1. LINEAR REGRESSION UNDER IDEAL CONDITIONS

[1] What is “Regression Model”?

Example:

e Suppose you are interested in the average relationship between income (y)
and education (x).

e For the people with 12 years of schooling (x =12), what is the average
income (E(y|x=12))?

e For the people with x years of schooling, what is the average income
(E(ylx))?

e Regression model:

y=E(y|x)+e,

where ¢ is a disturbance (error) term with E(g|Xx) =0.

e Regression analysis is aimed to estimate E(Y | X).
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Digression to Probability Theory

(1) Bivariate Distributions

e (Consider two random variables (RV), X and Y with a joint probability
density function (pdf): f(x, y) = Pr(X=x, Y=y).

e Marginal (unconditional) pdf:
fu(x) = 2Z,f(x,y) = Pr(X = x) regardless of Y;
f,(y) = 2« f(x,y) = Pr(Y =y) regardless of X.

e Conditional pdf:
f(y|x) = Pr(Y =y, given X = x) = f(x,y)/fi(x).

e Stochastic independence:
« XandY are stochastically independent iff f(x,y) = fu(x)f,(y), for all x,y.
* Under this condition, f(y[x) = f(x,y)/fx(x) = [f(x)f,(y)}/1(x) = £(y).
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EX:
e Toss two coins, A and B.
e X =1 ifhead from A; = 0 if tail from A.
Y =1 if head from B; = 0 if tail from B.
f(x,y) = 1/4 for any x,y =0, 1. (4 possible cases)

e Marginal pdf of x:
£(0) = Pr(X=0) regardless of y = f(0,1) + {(0,0) = 1/4 + 1/4 = 1/2.
fi(1) = Pr(X=1) regardless of y = f(1,1) + {(1,0) = 1/4 + 1/4 = 1/2.

fu(x)=1/2,forx=0, 1.
Similarly, fy(y) = 1/2, fory =0, 1.

e Conditional pdf:
fly=1]x=1)=1(1,1)/f (1) = (1/4)/(1/2) = 1/2;
fly=0/x=1)=10,1)/f(1)=1/2.
—  f(y|x=1)=1/2,fory =0, 1.

¢ Find f(y|x=0) by yourself.
e Stochastic independence:

fu(x) = f(y) = 1/2; fu(x)f,(y) = 1/4 = f(x,y), for any x and y.

Thus, x and y are stochastically independent.
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Expectation:

Elg(xy)] = £Z,e(xy)fxy) [or [ g(xy) f (x,y)dxdy].

Means:
Ux = E(X) - ZXZyXf(X,Y) - z"fox(X)'

iy = E(y) = ZZ,yi(X,y) = Zyyi(y).

Variances:
o7 =E[(x— 1)’ 1=2,2, (X )" (%, Y) =2, (x— 11,)” £,(X)
=E() - [E(OF =2, () - 11}
o, =2.2,(y—u,) FOY) =2, (y—p,)* f,(Y)
=E(Y)-[EWT =2,y f,(¥) -4,

Covariance:

Oy = COV(X9 y) = E[(X o /ux)(y o /uy)] = szy(x o tux)(y o luy) f (Xa y)
= E(Xy) - lux:uy = z:xzyxyf (X, y) - lux:uy

Note: oy, >0 — positively linearly related;
Oxy < 0 — negatively linearly related;

Oxy = 0 = no linear relation.
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EX: x,y=1,0, with f(x,y) = 1/4.

E(xy) =ZZxyf(x,y)
= 0x0x(1/4) + 0x1x(1/4)+ 1x0x(1/4) + 1x1x(1/4) = 1/4.

Correlation Coefficient:

The correlation coefficient between x and y 1s defined by:

pxy =

Theorem:

-1<py< L
Note: pyxy, — 1: highly positively linearly related;
pxy = -1; highly negatively linearly related;

Pxy = 0:no linear relation.

Theorem:

If X and Y are stochastically independent, then, o, = 0. But, not vice versa.
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Conditioning in a Bivariate Distribution:

X,Y: RVs with f(x,y). (e.g., Y = income, X = education)
Population of billions and billions: {(x'",y"), .... G®,y™)}.

Average of y¥ = E(y).

For the people earning a specific education level x, what is the average of y?

Conditional Mean and Variance:

* E(y|x)=E(y|X=x)=Zyf(y[x).

o var(y[x) = E[(y=E(Y[X)’|X]=%,(Y=E(y %) f(y]%).

Regression model:
e Lete =y - E(y[x) (deviation from conditional mean).
o y=E(y|x) +y-E(y| x) = E(y|x) + ¢ (regression model).
e E(y|x) = explained part of y by x.
€ = unexplained part of y (called disturbance term).

E(ex) = 0 and var(g| x) = var(y|x).

Note:
e E(y|x) may vary with x, i.e., E(y[x) is a function of x.
e Thus, we can define E,[E(y|x)], where E,(e) is the expectation over x =

o f(x) or Joof (x)dx.
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Theorem: (Law of Iterative Expectations)
E(y) [unconditional mean] = E,[E(y|x)] .

Proof:
E(y) = Z2,yf(x,y) = 22y {(y[x)f(x) = Z[Z,yT(y[x) ]£:(X).

Note:
For discrete RV, X with x =x., ...,

E(Y) - Z><F—3(Y|X)fx(x) - E(Y‘szl)fx(xl) + E(Y|X:X2)fx(x2) T

Implication:
If you know the conditional mean of y and the marginal distribution of x, you

can also find the unconditional mean of'y, too.

EX 1: Suppose E(y[x) =0, for all x. E(y) = E4[E(y|x)] = E«(0) = 0.
EX2: E(y[x)= Bit Bx. > E(y) = EXE(y[x)) = Ex(B1T B2x) = B11B2E(%).

