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Abstract

The two-pass (TP) cross-sectional regression method has been widely used to evaluate linear
factor pricing models. This paper examines the finite-sample properties of this method when asset
returns are conditionally heteroskedastic and/or autocorrelated. Using minimum distance
estimation, we derive heteroskedasticity-and/or-autocorrelation-robust model specification test
statistics and asymptotic variances of the TP risk premium estimates. We also derive optimal GLS
estimators that are asymptotically more efficient than other two-pass estimators. Also, several
findings are obtained from our simulation exercises. First, conditional heteroskedasticity and
autocorrelation in the idiosyncratic errors alone do not produce large biases in the TP estimators.
Second, use of the t-tests from TP estimators based on OLS as Shanken (1985) and OLS with our
proposed heteroskedasticity correction is recommended. Third, the use of our optimal model
specification test robust to heteroskedasticity is recommended for the cases in which the errors are
heteroskedastic but not autocorrelated, especially when a large number of portfolios are analyzed.
Forth, all model specification tests are generally unreliable when the idiosyncratic errors are
autocorrelated.
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1. Introduction

The two-pass cross-sectional regression method, first used by Black, Jensen and Scholes (1972)
and Fama and MacBeth (1973), has been widely used to analyze linear factor pricing models,
including the capital asset pricing model (CAPM), arbitrage pricing theory (APT) and their
variants.' In the two-pass (TP) estimation, asset betas are first estimated by time-series OLS
regression of the asset’s return on a set of common factors, and then, factor risk prices are
estimated by cross-sectional OLS or GLS regressions of mean returns on betas. This methodology
is simple and provides several convenient ways to test a given asset pricing model. Fama and
Macbeth (1973) provide a convenient way to compute the standard errors of the TP estimators.

However, the simple Fama-MacBeth (FM) method suffers from the well-known
errors-in-variables (EIV) problem. That is, because estimated betas are used in place of true betas
in the second stage cross-sectional regression, the second-stage regression estimates in the
Fama-MacBeth method do not have the usual OLS or GLS properties. Shanken (1992) suggests a
correction for EIV on the TP estimators under the restrictive assumptions of no conditional
heteroskedasticity and no conditional autocorrelation in asset returns (conditional on factors).

Some papers have proposed alternative estimation methods that are robust to conditional
heteroskedasticity and/or autocorrelation. For example, Kim (1995) and Ferson and Harvey
(1999) consider cases of conditional heteroskedasticity, but only of particular structures that are
often disputed in empirical studies. Jagannathan and Wang (1998a) provide a general form for the
correct asymptotic variance matrix of the two-pass estimator, allowing for both conditional
heteroskedasticity and autocorrelation. Cochrane (2005) also proposes alternative estimators for
the asymptotic variance matrices of the TP estimators based on the generalized method of
moments (GMM) of Hansen (1982). However, these studies do not provide empirical evidence for
the importance of controlling conditional heteroskedasticity or/and autocorrelation in the two-pass
regression.

The main goal of this paper is two-fold. Our first contribution is theoretical, since
extending Shanken’s results (1985, 1992), we identify the optimal TP estimators for the models
with conditionally heteroskedastic (GLS-TP2) and/or autocorrelated idiosyncratic errors

(GLS-TPI1). The optimal estimators have the form of GLS . We also derive the asymptotic

! See Campbell, Lo and MacKinlay (1997) for a summary of the major models and research in this
area since the original works in the 1970s.



variances of the TP risk premium estimates. In addition, we develop two alternative model
specification test. One robust to heteroskedasticity (Qrp2) and other robust to both
heteroskedasticity and autocorrelation (Qrp;).

Second, we investigate the finite-sample properties of the TP estimators and the model

specification tests. Though some previous work has investigated finite-sample properties of TP
estimators, our study is able to isolate the pure effect of heteroskedastic and/or autocorrelated
errors on the TP estimation. This is important since several other studies had found that the
finite-sample properties of the TP estimation can be distorted even in the case of i.i.d errors. For
example Kan and Zhang (1999) investigate the finite-sample properties of the TP estimators when
the factors are uncorrelated with returns. They refer to these factors as “useless” factors. Also, .
Ahn, Gadarowski and Perez (2009) find that even if a model has i.i.d. errors, the finite-sample
properties of the TP estimators crucially depend on the structure of the beta matrix and the
persistency level of the factors. They conclude that TP estimation can lead to biased statistical
inferences when betas have small cross-section variations, and they are highly correlated. Also
that persistent factors can distort the finite-sample properties of the TP estimators.
Other studies include Grauser and Janmaat (2005) who investigate the finite-sample power
property of a TP-based test for CAPM under the three factor model of Fama and French (1993),
and Chen and Kan (2004) consider the finite-sample biases in TP point estimators and their
asymptotic standard errors. Both of these studies are limited to the cases in which returns and
factors are independently and identically distributed over time, whereas our simulation exercises
cover more realistic cases.

The main results of our simulation experiments are as follows. First, conditional
heteroskedasticity and autocorrelation in the idiosyncratic errors alone do not produce large biases
in the TP estimators. Second, the #-tests from TP based on OLS estimators (nonoptimal) are in
general better sized than those from optimal GLS estimators. Use of the #-tests from TP estimators
based on OLS as Shanken (1985) and OLS with heteroskedasticity correction (OLS-TP2) is
generally recommended. Third, the use of our optimal model specification test that controls for
heteroskedasticity (Qrp;) is recommended for the cases in which the errors are heteroskedastic but
not autocorrelated, especially when a large number of portfolios are analyzed. Forth, all model
specification tests are generally unreliable when the idiosyncratic errors are autocorrelated. The
proposed heteroskedasticity and autocorrelation robust test (Qrp;) performs the best when the

number of portfolios is small, but the size distortions are not corrected even in this case.
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This paper is organized as follows. In section 2, we briefly discuss the basic asset pricing
model of our interest and data generating assumptions. Section 3 presents the asymptotic
distributions of the TP estimators, and model specification tests. Section 4 explains our simulation

setup, while section 5 reports the simulation results. Concluding remarks follow in section 6.

2. Basic Model and Assumptions

The basic model we consider is a multifactor model in which return data are generated by k

common factors:

r,=a+Bf +€,=Az, +¢€,, (1)
where 1, = (1,,1,,...1y,) » @=(0,0,,....a,)" , B=(f,...0,), A=(@,B), z, =1 f), €, =
(8“,82[,...,8Nt), , 1, 1s the gross return of asset i (= 1,2,...,N )attimet (= 1,....,T), f, =(fis, ..., fir)'
is the vector of k factors at time #, ¢ is the asset-specific intercept term, [, is the vector of k betas
of asset i corresponding to f;, and &, is the idiosyncratic error for asset i at time ¢ with zero mean.’

The factors in f; are strictly exogenous to the error terms; that is, E(z,, ® £,) =0 for all s

(k+1)NxI
and 7. The number of time-series observations (7) is large, while the number of assets analyzed (V)
is relatively small, and then asymptotics apply as T approaches infinity. That is, this paper
considers only the JT -consistency of the TP estimator.’

The error vector €, could be heteroskedastic or autocorrelated over time. Chan and Chen
(1988) and Jagannathan and Wang (1996) have shown that under some assumptions, conditional
CAPM can imply unconditional CAPM or unconditional multi-factor models. These studies,
however, suggest models with time-varying betas and risk premia. If we view the factor model (1)
as a linear approximation of such models, the error term &, is likely to be autocorrelated.

The usual restriction imposed on (1) by linear asset pricing models is given by:

Ho:E(r-t)le%;‘i‘B?/fEX}/’ ()

where X =[1,,B], y=(,, 7_; ), 1, isthe N x1 vectors of ones, ¥, is an unknown constant (e.g.,

’If a risk-free asset yielding return r, is available, r, may denote excess return (7, —r,).

3For the conditions for /N -consistency of the two-pass estimator, see Shanken (1992).
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zero-beta return), and ¥, is the kX1 vector of factor risk prices. The traditional two-pass (TP)

approach estimates the vector y by regressing 7 =7 'Y’ r, and X =[1,,B] with an arbitrary

positive-definite (and asymptotically nonstochastic) weighting matrix A, where B is the OLS
estimator of B:

Piv = Foars Vn) = (XAX) XAT . (3)
There are many possible choices for A. If we choose A = Iy, then the two-pass estimator .,
becomes an OLS estimator. In contrast, with the choice of A=[Var(e,)]”", the inversed

unconditional variance matrix of the £, the two-pass estimator §,, becomes the GLS estimator
considered by Shanken (1992) and Kandel and Stambaugh (1995).

