TOPIC VI
UNCONSTRAINED OPTIMIZATION I

[1] Relative Maximum and Minimum

(1) Review fory = f(x):
« FOC: f(x)=0=getX.
« SOC: f'(x)>0=X is relative min. point.

f"/(x') < 0= X is relative max. point.

(2) Fory=1(%,%,...%):
of of of

e FOC. — =f, =0;,— =1,=0;..;, — =f
ox, ox, ° ox "
« SOC:
 Fromf, = o
oX,
. o%f a9 [ of | _ -
- I
oX,0X,  oX | 0X;
. o’f o of | _ .
- - 12
0X,0X,  OX,| 0X;

Lt afat) .
ox, X~ ox | ox, n
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 Fromf, = —

., o0 9 of | _
OX,0X,  dX | 0X,

., o 9 of | _
OX,0X,  OX,| OX,

fp f1o fig o foy

f, f,. f., - f
T 21 '22 '23 2n

1:nl 1:n2 fn3 1:nn

(3) Young's Theorem:

of o
OX;0X;  OX;0X,

(fij = fp)

. Hessian matrix.
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Digression on Matrix Theory:

Definition 1:

A, is called symmetric, iff A = A,

* [a]1=[3]—3 =@

12 3
EX1 A=|21 4
341
EX2: H,
_ t
fj=%=H, =H,

e x:nx1lvectorg 2| ;A, :symmetric.

» Then, XAx is of a quadratic form in n variables, x , ...,, X .

e XU'A X isa scalar.
1xXn nxn nx1
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all a12 a13

X
EX1: A=|3&; &, ay|,;X=[X,|; Alsymmetric;a =a
X
A3 83 Qg3 °

o X'AX=anX’ + 28,%% + 2a;%%
+ A%, + 28;%%

2
T 953X%5 .

A1 X4
X=1 x| @ =&
A1 G

EX2: A=

/ 2 2
o X'AX = a;X; + 28 XX, + 8,X;

21
1 2

/ 2 2 2 2
o X'AX = 2X[ + 2X X, + 2X; = 2(Xy + X X,) + 2X,

EX3: A=

2 2
2 X X3 2
=2 Xy XX, + — - —| + 2X,
4 4

X, ? 3 5 :
=2 X, + - + Ex2 >0, unlessx =x =0. (i.,e., x=0)
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EX4: A=
2
X'AX = —2x12 - 2X X, - 2x22 = —Z(Xl + %J - gxzz <0,
unless x =0
Definition 3:

o A, IS symmetric.
o If, for any x= O (vector), XAx > 0, A is called positive definite

[If, for any x = O (vector), XAx > 0, A is called positive semidefinite.]
« If, for any x= O (vector), XAx < 0, A is called negative definite.

[If, for any x # O (vector), XAx < 0, A is called negative semidefinite.]

2 1 -2 -1
EX: p.d.; n.d.
1 2 -1 -2
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Definition 4: Principal Minors

° Anxn.
a11 a‘12 a13 a14
a11 a12 al
a11 a1 a‘21 a‘22 a23 a’24
* |Al=a;; |A]= VAT A Qg S |A]F
ayq A31 83y Q33 Ay
a3 83 &
%1%2%3%4
2 1
EX1 A=
1 2)

2
* |Al=2>0; |Az|:L j =4-1=3>0.

EX2: A=

2 1)
1 -2
* |A|=-2<0; |A[=(-2)*x(-2)-(-1) x(-1)=3>0

End of Digression

VII-6



Theorem:
o A, . Symmetric.
» Als negative definite iff [A |[<O0;|[A|>0;JA|<0;JA|>0;....
» A: positive definite iff [A|>0;]A|>0;|A|>0; ....

Return to Hessian matrix:

SOC:
 For max, H should be negative definite.

* For min, H, should be positive definite.

Sum-up:

e« FOC: f=f,=f,=...=f =0

e SOC: « Formax,|H|<O,H|>0,4H]|<O0,...
« Formin,[H|>0,|H|>0,H|>0,...

