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2.  REVIEW of PROBABILITY AND STATISTICS 
(CHAP 2 - 3) 

 
[1] Important Concepts and Formulas 

 

(1) Population:  The group of interest. 

 EX: The heights of Phoenix residents, Household incomes of Phoenix residents, US GNP. 

 

(2) Probability (or frequency): 

 •  A small island with 12 households 

 

  Income (per day) # of  households  Probability 

   $100    2   2/12 = 1/6 

   $200    2   2/12 = 1/6 

   $300    4   4/12 = 1/3 

   $400    4   4/12 = 1/3 

      ---------------------------------------------- 

       12    1 
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• Let X = a household's income (X: random variable) 

•  Describe the probability that X takes a specific value by: 

  f(x) = 1/6, if x = 100 or 200; f(x) = 1/3 if x = 300 or 400. (probability density function.)  

 

(3) Expected value (Population mean) of X: 

• In the above example, the population mean is 

  (100×2+200×2+300×4+400×4)/12 = 283.3 

 

• Expected value of X: E(x) ≡ μx ≡ Σxxf(x): 

  E(x) = 100×(1/6) + 200×(1/6) + 300×(1/3) + 400×(1/3) = 283.3. 

 

• Lesson: If you know possible values of x and f(x), can compute the population mean. 
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(4) Population Variance of X 

• Wish to know the dispersion of a population of size B: 

 Let x1, ... , xB be the members of population.  Then, use  2
1

1( ) ( )B
i i xvar x x

B
μ== Σ − . 

• Alternatively, you compute: 2 2 2 2var( ) ( ) ( ) ( )x x x x xx x f x x f xσ μ μ≡ = Σ − = Σ − . 

• In the above example, 

 12 2
1var( ) ( ) /12i i xx x μ== Σ −  

     = {(100-283.3)2 + (100-283.3)2 + (200-283.3)2 + (200-283.3)2  

   + (300-283.3)2 + (300-283.3)2 + (300-283.3)2 + (300-283.3)2  

   + (400-283.3)2 + (400-283.3)2 + (400-283.3)2 + (400-283.3)2}/12 = 11388.889. 

 

 var(x) = Σx(x-μx)2f(x) 

  = (100-283.3)2*(1/6) + (200-283.3)2*(1/6) + (300-283.3)2*(1/3) + (400-283.3)2*(1/3) 

 = 11388.889. 
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(5) Case of Two Random Variables 

 EX: Income (X) and consumption (Y) of the 12 households. 

   Y($)\X($)  100 200 300 400  

        30    1   1   2   1 : 5 

        40    1   0   1   1 : 3 

        50    0   1   1   2 : 4 

   ------------------------------------------------------------ 

         2   2   4   4 : 12 

 

1. Joint Probability Density Function 

   Y\X  100 200 300 400  

     30  1/12 1/12 2/12 1/12 : 5/12 

     40  1/12   0 1/12 1/12 : 3/12 

     50    0 1/12 1/12 2/12 : 4/12 

   ------------------------------------------------------- 

     2/12 2/12 4/12 4/12 : 1 

   Joint pdf = f(x,y):  f(100,50) = 0 
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2. Marginal PDFs of X and Y: 

 Marginal pdf of X = fx(x) = Σyf(x,y) = Pr(X=x) regardless of Y. 

 Marginal pdf of Y = fy(y) = Σxf(x,y) = Pr(Y=y) regardless of X. 

 

   Y\X  100 200 300 400  fy(y) 

     30  1/12 1/12 2/12 1/12 : 5/12 

     40  1/12   0 1/12 1/12 : 3/12 

     50    0 1/12 1/12 2/12 : 4/12 

   ------------------------------------------------------- 

   fx(x)  2/12 2/12 4/12 4/12 : 1 

 

3. Conditional pdf: 

 f(y|x) = Pr(Y = y, given X = x) = ( , )
( )x

f x y
f x

; f(x|y) = Pr(X = x, given Y = y) = ( , )
( )y

f x y
f y

. 