A problem of the TP estimator (3) is that it uses the estimated beta matrix, B, because the
true beta matrix, B, is not observed. This generates the well-known EIV problem. Shanken
(1992) shows that despite this problem, the TP estimator is consistent and asymptotically normal.
Further, under the assumption that the &, are independently and identically distributed (i.i.d.) over
time, he provides the correct asymptotic variance matrix of the TP estimator explicitly
incorporating the sampling errors generated by the use of the estimated beta. A more general
variance matrix can be found in Jagannathan and Wang (1998a).

An alternative method often used in the literature to avoid the EIV problem is maximum
likelihood estimation. Work in this area includes Gibbons (1982), Kandel (1984), Shanken (1986),
Gibbons, Ross and Shanken (1989), and Zhou (1998). This method assumes that asset returns are
normally distributed and homoskedastic conditional on given factors. Under these assumptions,
asset betas and factor risk premiums are jointly estimated. In particular, the maximum likelihood
estimation (MLE) approach focuses on an alternative null hypothesis,

H® :a=A1,+BA = XA, 4)
where 4 = (lo,/i_; ), & is the vector of individual intercept terms in the first-pass model (1), and
A, is aunknown k x 1 vector. In fact, this hypothesis is equivalent to H, in (2), because 4, =7,
and A, + E(f,)=7, (Campbell, Lo and MacKinlay, 1997, p. 227). Note that given the

specification (4), the vector of risk prices, y,, is decomposed into the population mean of the

factor vector, E(f,), and the lambda component, lf =y, — E(f,). This lambda component can
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be interpreted as the vector of factor-mean adjusted risk prices (Zhou, 1998). The MLE method

jointly estimates B, 4,, and A, , and tests the hypothesis H, by a standard likelihood ratio (LR)

test. Then the vector of risk prices, 7, , is estimated by the sum of the estimated A, and the sample

T

mean of the factor vector, f =T 'E", f.. This MLE procedure is efficient under the assumption

that the returns and factors are jointly normal.

We can also estimate A by regressing the OLS estimate of & (&) on X :

Ay = Ay A ) = (XAX) ' X A (5)
It is straightforward to show:
j}t),TP = ﬂ’o,TP 5 j}f,TP = ﬂ’f,TP + ]? (6)

Thus, we can compute the asymptotic variance of J,, using the asymptotic variance matrices of
/@P and f.
In order to derive the asymptotic variance matrices of the TP estimators /?ATP and 7,,, we

need to make some assumptions on the time-series model (1). Specifically, the following set of

conditions is sufficient to obtain the main results of this paper.

Assumption 1: (i) The data r, and f, are covariance-stationary, ergodic, and have finite

moments up to the fourth order. (i1) E(z, ®¢€,,)=0 for all ¢ and s: That is, the factors are

(1+k)Nx1

strictly exogenous to the errors. (iii) X =[1,,B] is of full column; that is, all the columns in B

are linearly independent and every element in S varies over different i.

Several comments on Assumption 1 are worth noting.* First, Assumption 1 is general
enough to subsume most of the assumptions that have been adopted in the literature. Under
Assumptions 1(i) and (ii),

B = E[(r,, = E(r)(f, = E(f ) 1Var(f)1" .
Thus, the matrix B reserves the usual beta interpretation. Assumption 1(ii) guarantees the

consistency of OLS estimation of A . Second, Assumption (i) rules out nonstationary factors and

*More technical conditions are required for the consistency and asymptotic normality of the
estimators discussed below. For detailed technical conditions, see Hansen (1982) or White (1984).
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nonstationary idiosyncratic errors. But it allows the factors f, and returns 7, to be conditionally
heteroskedastic and/or serially correlated over time. Third, Assumption 1(ii) also warrants that

Var(y,) = Var(ftf )+ Var(f), as discussed later. Thus, the asymptotic distribution of 7, canbe

found from those of /"Atf and f. Assumption 1 also allows for cross-section dependence among

the idiosyncratic errors in £,,.

Assumption 1(iii) is necessary for the identification of factor prices by cross-section
regression. The assumption rules out perfect multicollinearity in the beta matrix B. For the

assumption to hold, Var(f,) should be nonsingular: thatis, f, contains no redundant factors, and
all of the columns in E[(r,, — E(r,))(f, — E(f,))’] are linearly independent. Even if no perfect

multicollinearity exists in B, near multicollinearity could hurt the finite-sample properties of the
TP estimators as shown by Ahn, Gadarowski and Perez (2009).
Most of the previously mentioned studies using the TP estimators have imposed stronger

assumptions than Assumption 1. We here consider two additional assumptions:

Assumption 2: In addition to Assumption 1, E(€,€, | f,,.... f;) =0, forall ##s. Thatis, the

errors &, are serially uncorrelated given factors.

Assumption 3: In addition to Assumption 2, Var(g, | f,,..., f;) =X, , for any ¢, where X, is the

unconditional variance matrix of £,,.

Assumption 2 is stronger than Assumption 1 because it rules out autocorrelation in the errors.
However, it is still a general and plausible assumption because it allows for heteroskedasticity and
the autocorrelations in observed return data are generally weak. Assumption 3 now rules out
heteroskedasticity as well as autocorrelation in the errors. Although this assumption is often
empirically disputed, it is often assumed in many previous studies. For example, under the
assumption, Shanken (1985, 1992) derived the asymptotic distributions of the TP estimators and
proposed a specification test statistic for the hypothesis (2). In the next section, we consider the

asymptotic distribution of the TP estimator under each of Assumptions 1-3.



3. Asymptotic Distribution of the Two-Pass Estimator

Under Assumptions 1 or 2, Jagannathan and Wang (1998a) and Cochrane (2005) have studied the
asymptotic distribution of the TP estimator under Assumptions 1 or 2. In this section, we
reexamine the asymptotic distribution of the TP estimator using the minimum distance approach
developed by Ferguson (1958), Chamberlain (1984), Amemiya (1978) and Newey (1987). There
are three reasons why the minimum-distance approach is attractive to study the asymptotic
distribution of the TP estimator. First, using the approach, we can see in a more systematic and
clear way how heteroskedasticity and autocorrelation in the errors can influence the asymptotic
variance matrices of the TP estimators. Second, the approach enables us to find the optimal
weighting matrix ( A ) which minimizes the asymptotic variance matrix of the TP estimator of A
under general conditions. Third, we can derive a model specification statistic, which resembles
that of Shanken (1985), but which is robust to heteroskedastic and/or autocorrelated idiosyncratic

CITOorS.

3.1. Asymptotic Distribution of the Time-Series OLS Estimators
The distribution of a TP estimator depends on the distribution of the OLS estimator of A =[«,B].
So we here briefly review the OLS estimator’s asymptotic distribution. The OLS estimator is

given by A=A_A', where A_ =T"'¥" z,z/ and A_ = T"'5" r,z/. Using usual asymptotic

rz—zz ? t=1"et

theories (White, 1984, Chapters 3 and 4), we can show that under Assumption 1, as T — oo,

VT [vec(A) = vec(A)] = N (0 - plim, L (A ® 1)E (A ®1,)),

T—o 4
where “=>" means ‘“converges in distribution”, vec(®) is a matrix operator stacking all the columns

in a matrix into a column vector, and E, is a consistent estimator of

- _ 1 1
E=Ilim,_,_Var (ﬁ ¥ (z,®¢€, )j . (7

Under Assumption 1, we can consistently estimate = by using one of the nonparametric methods
developed in Newey and West (1987), Andrews (1991) and Andrews and Monahan (1993).
Assumptions 2 and 3 can simplify the estimation of & . Under Assumption 2 (no

autocorrelation), (z, ® £,) is serially uncorrelated. Thus,



E=lim,__ %Zf_lVar(z,t ®¢,)=lim,__ %ZLE (z,2. ®e,€),

which can be consistently estimated by =, =T7'L" (z,z/, ® &,£’), where &, =r, — Az, is the

OLS residual vector at time ¢. Under Assumption 3 (no autocorrelation and no conditional
heteroskedasticity), E(z,z, ®€,€,) = E(z,z,,) ®X,. Thus, E can be consistently estimated by
a4 & & _g-IyT A oA
E,=A_®X, ,where X, =T X_E&E&,.

In view of asymptotic theory, the estimator =, is always consistent as long as Assumption
1, which is most general among the three assumptions, holds. However, as a practical matter, it

may be useful to consider the simpler estimator, @2 . We can conjecture that @2 would be more

accurate estimator when Assumption 2 holds. This is so because @2 is computed explicitly

utilizing the information that the vector (z,, ® £,) is serially uncorrelated under Assumption 2.

