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Abstract

This paper considers models for panel data in which the individual effects vary over time.
The temporal pattern of variation is arbitrary, but it is the same for all individuals.  The model thus
allows one to control for time-varying unobservables that are faced by all individuals (e.g., macro-
economic events) and to which individuals may respond differently.  A generalized within estimator
is consistent under strong assumptions on the errors, but it is dominated by a generalized method of
moments estimator.  This is perhaps surprising, because the generalized within estimator is the MLE
under normality.  The efficiency gains from imposing second-moment error assumptions are
evaluated; they are substantial when the regressors and effects are weakly correlated.
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1. Introduction*

The literature on panel data often assumes observations on a large number of individuals

with several observations on each individual.  The fixed effects model has been widely adopted

as a treatment of unobservable individual heterogeneity in such data.  This model assumes that an

unobservable time-invariant variable (or set of variables) is associated with each individual. 

(See, for example, Mundlak, 1961; MaCurdy, 1981; and Chamberlain, 1984.)  The impact of the

missing variable on the dependent variable is referred to as the individual effect, and one wishes

to avoid the potential bias that occurs when the individual effect is correlated with the included

explanatory variables.  The conventional fixed-effects treatment of time-invariant individual

effects has been the within estimator, which is equivalent to least squares after transformation of

the data to deviations from individual means.

In this paper, we consider the case that the individual effects are time-varying.  That is,

we wish to accommodate time-varying unobservables that affect the dependent variable

differently for different individuals, and that may be correlated with the included explanatory

variables.  This is possible under the assumption that the temporal pattern (though not necessarily

the level) of the effects is the same for each individual. 

More specifically, we will consider the model
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We would like to thank an Associate Editor for providing us this example. 1
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(1)

Here i denotes cross sectional unit (individual) and t denotes time.  We assume that N is large

while T is small, so that asymptotic properties of estimates will be derived assuming N � � with

T fixed.  The dependent variable is y , X  is a 1×k vector of time-varying explanatory variables,it it

and Z  is a 1×g vector of time invariant regressors.  The last entry of Z  is one, so that the lasti i

parameter in � denotes the overall intercept term.  The �  are random noise with E(� ) = 0.  Theit it

�  are unobservables, and �  is the parameter measuring the effect of �  on y  at time t.  Clearlyi t i it

this specification implies that the temporal pattern of the effect of �  on y  is the same acrossi it

different i.  For identification of the model, we set �  = 1.  (This does not involve any loss of1

generality, so long as �  � 0.  Alternatively, we can follow Kiefer (1980a) who normalizes the1

model by setting .)  This model includes the conventional fixed effects model as the

special case that �  = 1 for all t.t

This model may be useful in several applications.  First, in a model of earnings or hourly

wages, the effect �  may be the individual’s unobservable talent or skill and the parameter �i t

would represent the price of the skill which is not necessarily constant over time.   Second, the1

specification (1) may be used to estimate stochastic frontier models with time-varying technical

inefficiency.  Lee and Schmidt (1993) have applied the model (1) to the frontier production

function (efficiency measurement) problem, assuming that the temporal pattern of technical

inefficiency is the same for all firms.  Third, as noted above, a more common motivation would
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be to control for unobservables that are not time-invariant, but whose temporal variation is the

same for all individuals.  A macro shock would have this feature:  In a rational expectation model

using panel data, the parameter �  could be thought of as a macro shock and the effect �  as thet i

effect of a shock on individual i (heterogeneous over individuals due to differences in

individuals’ information sets, preferences, etc).  There is a large literature on estimation of

rational expectations models using panel data.  This literature dates back at least to Hall and

Mishkin (1982) and Shapiro (1984);  see Keane and Runkle (1992) for a more recent example. 

The equation that is estimated has an error that is interpretable as a forecast error, or macro

shock, and which correspondingly cannot be averaged away over individuals.  Thus the usual

orthogonality conditions that reflect uncorrelatedness of the shock with variables in the

information set at the time the forecast is made do not lead to consistent estimation as N � � with

T fixed (see Hayashi, 1992).  However, the model given above can accommodate such a macro

shock.  Further examples for the model (1) are given in Appendix A.

There are only a few previous studies of models which involve time-varying individual

effects.  Holtz-Eakin, Newey and Rosen (1988) consider a vector autoregressive model which

allows for nonconstant individual effects.  (See also Chamberlain, 1984.)  They estimate the

model by applying instrumental variables to the quasi-differenced autoregressive equations. 

Chamberlain (1992) considers a general random coefficient model which specifies only the

conditional expectation of the dependent variable given exogenous variables and the individual

effect.  He derives an efficient generalized method of moments (GMM) estimator based on the

moment conditions implied by the conditional mean specification.  

This paper was motivated by the approach of Kiefer (1980a) and Lee (1991).  They
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considered estimation of (1) by least squares, treating both the �  and the �  as fixed, and derivedt i

a concentrated least squares (CLS) estimator as the solution to an eigenvalue problem.  If the �it

are iid normal and the explanatory variables are independent of the � , this estimator is theit

maximum likelihood estimator (MLE) and can also be interpreted as a conditional maximum

likelihood estimator (CMLE).  A nonstandard and noteable result is that the consistency of the

CLS estimator depends on the second-moment assumptions on the � .  In particular, consistencyit

requires that the �  be non-autocorrelated and have constant variance.  Furthermore, given theit

strong assumptions needed for consistency, the CLS estimator turns out to be inefficient.  We

show in this paper that it is dominated by a GMM estimator that makes use of the first and

second order moment conditions implied by exogeneity of the regressors and by

nonautocorrelation and homoskedasticity of the � .  This is an unusual and interesting resultit

because the “incidental parameters problem” is typically thought to be the potential inconsistency

of the MLE.  Neyman and Scott (1948) provide another example of a case in which the MLE is

consistent but not efficient. 