 • f(y=30|x=100) = (100,30) 1/12 1
(100) 2 /12 2x

f
f

= = ; f(y=40|x=300) = (300,40) 1/12 1
(300) 4 /12 4x

f
f

= = . 
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4. Population means and variances of X and Y 

 E(x) = Σxxfx(x); E(y) = Σyyfy(y); 

 var(x) = Σx(x-µx)2fx(x); var(y) = Σy(y-µy)2fy(y) 

 

5. Conditional means and conditional variances 

 E(x|y) = Σxxf(x|y); E(y|x) = Σyyf(y|x); 

var(x|y) = Σx[x-E(x|y)]2f(x|y); var(y|x) = Σy[y-E(y|x)]2f(y|x) 

 

EX: 

 

( | 200) ( | 200)
(200,30) (200,40) (200,50)30 40 50

(200) (200) (200)
1/12 0 1/1230 40 50 40
2 /12 2 /12 2 /12

y

x x x

E y x yf y x
f f f
f f f

= = Σ =

= × + × + ×

= × + × + × =

 

 

2

2 2 2

var( | 200) ( ( | 200)) ( | 200)
1/12 0 1/12(30 40) (40 40) (50 40) 100
2 /12 2 /12 2 /12

yy x y E y x f y x= = Σ − = =

= − × + − × + − × =
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6. Stochastic Independence: 

X and Y are stochastically independent iff (if and only if) f(x,y) = fx(x)fy(y), for all x and y. 

 

• In the above example, 

  f(300,30) = 2 24
12 144

= . 

  fx(300) = 4
12

; fy(30) = 5
12

 →  fx(300)fy(30) = 20
144

. 

 • If X and Y are stoch. independent, E(xy) = E(x)E(y). 

 If X and Y are stoch. dependent, E(xy) ≠ E(x)E(y), generally. 

 

7. Covariance: 

cov(x,y) = E[(x-µx)(y-µy)] = ΣxΣy(x-µx)(y-µy)f(x,y). 

 which measures how much X and Y are linearly correlated. 

 

  cov(x,y) > (<) 0   positively (negatively) linearly related. 

  cov(x,y) = 0   no linear relation. 
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8. Correlation 

   cov( , )( , )
var( ) var( )

xy

x y

x ycorr x y
x y

σ
σ σ

= ≡ . 

  

 • -1 ≤ corr(x,y) ≤ 1: 

 • corr(x,y) →     1: highly positively linearly related. 

  corr(x,y) →    -1: highly negatively linearly related 

  corr(x,y) →     0: no linear relation. 

• If X & Y are stochastically independent, then, corr(x,y) = 0, but not vice versa. 

 

9. Skewness and Kurtosis 

 See book, pp. 26 – 29. 
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10. Some useful facts: (p. 38, 63) 

• E(a+bx+cy) = a + bE(x) + cE(y). 

• var(a+by) = b2var(y). 

• var(x) = E(x2) - [E(x)]2 

• cov( , ) ( ) ( ) ( )x y E xy E x E y= − . 

• 2 2var( ) var( ) 2 cov( , ) var( )ax by a x ab x y b y+ = + + . 

 

Exercise: 

   Y\X  100 200 300 400  fy(y) 

     30  1/12 1/12 2/12 1/12 : 5/12 

     40  1/12   0 1/12 1/12 : 3/12 

     50    0 1/12 1/12 2/12 : 4/12 

   ------------------------------------------------------- 

   fx(x)  2/12 2/12 4/12 4/12 : 1 

 

 • Compute E(x), E(y), var(x), var(y), cov(x,y), E(1+2x+3y), var(2+3x), and var(x+2y). 