3.2. Asymptotic Distribution of the Two-Pass Estimator
The asymptotic distribution of the TP estimator of A can be easily derived using the minimum
distance approach of Ferguson (1957), Chamberlain (1984), Amemiya (1978) and Newey (1987).
Consider the following minimization problem:

min, T(@&— X 1) A(G—-X ), (8)
where A is an arbitrary positive definite and asymptotically nonstochastic weighting matrix. The
solution of this problem is called a minimum-distance estimator. However, a straightforward

algebra shows that the TP estimator /?ATP coincides with the minimum-distance estimator. Thus,

using the general properties of minimum-distance estimators, we can derive the distribution of the

TP estimator. Specifically, we can show that
Var(A,) =T (XAX)" X AQAX (X AX)™", )
where Q is a consistent estimate of Q=1lim,__ Var[NT(@-XA)]. The following theorem

guides us on how to estimate Q.

Theorem 1: Define Q, = (AA) ®1,)E, (A4 ®1,), where 4. =(1,-4/,,)". Then, under

4

A

Assumptions 1 and (4), Q= plim, ., . If Assumption 1 is strengthened by Assumption 2, Q

T —o
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A
—

can be also consistently estimated by Qz , which replaces &, in fll by @2 . We can also show that

under Assumption 3, Q, =LA, ®I,)E,(ALAL ®1,) is a consistent estimator of Q. In
addition, it can be shown that

Q= (WAL, =(1+0)% (10)

Where é = j}]’r,Tpi}lj}f’Tp 9 77f,TP = if,TP + f’ and if = T_lzz:l(f‘t - f)(f\l - f)"S

As discussed earlier, the TP estimator, 7, ,,, of the vector of risk prices () is simply
computed by the sum of /"Atf,n, and f. If factors are strictly exogenous as in Assumption 1(ii),
/ifjp and f are uncorrelated. This is so because, as shown in Appendix A, the asymptotic
distribution of ~/T' (/@P —A) depends on T7"°%2" 7z ®¢,. When factors are strictly exogenous,
the law of iterative expectation implies that (z, ® €,) and z,, are not correlated for all 7 #s.

Accordingly, under Assumption 1, we have

Var(,,) =Var(A,) + J(£, 1T)J, (11)
where J =(0,,,,1,)", and if is a consistent estimator of X~ =lim,_,_ Var[ﬁ(f - E(f,))]
The matrix ﬁf /T is the estimate of the variance matrix of ]7, and the matrix J ﬁ?J " is

equivalent to the “bordered version” of ﬁf in Shanken (1992). This result implies that under

Assumption 1(ii) (the assumption of strictly exogenous factors), the variance matrix of 7, ., can

be estimated simply by the sum of the variance matrices of /ifjp and f .
Under Assumption 3, Shanken (1992) derives the asymptotic variance matrix of the TP
estimator 7.,. In fact, if we replace él in Q by ﬁ3, we immediately obtain Theorem 1 of

Shanken (1992).6 Thus, the results (10) and (11) are a generalization of his result in the case in
which the asset returns are heteroskedastic or autocorrelated conditional on the realized factors.

Since market returns or other macroeconomic factors are likely to be autocorrelated in

>All of the proofs of this and other theorems are given in Appendix A.

6Strictly speaking, (10) is equivalent to Theorem 1 of Shanken (1992) applied to the case in which
portfolio factors are absent. For this case, our result (10) coincides with the notation (1+c)Q in
Theorem 1 of Shanken (1992).



practice, the variance matrix ﬁf may have to be estimated nonparametrically. Nonetheless, we

below show that the test of model specification (2) or (4) requires only the estimation of the
lambda component ( A ) of the factor price vector. As long as Assumption 1 holds, the potential

autocorrelation in the factor vector f, is irrelevant for model specification tests.

3.3. Optimal Two-Pass Estimator and Specification Test
Because the choice of A is not restricted for (8), there are many possible TP estimators of A .

Amemiya (1978), however, shows that the optimal choice of A is the inverse of Q. With this
choice, the TP estimator has the smallest asymptotic variance matrix among the TP estimators with
different choices of A. This optimal TP (OTP) estimator is of generalized least squares (GLS)

form:

A

Jorp = Ryorp Ay o) = (R'G7X) X0, (an
where, under Assumption 1,

Var(Ap,) =T RO R T, (12)
while under Assumption 2, we have an identical form as (12) but with Qz replacing fll .

Following Amemiya (1980), we can also show that an optimal TP estimator of ¥ equals
Porr =[X'(Q)' X' X(Q)'F,
where Q' is a consistent estimator of Q" = lim, Var[ﬁ 7 - X 7)]. But, by the same reason

for (11), Q =Q+BZJ;B’, under Assumption 1. Thus, Q" = Q + Eﬁf}%’ is a consistent

estimator of Q". Perhaps surprisingly, using Q for ¥,z » We obtain the following result:
Theorem2: 7, = /iOPT+ Jf .

An interesting result arises if Assumption 3 holds. Substituting Q3 into (12), we can show

that the optimal TP estimator of A4 exactly equals (X 'ﬁ‘:}? 1X 'fl;ld’. Shanken (1992, Theorems 3

and 4) shows that this GLS estimator is asymptotically equivalent to the maximum likelihood

estimator under Assumption 3 and the joint normality of asset returns and factors. His result
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implies that the OTP estimator of 4 computed with fll or Qz is also asymptotically equivalent to

the maximum likelihood estimator under the same assumptions because the estimates Ql , Qz and

A

€, are consistent estimates of Q. However, it is important to note that when Assumption 3 is
violated, the GLS estimator [)2 '221)2 ])2 ')i;lo? is no longer efficient although it is still consistent.
When Assumption 3 is violated, the weighting matrix Q;l (which results in the GLS estimator) is
suboptimal. This is so because Q;l is no longer a consistent estimator of Q. For this case, a more

(asymptotically) efficient TP estimator is obtained using fll or Qz .

Despite its asymptotic efficiency, OTP should be used in practice only with caution.
Altonji and Segal (1996) have shown that optimal minimum-distance estimates can be more biased
than the non-optimal minimum-distance estimates in finite samples. Their results indicate that the
t-tests based on the OLS estimator instead of OTP might result in more reliable statistical
inferences. Thus, using OTP as a supplement to the OLS estimation with correct variance matrix
would be a prudent empirical practice.

When asset returns and factors are not jointly normal, the OTP estimator is not the most

(asymptotically) efficient estimator. However, it remains an efficient estimator among those
utilizing the first pass OLS estimator A=[&,B]. The proof of this claim is given in Appendix B.

One advantage of using the OTP estimator is that it provides a convenient specification test
statistic for testing the restrictions (4). Using the minimum-distance principle, we can show that

under (4) and Assumption 1,

T-N+1,, o3 A~ o2 (N -1-k
TN %A YO (a-%A,) X W10 (13)

QTP_N—l—k N-1-k

where Q=Q, under Assumption 1.” We refer to this statistic as Q,, statistic. When

Assumptions 2 or 3 hold, Q can be replaced by Qz or Q3, respectively. There are two ways to

use the Q,, statistic. First, (N —1-k)Q,, can be compared with y>(N —1—k) to determine

rejection or acceptance of a given model specification. Second, the statistic can be compared with

F(N —-1-k,T — N +1). Asymptotically speaking, these two test strategies are equivalent. But we

prefer to use the F-test, because it performs better in our simulation exercises. The F-test strategy

"The formal proof for (13) is available upon request.
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requires some theoretical consideration, as we discuss below.
The alternative statistic, Q,,, can be also computed with 7, = /iOTP +Jf . Specifically, it

can be shown that under Assumption 1,

* _T_N+1

X (N-1-k)
Orr N-1-k '

=X Forn ) Q) 7 = X o) =

However, Q,, = Q,,. Stated formally:

Theorem 3:

Q [ —

TON-1-k (F_X?OTP),QA(F_X}?OTP):QTP'

Theorem 3 reveals the relationship between the Q,, test and the GLS residual test
proposed by Shanken (1985). Define s = (7, o150 7)cs) = (X £ X)™ X'E.'F , which is the
OTP estimator under Assumption 3. Then Shanken’s GLS residual test statistic has the form Q. =

[(T-N+1/(N-1-k)IQ,, where

_ (r - Xf/GLs ),i;l (r - X ?GLS)

= YR P (14)
1+ 7/f,GLsZ ¢ Vs

N

Notice that this statistic can be obtained if we insert Q, = (1+¢&)%, into O, and use Vo1 tO
compute the EIV correction term ¢. Shanken shows that under Assumption 3 and the normality
assumption, this statistic is asymptotically F(N —1—-k,T — N +1) -distributed. An important
advantage of using the Q. test instead of its *-version, TQy, is that the Q. test can control for
the potential size distortions in 7Q, that may occur when the number of assets (V) is large relative
to the number of time series observations (7). It is possible that the TQ; statistic is severely
upward biased when N is too large (Shanken, 1992). In contrast, the Q. statistic mitigates the size

distortions by using the degrees-of-freedom adjustment term (7-N+1)/(N-1-k) instead of 7.
Amsler and Schmidt (1985) have shown through Monte Carlo simulations the Q¢ test is well sized
in finite samples when Assumption 3 and the normality assumption hold. Our simulation results
indicate that their result is extended to the Qrp test: The F-test using Qrp is better than the )(Z—test
using T(N-1-k)/ (T-N+1)Qrp when the errors are not i.i.d.
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Notice that the Q,, or Q. tests, differently from the #-tests for risk prices, do not require

the use of a nonparametric estimate of the variance-matrix of factor means. This property is
particularly appealing for the analysis of a model with persistent factors, because the
nonparametric estimators generally have poor finite-sample properties when they are applied to

persistent data.