  This paper differs from the work of Chamberlain (1992) primarily because we view the

regression model as a projection model rather than one based on conditional expectations.  Thus,

for example, we impose conditions of no correlation between explanatory variables and errors,

but we do not consider nonlinear functions of explanatory variables that may be relevant under

the conditional expectation model.  Instead, we focus on exploiting the moment conditions

implied by restrictions on the variances and covariances of the errors, and we show that imposing

these conditions can result in substantial efficiency gains.  In keeping with the spirit of the

projection model, we consider the unconditional variances and covariances of the errors, whereas
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(2)

(3)

a generalization of the conditional expectations model would naturally focus on conditional

variances and covariances, and again would generate additional nonlinear moment conditions.

The plan of the paper is as follows.  Section 2 defines some notation and lists some

assumptions.  Section 3 considers GMM estimation based on assumptions of exogeneity of the

regressors and several sets of assumptions about the second moments of the errors.  Section 4

gives some results on the efficiency of these estimators.  Section 5 examines the properties of the

CLS estimator from a GMM perspective and shows why it is inefficient.  Section 6 provides

calculations of the relative asymptotic efficiency of the GMM and CLS estimators.  Finally, our

concluding remarks are given in Section 7. 

2. Preliminaries

The model to be considered is as given in equation (1) above.  Defining � = (� , ... , � )�2 T

and � = (1, ��)�, we can write the T observations for individual i as:

where e  is the T×1 vector of ones, y  = (y , ... , y )�, and X  and �  are similarly defined.  DenoteT i i1 iT i i

the 1×(kT+g) vector of all of the values of the explanatory variables by W  = (X , ... , X , Z ).  i i1 iT i

We also define µ  = E(W ) andw i

We first make the following BASIC ASSUMPTIONS (BA):
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 [W ,� ,� �] is independently and identically distributed (iid) over i. (BA.1)i i i

�  has finite moments up to fourth order, and E(� ) = 0. (BA.2)it it

The second moment matrix � is finite and nonsingular. (BA.3)

E[W �(Z ,� )] is of full column rank. (BA.4)i i i

[W ,� ] is uncorrelated with � . (BA.5)i i i

Although we treat �  as random, our model is intended to capture the essential feature of ai

fixed effects model, in the usual sense that �  is allowed to be correlated with W  in ani i

unrestricted way.  The assumption that �  is uncorrelated with �  is standard, and is typicallyi i

motivated in the following way.  If the �  were taken to be literally fixed, we would plausiblyi

assume a condition like “lim  N ��  exists and is finite.”  But, given our assumptions on � ,N�� i i i
-1 2

this would imply that plim  N  ���  = 0, which is the same result as is implied by ourN�� i i i
-1

assumption that �  and �  are uncorrelated.i i

Assumption BA.5 is clearly weaker than the assumption that E(� �W ,� ) = 0.  Thei i i

implication of BA.5 is that the model (1) reflects a linear projection specification rather than a

conditional expectation.  More specifically, this assumption asserts that Proj(y �W ,� ) = X � +it i i it

Z� + �� , where Proj(q�h) represents the population least squares projection of a variable q on ai t i

set of variables h.  We will strengthen this assumption in some of our later analysis.  Also, it is

obvious that BA.5 implies that �  is uncorrelated with X  for all t and s.  In some applications,it is

such as rational expectations models or sequential moment restriction models (Keane and

Runkle, 1992; and Chamberlain, 1992), we may wish to assert only the weak exogeneity

condition that �  is uncorrelated with X  for s � t;  that is, E(� X ) = 0 for s � t, which is weakerit is it is
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than the sequential conditional moment restriction, E(� �X ,...,X ) = 0, t = 1, ... , T.  The weakit i1 it

exogeneity condition would lead to relatively straightforward modifications of our GMM

estimators, since it would just reduce the set of available moment conditions.  Chamberlain

(1992) derives the efficiency bound for the model with sequential moment restrictions, and Hahn

(1997) provides the efficient GMM estimator whose asymptotic covariance matrix coincides with

the efficiency bound.  For the model with the weak exogeneity assumption, the efficiency bound

can be easily found.  Since using more moment conditions never hurts the asymptotic efficiency

of GMM, the GMM estimator utilizing all of the moment conditions implied by the weak

exogeneity assumption should be efficient.

The coefficients (�) of the time-invariant regressors (Z ) are obviously not identified if �i

is constant;  that is, if �  = ... = �  = 1.  Otherwise Assumption BA serves to identify the2 T

parameters �, � and �.  Assumption BA.4 is made to ensure identification of �.  It is not hard to

see that condition (BA.4) fails in the case that �  is uncorrelated with every variable in W , andi i

that in this case the overall intercept and � , .... , �  are not identified.  Intuitively, because the2 T

covariance matrix of �  is unrestricted, correlation between W  and �  is needed to distinguish thei i i

error component ��  from � .  Further discussion of this identification condition is given ini i

Appendix B.

Since the model (2) allows the coefficient (�) of the effects �  to vary over time, a naturali

generalization of the model would be the case in which the coefficients (�) of the time-invariant

regressors are allowed to be time dependent.  However, unfortunately, the parameters in � (say,

� , ... ,� ) cannot be separately identified.  All we can identify are the reduced-from parameters,1 T

(� -� � ), ... , (� -� � ).  Thus, unless there exist some prior restrictions on � , it is not possible2 2 1 T T 1 1
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(4)

to identify each of ��s.  More detailed discussion of this problem is given in Appendix B.