 • Compute cov( , )x y  and ( ) ( ) ( )E xy E x E y− .  Are they the same? 
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[2] Examples of pdf's 

 

(1) Normal distribution 

 2~ ( , )X N μ σ , where E(x) = µ and var(x) = σ2 

 1)  pdf: 
2

2
( ) 2

2
2

1 1 ( )( ) exp
22 2

x xf x e
μ
σ μ

σπσ πσ

−
− ⎛ ⎞−

= = −⎜ ⎟
⎝ ⎠

,  -∞ < x < ∞. 

 2)  f(x) is symmetric around x = µ 

 
 3)  Pr(µ - σ < X < µ + σ) ≈ 0.68; Pr(µ - 1.96σ < X < µ + 1.96σ) = 0.95;  

   Pr(µ - 2.58σ < X < µ + 2.58σ) = 0.99. 
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 4)  Standard Normal Distribution: Z ~  N(0,1). 

    Pdf is given: 

     
21( ) exp

22
zzφ

π
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

, -∞ < z < ∞; ( ) Pr( ) ( )
a

a Z a z dzφ
−∞

Φ = < = ∫ . 

 

 5)  Some useful facts: (p. 40, pp. 58 -63) 

  • Pr(a < Z < b) = ( ) ( )b aΦ −Φ . 

  • Pr(a < Z) = 1 - ( )aΦ . 

   

 EX: Find Pr(1 < Z < 2) and Pr(Z > 0.5). 

 

 5)  If X ~  N(µ,σ2).  Then, XZ μ
σ
−

=  ~  N(0,1). 

  EX:  Suppose X ~ N(1,4).  Find Pr(X < 3). 

  SOL: 1 3 1Pr( 3) Pr Pr( 1)
4 4

XX Z− −⎛ ⎞< = < = <⎜ ⎟
⎝ ⎠

. 

    



 Review-12

 6)  How to read z-table [Appendix Table 1, pp. 755 - 756]: 

  The table describes Pr(Z < a) = b: a →  b, or b → a. 
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EX: Pr( Z < 1.96) = ? 

EX: Pr( Z < a) = 0.9463.  What is a? 

 

(2) χ2 (chi-square) distribution 

 1)  Let Z1 , ... , Zk be iid with N(0,1).  Define: 

  2 2 2 2
1 1 2 ...k

i i kY Z Z Z Z== Σ = + + + . 

  Then, Y ~ χ2(k), Y > 0.  Here, k is called degrees of freedom. 

 2)  The pdf is right-skewed except for k  ≤ 2. 

 
 3)  E(y) = k; var(y) = 2k . 

4)  How to read  χ2-table [Appendix Table 3, p. 758]. 

  First, need to know the degrees of freedom (df) for the RV of your interest.  Given df, the 

table describes Pr( χ2 > a) = b.  Here, a is called “critical value” and b “significance level.” 
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EX: Pr( χ2 > a) = 0.1, and df = 22.  Find a. 

EX: Pr( χ2 > 36.41) = b, and df = 24.  Find b. 

EX: X and Y are stoch. indep., and N(0,1).  Find 2 2Pr( 1).X Y+ <  

 

(3) Student’s t distribution 

 1)  Let Z ~ N(0,1), Y ~ χ2(k); and let Z and Y be stochastically independent.  Define: 

     
/

ZT
Y k

= . 

Then, T ~  t(k), where k = df (degrees of freedom). 

2) E(t) = 0, k > 1 ; var(t) = k/(k-2), k > 2. 

3) As k → ∞, var(t) →  1: In fact, T → Z. 

4) The pdf of T is similar to that of Z, but T has thicker tails. 

5) How to read t-table [Appendix Table 2, p. 757]: 

 The table describes 

 Pr(T > a) = b and Pr(|T|  > a) = b. 

 Note that: 

 Pr(|T|  > a ) = 2 × Pr(T > a). 
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EX: Pr(T > 1.72) = b and df = 21.  Find b. 

EX: Pr(|T| > 1.70) = b and df =30.  Find b. 

EX:  Suppose X ~ N(0.1) and Y ~ χ2(4) are stochastically independent.  Find Pr( 1.5 / 4)X Y< . 