4. Simulation Setup

4.1. Focuses of Simulations

So far we have discussed the asymptotic properties of the two-pass (TP) estimators. In this section,
we examine the finite-sample properties of the TP estimators through a series of Monte Carlo
simulations. We also investigate the finite-sample properties of the TP-based model specification

tests (Q,, ). We consider both non-optimal and optimal estimators. The non-optimal estimator we
consider is the OLS estimator, TP using A =1, as the weighting matrix (from now on, OLS-TP).

We use the notation TP2 and TP1 to refer to the assumptions under which the variance matrix of
the OLS-TP estimator is computed. For example, TP1 indicates that the variance matrix is
computed under Assumption 1 (conditionally heteroskedastic and/or autocorrelated errors).
However, because the TP estimation under Assumption 3 is equivalent to Shanken’s method (1985,
1992), we use SH to refer to what would otherwise be TP3. The Newey-West (1987) method is
used to control for autocorrelation in the idiosyncratic errors and factors. The required bandwidths
for the method are automatically selected by the method of Newey and West (1994). The variance
matrix of a TP estimator of risk price vector depends on the variance matrix of factor means. In
our simulations, we always estimate the variance matrix of factor means using the Newey-West
estimator, whether or not generated factors are autocorrelated. We do so because actual factors are
generally autocorrelated.

We also consider the Fama-MacBeth (FM) estimation. This method computes the standard
errors of OLS risk price estimates, ignoring autocorrelations in both factors and idiosyncratic
errors. For fair comparisons with other TP estimators, we consider alternative versions of the FM
method. One, which we call OLS-FM, controls for the possible autocorrelations in factors, but not
for autocorrelations in the idiosyncratic errors. The other, which we refer to as OLS-NW,

computes the standard errors controlling for both autocorrelations in factors and idiosyncratic
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errors. Neither OLS-FM nor OLS-NW corrects the EIV problem.®
In addition to the OLS-TP estimators, we consider the three optimal TP estimators which
are computed with the optimal weighting matrices under Assumptions 1-3, respectively. Since the

estimators are of GLS form, we refer to them as GLS-TP1, GLS-TP2 and GLS-SH (GLS-TP3),

respectively. The GLS-TP1 estimator uses Q[l as the weighting matrix, while the GLS-TP2 and

GLS-SH estimators are computed with Q;l and le, respectively. The model specification test
statistics based on GLS-TP1, GLS-TP2 and GLS-SH are referred to as Q,,,, O, and Q. ,

respectively.

Our simulation exercises focus in the performance of the estimators under different
variance-covariance structure of idiosyncratic errors. We investigate how the time-series
properties of idiosyncratic error terms influence the empirical distributions of the TP estimators

and the specification test statistics.

4.2. Simulation Design

The main objective of our simulation design is to isolate the pure effect of different
variance-covariance structure of idiosyncratic errors on the TP estimation. Ahn, Gadarowski and
Perez (2009) show that even if a model is has i.i.d. errors, the finite-sample properties of the TP
estimators crucially depend on the structure of the beta matrix and the persistency level of the
factors. They find TP estimation can lead to biased statistical inferences when betas have small
cross-section variations, and they are highly correlated. Also TP are significantly biased when the
factors are persistent. In order to isolate the pure effects of the different time-series structures of
idiosyncratic error terms, we generate data assuming uncorrelated betas with relatively high

cross-sectional variation. Also, we generate factors that are not serially correlated.

The foundation of our experiments are the three factor model by Fama and French (1993) hereafter,

FF . The FF model is based on the (excess) market return (VW), SBM, and HML factors. For our

®The variance matrix used by FM is equivalent to 7' [()2 X)'XEX(XX) " +J )i_fJ '] .
In our simulations, OLS-FM and OLS-NW use T (X %) X £, X (XX)+ /£ s, while
OLS-NW uses 77 (XX)"' X'£" X (XX), where 3" is the Newey-West estimator of the

asymptotic variance matrix of 7-"*X" r

t=1"et "
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simulation exercises, we generate data mimicking the actual returns and factors as much as we can.
Specifically, for the three factor model (FF), we estimate betas and risk prices by OLS using actual
data. We compute the means, standard errors and correlations of the estimated betas, and use them
to generate the betas used for simulations. We use the estimated betas and risk prices from actual
data to calculate the expected asset returns. Simulated return data are obtained by adding generated

errors (£, ) to these expected returns. Our simulation results are based on 1,000 trials.’

We use actual returns, not excess returns, in our simulation exercises. In unreported
simulations, we also examined excess returns, but the results are not materially different from
those reported below. The OLS-TP estimates of factor prices from actual data are used as the true
factor prices in simulations. Factor prices used are -0.256, 0.142 and 0.520 for the VW, SBM, and
HML factors. The FF factors are excess returns. So, when excess, not raw, returns are used to
estimate the FF model, the sample means of the FF factors are the efficient estimators of the risk
prices (see Shanken, 1992).

We simulate both factors and returns data for each trial. Factors are simulated i.i.d.
replicating the mean and standard deviations of the true FF factors. Betas are generated only once

and are used for 1,000 simulations by:

B=1,m, +V(s,Cys5)"%,
where my, = E[(f3,,3,.55)1, V isa N x3 orthogonal matrix such that 1,V =0, ,, VV/N =1,,
sy 1s the 3x1 vector of standard errors of factor betas, and Cj is the 3X3 correlation matrix of
betas. We set C; equal to an 33 identity matrix in order to have uncorrelated betas. The same

mean and standard deviation values are used for all betas. This warranties that all betas have
relatively high cross sectional variation'’. For the cases with 25 portfolios, the mean and standard
deviation values of each beta are fixed at 0.317 and 1, respectively''. For the cases with 100

portfolios, the mean and standard deviation values are set at 0.350 and 1.08, respectively.

*We also tried 5,000 trials for selected simulations and found qualitatively similar results.

' Ahn, Gadarowski and Perez (2009) propose a diagnostic measure degree of cross sectional
variation of betas VB . Their simulations show that when VB is larger than 0.50 the TP coefficients
can be biased and the #-statistic has low power. Our simulation design generates a VB = (.09.

"' These values are simply the averages of the mean and standard deviations of the three estimated
betas from FF model. The use of this values is not critical for our results. Any other values give
substantially the same results as long as VB<0.50.
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In terms of the idiosyncratic errors, we consider three possible cases. In the first case, the
errors are i.i.d. over time. For this case, we consider two sub-cases: one case in which the
idiosyncratic errors are cross-sectionally independent; the other case in which the errors are
cross-sectionally correlated. We consider these two sub-cases to investigate how cross-sectional
correlation could influence finite-sample properties of the TP estimators. In both the second and
third cases, the idiosyncratic errors are cross-sectionally independent (with different variances for
different assets). But the errors are conditionally heteroskedastic over time in the second case,
while they are autocorrelated in the third cases. For all cases, TP estimators are computed to be
asymptotically robust to cross-sectional correlations.

For the first case (i.i.d. errors), we estimate the variance matrix, IT, of the residuals from
the first-pass time-series regressions of actual data and compute a lower triangular matrix I" such

that I'T"=1II. Then, we generate error vectors & =1I'v,, where the v, are random vectors drawn

from N(0,,,,I,). This procedure generates cross-sectionally correlated errors. For the simulated

Nx1°
data with cross-sectionally uncorrelated errors, we replace all off-diagonal entries of Il with

Z€10S8.