In addition to our BASIC ASSUMPTIONS, we also consider the following

COVARIANCE ASSUMPTIONS (CA) on the � :it

For any i, the �  are mutually uncorrelated. (CA.1)it

For any i, var(� ) is the same for all t. (CA.2)it

Thus, under CA, the covariance matrix of �  is of the form .  Assumption CA.1 is implied byi

some versions of model (1), such as the weak exogeneity projection model that asserts that

Proj(y �W , � , y , ..., y ) = X � + Z� + �� .  Assumption CA.2 is not typically implied byit i i i1 i,t-1 it i t i

projection models (or conditional expectations models either), but it has often been assumed in

the traditional fixed effects model.  We note once more that CA.1-CA.2 are assumptions about

unconditional second moments.  Conditional expectations models such as the rational

expectations model have implications for conditional second moments, and therefore may

generate additional moment conditions.

3. GMM estimation under basic and covariance assumptions

We will first consider GMM estimation under our basic assumptions (BA) only.  Under

BA, it is apparent that the following moment conditions hold:

where �  = 1.  We can eliminate the nuisance parameters �  from these moment conditions1 w�



E[W �
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(5)

(6A)

(6B)

without any loss of useful information on the parameters of interest.  While there are many ways

to do so, we choose the following (T-1)(Tk+g) moment conditions:

GMM based on the moment conditions (5) can be viewed as a natural extension of the

within estimator for the usual fixed effects model.  To understand this analogy, we should define

the equivalents of the within and between transformations.  Define G = G(�) = (-�,I )�, whereT-1

 is the (T-1)×(T-1) identity matrix.  Since G and � are orthogonal, the matrix [G, (1/���)�]� is

a nonsingular nonstochastic matrix, and therefore, premultiplying both sides of equation (2) by

this matrix does not cause any informational loss.  This transformation gives us:

where equation (6A) holds for t = 2, ... , T.  Equations (6A) are obtained simply by subtracting �t

times the first equation from the last (T-1) equations of (1), a generalized within transformation. 

Chamberlain (1984, p. 1263) considers the same differencing method.  Equation (6B) is simply

the weighted sum over t of equation (1), a generalization of the between transformation.  GMM

based on the moment conditions (5) amounts to estimating the system (6A) by nonlinear three-

stage least squares, using W  as instruments for each of the equations.  Equation (6B) is irrelevanti

for estimation under BA, because no legitimate instruments are available for it unless we make

additional assumptions.

We now consider GMM estimation based on the moment conditions (5).  Define the
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If the time-varying regressors X  were only weakly exogenous (i.e., E(� �X , ... , X ) = 0), the moment2
it it i1 it

conditions given in (7) can be modified as follows.  For simplicity, assume the time-invariant regressors Z  arei

uncorrelated with the �  for any t.  Let W  = (X , ... , X , Z ).  Define  = diag(W , ... , W ).  Then the momentit it i1 it i i1 i,T-1

conditions implied by the weak exogeneity assumption can be expressed as  = 0.  
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(7)

(8)

vector of the parameters of interest by 	 = (��,��,��)�.  We will denote GMM based on the

moment conditions (5) by GMM1, and the resulting estimator by , in order to distinguish it

from other GMM estimators which we will consider later.  The estimator  can be obtained by

the usual GMM procedure.  The (T-1)(Tk+g) moment conditions in (5) can be expressed in the

following matrix form:

where b (	) is the {(T-1)(Tk+g)}×1 moment vector,  and u (�,�) = y  - X� -1i i i i

e Z�.   We define the sample average of the b  by:T i 1i
2

Then,  solves the problem, , where V  = E[b b �].  Here V  can be11 1i 1i 11

replaced by any consistent estimate, say .  A natural candidate for  is

, where  is an initial consistent estimate of 	.

We now consider GMM estimation under the covariance assumptions (CA) as well as the

basic assumptions (BA).  Under CA.1 and CA.2, the T(T+1)/2 distinct elements of E(u u �)i i

depend on � and the two nuisance parameters �  and � .  Since � is already identified under BA
� ��

2

only, CA should imply T(T+1)/2 - 2 additional moment conditions which can be imposed in
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E[uit(uis��sui1)] � 0, for t > s > 1,
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(9)

(10)

(11)

GMM estimation of 	.  We can derive these moment conditions by essentially the same method

used by Ahn and Schmidt (1995b) in the simple dynamic panel data model.  Note that:

We can find two types of moment conditions from (9).  First, noting that �  = 1, there are1

T(T-1)/2 - 1 distinct conditions that E(u u ) = � E(u u ) for any 1 < s < t.  These conditionsit is s it i1

reflect restrictions on the off-diagonal elements of E(u u �).  Second, there are T-1 conditions thati i

E[u (
 � u )] = �E[u (
 � u )] for t > 1.  They reflect restrictions on all of the elements onit s=1 s is t i1 s=1 s is
T T

E(u u �).  Adding the number of restrictions, we get T(T+1)/2 - 2.i i

One of the many equivalent ways to express these moment conditions is as follows:

The T(T-1)/2 - 1 moment conditions in (10) are valid as long as CA.1 holds, while the validity of

the (T-1) moment conditions in (11) also requires CA.2.  The conditions (11) imply that the

errors in (6A) and (6B) are uncorrelated.