Question: When can E(y|x) be linear? Answered later.

Definition:

We say that y is homoskedastic if var(y|x) is constant.

EX: y=E(y|x) + ¢ with var(g[x) = o’ for all x(constant).
— var(y|x) = var[E(y[x)+€[x] = var(g|x) = o7, for all x.

— y is homoskedastic.
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Graphical Interpretation of Conditional Means and Variances

» Consider the following population:

E(y[x)=B1+Px

* E(y|x=x;) measures the average value of y for the group of x = x;.
 var(y|x=x,) measures the dispersion of y given x = Xx;.
» Ifvar(y|x=x,) = var(y|x=x,) = ..., we say that y is homoskedastic.

« Law of iterative expectation:

E(y) = ZE(y[x)t(x) = E(y[x=x1)Pr(x=x;) + E(y[x=x2)Pr(x=x,) + ... .

Question: It is worth finding E(y|x)?
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Theorem: (Decomposition of Variance)

var(y) = var[E(y[x)] + Ex[var(y[x)].

Note:
e var,[E(y|x)] <var(y), since E[var(y|x)] > 0.
o var(y) = E[(y-E®)’]

= total variation of y.
varEyX)] = EJ(EWR)-E)’]
= a part of variation in y due to variation in E(y|x)

= variation in y explained by E(y|x).

Coefficient of Determination:
R? = var,[E(y[x)]/var(y).
— Measure of worthiness of knowing E(y|x).
- 0< R*< 1.
Note:
o R®=variation in y explained by E(y|x)/total variation of y.

« Wish R? close to 1.
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Summarizing Exercise:

* A population with X (income=5%$10,000) and Y (consumption=$10,000).

» Joint pdf:

Y\X 4 8
1 1721 0
2 1/4 | 1/4

» Graph for this population:
Yy

Regression
line

» Marginal pdf:
Y\X 4 | 8 f,(y)
1 121 0 1/2
2 1/4 | 1/4 1/2
f(x) |3/4|1/4
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* Means of X and Y:
o E(X)= uy = Zxfi(x) = 4%x1£(4) + 8xf(8) = 4%(3/4) + 8%(1/4) = 5.
* E(y)= ny=2yyfi(y) = 1.5.
e Variances of X and Y:
¢ var(x) =0’ = E(x-p) fix)
= (4-5)°f(4) + (8-5),(8) = 1x(3/4) + 9x(1/4) = 3.
e var(y) = Gy2 = 1/4.
« Covariance between X and Y:
* Oy = E[X-pI)(y-py)] = E(xy) - pxbly = 22 xyHX,Y) - bty
= 4x1xf(4,1)+4x2x1(4,2)+8x1x1(8,1)+8x2xf(8,2)-5x1.5 = 0.5.
Oy _ 05
0,0 V3174

Xy

=~ ().58.

Pxy =

« Conditional Probabilities

Y\X 4 | 8 f,(y)
1 1721 0 1/2
2 1/4 | 1/4 1/2

fi(x) 3/4 | 1/4

* Hyl):
YX | 4 | 8
1 23| 0
2 173 | 1
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Conditional mean:

* E(y|x=4) = Z,yf(y|x=4) = 1xf(y=1|x=4) + 2x{(y=2|x=4)
= 1x(2/3) + 2x(1/3) = 4/3.

* E(y|x=8)=2.

Conditional variance of Y:
o var(ylx=4) = Z,[y-E(y[x=4)]"f(y|x=4) = 6/27.
» var(y[x=8)=0.

Law of iterative expectation:

* EE()] = ZE(yf(x) = E(yx=Hf(4) + E(yx=8)f(8)
= (4/3)x(3/4) + 2x(1/4) = 1.5 = E(y)!!
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(2) Bivariate Normal Distribution

(XJ~N [uJ o Pyoy ||
y Hy )\ pyooy, oy

1
f(x,y)= -

2no0,\1-p

Definition:

Xy

XeXp - 1 2 {(X_/jX) _210xyx_luX y_ﬂy—i_(y_élY)} >
2(1-p,)

o o o o
where x, y € R.

X X y y

Facts:
o« £,00~N(u,07) and f,(y)~N(z,,0}).
e E(y|x) =B+ B.ox and var(y|x) 1s constant (see Greene).

— E(y|x) 1s linear in x and y is homoskedastic.

e If o4 =0 (or pgy = 0), x and y are stochastically independent.
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(3) Multivariate Distributions

Definition: (Mean vector and covariance matrix)

X4, ... , X, : random variables.
Let x =[xy, ...., X,]" (nx1 vector). Then,
E(X,) - ovar(X,)  cov(X,,X,)
E(x) = E(X,) . Cov(x) = cov(X,,X;)  var(X,)
E(.Xn) | COV(X,, X)) Cov(X,,X,)

— Cov(x) 1s symmetric.
EX: Ifx is scalar, Cov(x) = E[(x-1)*] = var(x).
EX: x=[x1,%2]"; E(X) = p = [u1, wa’

X - U= [Xg-py, Xo-Ho]’

S5 (ep)xen) =(X:"’ 1]( %)

- E[x-p)(x-p)] = Cov(x).

Theorem: Cov(x)= E[(x-pu)(x-w)'] = E(xx") - uu'.

Proof: See Greene.