 

 

(4) F (Fisher’s) distribution 

 1)  Let Y1 ~ χ2(k1) and Y2 ~ χ2(k2) be stoch. indep..  Then, 1 1

2 2

/
/

Y kM
Y k

=  ~ F(k1, k2). 

2) The pdf of F is right-skewed.  F has a thicker tail than  χ2. 

3)  F(k1,∞) = χ2(k1)/k1. 

 
 

4)  How to read F-table [Appendix Table 5A-5C, pp. 760 – 762]: The table shows Pr(F > a) = b. 
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EX: Pr(F > 3.52) = b with k1 = 4 and k2 = 5.  Find b. 

EX:   Pr(F > a) = 0.01 with k1 = 7 and k2 = 9.  Find a. 

EX: Suppose X ~ χ2(3) and Y ~ χ2(5) are stochastically independent. Find Pr 2
3 5
X Y⎛ ⎞< ×⎜ ⎟

⎝ ⎠
. 
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[3] Statistical Inference 

 

(1) Point Estimation 

 • Wish to know the population mean and variance of college graduates’ hourly earnings (Y). 

 • Do not know pdf of Y 

 • Unknown parameters:  The things a researcher wishes to estimate (such as population mean 

or population variance). 

 • Need Sample of data to estimate unknown parameters 

 

1)  Random sampling 

 • Random sample is a sample in which n objects are drawn at random from a population and 

each object is equally likely to be drawn. 

  • Let Yi be the value of the i’th randomly drawn object.  Then, the random variables Y1, ... , 

Yn are said to be independent and identically distributed. 

  • A random sample is a sample that can represent the population well. 
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 • An example of nonrandom sampling: 

• Suppose you wish to estimate the % of supporters of the Republican Party in the Phoenix 

metropolitan area. 

• Choose people living in the street corners. 

• If you do, your sample is not random.  Because rich people are likely to live in corner 

houses! 

 

2) Definition of Sample Mean and Sample Variance 

• Let {Y1, ... , Yn} be a random sample (Y1, ... , Yn are i.i.d.) from a population with population 

mean μY and population variance 2σY   Define sample mean and variance by 

     ( ) ( )22
1 1 1

1 1 1... ; .
1

n n
n i i Y i iY Y Y Y s Y Y

n n n= == + + = Σ = Σ −
−

 

 • The formulas Y  and 2
Ys  are called “estimators”.  But the actual values of Y  and 2

Ys  computed 

from actual data are called “estimates”. 

  →  Estimator is an random variable in the sense that its outcome can change depending on 

sample chosen.  Estimate is a nonrandom variable. 
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3)  Sampling distributions of sample mean and sample variance 

 • Let {Y1, ... , Yn} be a random sample (Y1, ... , Yn are i.i.d.) from a population with population 

mean μY and population variance 2σY    

 • Consider the set of all possible random samples of size n: 

           Estimates 

Sample 1: {Y1
[1], Y2

[1], ... , Yn
[1]}  →  [1]Y , 2[1]

Ys  

Sample 2: {Y1
[2], Y2

[2], ... , Yn
[2]}  →  [2]Y , 2[2]

Ys  

Sample 3: {Y1
[3], Y2

[3], ... , Yn
[3]}  →  [3]Y , 2[3]

Ys  

     :      : 

Sample b: {Y1
[b], Y2

[b], ... , Yn
[b]}  →  [ ]bY , 2[ ]b

Ys  
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• Consider the population of { [1]Y , ... , [ ]bY }: 

• 2 2( ) ; ( )μ σ= =Y Y YE Y E s .  

 →  We say that Y  ( 2
Ys ) is an unbiased estimator of μY ( 2σY ).  

• If Y  is computed from a nonrandom sample, it could be biased. 

  • 
2

var( ) σ
= YY

n
; 

4
2 2var( )

1
σ

=
−

Y
Ys n

. 