For the second case (heteroskedastic errors), we use €, = (s,v, )F, /T 'E_v:F’ , where

1

s, is the estimated standard error of the errors in asset 7, and v, is a random number from N(0,1),
and F,, is the VW factor. Notice that for this data generating process, the unconditional variance

var(g,), is set at s . For the third case (autocorrelated errors), we use &, =s,v,, and &, =

ivil

of €

it
PE, . +4/1 —p’sv,,wheret=2,...,Tandp = 0.1." We choose this small value for p , because
asset returns are only weakly autocorrelated over time. Again, for this process, we use var(g,) =

57, where the error terms are drawn to be cross-sectionally independent.

5. Simulation Results

5.1. Preliminary Results from Actual Data

The reliability and appropriateness of the OLS-TP and GLS-TP estimators would depend on

"’In unreported experiments, we also have considered the cases with p = 0.5. The results were
qualitatively similar results to those reported here.
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whether or not error terms (&, ) are autocorrelated or heteroskedastic over time. Thus, as a

preliminary measure, we test the presence of heteroskedasticity and autocorrelation in the error
terms in the FF model using the actual data. For the purpose of comparison, we also include test
results for the Jagannathan and Wang (1996) factor model ( hereafter, JW-96). The factors used
for the JW-96 model are debt premium (PRE) and labor return (LAB) and the market return.

Table 1 reports our test results for heteroskedasticity and autocorrelation in the error terms of
individual asset returns. To save space, we only report the results from 25 assets. Table 1 reveals
that the residuals from the time-series regressions of returns on the FF factors, as well as those
from the regressions with the JW-96 factors, are conditionally heteroskedastic. Using White’s
(1980) test for heteroskedasticity, we found that both the factor models result in a large percentage
of assets having heteroskedastic errors. For the FF model, 21 of 25 assets failed this test at both the
5% and 10% levels, while 24 and 25 of 25 did so at these levels, respectively, for the JW-96 model.
A smaller portion of assets failed the Breusch-Godfrey Lagrangean-Multiplier (LM) test for
autocorrelation for both models, but the number of rejections appears higher for the JW-96 model
(11 and 6 at the 10% and 5% levels, respectively) than for the FF model (7 and 3, similarly).

The number of rejections, alone, does not provide a sufficient indication of
heteroskedasticity or autocorrelation. Even if no return is conditionally heteroskedastic, we can
expect @x100 % of rejections by the White test when it is performed at the & level. To check
whether the frequency of the White (or Breusch-Pagan) tests rejected is significantly different
from the number of rejections expected from a chosen & level, we conduct a proportion test based
on a normal approximation of the binomial distribution. Suppose that there is no conditional
heteroskedasticity in any portfolio return. Then the hypothesis of conditional homoskedasticity in
returns could be falsely rejected with the probability equal to . Thus, the number of rejections
would follow a binomial distribution, with the variance of the rejection number equal to
Na(l1—- ). If the number of portfolios, N, is large enough, then the binomial distribution can be
approximated by normal distribution. Using this information, we can test for statistical
significance of the number of rejections. Significance by this test may be indicative of the
presence of heteroskedasticity in the given model. Not surprisingly, the numbers of rejections by
the White test appear statistically significant for each of the FF and JW-96 models. For both
models, the p-values for the test of proportions are close to zero regardless of whatever

significance level we choose.
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While the test of proportions strongly suggests that autocorrelation matters in the JW-96
model, the test result is less strong for the FF model. The rejection number of seven at the 10%
significance level is statistically significant (p-value equals 0.38%), but the rejection number of
three at the 5% significance level is not (p-value equals 12.57%). Admittedly, the proportion test
we use is asymptotically valid only if the Breusch-Pagan LM test statistics are independently
distributed across different assets. This assumption is likely to be violated in practice because the
residuals from time-series regressions could be correlated across assets. Nevertheless, it might be
fair to say that autocorrelation would be more of a concern for the case in which the JW-96 model
is a correctly specified model than for the alternative case in which the FF model is the correct one.
This does not mean that both of the two models are correctly specified models. If one is a correctly
specified model, the other is likely to be a misspecified model. Determining which model is
correctly specified is beyond the scope of this paper. We just report the results of this two models

in order to show the relevance of our simulation study.

5.5. Heteroskedasticity and Autocorrelations in Idiosyncratic Errors

We examine the effects on the two pass estimators of the covariance structure of
idiosyncratic errors. We consider OLS-NW, OLS-FM, OLS-SH, GLS-SH, GLS-TP1 and
GLS-TP2, estimators. Panel A of Table 2 shows the relative biases in the OLS and GLS
estimators. There is no strong evidence that the error structure affects the biases in the risk price
estimates. The biases are negligible for all cases we consider: cross-correlation, conditional
heteroskedasticity and autocorrelation.

Panel B shows the size properties of the r-tests. Asymptotically, the z-tests based on
OLS-SH and GLS-SH would not be correctly sized unless the idiosyncratic errors are i.i.d. over
time. The tests based on TP2 would not be asymptotically correctly sized unless the errors are not
autocorrelated. The tests based on TP1 are the ones that are asymptotically valid even if the errors
are heteroskedastic and/or autocorrelated. Despite these asymptotic results, the empirical sizes of
the 7-tests do not appear to be sensitive to what TP estimator is used. Even if the errors are
autocorrelated, OLS-TP1 does not necessarily have better finite-sample properties than OLS-SH
and OLS-TP2. When the errors are heteroskedastic, there is no strong evidence that OLS-TP2
produces better sized t-tests than OLS-SH. Somewhat surprisingly, OLS-SH produces the #-tests
comparable to the tests from OLS-TP1 and OLS-TP2 even if the errors are not i.i.d.. Optimal GLS

estimators produce large size distortions in the #-tests for intercept, but not for risk prices. For the
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cases with i.i.d. errors, cross-section correlation does not seem to influence the finite-sample sizes
of the t-tests.

Panel C reports the empirical (size-adjusted) power of the #-tests. As expected, the #-tests
have low power to reject the incorrect hypotheses of zero factor prices, when the true risk prices
are small. For example for the case of SMB factor, where the true risk price 0.142, the power of
the test goes from 14.6 to 22.6 depending of the estimator used. However for a higher risk price,
like the HML factor, with a risk price of 0.52 the power to the test is higher than 92.5.

Except those from OLS-NW, all of the #-tests have similar power properties. The t-tests from
OLS-NW have greater power for some risk prices but lower power for the others. Overall, there is
no evidence that OLS-NW produces #-tests with lower power.

Panel D reports the empirical sizes of the Q7p tests. Asymptotic theory indicates that the
QOrp testis correctly sized even if the idiosyncratic errors are heteroskedastic and/or autocorrelated.
However, Panel D shows that for the cases with autocorrelated errors, the test has finite-sample
size distortions at least as large as the Q¢ and Qrp; tests do. The Q¢ test is reasonably sized even if
the errors are conditionally heteroskedastic. In terms of size, the Q¢ test is as good as the Qrp; test,
which is robust to heteroskedasticity unless the errors are autocorrelated.

Panel E reports the size-adjusted power of the specification tests. The Qrp; test has the
lowest power even if the errors are autocorrelated. Overall, the Q7p, test has the greatest power,
but only marginally so compared to the Q¢ test.

Table 3 shows the empirical sizes and powers of the #-tests and the Q7p tests obtained from
the simulations of 100 portfolio data. The reported biases in the TP estimators and the empirical
size and power properties of the #-tests are similar to those reported in Table 2. Panel D shows that
the Qc test is reasonably well sized when the errors are i.i.d. over time. However, the test tends to
under-reject correct models when the errors are heteroskedastic and to over-reject when the errors
are autocorrelated. The Qrp; test, which is robust to heteroskedasticity, tends to over-reject correct
models when the errors are i.i.d. However, the test is better sized than the Q¢ test when the errors
are heteroskedastic. When the errors are autocorrelated, the Q¢, Qrp2, and Qrp; all over-reject
correct models too often. In particular, the Q7p; test always rejects correct hypotheses no matter
how the errors are generated. It appears that the Qzp; test is inappropriate for the analysis of a large
number of portfolio returns, whether or not the errors are autocorrelated.