Note: In Greene, Cov(x) is denoted by Var(x).
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Definition: Covariance Matrix between Two Random Vectors

X =(X,X,,...X,) and Y =(Y,,Y,,...,Y,,)" are random vectors. Then,

Cov(x,y) =

COV( Xl ) yl) COV( X] ’ yz) COV( X1 > ym)
cov(X,,y,) cov(X,,Y,) cov(X,, Yp)
cov(X,,Y;) cov(X,,Y,) .. cov(X,Y,)

Definition: (Expectation of random matrix)

Suppose that Bj; are RVs. Then,

B, B,

B B
B .21 -22
_Bpl sz

B
B

1q

24

pq |

= E(B) =

E(B,,) E(By)
E(B,) E(By)

(4) Multivariate Normal distribution

Definition:

| E(B,) E(Bp)

E(qu)_
E(qu)

E(Bpy,)_

X =[Xj, ..., Xy]" 1s anormal vector, i.e., each of the xj's 1s normal.
, un]" and Cov(x) =X = [Zjj]laxn. Then,
x ~ N(p,2).

Let E(x) =p=[uy, ...

Pdf of x:

fx) = fxp, ., Xa) = 20)™ [Z]Pexp[-(1/2)(x-p) =" (x-p)] ,

where ‘Z‘ = det(X).

Linear Regressions under Ideal Conditions-15



EX:
Let X be a single RV with N(p,,0,°). Then,

f(x) =@2n)"(c,))"exp[-(1/2)(x-p) (o) (x-p)]

1 (X_:ux)2
= exp| —————|.
N2ro, p{ 20,°

X

EX:
Assume that all the X; (i=1, ..., n) are iid with N(z,,0.). Then,
(1) p=EX) = [t - Ux]";
(2) £ =Cov(x) = diag(o.,0.,...,0.) = o.l,.

Using (1) and (2), we can show that f(x) = f(xy, ..., x,) =] [, T (x),

. 2
where {(x;) = \/%a exp{— %}

X

Theorem: Conditional normal distribution
[y, Xa, ..., Xi]' 1s a normal vector. Then,
E(Y] Xapr%) = By + BoXo & oo+ Bixic = X3 var(ylx ) = o
where x = (1, x5, ..., xp)" and B = (B, ..., Bx)’ ]. That is, the regression of y on
X1, ... , Xk 18 linear & homoskedastic.

Proof: See Greene.
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(5) Properties of the Covariance Matrix of a Random Vector

Definition:
Let X=[X}, ..., X,]' bearandom vector and letc=[cy, ..., ¢,]" be anx1 vector
of fixed constants. Then,

c'x =X'c=ciX) + ... + CuXy = ZiCiXj (scalar).

Theorem:
(1) E(c'x)=c'E(x);
(2) var(c'x) = c'Cov(x)c.
Proof:
(I) E(c'x) =ECcx)) = E(cix; + ... + ¢nXp)
=1 E(x)) + ... + ¢ E(Xxn) = ZiciE(Xj) = ¢'E(x).
(2) var(c'’x) = E[(c'x - E(¢'x))*] = E[{¢x - ¢'E(x)}]
{¢'(-E())}] = E[{e'(-E())} {'(-E(x))}]
1¢'(x-E(x))} {(x-E(x))'¢}]
c'(x-E(x))(x-E(x))'c] = ¢'E[(x-E(X))(x-E(x))']c = ¢'Cov(x)c.

|
E[
E[
E[

Remark:
(2) implies that Cov(x) is always positive semidefinite.
— ¢'Cov(x)c = 0, for any nonzero vector c.
Proof:

For any nonzero vector ¢, ¢'Cov(x)c = var(c'x) = 0.
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Remark:
e Cov(x) is symmetric and positive semidefinite (what does it mean?).
e Usually, Cov(x) is positive definite, that is, c'Cov(x)c > 0, for any nonzero

vector C.

Definition:
Let B = [bjj]n x n be a symmetric matrix, and ¢ = [cy, ..., ¢,]'. Then, a scalar ¢'Bc

is called a quadratic form of B.

Definition:
e [fc¢'Be> (<) 0 for any nonzero vector ¢, B is called positive (negative)
definite.
e [fc’'Bc > (<) 0 for any nonzero c, B is called positive (negative)

semidefinite.
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Theorem:

Let B be a symmetric and square matrix given by:

b, b, .. b,
o |P ba o by
b, b, .. by,

Define the principal minors by:

b b bll blZ b13
‘Bl‘ =by; Bz‘ = b11 b12 ) 53‘ =0, by b23 yeees
. . b31 b32 b33
B is positive definite iff ‘Bl 1= X Bn‘ are all positive. B is negative definite
iff |B| <0, |B,| >0, |B,| <0, ....
EX:

Show that B is positive definite:

End of Digression
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[2] Classical Linear Regression (CLR) Model

Example:

e Wish to find important determinants of individuals’ earnings and estimate

the size of the effect of each determinant.

e Data: (WAGE2.WF1 or WAGE2.TXT)

# of observations (T): 935

1. wage monthly earnings

2. hours average weekly hours

3.1Q IQ score

4. KWW knowledge of world work score
5. educ years of education

6. exper years of work experience

7. tenure years with current employer
8. age age in years

9. married =1 if married

10. black =1 if black

11. south =1 if live in south

12. urban =1 if live in SMSA

13. sibs number of siblings

14. brthord birth order

15. meduc mother's education

16. feduc father's education

17. Iwage natural log of wage

What variables would be important determinants of log(wage)?
From now on, we use both “log” and “In” to refer to natural log.
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Mincerian Wage Equation:
e Sety (dependent variable) = log(wage).

e Set x. (vector of independent variables) = [1, educ, exper, experz]’.

» X = vector of independent variables (or explanatory variables, or

regressors).

Use subscript “0” for “true value™.

Assume E(y|Xx)=f,, + B, .educ+ B, exper+ B, exper’

y=E(y|x)+e=p,+ B educ+ f, exper+ B, exper’ +¢

y= X.',Bo +¢&, where B = (ﬂ1,09ﬂ2,09ﬁ3,07ﬂ4,0),

e Here,

e [,, x 100 = %A in wage by one more year of education.

o (B3.0t2Bs.exper) x 100 = %A by one more year of exper.

e Issues:
e How to estimate 3,’s?

e Estimated ’s would not be equal to the true values of B (3,). How close

would our estimates to the true values?