  • If the population is normally distributed, so is the sampling distribution of the sample mean  

Y : 
2

~ ,σμ
⎛ ⎞
⎜ ⎟
⎝ ⎠

Y
YY N

n
. 

  • What would be the sampling distribution of the sample mean if the population is not 

normal? 
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• Efficiency of Y  

  • Let Y  be an estimator of μY other than Y .  Can we find Y  such that var( ) var( )<Y Y ? [If 

var( ) var( )<Y Y , Y  must be more reliable (efficient) estimator than Y .] 

  • Consider 1 1 2 2 ...= + + + n nY a Y a Y a Y  for some nonnegative a1, ... , an such that a1 + ... + an = 1.  

The estimators of this form are called “linear unbiased estimators.” 

  • It can be shown that var( )Y  is minimized when a1 = ... = an = 1/n.  

   →  This means that Y  is the minimum-variance estimator among linear unbiased 

estimators. 

   →  Y  is called the “best linear unbiased estimator” (BLUE). 

   →  If the population is normally distributed, Y  and 2
Ys  are the minimum-variance 

unbiased estimators. 

  • Least Square Estimator: Y  = value of m which min. 2
1( )n

i iY m=Σ −  
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[Some Math Exercises] 

 

If random sample is used, ( ) YE Y μ= ; 2 2( )Y YE s σ=  

<Proof> 

   1 2 1
1 1 1 1 1 1 1 1( ) ... ( ) ... ( ) ... .n n Y Y Y YE Y E Y Y Y E Y E Y n
n n n n n n n n

μ μ μ μ⎛ ⎞= + + + = + + = + + = =⎜ ⎟
⎝ ⎠

 

   
2 2 2 2

2
1 2 1

1 1 1 1 1 1( ) ... ( ) ... ( ) Y
n n YVar X Var Y Y Y Var Y Var Y n

n n n n n n n
σσ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + + = + + = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 

 Observe that: 

   2 2 2 2
1 1 1( ) [( ) ( )] ( ) ( )n n n

i i i i Y Y i i Y YY Y Y Y Y n Yμ μ μ μ= = =Σ − = Σ − − − = Σ − − −  

 Thus, 

   
2 2 2 2 2

1 1 1
2 2 2

1

( ( ) ) ( ( ) ( ) ) [( ) ] [( ) ]

( / ) ( 1) .

n n n
i i i i Y Y i i Y Y

n
i Y Y Y

E Y Y E Y n Y E Y nE Y

n n n

μ μ μ μ

σ σ σ
= = =

=

Σ − = Σ − − − = Σ − − −

= Σ − = −
 

 Thus,  

   2 2 2
1

1( ) ( )
1

n
Y i i YE s E Y Y

n
σ=

⎛ ⎞= Σ − =⎜ ⎟−⎝ ⎠
.
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4)  Sampling distribution of Y  and 2
Ys  when n is large. 

 • The Law of Large Numbers: 

   Under some general conditions, lim [ ] 1μ→∞ =n YPr Y is in the very close neighbor of . 

   → We say that Y  is a consistent estimator of μY. 

   →  The sample variance, 2
Ys  is also a consistent estimator of 2σY . 

  [Intuition for the consistency of Y ] 

   • var( )Y  measures the average deviation of Y  from μY.  

   • Observe that 
2

var( ) 0σ
= →YY

n
, as n → ∞. 

 

 • The Central Limit Theorem: 

   Under some general conditions, 

    
2

(0,1)
var( ) /

Y Y

Y

Y Y N
Y n
μ μ

σ
− −

= → , as n → ∞. 

  →  Even if the population is not normally distributed, the sampling distribution of Y  is 

roughly normal, when n is large. 

  →  We say that Y  is asymptotically normally distributed. 
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(2) Confidence Interval for Population Mean 

• What would be the possible range for the true value of μY? 

• Confidence interval: the range between lower and upper bounds that can contain the true μY. 