Panel E reports the empirical power of the Qzp tests. Overall, the tests appear to have only
limited power to reject BCAPM.
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The major findings from Tables 2 and 3 are summarized as follows. First, conditional
heteroskedasticity and autocorrelation in the idiosyncratic errors alone do not produce large biases
in the TP estimators we consider. Second, the 7-tests from nonoptimal OLS-TP estimators are in
general better sized than those from optimal GLS-TP estimators. Use of the #-tests from OLS-SH
and OLS-TP2 is generally recommended. Third, the model specification tests are generally
unreliable when the idiosyncratic errors are autocorrelated. However, use of the Qrp; test is
recommended for the cases in which the errors are heteroskedastic but not autocorrelated,

especially when a large number of portfolios are analyzed.

6. Conclusion

In this paper, we consider the asymptotic and finite-sample properties of the two-pass estimators
under different variance-covariance structures of idiosyncratic errors. By virtue of the minimum
distance principle, we have derived the general asymptotic distributions of the two-pass estimators
and optimal GLS estimators when the idiosyncratic errors are not i.i.d. over time. As a byproduct,
we also have derived alternative model specification tests that are extensions of Shanken’s Qc test.

Our simulation results indicate it is important to check whether the residuals from the time
series regressions are autocorrelated or not. In our simulations, only mildly autocorrelated
idiosyncratic errors are used (AR(1) coefficient equals 0.1). Nonetheless, all of the specification
tests we consider suffer from large size distortions. If significant evidence for autocorrelations is
detected from the regressions with actual data, little credence should be given to the model
specification tests.

Finally, we find little evidence that optimal GLS estimators have better finite-sample size
and power properties than nonoptimal OLS estimators. The simulation results reported in this
paper are obtained using data with 330 time series observations. In unreported simulations, we
also have used 1,000 time series observations. Even in these simulations, the power gained by
using optimal GLS was marginal. However, the optimal GLS estimators are useful to compute
model specification tests. Use of the heteroskedasticity-robust GLS estimator and model

specification test is recommendable unless the idiosyncratic errors are autocorrelated.
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Appendix A

Proof of Theorem 1:

By the definition of /?A.,P, we can show that

JT (B = ) =NTURARY RAG- A1 = (RAX) ' RANT (@~ X 2),

(A1)
which implies (9). Under (4), @ - 4,1, —BA, =0,,,. Using this restriction and standard matrix
theories, we can show

JT(@-X2) =Tl(@- 41, -BA,)-(a- 4,1, -BA)]=T[(@-a)- (B-B)A,]

=T (A= MA =NTvec(A-MA]= (A ® I,)vec(A - A) (A2)
(AT ® m%zf_l(z., ®¢,),
where A, = (1, —/1} ). Then, it follows that

JT(@-X2)= N©0,Q), (A3)
where Q = (XA} ®1,)E(A,;A ®1,) and E is defined in (7). Thus, under Assumptions 1, 2
and 3, E can be estimated by @1, fz and

z §,3, respectively. Finally, the equality (10) results from
the fact that

A A A 1+F,A71F _F,iil 1 A A A —
AL =1 = o o . =1+, ., + )X A .+ f)
zz ( f.TP ) ( —Z;F Z;l ] {_ﬂvf,er f.TP f fNf TP f
Proof of Theorem 2:

Using the two equalities (Q + BZ;,B')‘1 =Q7' - Q‘IB(Z}1 +B’Q'B)'B’Q and 7 = & + XJf ,
we can show that

AL, Ay ~ 0 01><k N A
[(X'(Q)'X]"' = L [+XQ' X))
kal Zf
We also have
QHY'X =0 C

Using these results, we can now show
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because,

B(Q)' - [BQ'B+L]"BQ
=B'Q'-BQBBQB+L'BQ - BQB+EBQ!
=BQB+L BB £ BB E B =0

Proof of Theorem 3:

Using the fact that 0= X'Q (&= XA,,,) =X Q' F-XIf =X A)) =X Q7= X7,,,), we

can show

Appendix B: Asymptotic Efficiency of OTP

In this appendix, we address the asymptotic efficiency (minimum variance) of OTP among a
certain class of estimators. We have shown above that the OTP estimator of A is asymptotically
equivalent to maximum likelihood under Assumption 3 and the normality assumption. This

section considers the efficiency of the estimator under weaker assumptions. In particular, we

examine the efficiency properties of the OTP estimator /iOTP among a class of estimators utilizing

the first-pass OLS estimator A =[&,B]. This class of estimators is of interest because any TP
estimator of the form (5) belongs to the class. We here restrict our discussion only to cases in
which Assumption 3 holds to save space.
Defining b=vec(B) and A(4,b)=[1,4,+BA,,B] , we consider the following
minimization problem:
min; , Qs (A b) = vec[A — A(A4,b)] [Var(vec(A) ' vec(A - A(4,b)), (A4)

where Var(vec(A)) = T_I(A;z1 ®ig). Solutions for this type of problems are called “minimum
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chi-square” (MCS) estimators (Ferguson, 1958; and Newey, 1987). We use notation

(/’ALMCS, bryes) = (/1 wres» Ay s MCS) to denote the solution for (A.4). Newey (1987) shows that

this MCS estimator is asymptotically efficient among estimators based on the OLS estimator A =

(&,ﬁ) . Further, by Chamberlain (1982, Proposition 8), under Assumptions 3 and (4),

QMCS EQMCS(j’MCS’Z;MCS) :ZZ(N _1_k)-

Thus, using this MCS method, researchers can test for the model specification (2) or (4). We also

obtain the following result:

Theorem 4: Under Assumptions 3 and (4) ,
VT (Ayes = 2) = N[0y A+ XX ZX) ],
where ¢ = (4, +,uf)'Z}1(/1f +4,), i, =E(f,),and £, =Var(f,). The c and X can be estimated

by using any consistent estimates of 4, and B.

Proof of Theorem 4: Note that

) G&—1,2,-BA,
b—b ( X /1_;®1Nj
a( ) f,b) Oka(l+k) INk '

Then, Chamberlain (1982, Proposition 7) implies that (4.5, ) is asymptotically normal and,

-1

T4, — A X AeL) X el
lim,_, Var T (Ayes =4) [ ! kj (A ®2;1)[ f kj ’
\/_(bMCS b) Ok><(1+k) INk - 0k><(l+k) INk

where b =vec(B). But, using usual partitioned matrix theories and a little algebra, we can show:
lim, ,_ Var [ﬁ (/iMCS ~ /l)}

= [1 — A+ 1A + A, ) +2, Y (A, + ﬂf)}_ (X'Z,'X)"
=1+ (A, + 4,2 A+ ) J(XE!X) ™ = A+ (X ] X)™

Theorem 4 has an important implication. If we choose /"Atf,TP and B to compute
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Ve = ftf,TP + f and X , we obtain Var(/iMCS) =T'0+6)(X ’ijf( )"'. However, this variance
matrix is exactly identical to the variance matrix of the OTP estimator given in (12), if we replace
fll by fl3. This result implies that /iOTP and /@MCS have the same asymptotic distribution.
Accordingly, we can conclude that /iOTP (as well as /iMCS) is asymptotically efficient among the

estimators utilizing the OLS estimator A . That is, there is no estimator which utilizes A and is
more (asymptotically) efficient than the OTP estimator.

Although the MCS estimator is not of direct interest, it is useful to clarify the relationship
between our OTP and MLE. In spite of the fact that MCS does not require the normality
assumption, the MCS estimator can be shown to be MLE derived under the normality assumption.

The criterion function Q,,.(4,b) in (A.4) is highly nonlinear in A and b=vec(B). However,
perhaps surprisingly, the solution for the problem (A.4), (A/,cs,bl,cs) = (A wics s A wcs » Diges )’ has

a closed form. Thus, when Assumption 3 holds, /’AtMCS could be used as an alternative to /’AtOTP.

Furthermore, the specification test statistic (A.5) can be dramatically simplified. We summarize

these results in the following theorem:

Theorem 5: Define /?‘:*,MCS =(1, —/i;,MCS)'. Then, the followings are true: (i) Let p be the
smallest eigenvalue of the matrix A_AZ,'-£'1, (1,£'1,)"1,E£,)A . Then, A, is an
eigenvector corresponding to P, which is normalized such that the first element equals one. (ii)

Aes = EM ) EAL e (i) Qe =TH.

Proof of Theorem 5: Define

W(@):( : _Iﬂf)cmN.