<|ntuitive Proof>

oy =f(Xq, %)
e God’s world (we don’t know):

X1 = X,(S); % =% (8); y =1f(% (s), X (S))
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\ [ y
X5
« FOC:
dy _ of dx1+ ot dx25f1%+f2%:0_
ds ox; ds ox, ds ds S
« Choose x, x,suchthatf 5f =0.
dx, dx,
* Then, FOC holds, regardless-ef=, —=
ds ds
« SOC:
d dx dx dx
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2
. Formaxy,d Y<o.
ds?

dx
It happens regardless ef=, —2
ds ds

2
. Formlny,d Y>o0.
ds?

dx, dx,
It happens regardless eé— <

ds
EX1:
e z=8¥% +2xy-3X +y +1
« FOC: « 9% 2452+ 2y - 6x - 0.
oX
. g:2x+2y:0.
ay
e From®:
y=-X
e @-Q;
24X - 2x - 6X = 0
24 - 8x =0
3 -x=0
(3x-1)x=0
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* (XY) =(0,0)0r(x.y) =¥, ).

SOC:
2 2
OZ _4gx-6; « 9Z -
OXIX oxay
2 2
. 9z 2: 0z _ 5
dyox oyoy
_[48x-6 2
'l 2 2

when ()= 6,4 =
en(X,y)—(/S,-S), 2 = 2 9 .

e |H|=10>0;|H|=20-4=16>0.
e min. point: (x,y,z) =V, -3, 28/29)

Wh = (0,0 H{_G 2)
en (x,y) =(0,0), i > 5

e |H|=-6<0;|H|=-12-4=-16<0

 Who knows? (saddle point)
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EX 2:
e Z=X+2ey-& -%

« FOC:
9 _ 1 ex=0
oX
9Z _ e - 2% -
ay

e (X,¥,Z2)=(0,%,-1).
(Why? e-& =G e=¢&-Ine=Iné&'-1=2y)

« SOC:
2 2
0z _ _eX: . 97 _ 0
OXIX oxay
. 9z _ ~4e?,
ayoy

-e* 0
[ H2 = 2
0 -4e”

-1 O
. Whenx:Oandyzl/:Hz(0 4)
-4e

e |H,|=-1<0;|H|=4e> 6 local max. (x,y,z) = (0,%,-1).
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EX3:
o Z=2%2 X% tA¥ +x% +X +2.

« FOC:
o 0zZIoX, =4X + X% +X% =0
o 0zlox,=x%x,+8x% =0
o 0zIoX; =X, +2% =0

4 1 1% o]

~ |1 8 0O|%,| = |0].
10 2| [0

4 1 1
- H =|1 8 0.
102
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4 1 1
[Hy| = |1 8 Q =4e8¢2 - 1¢8¢1 - 1+1+2 = 54 > 0.
1 0 2

* local min. point: (X ,% ,% ,z) = (0,0,0,2).

EX 4:
© Z=X7+3x% +2% -% -3X .

« FOC:
e 0z/0x,=-3%" +3% =0 @
o 0zlox,=2-2% =0 @
o 0z/oX;=3X%, -6% =0 ®
e From®:
X, =1 @
o 20+ O:
-6X,% + 3% =0~ -2x2 + %X, =0~ X(-2x+1) =0
X, =0orx =1/2 ®
e By®:
X5 = (1/2)x ®

X, =0-X%; =0;x =1/2>x; =1/4.
e (XX, ,X3,2)=(0,1,0,1) or (1/2,1,1/4,17/16).

VII-13



SOC:

%

0

3

0 3]

-2 0].

0 -6

« Whenx =1:

* |H,[=0( 0);

H, 0 0 0 ¢ 0)
o = > ’
b -2

Hy| =

w o O

o

o

|
N
o w

=18>0.

» Can't determine local max. or min. (In fact, local minimum.)

e Whenx = 1/2:

e H,

-3
* |Hy=-3;[H,| = 0

=10
'3

3 0 3|
2 0|

0 -6

R
2

-3 0 3
0 -2 0

3 0 -6

* max. point: (x ,x ,% ,z) =(1/2,1,1/4,17/16).
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[2] Concavity Vs. Convexity

(1) Case fory = f(x):

Definition:
A function y = f(x) is called strictly concave iff, for al| ¥ x, and 0 <0 < 1,
f(Ox,+(1-0)x,) > Of(x ) + (1-0)f(x) .
A function y = f(x) is called strictly convex iff, for all,x x, and 0 <0 < 1,
f(Ox,+(1-0)x,) < Of(x ) + (1-0)f(x) .