Linear Regressions under Ideal Conditions-21



Basic Assumptions for CLR
(I call these assumptions Strong Ideal Conditions (SIC).)

To understand SIC better; imagine a population of T-groups with the following
properties.
e Foreach groupt=1, 2,..., T, y, denotes the dependent variable and x,. =
(X¢1,X12,---,X¢)” denotes the vector of regressors.
e The T-groups are assumed to be independent.
e Your sample consists of T observations, each of which comes from each

different group.

As you may find, the above assumptions are unrealistic. But under the
assumptions, more intuitive discussions about the statistical properties of OLS
can be made. The statistical properties of OLS discussed later still hold even

under more realistic assumptions.

Notation:

e E(X,) is the group population mean of x; for group t, while E(x,) is the

population mean of x; for the whole population.

Linear Regressions under Ideal Conditions-22



We now discuss each of SIC 1n detail:

(SIC.1) The conditional mean of y, (dependent variable) given x,. (vector of

explanatory variables) is linear:
Ye =B [ XD+ & =X + 6 = :Bl,oxtl + ﬂz,oxt2 + .. +:Bk,oxtk T & 1)

where X, = (X, X Xy ) @0A B = (B, 500 Beo) -

Comment:

e Usually, x; =1 for all t. Thatis, B; is an overall intercept term.
e E(5%.)=0.

e E(X.&)= Ext_ [E(X.& [ X%.)]= Ext, [X.E(& [%.)]= Ext. (0)=0.

(SIC.2) B, =(B g PB,) is unique.

Comment:

e No other f. such that E(Y, |x.)= XA, = X.f. forall t.
e The uniqueness assumption of A is called “identification” condition.

e Rules out perfect multicollinearity (perfect linear relationship among the
regressors):

» Suppose S =(f,,0,,5,) and X, =X, +X,, forallt.
* Set f.=B,+8pB,.=p,,+a p.=f;,—a foran arbitrary a e R.
Xt’ﬂ* = th:BL* T thﬁz,* + Xt3ﬁ3,*
* = thﬂl,o + thﬂz,o + Xt3133,o +a(Xy + X, — X;3)
=X/,
* (SIC.2) rules out this possibility.
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(SIC.3) The variables, y;, X, ... , Xg, have finite moments up to fourth order.

Comment:

E(y/Xx3), E(X;X,), E(X}), etc, exist.

Rules out extreme outliers.

We need this assumption for consistency and asymptotic normality of the
OLS estimator.

SIC implies the Weak Ideal Conditions (WIC) that will be discussed
later.

Violated if xp =t or X, =X, +V,,.

......

Comment:

(Y12 X2 Xipoerns Xg ) are iid (independently and identically distributed):
* T groups which are iid with

el

* One observation is drawn from each of the T group.

Could be appropriate for cross-section data.

Violated if time series data are used. That is why we add “strong” for the
name of the conditions.

If T <k, there are infinitely many g, such that x| 8, = X/, 3. for all t. For

this case, the sample cannot identify p.
Implies no autocorrelation: cov(g,,&,) =0 forall t#S5.
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(SIC.5) var(g, |x.)=o., for all x, (Homoskedasticity Assumption).

Comment:
e Often violated when cross-section data are used.
e (Consider the two different populations:
0 Population 1 (homoskedastic population):
= homy =1 + 2x, + &, where var(g|x,) = 9.
O Population 2 (heteroskedastic population):
= hety =1+ 2x, + &, where var(g|x,) = X57.
O x,=1,0r2,or3,or4,or5, for both populations.

HOMY vs. X2 HETY vs. X2

20 20

16 ° 16

12
12 4

HOMY
©
HETY

X2 X2

(SIC.6) The errors g are normally distributed conditional on X, .

(SIC.7) xqy=1,forallt=1, ..., T.

Comment:
e Optional. Not critical.
e This condition implies that 3, , 1s an overall intercept term.
e Need this assumption for convenient interpretation of empirical R”.
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e Link between S, and covariances:
* Consider a simple regression model, Yy, = B, + B, X, + & = X B, + &,.
» Assume (SIC.1) — (SIC.4) and (SIC.7).
* B Y) =E(XOGA + &) =E(XX.) B,
— E(XY) =E(X.X)/A,
= B =[E(XX)TE(XY),

where,

) 1 B 1 X B 1 E(X,) )
R (xj“ )JE( xiHE(xz) E(xbj’

(1Y) (v (EW
E(X'y)_E( xjy]_E[xzyj‘(axzy))

g, =Y 5 ey g E(x,).

var(X,)
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Theorem:
Let y, = X8, =B, + W.B,, + &, where X, =(LW,)), B, = (Bro>Buo)' s
W, = (X0 Xy ) and B, o = (B, Bi,) - Suppose that this model satisfies
(SIC.1)-(SIC4) and (SIC.7). Then,
B, =(E(xX.)) " E(x.Y)=(E(xX)) " E(xY).
And,

Buo = (EWW,)—EW,)EW))" (E(W,y)— E(W)E(Y))
(Cov(w,))_1 Cov(w,,Y)

5

Hint for proof:

(’*1 ’*Zj =[O A*IAz](AZZ—AﬂAJAz)(AnA: 1)

A A Lo o) -
1000 o j(A AN AR
0 A -AA T o

where 0’s here are zero matrices.
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Implications:

e Theslopes, f,,, ..., B, measure the correlations between regressors and

dependent variables.

e f3,, #0 means non-zero correlation between y; and xy,. It does not mean
that x;, causes y.. f,, #0 could mean that y; causes Xy,.

