denote the expected value of output conditional on the first-best
effort choice and the lowest collective effort choice. Define a stream of (expected)
payoffs, call it w? (abusing notation), as follows:

EX, —w' ifte (X T30 Tk < I(e€)
W =3 EX, —w*  if (O T, T e k> I(e, €)
EX* —w*  if (N8 T+ €Ty, S8 Tk > I (e, €).
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Ignore integer issues in the above definition (and in the previous). To obtain w?

pre-multiply by (1 — )" — this is the “pessimistic stream” of (expected) payoffs.
Put w, := EX, —w* in every period ¢ and similarly define w?. Let X; denote output
in period t and X? denote the normalized discounted quantity. Notice that

Ep(Xi+Xo+-+X7) = Y [E(X(e')+EX(e*)+---+EX(e")]P(e,....e").

*) S EpXi= Y GhEX(e)+EX (&) +EX (&™) Plel, e, ).
teO(k) (el

.....

Using Proposition 5, for k > I(¢,€') we have
P(E(Ty)/T, > ¢€) < €.

We apply the pessimistic streams to (%) to bound (from below) the terms [EX?(e!)+
EX%(e?) + .-+ EX%(e™)] on the set {E(T})/Ty, > €}. Using this bound and the
fact that, Epw? > Ep(X? — (1 — §)dtw*), we obtain:

ZEppthZEpp (X7 = (1= 0)d'w") > ¢}, [(1—¢) Zwt+62wt

teO (k) teO(k teO(k) teO(k

- —qﬁppg 3wl

teO (k)

Now sum over all phases k to obtain, using equation (9): (ignore the contribution
k < I(e, €') which vanishes for large 0)

/* >Z¢P (1=¢) Y i +e D w]—(1—gp,)w" (10)

teO(k) teO(k)

The forthcoming observation verifies that this sum has a long-run time average, and
that it can be made (by choice of €, €') arbitrarily close to the first-best output value.
The argument is nearly identical to the proof for Observation 2, hence is omitted.
As before, the point is that the sequence of sample sizes that defines the reviews is
(i) increasing, (ii) convex (i.e. f(z) is convex), and (iii) slowly varying.'®

Observation 3. Put w’ = (1 — €)Y, w! + € >, w? and let w" = 1- S,
where wy := (1 — € )@t + €w, and w; (resp. w,) is the undiscounted time t payoff
corresponding to w? (resp. w?). Then,

(#) limgp @° = limy oo @ = (1 — €)[(1 — )TIFP 4 elI] + €10

18Say that f(z) is slowly varying if Vt, f(z)/f(z +t) — 1 as z — oco.
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Clearly, the term on the RHS of () approaches 117 as we make ¢, ¢ small.
To conclude notice that (i) the terms ¢% are decreasing for any measure P and (ii)
d)’}& — ¢%. Since ¢p is bounded below by a quantity that can be made close to unity
(by selection of the participation fees), we obtain that there is some é (chosen to
be as small as we like at the contract design stage) such that ¢% > (1 — ¢€),VP, Vk.
Hence, we obtain from equation (10):

limgpq / w’(h) dP,, > (1 — é)-limgy @° — éw*,

Using Observation 3, we obtain a lower bound on the principal’s payoff that is
approximately first-best.
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