For a matrix representation of (10) and (11), define  =  [u (�,�), u (�,�), ... ,it i,t+1

u (�,�)] for t < T,  = [u (�,�), u (�,�), ... , u (�,�)], where u (�,�) is the t’th entry ofiT i2 i3 i,T-1 it



E[b2i(	)] � E[U o
i (� ,�)�G(�)�ui(� ,�)] � 0;

E [b3i(	)] � E[(1/���)��ui(� ,�)G(�)�ui(� ,�)] � 0,

E[yit(uis��s ui1)] � 0, for t > s > 1,

E[yit(uiT��T ui1)] � 0, for t � 2, 3 , ... , T�1.

U o
i (� ,�) U o

i3(� ,�) U o
i4(� ,�) U o

iT(� ,�)

	̂2

	̂3

	̂1 	̂2

	̂3

12

(12)

(13)

(14)

u (�,�).  We also define  = diag[ , , ... , ].  Then we cani

express the conditions (10)-(11) as

where b (	) and b (	) are the {T(T-1)/2 - 1} × 1 and (T-1)×1 vectors, respectively.2i 3i

From now on, the procedure GMM2 and resulting estimator  will denote GMM based

on the moment conditions (7) and (12), and GMM3 and  will denote GMM based on the

conditions (7), (12) and (13).  If the basic assumptions (BA) and the covariance assumptions

(CA) are satisfied, GMM3 is at least as efficient as GMM2 and GMM1, while GMM2 is at least

as efficient as GMM1.  This follows from the general principle that adding valid moment

conditions cannot decrease asymptotic efficiency.

Since the moment conditions b , b  and b  are nonlinear, the GMM estimates ,  and1i 2i 3i

 need to be calculated by an iterative procedures.  Alternatively, following Newey (1985), we

can use a linearized GMM estimator details can be found in an earlier version of this paper

(available on request).  We also note the following.  Given the validity of the moment conditions

(5) (or (7)) that follow from BA, the T(T-1)/2 - 1 moment conditions in (10) can be replaced by

Given the conditions (7), the conditions (14) contain the same information as (12) (or (10)), but

they are more nearly linear.
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(15)

(16)

To obtain a matrix representation of (14), we define  = (y , y , ... , y ) for t < T, andit i,t+1 iT

 = (y , y , ... , y ).  Let  = diag( , , ... , ).  Then we can express (14) asi2 i3 i,T-1

where  is the {T(T-1)/2 -1} × 1 vector.  Then the GMM estimator based on b  and b  is1i 2i
*

asymptotically equivalent to GMM2, and the GMM estimator based on b , b  and b  is1i 2i 3i
*

asymptotically equivalent to GMM3.

Although it would perhaps be unusual, we could also consider GMM that assumes BA

and CA.2 (homoskedasticity) but not CA.1 (nonautocorrelation).  When CA.2 holds but CA.1

does not, the moment conditions b  based on (13) (or equivalently, (11)) do not hold.  To obtain3i

moment conditions implied by CA.2 without CA.1 holding, observe that the diagonal elements in

(9) contain two nuisance parameters, �  and � .  Eliminating these parameters, we can obtain
�� �

2

the following T -2 moment conditions:

Comparing (11) and (16), we can see that CA.2 itself implies (T-2) moment restrictions, while it

generates an additional moment condition if CA.1 is also incorporated.

For a matrix representation of (16), define
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2��
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2��
2
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2��
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T

�2
3�1 �2
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T�1
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E [bNH,i(	)] � E[G
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(�)�u �

i (� ,�)] � 0 .

	̂NH

	̂1 	̂2

	̂NH 	̂3
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(17)

(18)

and u (�,�) = (u (�,�) , ... , u (�,�) )�.  Then we can express the  (T-2) moment conditionsi i1 iT
* 2 2

implied by homoskedasticity only as:

Then GMM imposing BA and CA.2 would be based on b  and b .  We will call this estimator1i NH,i

GMM-NH or , since it imposes BA plus no heteroskedasticity.  This estimator would be

(asymptotically) more efficient than GMM1 but less efficient than GMM3;  it cannot be ranked

relative to GMM2.

4. Some efficiency results

In this section we prove some efficiency results for the estimators  (GMM1), 

(GMM2),  (GMM-NH) and  (GMM3) of the previous section, under somewhat stronger

assumptions than we made there.  In particular, we show that under certain independence

assumptions we can substantially reduce the number of moment conditions without a loss of

efficiency.



�i � Proj(�i�Wi) � �i � Wi� � �i ,

yi � Xi� � eT Zi� � �Wi� � ei ; ei � ��i � �i .

	̂1

	̂1
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(19)

(20)

We first consider the GMM1 estimator  based on the moment conditions (5) -- or

equivalently, (7).  The number [(T-1)(Tk+g)] of moment conditions in (5) could be very large.  In

this case, GMM using all of the moment conditions may be computationally burdensome, and

may have poor finite sample properties.  This raises the question of whether we can reduce the

number of moment conditions without losing efficiency of estimation.  This is possible if we

make a stronger assumption than the uncorrelatedness condition BA.5.  Specifically, suppose that

we replace BA.5 with the following assumption (BI, for basic assumption with independence):

[W ,� ] is independent of � . (BI)i i i

Define  = E(� � �) and � = G�G, where G is as defined in the discussion abovei i

equation (6).  Under BI, we can optimally weight the moment conditions (5) using � ,-1

decreasing the number of moment conditions that need to be imposed in GMM in order to attain

the same efficiency as .