e SIC do not talk about causality. SIC may hold even if y, determines X, :
It can be the case that E(edu, | wage,) = 5, , + 5, ,wage, .

e But, the regression model (1) is not meaningful if the x variables are not
causal variables. We would like to know by how much hourly wage rate
increases with one more of education. We would not be interested in how

many more years of education an individual could have obtained if his/her

current wage rate increased now by $1!
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[3] Ordinary Least Squares (OLS)

Definition:

For a given sample {( Yo Xepsenns Xy )’} without perfect multicollinearity
t=1,...,T

among regressors X,,..., X, , the OLS estimator ,5’ = (,Bl,ﬁ’2,...,ﬁ’k)’
minimizes:

ST (ﬁ) = zt(yt - thﬂl T thﬂk)2
=S (Y~ X.B) =(y - XB)(y-XB)

where =, =X, and

yl Xlo
y2 Xé- '

Y= T X =T X = (X Xigseens Xy -
yT X';'o

Comment on the assumption of no perfect multicollinearity.
o rank(XX)=rank(X)=Kk. So, XX =Z,X,X, is invertible.
o If perfect multicollinearity exists, rank(X X )=rank(X) <k. So,
XX =ZX. X, is not invertible.
o If T <k, rank(XX)=rank(X)<min(T,k)<k. So, XX =Z X, X, is not

invertible. T <Kk is a case of perfect multicollinearity.
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EX: Simple Regression Model

* Wish to estimate y, = B, X, + B, X, + &:

ST (ﬂ17ﬂ2) — Zt(yt - thﬂl - thﬂz )2 .

» The first order condition for minimization:

aST / 0f, = Z2(ye-XuPi-XeP2)(-Xu) = 0 = Z(Xay: - thzﬁl-XﬂthBz) =0
aST / 5,32 = Z2(YXuP1-XeP2)(-Xp) = 0 = Zy(Xpy: - ththBl'Xt22B2) =0

- XXyt = (Ztthz)Bl + (ZtXtIXtZ)B%
XXyt = (ZtXtIX‘Q)Bl + Exp )Bz

BN (thtl ytJ — ( 2:1:)(t12 ztxtl XIZ j{ﬁl}
2 X Yy 2 Xpp Xy thtzz B,

—  But, this equation is equivalent to X{ = XX ﬁ :

-  p=XX)XYy.

Derivation of the OLS estimator for general cases:

St(B) =" - BX)Ny - XP) =y'y - Xy - yXP + BXXB .
Since y'Xp is a scalar, yXB = (y'XB) = p'X'y .

Thus, St(B) =y'y - 2p'X"y + p'’X'Xp .

051 (B)
op,

05;(B)

FOC for minimization of St(J): asé—;ﬂ) =| 0f, |= =0,,,-

05: (f)
op
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But,
o(P'X"y)/op = X'y;
O(B'X'XB)/op =2X"XP.
[In fact, for any kx1 vector d, 0(B'd)/0p = d; and, for any kxk symmetric
matrix A, O(B'AB)/0p = 2AB.]
Thus, FOC implies

S (p) _ _
T 2XY+2XX B =0,

Xy—-XXp[=0,, 2)

—  Solving (2), we have

B=(XX)"XY.

SOC (second order condition) for minimization:

ast (IB) — ast (ﬂ) — 2XIX
opop | apaps; |, ’

which is a positive definite matrix for any value of . That is, the function
St(B) 1s globally convex. This indicates that ,5’ indeed minimizes St(p).

[Here, we use the fact that O(B’AP)/OPoP’ = 2A for any symmetric matrix A.]
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Theorem: ﬁ =(XX)'XY.

Definition:
o t'thresidual: e, =y, — X, S (can be viewed as an estimate of g,).

e Vector of residuals: e =(e,,...,&; )’ —y-X}z.

Theorem: Xe=0,,

Proof:

From the proof of the previous theorem,

X§y—XXB=0_ —> X'(y=XB)=0,_,—> Xe=0.

Corollary:
If (SIC.7) holds (x,, =1 for all t: B, 1s the intercept), 2e, = 0.

Proof:

Xll X21 XTl el thtlet OT

X12 X22 e2 Zt Xt2et O

Xlk X2k XTk a eT _ztxtket_ _OJle

— Zxne =0 — e, = 0 (by SIC.7).
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Question:

Consider the following two models:
(A ye=XuP1 +XpPa2 + x3P3 + &;
(B)  yte=xuP1 + xof2 * &
Are the OLS estimates of 3; and 3, from (A) the same as those from (B)?

Digression to Matrix Algebra
Definition: Let A be a Txp matrix.
P(A) = A(A’A)"A’ (TxT matrix called “projection matrix”);
M(A) = It - P(A) = It - A(A’A)"'A’ (TxT matrix called “residual maker).

Facts:
1) P(A) and M(A) are both symmetric and idempotent:
P(A) =P(A), M(A)' =M(A), P(A)P(A) =P(A), M(A)M(A) = M(A).
2) P(A) and M(A) are psd (positive semi-definite).
3) P(A)M(A) = O, (orthogonal).
4) P(A)A = [A(A’A)'A'A = A.
5) M(A)A =[It-P(A)JA=A -P(A)A=A - A =0,

End of Digression

Theorem: e = M(X)y.

<Proof> e=y-XB=1ly—X(XX)"'Xy=[l, - X(XX)"'X'ly=M(X)y.
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Frisch-Waugh Theorem:
Partition X into [X,,Xg] and B =(f,, ;)" . Let ,/b\’ , be the OLS estimate of
from a regression of the model y = X3 + € = X ;s + XgPg + €. Then,
Ba=[XM(X)X, T X, M(Xy)y.

That is, ,g’ » 1s obtained by regressing M(Xg)y on M(Xg)Xa.