• Confidence level (1-α): Prespecified probability that the confidence interval contains the true 

μY (90%, 95%, 99%). 

 

1) Standard Error of Y : 

  
2

( ) var( )= = =Y Ys sSE Y Estimated Y
n n

, where sY is called sample standard deviation. 

 

2) The Central Limit Theorem 

 When n is large,  (0,1)
( )
μ−

≈YY N
SE Y

. 

  If Y ~ 2( , )Y YN μ σ ,  
2 2

2 2 2 2 2

2

( ) / / / (0,1) ~ ( 1)
/ / / / ( 1) /( 1)

Y

Y Y YY

Y Y Y Y

Y

Y
Y n nY N t n

s n s n n s n n

μ
μ σ σμ

σ χ
σ

−

−−
= = = −

− −
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<Insert a standard normal pdf graph> 

 

 

 

 

 

 

 

 → Pr 1.96 1.96 0.95
( )

YY
SE Y

μ⎛ ⎞−
− < < =⎜ ⎟
⎝ ⎠

. → Pr 1.96 1.96 0.95
( )

Y Y
SE Y
μ⎛ ⎞−

− < < =⎜ ⎟
⎝ ⎠

 

→  ( )Pr 1.96 ( ) 1.96 ( ) 0.95YSE Y Y SE Yμ− < − < = .  

→  ( )Pr 1.96 ( ) 1.96 ( ) 0.95YY SE Y Y SE Yμ− < < + = . 
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(3) Testing hypothesis regarding the population mean 

• Let Y be a random variable denoting a college graduate’s hourly earnings.  Someone claims that 

E(Y) = $20.  How can I test for this hypothesis? 

 • Null hypothesis:  Ho: E(Y) = 20. 

  Alternative hypothesis: H1: E(Y) ≠ 20 (two-sided alternative). 

 

• Test procedure for Ho: E(Y) = ,0Yμ  against H1: E(Y) ≠ ,0Yμ  

 STEP 1: Determine the significance level (α) (Usually, 5 or 1%) 

 STEP 2: From the z-table, find the critical value (c). 

   c = 1.96 if α = 5%. 

 STEP 3: Compute the t-statistic: 

 ,0

( )
YY

t
SE Y

μ−
= . 

  STEP 4:  If |t| > c, reject Ho in favor of H1.  If |t| < c, do not reject Ho. 

 

 Why?  < Insert a standard normal pdf graph> 
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• Why the above statistic is called a “t-statistic”? 

 • If the population is normally distributed, the sampling distribution of the t-statistic follows a t-

distribution with degrees of freedom equal to (n-1). 

 

EXAMPLE: 

Y ~ N(µY, 2
Yσ ).  From a sample of size n = 21, you obtained 1 21n

i iY=Σ =  and 2
1( ) 420n

i iY Y=Σ − = . Test 

Ho: µY = 4 against H1: µY ≠ 4 with the significance level of 5%. 

[Solution] 

STEP 1: α = 5%.  

STEP 2: From the z-table, c = 1.96. 

 STEP 3: 1
1 21 1

21
n
i iY Y

n == Σ = = ; 2 2
1

1 420( ) 21
1 20

n
Y i is Y Y

n == Σ − = =
−

. 

 ,0 ,0

2

1 4 3
( ) 21/ 21/

Y Y

Y

Y Y
t

SE Y s n

μ μ− − −
= = = = − . 

 STEP 4: Since |t| = 3 > 1.96, reject Ho.  
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EXAMPLE: 

Y ~ N(µY, 2
Yσ ).  From a sample of size n = 100, you obtained 1 590n

i iY=Σ =  and ( )2
1 420n

i iY Y=Σ − = .  

Test Ho: μY = 6 against μY ≠ 6 with the 5% significance level. 

[Solution] 

STEP 1:  α = 5%. 

STEP 2:  From the z-table, c = 1.96. 

 STEP 3:  590 5.9
100

Y = = ; 2 420 4.24
99Ys = = ; 

    5.9 6 0.49
4.24 /100

−
= = −t . 