0k><1 k

Note that W(4,) is nonsingular for any A,. Thus, we can have
Ouies (A,) = W (A )d(A D WA )AL ®E)W AT W(A)d(Ab)],  (A6)

where d(A,b) =[(@— XA),(b—b)] . Itis straightforward to show

W(A,)d(A,b) = L“f “J - [Mi_ by }”"J . (A7)
' b b—>b
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Note that

L (U T T (14757 -7
44 f Aﬂ. _i}lf i 1 ’

where A, =T7'Z] f f. Using this fact, we can show:

N 1 a1+ TFET -FE
W(/q“f)(Azzl ®1,)W(4,) :( fj A—li &l
kal Ik _Zf f by

_ (1 + (A + DA+ ) (A, + f)’Z;IJ .
24+ ) 3 ‘
Substitute (A.7) and (A.8) into (A.6) and let K =X, + (4, + f)(4,; + f)". Then, tedious but
straightforward algebra yields
Ques (Ab) =0, (D) +Ts(A,b) K ®LIs(4,b),
where s(4,b) =b—b+[(XAA)'E (A, + ) ® I, 1(AL 1, 4,), and

(AL -1,1)S AL -1, 1)

L (A)=T -
CuH A2,

We now consider the minimization solutions for » and 4 , given A4 o which we denote by b, /T(, ,

respectively. From the first-order conditions, 0Q,,.,/0b=0 and 9Q,,., /94, =0, we can easily

show

b=b+[(XAIA) 'L (A + @I NAL -1, 4,); (A9)
A =121,)" 1,2 AL (A.10)

Substituting (A.9) and (A.10) into Q,,s(4,b) =Q,,(4,,4,,b), we can obtain a concentrated

minimand:

JNATE —£71,(1,5.1,) 71, £1A

AALA, .

Qcr (A) = Qs (Ao A, b) =T (A.11)

Thus, minimizing (A.11) with respect to 4, results in the MCS estimator of 4,. However, the

Rayleigh-Ritz theorem implies that the eigenvector corresponding to the smallest eigenvalue of

the matrix A ﬂf\’[i;l -$1,(1,21,)"1,£.' 1A is a solution for the minimization of (A.11).

Thus, we have proven the result (i). The result (ii) comes from (A.10). Finally, since /ﬁ’MCS is an
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eigenvector of A_ATE' =51, (1,2,'1,)"1, 2 1A corresponding to the eigenvalue p, we
have AT2." - .11, (15, £.'1,) "1, £.1AL s = DA A, s - Substituting this result into (A.11)

yields Q¢ (/?A'Mcs ) Z;Mcs) = Qcu (j’f,MCS) =Tp.

A notable result from Theorem 5 is that /if’MCS is exactly identical to the closed-form
solution of the maximum likelihood estimator derived by Zhou (1998). Since /’AtOTP is
asymptotically equivalent to /@MCS , it is also asymptotically equivalent to the maximum likelihood
estimator. That is, if Assumption 3 holds and the errors £, are normal, /iMCS is the efficient

estimator. However, when Assumption 3 is violated, /iOTP is strictly more efficient than the MCS
or MLE estimator of A. This is so because, when Assumption 3 is violated, the weighting matrix,
(Am ® ZA‘.:) , which is used for the MCS estimator, becomes suboptimal. An asymptotically more
efficient MCS estimator can be obtained by minimizing (A.4) with the optimal weight,
(ALl ®I)E A ® L) (or (AL ®1,)2,(A ®I,)I™). It can be shown that this alternative
MCS estimator of A is asymptotically equivalent to our OTP estimator of A when Assumption 1

(or 2) holds. Another interesting point of Theorem 4 is (iii). The test statistic 70 is comparable to
the likelihood ratio (LR) test statistic 7' xIn(1+ p) , which is also developed by Zhou (1998). An

important difference between these two statistics is that the latter requires the normality

assumption while the former does not.
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Table 1
Diagnostic Test Results from Time-Series Regressions
of Fama-French and Jagannathan-Wang Models

Reported below are diagnostic test results for conditional heteroskedasticity and autocorrelation on idiosyncratic
errors in time-series regressions of asset returns for 25 size/pre-beta portfolios on the Fama-French (1993) and the
Jagannathan-Wang (1996) factors. For each portfolio, The information matrix test statistic of White (1980) are
used to test for conditional heteroskedasticity and the Breusch-Godfrey LM statistic (Breusch, 1978; Godfrey,
1978) using up to six lags is used to test for autocorrelation. For each model and test, the number of rejections at
various test sizes is indicated, along with the 1-tailed p-value based on the mid-point Normal approximation to a
binomial distribution that the true count is greater than or equal to the number of rejections shown given the test
size.

Fama-French (1993) Jagannathan-Wang (1996)
Portfolio White Test for Breusch-Godfrey White Test for Breusch-Godfrey
e Conditional LM-test for Conditional LM-test for
Quintiles L. . .. .
by Size & Heteroskedasticity Autocorrelation Heteroskedasticity Autocorrelation
Pre-beta Obs*R*>  p-value Obs*R> p-value Obs*R* p-value Obs*R> p-value
1 1 72.99 0.00% 9.78 1341% 33.22 0.01% 9.15 16.52%
1 2 40.38 0.00% 4.60  59.55% 54.02 0.00% 11.03 8.75%
1 3 39.39 0.00% 11.67 6.97% 49.05 0.00% 17.36 0.81%
1 4 33.33 0.01% 6.52 36.71% 60.36 0.00% 15.79 1.49%
1 5 43.40 0.00% 7.38  28.71% 49.22 0.00% 11.36 7.79%
2 1 13.50 14.11% 8.64 19.50% 24.56 0.35% 9.80 13.31%
2 2 39.12 0.00% 7.28  29.60% 97.78 0.00% 15.54 1.64%
2 3 10.76  29.22% 6.65 3540% 27.42 0.12% 12.90 4.47%
2 4 31.34 0.03% 20.01 0.28% 64.87 0.00% 10.55  10.32%
2 5 41.91 0.00% 18.46 0.52% 34.43 0.01% 21.43 0.15%
3 1 73.94 0.00% 5.11  52.99% 45.58 0.00% 793  24.29%
3 2 529  80.85% 1.93  92.60% 41.37 0.00% 590 43.47%
3 3 41.22 0.00% 6.88  33.24% 64.33 0.00% 10.07  12.18%
3 4 17.72 3.85% 10.28  11.32% 43.04 0.00% *7.94  24.28%
3 5 30.64 0.03% 11.42 7.63% 31.37 0.03% 10.66 9.95%
4 1 23.75 0.47% 12.57 5.05% 38.37 0.00% 1020 11.65%
4 2 30.00 0.04% 798  23.98% 54.88 0.00% 11.08 8.60%
4 3 49.07 0.00% 438  62.53% 32.53 0.02% 10.97 8.93%
4 4 24.90 0.31% 10.85 9.32% 21.83 0.94% 7.87  24.75%
4 5 30.45 0.04% 9.14  16.60% 35.94 0.00% 9.09 16.85%
5 1 102.21 0.00% 350  74.38% 45.83 0.00% 0.84  99.09%
5 2 70.18 0.00% 6.17  40.48% 67.33 0.00% 354  73.80%
5 3 1395 12.40% 13.57 3.49% 20.39 1.56% 15.76 1.51%
5 4 37.85 0.00% 528  50.90% 24.94 0.30% 362  T7281%
5 5 22.69 0.69% 6.24  39.72% 16.62 5.49% 429  63.72%

Number of rejections at the indicated test size across assets

Test Size # p-value # p-value # p-value # p-value
10% 21 0.00% 7 0.38% 25 0.00% 11 0.00%
5% 21 0.00% 3 12.57% 24 0.00% 6 0.00%
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Table 2
Simulations with Heteroskedastic or Autocorrelated Idiosyncratic Errors: 25 Portfolios

1,000 simulations are used. Data are generated using the risk price and error-variance estimates from the estimation of the Fama-French model with
actual data. Betas are generated are generated only once and they are orthogonal to each other. Factors are i.i.d. over time. The errors of the first
two types are i.i.d. over time: those of the first type are cross-sectionally independent, and those of the second type are cross-sectionally correlated.
The errors of the third and fourth types are conditional heteroskedastic, and autocorrelated over time, respectively, while they are cross-sectionally
independent. Panel A reports the relative biases of estimated risk prices by OLS, GLS-SH, GLS-TP2 and GLS-TP1. Panels B and C show the
empirical sizes and power (%) of the #-tests based on eight TP estimators, respectively. Panels D and E reports the empirical size and power (%) of
the three TP model specification tests. The empirical size and power of a #-test are the rejection rate for the correct hypothesis of risk price being
equal to its true value and the incorrect hypothesis of risk price being equal to zero, respectively. The empirical size and power of the QO test is the
rejection rates for the model used for simulations and Black’s CAPM respectively. All hypotheses are tested at 5% significance level.