Comment:

AN

B 4 1s different from the OLS estimate of B, from a regression of y on X,.

Theorem:

Consider the following models:
(A) y:= 1+ Paxe + Bsxs + error
(B) yi=oy *+ axp + error

(C) x3 =07+ dxp + error

Then, a = 32 —i—g‘zﬁy
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Theorem:

Consider the following two models:

(A) yi=PB1+ Boxp + ... + Pixec + &

B) VY, -V=5,X,—X,)+...+ B (X, —X,)+error.
Then, the OLS estimates of B3, ... , B, from the regression of (A) are the same as
the OLS estimates of 3,, ..., B from the regression of (B).

Proof :

Model (A) can be written as
y=XpB=1,6+X.B.+¢,
where 17 1s the Tx1 vector of ones and 3+ = (j3,....,Bx)". Then,
“5 ’ -l '
B=(XMANX.) X/ M)y,

Observe that:

!

M(IT)y:(yl_V Yo=Y - Y _V) .
Now, complete the proof by yourself.
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[4] Goodness of Fit

Question: How well does your regression explain y,?

Example:

e A simple regression model: y; = B + Boxp + &, with B, , = B0 = 1.

e For population A, 6,” = 1. For population B, 5,” = 10.

16

YA

YA vs. X2

X2

50

YB vs. X2

o Clearly, the regression line E(Y, | X,.) explains Population A better.

e How can we measure the goodness of fit of E(Y, |X,.)?

Definition:

e "Fitted value" of y;: ¥, = X

e Vector of fitted values: =X/

S (an estimate of E(Y, | X.)).
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Definition:
SSE = ee=(y -~ XA)(y=XB)=(y=9)(y =D =Z,(¥, - 9.)°-
(Unexplained sum of squares)
— Measures unexplained variation of y,.

— SSE/T is an estimate of E,[var(y|x)].
SSR = X.(y,—Y)’, where Yy =T 'y, (Explained sum of squares).

— Measures variation of y, explained by regression.
— SSR/T i1s an estimate of var,[E(y|x)].

SST = X.(y, - V)’ (Total sum of squares)

— SST/T measures total variation of y.

Theorem: SSE=3Xe’=Yy'y—AXY.
Proof:
SSE = (y = XB)'(y = XP) = Yy =2/XY + fXXp
= Y'Yy = 28X Y+ AXX(XX) XY = yy - BXY.

Theorem:

SST=2,(y, - )’ =%y, -Ty’,

SSR = SX § —Ty? [if (SIC.7) holds].
Proof: For SSR, see Schmidt.
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Theorem:
Suppose that x;; = 1, for all t (that is, (SIC.7) holds). Then, SST = SSE + SSR.

Proof: Obvious.

Implication:

Total variation of y, equals sum of explained and unexplained variations of y;.

Definition: [Measure of goodness of fit]

R”*=1 - (SSE/SST) = (SST-SSE)/SST.

Theorem:

Suppose that x,; = 1, for all t (SIC.7). Then, R*= SSR/SST and 0 <R*< 1.

Note:
1) If (SIC.7) holds, then, R* =1 - (SSE/SST) = SSR/SST.
2) If (SIC.7) does not hold, then, 1 - (SSE/SST) # SSR/SST.
3) 1 - (SSE/SST) can never be greater than 1, but it could be negative.

SSR/SST can never be negative, but it could be greater than 1.
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Definition:

R, (uncentered R®) = y'y/y'y = ST,

Note:
« Some people use R,’, when the model has no intercept term.
« 0<R/S<I,sincec’e+ ¥y =y'y. [Why? Try it at home.]
— This holds even if (SIC.7) does not hold.
 Ify =0, then, R,>=R".

Definition:

An estimator of covariance between y, and ¥, (which be viewed as an estimate
of E(Y, |X.)) is defined by:
. 1 BN
eCOV(yt, yt) = ﬁzt(yt - y)(yt -Y),
where § =T 7'Z.y,. Similarly, the estimators of var(y,) and var( ¥, ) are defined
by:
1 Y . 1 N a2
evar(y,) = ﬁzt(yt —y);evar(y,) = ﬁzt(yt -y
Then, the estimated correlation coefficient between y; and Y, is defined by:

A ecov(y;, ¥,)
P Jevar(y)Jevar(y,)
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Note:
1) 0 < p* <1, whether (SIC. 7) holds or not.
2) If (SIC.7) holds, Y =Y.
3) If (SIC.7) holds, 1-(SSE/SST) = SSR/SST = p°.

Remark for the case where (SIC.7) holds:
1) IfR*=1, y, and Y, are perfectly correlated (perfect fit).

2) IfR* =0, y, and ¥, have no correlation.

— Regression may not be much useful.
3) Does a high R* always mean that your regression is good?
[Answer]
No. Ifyou use more regressors, then, you will get higher R*. In particular, if
k=T,R*=1.

4) R? tends to exaggerate goodness of fit when T is small.

Definition: [Adjusted R?, Theil (1971)]

r2 _q_ SSEAT —k)
SST AT -1)

Comment:
e R°<R%>unlessk>1andR*<1,

« R” could be negative.
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[Proof for the fact that R* increases with k]
Theorem: Let A =[A;,A,]. Then,
M(A)A;=0; P(A)A;= A, j =1, 2; P(A) =P(A)) + PIM(A))A,].

Theorem: Yy =P(X)y and e = M(X)y.

Proof: Because ¥ =X 3 = X(X'X)'X'y = P(X)y. And e =y —P(X)y = M(X)y.

Lemma: SSE =y'M(X)y =y'y - yP(X)y.
Proof: SSE =e’e=[M(X)yM(X)y=y'M(X)M(X)y=yM(X)y.