Note:
A function y = f(x) is called concave iff, for all x x, and 0 <0 < 1,
f(Ox,+(1-0)x,) > 0f(x,) + (1-0)f(x,) .
A function y = f(x) is called strictly convex iff, for all,x x, and 0 <0 < 1,
f(Ox,+(1-0)x,) < 0f(x,) + (1-0)f(x ) .
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[Strictly Concave Function]

- f0x+(1-6)x,]
) Of(x,)+(1-0)f(x,)

f(x2)

f(xy)
: : : X
X1 9X1+(1-6)X2 %
[Strictly Convex Function]
A f1ox,+(1-0)x,]
y |
0f(x))+(1-0)f(x,)
f(x,)
f(x)
X

x, O0x,+(1-0)x, x,
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[Concave but Not Strict Concave Function]

[Convex but Not Strict Function]
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Theorem:
For all x, if f/(x) < (>) 0, f(x) is strictly concave (convex).

For all x, if f''(x) < () O, f(x) is concave (convex).

(2) Casefory=f(x ., x,X,..,X):
Definition:
« Choose any two different pointsu = (4 ,u, ..,,u)andv,=4v,v, ..., V).
e Let y,=f(u,b, ..., 4);
Yo = f(ViVa, o )
Y = f(Ou,+(1-0)v,,0u,+(1-0)v,, ... ,0u+(10)Vv),
for any 0 <0 < 1.
» The function f(x ,% , ..., X ) is strictly concave ¥ ,+ (10)y,<V,.
[f(X, ..., X,) IS concave ifby,+ (10)y, < V,.]
e The function f(x ,% , ..., X ) is strictly convex ify ,+ (1-0)y,< V,.
[f(x, ... , X,) is convex iffoy , + (1-0)y, < V,.]

Theorem:
o y=1(Xy, ..., %).
» The function f is strictly concave iff H is nd for all points (x, .., X).
[The function f is concave iff H is nsd for all points (x, .., X ).]
» The function fis strictly convex iff H is pd for all points,(x , ...., X).

[The function f is concave iff H is psd for all points (X , .., X ).]
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EX 1:
e y=2x-X.
e Y =2-2X=Yy"'=-2<0.

e y=2x-¥ is strictly concave.

EX 2:

o y=1f(X,Xy) = X12 + Xz2 .

o f,=2X;
f,=2X%,

o f,,=2; e f,=0
f,,=0; e f,=2

e H, = gforallxlandg.

= [Hy|=2>0;

H,)=4>0

= fis strictly convex.

Theorem:

o y=1(x).
» Suppose that f is concave (convex). '(kf) =0, then, y =1f(% ) is a global

maximum (minimum).

Theorem:

* y - f(Xl,XZ, R X1)
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e Suppose that f is concave (convex).
e Suppose thatat (x , ..., X ),
f,=0;f,=0;...;f =0.

e« Then,y =1f(X , ..., X )= is a global maximum (minimum).

EX1:

o y=1f(X,Xy) = X12 XX X22 -

« FOC:
e f,=2%X,+% =0

f,=x,+2% =0

2 1lx| [o] .
= = =X, =% = 0.
1 2x,| |0
« SOC:
e f1=2; e f,=1
21
=>Hn: .
1 2

= |H|=2>0; |H,) =3>0, forall x and x .

e y =1f(x,,X,) = 0is a global minimum.
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[3]

(1)

Firm’'s Behavior

Assumptions:

Production function: Q = f(L,K) .
e MP, =39Q/L =f >0.

e MP, =9QIK=f,>0.

» f(L,K) is strictly concave:

. :{fLL fLK
e Hessian

fKL fKK

» f,, <0 (Decreasing marginal product of labor.)
o fiifux - (fLK)2> 0.
[fLfu - (fLK)2> 0-f fw > (f )2> 0-f« <O,sincgf <O. Thus, the

law of decreasing marginal product also applies to K.]