Panel A: Relative Bias LLD. Errors

No Cross-correlated Errors Cross-Correlated Errors Conditional Het. Errors Autocorrelated Errors

Cst. VW SMB HML Cst. VW SMB HML Cst. VW SMB HML Cst. VW SMB HML

OLS 02 13 -19 -02 02 15 -15 -01 02 15 -12 -02 02 14 -20 -02
GLS-SH 02 1.8 -19 -0.1 01 17 -11 -0.1 0.1 17 -14 -0.1 02 20 -20 -0.1
GLS-TP2 02 19 -19 -0.1 02 17 -11 -0.1 0.1 17 -13 0.0 02 20 -19 -0.1
GLS-TP1 02 23 -17 -02 00 23 -08 -02 0.1 19 -12 -0.1 02 24 -18 02

Panel B: Rejection rate (size) of the ¢-test for H,: price = true value

LLD. Errors

No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors

Cst. VW SMB HML Cst. VW SMB HML Cst. VW SMB HML Cst. VW SMB HML

OLS

OLS-NW 50 34 52 24 52 32 48 23 48 3.6 45 2.5 6.1 34 52 2.5
OLS-FM 6.0 47 55 6.7 6.0 47 5.1 6.0 55 48 438 6.1 83 43 5.1 5.6
OLS-SH 57 44 53 5.9 50 54 58 6.8 50 53 63 6.7 79 47 54 6.8
OLS-TP2 55 48 55 6.7 51 54 59 6.8 47 53 63 6.6 74 47 54 6.8
OLS-TP1 65 50 56 7.1 60 50 55 6.6 47 55 60 6.8 6.7 49 54 6.9
GLS

GLS-SH 7.8 45 5.1 6.4 70 47 53 7.0 65 47 63 6.8 113 45 5.6 6.9
GLS-TP2 83 46 5.6 7.0 70 47 53 7.2 65 46 62 6.9 121 46 5.8 6.9
GLS-TP1 128 48 59 70 145 46 56 6.7 166 54 6.0 7.4 143 48 6.0 7.0
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Table 2 continues.

Panel C: Rejection rate (power) of the t-test for H,: price = 0

LLD. Errors
No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors

Cst. VW  SMB HML Cst. VW SMB HML Cst. VW  SMB HML Cst. VW SMB HML
OLS
OLS-NW 1000 119 226 990 100.0 11.7 227 99.0 1000 12.7 223 989 100.0 11.8 225 99.0
OLS-FM 100.0 20.0 183 947 100.0 208 174 939 1000 19.5 164 945 100.0 20.1 18.1 94.6
OLS-SH 1000 193 182 933 100.0 18.7 16.6 91.8 1000 183 159 927 100.0 182 17.5 92.1
OLS-TP2 1000 193 182 932 1000 185 16.6 91.8 1000 183 158 928 100.0 18.2 17.5 92.1
OLS-TP1 1000 189 179 933 1000 183 173 923 1000 179 163 925 100.0 182 17.7 923
GLS
GLS-SH 100.0 20.8 174 93.1 100.0 202 18.6 92.1 1000 19.0 157 913 1000 194 162 919
GLS-TP2 100.0 20.2 164 934 100.0 20.1 18.7 923 1000 19.1 173 913 100.0 195 159 919
GLS-TP1 100.0 20.1 146 925 100.0 19.6 17.1 92.1 1000 182 167 904 100.0 199 15.1 91.6

Panel D: Rejection rate (size) of two-pass specification test

LLD. Errors

No Cross-Correlated Errors

Cross-Correlated Errors

Conditionally Het. Errors

Autocorrelated Errors

Oc
QTP2
QTPI

4.5
5.1

52

59
39.7

43

3.8
23

16.5

19.3
16.1

Panel E: Rejection rate (power) of two-pass specification test

LLD. Errors

No Cross-Correlated Errors

Cross-Correlated Errors

Conditionally Het. Errors

Autocorrelated Errors

Oc
O1r2
Orp1

43.0
44.6
259

45.5
47.5

26.8

33

45.8
48.7

41.1

31.2
33.7
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Table 3
Simulations with Heteroskedastic or Autocorrelated Idiosyncratic Errors: 100 Portfolios

1,000 simulations are used. The data generating process used is the same as the process used for Table 2, data is generated for 100 portfolios. The errors
of the first two types are i.i.d. over time: those of the first type are cross-sectionally independent, and those of the second type are cross-sectionally
correlated. The errors of the third and fourth types are conditional heteroskedastic, and autocorrelated over time, respectively, while they are
cross-sectionally independent. Panel A reports the relative biases of estimated risk prices by OLS, GLS-SH, GLS-TP2 and GLS-TP1. Panels B and C
show the empirical sizes and power (%) of the ¢-tests based on eight TP estimators, respectively. Panels D and E reports the empirical size and power (%)
of the three TP model specification tests. The empirical sizes and power of the ¢ and Q¢ tests are computed by the same ways that are used for Table 2.

Panel A: Relative Bias LLD. Errors

No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors

Cst. VW SMB HML Cst. VW _ SMB HML Cst. VW _ SMB HML Cst. VW SMB HML

OLS 00 04 02 0.2 0.1 04 02 0.2 00 02 03 0.2 00 04 02 0.2
GLS-SH 00 04 04 0.1 0.1 04 05 0.2 0.1 06 03 0.2 00 04 04 0.1
GLS-TP2 00 04 04 0.1 0.1 04 04 0.2 0.1 07 04 0.2 00 03 04 0.1
GLS-TP1 0.0 03 02 0.2 0.1 05 03 0.2 00 06 04 0.4 0.1 03 02 0.2

Panel B: Rejection rate (size) of the t-test for H,: price = true value
LLD. Errors

No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors

Cst. VW  SMB HML Cst. VW _  SMB HML Cst. VW _ SMB HML Cst. VW SMB HML

OLS

OLS-NW 40 37 38 33 4.1 3.8 43 33 52 38 41 3.1 6.5 39 39 33
OLS-FM 48 62 53 6.7 5.1 57 41 5.6 62 58 4.0 5.7 78 57 43 5.8
OLS-SH 43 60 438 6.4 49 62 47 6.6 5.5 65 4.8 6.4 75 6.1 49 6.4
OLS-TP2 4.1 6.0 49 6.4 46 63 438 6.7 54 66 48 6.5 74 6.1 49 6.5
OLS-TP1 52 6.1 438 6.4 49 63 438 6.3 68 66 54 6.6 57 60 48 6.3
GLS

GLS-SH 157 62 52 6.4 154 62 5.0 6.5 152 65 5.1 6.7 21.0 6.1 53 6.4
GLS-TP2 172 6.0 53 6.4 16,7 63 5.0 6.7 16.8 65 5.1 6.5 233 59 53 6.3
GLS-TP1 504 62 48 6.6 645 6.6 55 6.6 581 67 5.1 6.4 539 63 48 6.5
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Table 3 continues.

Panel C: Rejection rate (power) of the t-test for H,: price =0
LLD. Errors

No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors

Cst. VW SMB  HML Cst. VW SMB  HML Cst. VW SMB  HML Cst. VW SMB  HML

OLS

OLS-NW 100.0 32.1 33.1 754 1000 313 338 752 100.0 303 337 746 1000 31.5 33.1 753
OLS-FM 1000 395 283 599 1000 40.1 288 58.6 100.0 39.0 268 594 1000 394 28.1 6038
OLS-SH 1000 394 245 573 1000 388 246 57.1 100.0 382 239 543 1000 386 245 570
OLS-TP2 1000 394 244 573 1000 388 247 57.1 100.0 38.2 239 543 1000 386 244 570
OLS-TP1 1000 398 239 559 1000 393 254 575 100.0 37.6 245 542 1000 388 240 556
GLS

GLS-SH 1000 374 241 56.1 100.0 37.7 244 554 100.0 384 254 548 1000 373 243 56.0
GLS-TP2 1000 36.8 235 566 100.0 379 245 550 100.0 38.0 249 558 1000 375 230 56.7
GLS-TP1 100.0 385 259 569 1000 39.6 249 549 100.0 383 249 539 1000 389 252 577

Panel D: Rejection rate (size) of two-pass specification test

LLD. Errors
No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors
Oc 4.8 5 1.9 32.4
Orp2 8.3 7.6 3.1 41.3
[ 100 100 100 100

Panel E: Rejection rate (power) of two-pass specification test

LLD. Errors
No Cross-Correlated Errors Cross-Correlated Errors Conditionally Het. Errors Autocorrelated Errors
Oc 10.9 10.7 15.6 8.8
Orp2 10.2 10.9 17.7 9.0
Orp: 4.1 0.8 59.8 4.2
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