We first define the linear projection of �  on W :i i

where E(W �� ) = 0 and � = (� ) � .  This leads to the model:i i ww w�
-1

This is essentially the same construction as was applied by Chamberlain (1984) to the usual fixed

effects model.  This model serves to identify the parameters �, �, � and �;  for example,



E[Xi
�G(�)�	1G(�)�ui(�,�)] � 0,

E[Zi
�e �

T G(�)�	1G(�)�ui(�,�)] � 0,

E[(Wi�)J �G(�)�	1G(�)�ui(�,�)] � E[(Wi�)�	1G(�)�ui(�,�)] � 0,

1
N�

N

i
1
Ri(�̂ , �̂)��̂	1G( ��)�ui( �� , ��) � 0,

�	 � ( ��� , ��� , ���)�

�̂ �̂

	̂1

�	
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(21A)

(21B)

(21C)

(22)

following Chamberlain, consistent estimates of these parameters can be obtained by applying the

minimum distance principle to the least squares estimates from (20).

Now consider the following moment conditions.

where J = [0 , I ]� and J�G(�) = I .  Notice that (21A),  (21B) and (21C) imply the k, g, and(T-1)×1 T-1 T-1

T - 1 moment conditions, respectively.  Accordingly, the total number of moment conditions in 

(21A)-(21C) is exactly the same as the number of parameters in 	.  These conditions can be

imposed as follows.  Define R (�,�) = [G(�)�X , G(�)�e Z , (W�)I ].  Let  i i T i i T-1

denote the GMM estimator based on the moment conditions (21A)-(21C).  It solves:

where , �̂ and  are initial consistent estimates.

To interpret the moment conditions (21A)-(21C), recall that G(�)�u (�,�) is a vectori

whose typical element is of the form u  - � u .  These moment conditions say that some linearit t i1

functions of W  are uncorrelated with u  - � u .  Therefore they are linear combinations of thei it t i1

moment conditions (5), which say that W  is uncorrelated with u  - � u  for all t.  As a result, i it t i1

(GMM1) must be efficient relative to .  However, when BA.5 is strengthened to BI, we have

the following useful result.



	̂1
�	

	̂1
�	

	̂1

	̂1

	̂C

	̂C 	̂1

	̂1

	̂C

	̂C

	̂C

	̂1

	̂1
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Proposition 1:  Under BA.1-BA.4 and BI,  and  are asymptotically equivalent.

Proof:  See Appendix C.

It is worth noting that under BI both  and  are in general inefficient.  We can

construct a more efficient estimator than  as in Chamberlain (1992).  Define h  = h(W ) =i i

E(� �W ).  Then Proposition 3 of Chamberlain implies that  is dominated by a GMMi i

estimator, say , which is obtained by exploiting the moment conditions (21A)-(21C), but with

(W�) replaced by h .  The efficiency gain of  over  is simply due to the fact that thei i

conditional mean h  is a better approximation of �  than its linear projection, W�.  Of course, i i i

is asymptotically equivalent to  if h  = W�.  A practical difficulty in applying Chamberlain'si i

method is that the calculation of  requires nonparametric estimation of h .  Also, under BI eveni

 is generally inefficient, because it exploits the restrictions implied by E(� �W ,� ) = 0, but noti i i

those implied by independence.

  Independence between the explanatory variables and the �  involves higher-orderit

moments which may be relevant for GMM.  However, the following proposition states that under

a normality assumption,  can be fully efficient.

Proposition 2:  Assume that �  and �  are stochastically independent of W  and of each other. i i i

Assume that �  and �  are normally distributed with variance �  and covariance matrix ,i i �

2

respectively.  Then  is asymptotically efficient.

The proof is given in Appendix C.  Basically it shows that, under the assumptions made,
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 is locally semiparametrically efficient.  We can note that for the MLE, 	 and the nuisance

parameters � ,  and � are estimated jointly.  A  sidelight of Proposition 2 is that under the
�

2

normality assumption GMM1 allows one to estimate 	 efficiently without estimating the

nuisance parameters.

We now turn to the estimators ,  and  that impose the basic assumptions (BA)

and the covariance assumptions (CA).  Again we want to know whether we can reduce the

number of moment conditions without losing efficiency.  To proceed, we need to strengthen the

covariance assumptions.  Specifically, we replace CA by the stronger assumption (CI) that the �it

are iid:

For any i, the �  are mutually independent. (CI.1)it

For any i, the �  are identically distributed. (CI.2)it

While the estimators ,  and  are in general inefficient, they can be fully efficient

under CI and a normality assumption.

Proposition 3:  Assume that BA.1-BA.4 and BI hold.  Assume that �  is independent of W  andi i

� .  Assume that �  and �  are normally distributed with variance �  and covariance matrix ,i i i �

2

respectively.  If CI.1 holds,  has the same asymptotic distribution as the (restricted) MLE of 	

in the model given in equation (20) above, imposing the restriction that  is diagonal.  If CI.2

holds but CI.1 does not, the GMM estimator based on the moment conditions b  and b  ( )1i NH,i

is asymptotically equivalent to the (restricted) MLE of 	, imposing the restriction that all the
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diagonal entries of  are the same.  If both CI.1 and CI.2 hold, then  has the same asymptotic

distribution as the (restricted) MLE of 	, imposing the restriction that  = . 

Proof:  See Appendix C.

Basically, this proposition states conditions under which the GMM estimators ,  and

 are efficient in the class of estimators that make use of second-moment information.  Like

Proposition 2, it can be viewed as a local efficiency result.  The basic assumptions (BA) and

covariance assumptions (CA) are stated in terms of uncorrelatedness only, so that only second-

moment information is relevant.  When we replace uncorrelatedness by independence, additional

moment conditions involving higher-order moments are potentially relevant.  However, these

additional moment conditions do not lead to gains in asymptotic efficiency when �  and the �i it

are normal.  This is because under normality only the first two moments matter.  