Theorem:
When k increases, SSE never increases.
Proof:
Compare:
Model 1: y=XpB + ¢
Model 2: y=XB+ Zy +v=WE + v,
where W = [X,Z] and & = [B",y']'.
SSE; = SSE from M1 =y'M(X)y =y'y - yP(X)y
SSE, = SSE from M2 = yM(W)y =y'y - yP(W)y
=y'y - y[PX)HP{MX)Z} ]y
=¥y -yPX)y - yP{MX)Z}y
SSE, - SSE, =y'P{M(X)Z}y > 0.
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[S] Statistical Properties of the OLS estimator

(1) Random Sample:
e A population (of billions and billions)

Here, the x are the members of the population.
e 0: An unknown parameter of interest (e.g., population mean or population
variance.)
o If we know the pdf of this population, we could easily compute 6. But
if you do not know the pdf?
e Need to estimate 0, using a random sample {xi, ..., Xt} of size T from the

population.
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e What do we mean by “random sample”?
e A sample that represents the population well.
¢ Divide the population into T groups such that the groups are
stochastically independent and the pdf of each group is the same as the
pdf of the whole population. Then, draw one from each group: Then, the
X1, ... » Xt should be i1d (independently and identically distributed).
e “Random sample” means a sample obtained by this sampling strategy.
e An example of nonrandom sampling:
e Suppose you wish to estimate the % of supporters of the Republican
Party in the Phoenix metropolitan area.
e tisazip-code area. Choose a person living in a street corner from
each t.
e [fyou do, your sample is not random. Because rich people are likely

to live in corner houses! Republicans are over-sampled!

e Let & be an estimator of 0. What properties should 6 have?

(2) Criteria for “good” estimators
1) Unbiasedness.
2) Small variance.

3) Distributed following a known form of pdf (e.g., normal, or 7).
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Definition: (Unbiasedness)
If E(6) = 6,, then we say that 6 is an unbiased estimator of 6.

Comment:

e Consider the set of all possible random samples of size T:

Estimate
Sample 1: {x;!"], x,''"|, ..., "1} N 104
Sample 2: {x;"!, x,", ..., x/"} > 4
Sample 3: {x;", %P . x5 oY
Sample b’: {x,""] ., .., %™y - 4.
e Consider the population of Sg ={&'", ..., §"7}.

e Unbiasedness of & means that E(é) = population average of Sq = 0,.

Definition: (Relative Efficiency)

Let @ and @ be unbiased estimators of 0. If Var(é) < var(0), we say that 0

is more efficient than 6 .

Comment:

If 6 is more efficient than & , it means that the value of 0 that I can obtain
from a particular sample would be generally closer to the true value of 0 (6,)

than the value of @ .
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Example:

A population is normally distributed with N(p,07), where p, =0 and 6,” = 9.

{X1,Xs, ... , X7} 1s a random sample (T = 100):

: : : 1 °
Two possible unbiased estimators of p: X = ?tht and X = X,.

_ 1 1 1 -
e E(X)= E(?tht) :?ZtE(Xt) :?Zt,uo =u,; E(X)=E(X)=4,.

Which estimator 1s more efficient?
_ 1 1Y 1Y o2
e var(X)=var (?thtj = (?j 2, var(X,) = (?j Yol =—>;

e var(X)=var(X,)=o..

2
e Thus, var(X) = GT <o? =var(X),if T> 1.

Gauss Exercise:

From N(0,9), draw 1,000 random samples of size equal to T = 100.

For each sample, compute X and X.

Draw a histogram for each estimator.

Gauss program name: mmonte.prg.
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/*

** Monte Carlo Program for sample mean
*/

seed =1;

tt  =100; @ # of observations @

iter = 1000; @ # of sets of different data @

storem = zeros(iter,1) ;
stores = zeros(iter,1) ;

1=1; do while 1 <= iter;

@ compute sample mean for each sample @
x = 3*rndns(tt,1,seed);

m = meanc(x);

storem[i,1] =m;

stores[i,1] =x[1,1];

i=1+1; endo;

@ Reporting Monte Carlo results @

output file = mmonte.out reset;

format /rd 12,3;

"Monte Carlo results";

"Mean of x bar =" meanc(storem);
"mean of x rou =" meanc(stores);
library pgraph;

graphset;

v =seqa(-10, .2, 100);
{al,a2,a3}=hist(storem,v);
@ {bl1,b2,b3}=hist(stores,v); @

output off ;
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Extension to the Cases with Multiple Parameters:

e 0=(0,,0, ..., 0,)" 1s a unknown parameter vector.

Definition: (Unbiasedness)

6 is unbiased iff E(0) =0),:

E@)| [0, ]
. | E@@ 0,
E(9) = (. ) |2 =0,
(E8,)| L.
Definition: (Relative Efficiency)
Suppose that 0 and @ are unbiased estimators. Let ¢ = (C1,C2, ... , Cp) 1S @

nonzero vector. 6 is said to be more efficient than @, iff var(c'@) > var(c'6)

for any nonzero vector c.

Remark:
var(c'6) > var(c'6).
> ¢'Cov()c —c'Cov(d)c = 0, for any nonzero c.
<> ¢'[Cov(6) — Cov(d)]c = 0, for any nonzero c.

<> Cov(6) —Cov(d) is positive semi-definite.
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Comment:
e Let0=(0,,0,)" and c =(cy,c))".
e Suppose you wish to estimate ¢'0 = c¢,0; + c,0,.

e If, for any nonzero c, var(c'0 ) = var(c, 91 +c, 91) > var(c, él +c, 92) =

var(c’ é), we say that 6 is more efficient than & .