 STEP 4: Since |t| < 1.96, do not reject Ho. 

 

• P-value: 

 • The minimum significance level at which the null hypothesis can  be rejected.  

  → If p > α, do not reject Ho.  If p < α, reject Ho. 

  → p-value = 2×Pr(Z> |t|) = 2×(1-Pr(Z < |t|) = 2×(1-Φ(|t|)). 
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• Test procedure for Ho: E(Y) = ,0Yμ  against H1: E(Y) > ,0Yμ  (One tail) 

 STEP 1: Determine the significance level (α) (Usually, 5 or 1%) 

 STEP 2: From the z-table, find the critical value (c). 

   c = 1.645 if α = 5%. 

 STEP 3: Compute the t-statistic: 

 ,0

( )
YY

t
SE Y

μ−
= . 

  STEP 4:  If t > c, reject Ho in favor of H1.  If t < c, do not reject Ho. 
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< Insert a standard normal pdf graph> 

 

 

 

 

 

 

 

 

 

→ p-value = Pr(Z > t-statistic) = 1- Φ(t). 
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EXAMPLE: 

Y ~ N(µY, 2
Yσ ).  From a sample of size n = 21, you obtained 1 21n

i iY=Σ =  and 2
1( ) 420n

i iY Y=Σ − = . Test 

Ho: µY = 0 against H1: µY > 0 at 5% of significance level. 

[Solution] 

STEP 1: α = 5%.  

STEP 2: From the z-table, c = 1.645. 

 STEP 3: 1
1 21 1

21
n
i iY Y

n == Σ = = ; 2 2
1

1 420( ) 21
1 20

n
Y i is Y Y

n == Σ − = =
−

. 

 ,0 ,0

2

1 0 1
( ) 21/ 21/

Y Y

Y

Y Y
t

SE Y s n

μ μ− − −
= = = = . 

 STEP 4: Since t < 1.645, do not reject Ho.  

 
• Test procedure for Ho: E(Y) = ,0Yμ  against H1: E(Y) < ,0Yμ  (One tail) 

 STEP 1: Determine the significance level (α) (Usually, 5 or 1%) 

 STEP 2: From the z-table, find the critical value (c): c = 1.645 if α = 5%. 

 STEP 3: Compute the t-statistic: ,0

( )
YY

t
SE Y

μ−
= . 

  STEP 4:  If t < -c, reject Ho in favor of H1.  If t > -c, do not reject Ho. 
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< Insert a standard normal pdf graph> 

 
 

 

 → P-value = Pr(Z < t-statistic) = Φ(t). 

 

EXAMPLE: 

Y ~ N(µY, 2
Yσ ).  From a sample of size n = 21, you obtained 1 21n

i iY=Σ =  and 2
1( ) 420n

i iY Y=Σ − = . Test 

Ho: µY = 4 against H1: µY < 4 with the significance level of 5%. 

[Solution] 

STEP 1: α = 5%.  

STEP 2: From the z-table, c = 1.645. 

STEP 3: 1
1 21 1

21
n
i iY Y

n == Σ = = ; 2 2
1

1 420( ) 21
1 20

n
Y i is Y Y

n == Σ − = =
−

;  

 ,0 ,0

2

1 4 3
( ) 21/ 21/

Y Y

Y

Y Y
t

SE Y s n

μ μ− − −
= = = = − . 

 STEP 4: Since t < - 1.645, reject Ho.  



 Review-40

(4) Scatterplots, Sample Covariance and Sample Correlation 
 
• Scatterplots 
 

 
 
 



 Review-41

• Sample covariance: 

 • Data: (X1,Y1), .... , (Xn,Yn). 

 • sample covariance: 1
1 ( )( )

1
n

XY i i is X X Y Y
n == Σ − −
−

. 

• sample correlation: XY
XY

X Y

sr
s s

=  → -1 ≤ rXY ≤ 1. 
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