We can also show that under the assumptions of Proposition 3, many moment conditions

in (7), (12) and (13) become redundant in the sense that imposing them in GMM does not

improve the efficiency of the estimator.  Stated formally:  

Proposition 4:  Assume BA.1-BA.4, BI, CI.1, CI.2, and normality of the � .  Then  has theit

same asymptotic distribution as the GMM estimator based on the moment conditions (21A)-

(21C) and (13).

Proof:  See Appendix C.

Proposition 4 gives conditions under which we can considerably reduce the number of
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moment conditions in GMM3 without losing asymptotic efficiency.  It was already clear from

Proposition 3 that such a reduction in relevant moment conditions is possible under some

assumptions, but the assumptions of Proposition 4 are weaker than those of Proposition 3,

because we do not need to assume normality of � .i

GMM3 is based on the set of moment conditions (7), (12) and (13).  Proposition 4

essentially says two things.  First, it says that we can replace the largest set of moment conditions

(7) by the much smaller set of moment conditions (21A)-(21C).  This is the same conclusion as

in Proposition 1.  However, it does not follow as an implication of Proposition 1;  it is a new

result.  As shown in Breusch et al. (1999), the fact that one set of moment conditions is

redundant, given another set of moment conditions, can change when the other set of moment

conditions is made larger.  Second, the proposition says that we can omit the set of moment

conditions (12), because these moment conditions are redundant given those in (7) and (13), or

given those in (21A)-(21B) and (13).  This redundancy result is the reason that we expressed the

moment conditions b  and b  in the way we did.  The redundant conditions b  given in (12) are2i 3i 2i

those that reflect uncorrelatedness of the errors.  This is a very useful result because it allows us

to eliminate a large number of nonlinear moment conditions without losing efficiency.  We note

that, although the moment conditions (12) are redundant given those in (7) and (13), they are not

uninformative in general.  For example, the GMM2 estimator based on (7) and (12) is more

efficient than the GMM1 estimator based on (7) only, even given the assumptions of Proposition

4, so that there is useful information in (12) that is not in (7).  However, given the assumptions of

Proposition 4, there is no useful information in (12) that is not in (7) plus (13).
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(23)

(24)

(25)

5. Concentrated least squares

In this section, we shall consider the concentrated least squares (CLS) estimation of the

model.  The CLS estimator is defined as follows.  We treat the �  as parameters to be estimatedi

(along with �, � and �), so that this is a true fixed-effects treatment of the model.  We can

consider the following least squares problem:

Solving the first order conditions of the problem (23), we can express the �  in terms of 	:i

where as before u (�,�) = y  - X� - e Z�.  Substituting (24) into (23) gives us the concentratedi i i T i

SSE (CSSE):

where M(�) = I  - �(���) ��.  Minimizing CSSE with respect to 	 gives us the CLS estimator,T
-1

.  If the �  are iid normal and if X  and Z  are treated as fixed, this estimator is the MLE.  Leeit i i

(1991) shows that it can also be derived as a conditional MLE estimator, where the conditional

likelihood function is obtained by conditioning on ��(y  - X� - e Z�), the sufficient statistic fori i T i

� .  Because the �  are “incidental parameters” in the sense of Neyman and Scott (1948) -- that is,i i



N(	̂CLS�	)

It might be worth mentioning that under the weak exogeneity assumption, E(� X ) = 0 for s � t, the CLS3
is it

estimator would become inconsistent, and modifying it to be consistent under weak exogeneity would fundamentally

destroy its least squares or maximum likelihood interpretation.

22

the number of �  grows with sample size N -- and because the sufficient statistic for �  dependsi i

on the parameters, the usual results for the asymptotic properties of the MLE or conditional MLE

do not apply, and the asymptotic properties of the CLS estimator need to be derived directly.  3

Further discussion of similar cases can be found in Cornwell and Schmidt (1987), Kiefer (1980b)

and Chamberlain (1992).

The CLS estimator was first considered by Kiefer (1980a) and was considered later but

independently by Lee (1991) and Lee and Schmidt (1993). They provide some interesting

computational results.  For example, they show that the CLS estimator can be computed by a

specific iterative process.  For a given value of �, the estimator of � and � is obtained by

regression of M(�)y  on M(�)(X ,e Z );  conversely, for a given value of � and �, the estimator ofi i T i

� is the eigenvector corresponding to the largest eigenvalue of � u (�,�)u (�,�)�.i i i

Under the strong assumptions for which the CLS estimator is the MLE (iid normal �’s

and fixed regressors), Lee (1991) rigorously considers the asymptotic properties of the CLS

estimator.  An interesting point that we will develop below is that the CLS estimator is consistent

under weaker assumptions than Lee made, but consistency basically requires our covariance

assumptions as well as the basic assumptions.  An important finding of Lee's is that the efficiency

of the MLE is in doubt.  He shows that E(	 CSSE/				�) fails to be proportional to2

E[(	CSSE/		)(	CSSE/		�)] even under his strong assumptions.  Due to this fact, the asymptotic

covariance matrix of  takes the form



E
	2CSSE

				�

	1

E
	CSSE

	
	CSSE

	�
E

	2CSSE

				�

	1

yi1 � �i � �i1 , yi2 � �i� � �i2 .