The firm is perfectly competitive in both product and input markets.

* Means that input and output prices are exogenously given.

Profit maximization:
TR = pQ = Pf(L,K).
TC =wL + rK.
II=TR-TC

= pf(L,K) - wL - rK.
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3)

(4)

FOC.
o OAll/oL=pf -w=0
e Oll/oOK =pf,-r=0.

SOC:
pPf. Pl
Pfix Pk

. H2:

* |Hy| =pf.<0,;

* |H,| = i f - PPk )* = PIfL ke -(fk ) < O for all L and K.
« SOC for global max. holds.

Implication of FOC:

pf,. =w = pMP,_ = w = Marginal Revenue Product of Labor = wage.

« Marginal Revenue Product of Labor: $ you can make by hiring an

extra unit of l[abor.

« wage: $ you should pay to hire an extra unit of labor.

pf. =r = pMP, =r = MRP of Capital = price of capital.

Comparative Statics.

Let L" and K be thél-max. input levels.

Consider FOC:
e pf(L',)K)-w=0
e pf(LK)-r=0



« Ifr, wor pchanges,L and K changes.
« Endogenous variables: L ; K .
» EXxogenous variables: p, w, and .

» Wish to find comparative statics.

1) Effect of w:

oL *
Pf. Pfic| ow D 1
pf . Pl oK * -0 ol
L aW-
1 pf
oL _ |0 pf _ Pl -~ <o
ow [H,| [H,| +
pf, 1
oK" _ Pfic O _ Pl _?
ow [H,| [H,| +

2) Effect of r:
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oL *
pf|_|_ prK or ~ -0 ~ 0
Pl Pk || oK~ -(-1) 1|
| ar .
0 pf,
oL~ _ 1 prK — _prK :_?
or 'H,| 'H,| +
pf, O
. oK [Py PR, _ - g
or H,| H,| -
3) Effect of p:
oL *
pf. Pfik ap o -f
prK prK oK~ _fK.
| 9P |
_fL prK
oL” _ —fx Pl _ -pf fiw P _?
ap [H,| [H,| +
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prL _fL
oK * Pfc —ful _ PR +PRf 2

ap H,| H,| +

» But at least one should be positive. (Why?)
Let L' = L(p,w,I); K =K(p,w,r).
Q =f(L,K).
e By Chain rule,
oQ lop =1 (0L /op) + f (OK /op)

fL (=Pf e + PRcFL) T (=Pff +PfLfL)
[H,|

_prKfLZ +2pfy f fy - prLfKZ
H,|

= I:Ip [f(F) 2= 2f (FL)(Fe) + L (o)

H,|

e 9Q'Op =1 (6L /9p) + £ (K /9p) > 0
= EitherdL’/op oroK’'/dp should be negative.

= |f both are positivegQ /op < 0, which is a contradiction.
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EX 1:
° Q - AL1/3K1/3.
o II=pALYKM™-wL -r1K.

« FOC:
« OII/oL = (1/3)pAL?*K*3-w = 0;
e OII/OK = (1/3)pALY3K22- =0 .

= (1/3)pAL?PK¥ = w; @
(1/3)pALP,K R =, @
O+@:
L 72/3K 1/3

w
L 1/3K -2/3 r

= LK =w/r
— L= (winL ®
@-@:

(1/3)pALZ[(wir)L] 3= w
= (1/3)pA(W/r}2LYB =w
= (1/3)pA(w/r)® = wL?
— (L/3PF A(WIr) = WAL
= L = (127)8 BIwWr) @
@-®:
K' = (W)L = (127)p BI(wr) = (LI27)p A G w). ®
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« SOC:

_EpAL 75/3L 1/3 lpAL 72/3K -2/3
9 9

1 DAL 23K 28 _ 2 DAL 13K 572 |
9 9

e [H,| = épAL‘5’3K1’3< 0 for all L and K (> 0).
‘H ’ — i pZAZL-4/q< -413 _ ipZA\ %_ -4/R -4/3
81 81

. 831 AL 35 0 for all L and K (>0)

o L'=(1/27)p B/(Wr) and K = (1/27)p A /fr w) are globHFmax. input

levels.

VII-27