�
N
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1
(yi1 � �̂yi2)(yi2 � �̂yi1) � 0.

E[(yi1 � �yi2)(yi2 � �yi1)] � 0.
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(26)

(27)

(28)

(29)

which is similar in form to the covariance matrix of a quasi-ML estimator under distributional

misspecification.  This result casts doubt on the efficiency of CLS, and we will show that this

doubt is justified, in the sense that the CLS estimator is dominated by a GMM estimator.  This

may be a surprising result because the incidental parameters problem is typically thought to cast

doubt on the consistency of the MLE, not on its efficiency.

A simple example may be worth brief consideration before moving on to the general case. 

Let T = 2 and suppose that there are no explanatory variables in the model, so we simply have

We wish to estimate the scalar parameter � and the nuisance parameters � , ..., � .  The CLS1 N

estimator minimizes the criterion function CSSE = �  [(y -� )  + (y -��) ].  Some algebrai i1 i i2 i
2 2

reveals that the CLS estimator of � solves the equation

 Obviously this corresponds to imposition of the moment condition

Evaluating the expectation on the left hand side of (29), we obtain �var(� ) - �var(� ) +i2 i1
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(30)

(1-� )cov(� ,� ), and this equals zero for all values of � if and only if the covariance2
i1 i2

assumptions hold.  Thus the consistency of the estimator follows from and requires these

covariance assumptions.  Furthermore, the inefficiency of the CLS estimator follows from its

failure to exploit the moment condition E(y  - �y ) = 0, which is informative for � so long as thei2 i1

mean of the �  is non-zero.i

We now return to the general model (1), and we consider the properties of the CLS

estimator from the perspective of GMM.  For expository convenience, we will do so under

assumptions BA.1-BA.4, BI and CI.  These assumptions are weaker than the assumptions made

by Lee, but stronger than actually necessary, since BA and CA are sufficient for the consistency

and asymptotic normality of the CLS estimator.  

We previously defined the quasi-differencing matrix G, which has the property that, for

any T dimensional vector d, the t’th element of G�d equals d  - � d .  Using the fact that M(�) =t+1 t+1 1

G(G�G) G�, the first-order conditions for the minimization of CSSE can be written as follows:-1

The consistency of the CLS estimator requires that the terms in the large brackets in equation

(30) have expectation zero (k + g + (T-1) moment conditions).  The first two terms have

expectation zero under our basic assumptions;  what is required is essentially that �  isi

uncorrelated with X  and Z .  However, for the last term to have expectation zero requires thati i
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��u (�,�) be uncorrelated with G�u (�,�), which requires the covariance assumptions. i i

Furthermore, it is clear from (30) that the CLS estimator is equivalent to a GMM estimator based

on the moment conditions (21A), (21B) and (13), with � = G�G in (21A) and (21B).  Thus the

CLS estimator exploits only a subset of the moment conditions that GMM3 exploits, which

explains the inefficiency of CLS compared to GMM3.  To make this point clear, consider the

case in which the �  are iid normal.  Then Proposition 4 implies that  is asymptoticallyit

equivalent to the GMM estimator based on the conditions (21A)-(21C) and (13), and the

inefficiency of CLS results from the fact that it fails to exploit the moment conditions (21C).  

6. Calculation of asymptotic covariance matrices

In this section we attempt to quantify the efficiency gains of using the moment conditions

implied by the covariance assumptions.  We consider five estimators, GMM1 ( ), GMM2 ( ),

GMM-NH ( ), GMM3 ( ) and CLS ( ).  We will calculate and compare the asymptotic

covariance matrices of these estimates, for various parameter values.  A derivation of the

asymptotic covariance matrices is given in Appendix C.  The calculations will be made assuming

that BA.1-BA.4, BI and CI hold.  Under these assumptions, GMM3 is most efficient, while both

GMM2 and GMM2-NH are more efficient than GMM1.  However, a priori efficiency

comparison of GMM2 with GMM-NH is not possible, because these estimates are based upon

non-nested sets of moment conditions.  By the same reasoning, the efficiency comparison of CLS

with GMM1, GMM2 and GMM-NH is not possible.

The basis of our calculations is the model (1) with a single time-varying regressor and an

intercept term:



yit � �Xit � � � �t�i � �it ,

E

Xi1

�

XiT

�i

�

µXeT

µ
�

; cov

Xi1

�

XiT

�i

�

�2
XIT �X�eT

�X�e
�

T �2
�

; cov

�i1

�

�i,T	1

�iT

� �2
�
IT .

�ww �

�2
XIT�µ2

XeTe �

T µXeT

µXe �

T 1
; �w� �

(�X��µXµ
�
)eT

µ
�

; �
��

� �2
�
�µ2

�
.

�̂2 �̂1

26

(31)

(32)

(33)

where �  = 1 and �  = �  + � for t = 2, ... , T.  We assume that:1 t t-1

With these assumptions, we have µ  = (µ e �, 1)� and:w X T

The relevant parameters are � , �, � , � , µ , µ  and T.  We normalize the covariance matricesX � X� � X
2 2

by setting �  = 1.  Our choices of parameter values ensure positive definiteness of the covariance
�

2

matrices and identification of 	. 

Table 1 reports some results for the case that the �  are normal.  The numbers in theit

parentheses are the variances of the GMM1 estimates.  The other results are the ratios of the

asymptotic variances of the GMM2, GMM-NH, GMM3 and CLS estimates to the asymptotic

variances of the GMM1 estimates [e.g, var( )/var( )].  A salient fact in Table 1 (and also the

other tables) is that exploiting the covariance restrictions does not provide much efficiency gain

for the estimates of �, while it substantially improves the efficiency of the estimates of � and the

� .  Apparently the moment conditions implied by the orthogonality between the errors and thet
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regressors are much more important in the estimation of the coefficients of time-varying

regressors than those which are implied by the covariance restrictions.

In Table 1, with a few exceptions, the efficiency of GMM2, GMM-NH, GMM3 and CLS

over GMM1 increases, as the time-variation of the individual effect (�), the mean of the

individual effect (µ ) and the variance of the individual effect (� ) increase, and as the correlation
� �

2

between the regressor and the individual effect (� ) decreases.  In the cases with small values ofX�

� , the efficiency gains from using GMM2, GMM-NH, GMM3 and CLS instead of GMM1 areX�

very large.  This is reasonable because GMM1 does not provide a consistent estimate of � or of

the �  when �  = 0.  It is interesting to see that the CLS estimates in general are slightly bettert X�

than both the GMM2 and GMM-NH estimates.  The efficiency of the CLS estimates is in most

cases almost equal to that of the GMM3 estimates.  Thus, while GMM3 does dominate CLS, it is

not very much better given the assumptions underlying our calculations.  There are two

exceptional cases in which CLS performs worse than other GMM estimators: the cases with �  =
�

2

0.38 and with �  = 1.15.  These are parameter values near the boundary of the parameterX�

subspace for which all covariance matrices are positive definite.

The efficiency gains of GMM-NH over GMM1 are in general greater than the efficiency

gains of GMM2 over GMM1, but only by very small margins.  This result indicates that the

efficiency gains by exploiting the moment conditions that require homoskedasticity of the �  areit

only marginally greater than the efficiency gains from the moment conditions that require mutual

zero-correlation among the � .  Further, the efficiency gains of GMM3 over both GMM2 andit

GMM-NH are, if any, only marginal.  This means that the efficiency gains from using both sets

of moment conditions (implied by both the zero-correlation and homoskedasticity assumptions)
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are not too much greater than the gains from using only one set of moment conditions.

Table 2 reports results for different values of T.  As T increases, the efficiency gains of

GMM2, GMM-NH, GMM3 and CLS over GMM1 tend to become smaller and more nearly

equal.  This implies that marginal information in the covariance assumption is not very great for

large values of T.  

Table 3 and 4 report the results for some cases in which the �  are distributed as Chi-it

squared with one degree of freedom, but normalized so that E(� ) = 0 and var(� ) = 1.  Note thatit it

the results reported for GMM1 and GMM2 are identical to those in Table 1 and 2.  This is so

because under assumptions BI and CI, the covariance matrices of GMM1 and GMM2 estimates

are independent of the third and fourth moments of the � .  (See the forms of the covarianceit

matrices given in Appendix C.)  Most of the efficiency comparisons reported in Tables 3 and 4

are similar to those in Table 1 and 2.

Several general comments can be made on the results in Tables 1-4.  First, covariance

restrictions are particularly important when T is small.  In this case, GMM exploiting the moment

conditions implied by the covariance restrictions is worthwhile.  Second, the efficiency gains of

GMM2 over GMM1 or GMM-NH over GMM1 are often substantial, while the additional

efficiency gains of GMM3 over GMM2 or GMM-NH are usually small.  This implies that most

of efficiency gains of exploiting covariance restrictions can be obtained by either imposing the

moment conditions that require only the mutual zero-correlation among the � , or by the momentit

conditions that only require homoskedasticity.  Third, CLS performs well in general, but it can be

worse than GMM1 in some cases.  Furthermore, its consistency requires both nonautocorrelation

and homoskedasticity of the � .  There seems to be little reason to prefer CLS to GMM2 orit
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GMM-NH, at least in terms of the asymptotic properties of the estimates.

7. Conclusions 

In this paper we have considered a panel data model with time-varying individual effects,

which is a generalization of the traditional fixed effects model.  This model is of theoretical

interest, and we believe that it is also empirically useful in a variety of settings.  We have counted

and expressed the first and second order moment conditions implied by alternative sets of

assumptions on the model, and we have considered several GMM estimators and examined the

conditions under which these estimators are efficient.  While some of the available moment

conditions are nonlinear, we can derive very simple linearized GMM estimators that are

asymptotically as efficient as the nonlinear GMM estimators.  These alternative GMM

procedures are available from the authors upon request. 

The main novelty in our GMM approach is the exploitation of possible covariance

restrictions.   Our calculations of asymptotic covariance matrices of the GMM estimators

demonstrate that exploiting covariance restrictions can result in substantial efficiency gains,

especially when the number of time-series observations on each individual is small.

We have shown that a concentrated least squares estimator, which is a natural

generalization of the within estimator and which is the MLE when the errors are iid normal and

the regressors are fixed, is consistent only when the errors are white noise.  Furthermore, given

the conditions needed for its consistency, this estimator is inefficient.  This is an unusual and

intriguing theoretical result, and it is reasonable to ask to what class of models it generalizes. 

This is an interesting topic for further research.
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Another useful generalization of the model is to allow for multiple-component individual

effects.  That is, instead of a single component of the form �� , we could consider multiplet i

components of the form �  � � .  For example, in some models one might wish to include aJ
j=1 jt ji

time-invariant individual effect (i.e., �  = 1 for all t) as well as a time-varying individual effect. 1t

As another example, in models in which the �  represent macro shocks, one might have two ort

more distinct macro shocks to which individuals react differently.  Lee (1991) has considered

conditional least squares estimation of multiple components models, and a GMM treatment

should also be feasible.