Example:
n I O ~ 1.5 1
o Let #=(6,6,). Suppose Cov(0) = L) J; Cov(@) = { Lo 5}.

e Note that:
Var(él)= 1<1.5= Var(él); Var(éz) =1<15= Var(éz).

e But,

_ . [05 1
Cov(H)—Cov(9)={ | }E A —|A[=05>0;|A,|=-0.75<0.

0.5
¢ A is neither positive nor negative semi-definite.
e 0 isnot necessarily more efficient than 0 .
e For example, suppose you wish to estimate 6,-0, = c'0 (where ¢ = (1,-1)"):
o Var(c'é) = c’Cov(é)c =2; var(c'0)=c'Cov(0 )c = 1.
e That is, for the given ¢ = (1,-1)’, ¢'@ is more efficient than ¢'é.
e This example is a case where relative efficiency of estimators depends on

c. For such cases, we can’t claim that one estimator is superior to others.
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Theorem:
If & is more efficient than & , Var(éj) < Var(éj ), forallj=1, ..., p. Butnot

vice versa.

Proof:

Choose ¢ =(1,0,...,0)". Then, you can show Var(él) < Var(él ). Now, choose ¢
=(0,1,0,....,0)". Then, we can show Var(éz) < Var(éz ). Keep doing this until j

:p.
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(3) Population Projection

» Suppose you have data from all population members (say,t=1, ...., B).

* Assume that E(X X)) = ZB X X, is pd, where X, =1 for all t.

 Let . =(0,.,.... 5, ) bethe OLS estimator obtained using all population:
p L,p 2,p

Notice that £, is a population parameter vector. Denote
Proj(yt | Xto) = Xt’oﬂp .
« Lete, =Y, —X.B,,wheret=1, ..., B.

* Population projection model:

Y. = PI‘Oj(yt |Xt-)+€t = Xt’-IBp +€,¢-

* By definition, f, always exists. Notice that (SIC.1) assumes that the

conditional mean of Y, is linear in X,.: E(Y, |X.)=X../f,. In contrast, the

population projection of Y, is always linear.

Theorem:

E(xe,)=0 forallj=1, ...,k Thatis, E(xe,)=0,,.

Proof:

Recall Xe=0,, — =/ x.6, =0,,. Thatis, E(x.e )— 1 —32 x.e . =0.

te ™ p,t

Comment:

- E(xe )=0— the former.
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Theorem:
B, =(E(xx)) E(X.Y).

Proof:
-1

A\ 1 , 1
pr = (ztB:IXtoXto) 2tB=1Xt-yt = (Eztletoxto) EZtB:IXto Yi-

Comment:

* Intuitively, the OLS estimator is a consistent estimator of /3.
* Notice that under (SIC.1)-(SIC.4), S, = f,!

+ Under (SIC.1)-(SIC.4), E(Y,|%.)=Proj(y,|x.) = X.5,.
* Thus, under (SIC.1)-(SIC.4), the OLS estimator is a consistent estimator of
Py
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(4) The Stochastic Properties of the OLS Estimator.

(SIC.8) The regressor Xy, ... , X ( X,, ) are nonstochastic.

Comment:
e The whole population consists of T groups, and each group has fixed x...

We draw y, from each group. The value of y, would change over different
trials, but the value of x.. remains the same.

e Can be replaced by the assumption that E(g, | X,.,...,X;,) =0 for all t
(assumption of strictly exogenous regressors). This assumption holds as
long as (SIC.1) - (SIC.4) hold. If you do not use (SIC.8), the distributions
of ,5’ and s* obtained below the conditional ones conditional on

Xis Xynperes X7

Theorem:

Assume (SIC.1)-(SIC.6) and (SIC.8). Then,
« E(f)=f, (unbiased)

Cov(B) = o (XX)™!

E(s’)=0., where s> =SSE /(T —k) =26/ /(T —k)=¢€'e (T —k)
[even if the g are not normal, that is, (SIC.6) does not hold]
B~N (B, a5 (XX)™).

,5’ and SSE (so s%) are stochastically independent.

SSE /o ~ o*(T —k) [if (SIC.6) holds.]
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Comment:

e As discussed later, we need to estimate Cov(/3) = o2 (XX)™.

e We can use s” to estimate Cov( ,[;’).

Numerical Exercise:

o vi=P1+BXpt+Psxgt+e, T=35:

0] 1 -2 4
0 1 -1 1
y=|1X=(1 0 O
1 1 1 1
13 1 2 4
e Then,
5 0 10
XX={0 10 0 |; Xy=|7yy=11;,y=1.
10 0 34 13

1) Compute ﬁ:

17/35 0 —1/7
X'X)'=| 0 1/10 0
~-1/7 0 1/14

Bl [17/35 0 -1/7]57 [0.571

B=|p,1=| 0 1710 0 |7|=| 07
Sl | -1/7 0  1/14|13] |0.214
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2) Compute s”:
SSE=y'y - y'X 3 =0.46
— s> = SSE/(T-k) = 0.46/(5-3) = 0.23

3) Estimate Cov( ,5’ ):

17/35 0 —=1/7 0.112 0 -0.032
P (XX)'=023 0 1/10 0 |= 0 0.023 0
-1/7 0 1/14 —0.032 0 0.016

4) Compute SSE, SSR and SST:
e SST=y'y-Ty*=11-5x(1)*=6;
5

e SSE=y'y- X'y =11-(0.571 0.7 0214) 7 |=0.46
13

e SSR =SST - SSE =5.54.

5) Compute R* and R”.
e R?>=SSR/SST =5.54/6 = 0.923

e R7=1- I—_i(l— R?) =1—§—_;(1—o.923) = 0.846.
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[Proofs of the General Results under SIC]

1) Some useful results:
a) Let £ =(g,...,& ). Then, the model y, =X, B, +¢& (t=1, ..., T) can be
written as Y = X S, +¢. [Be careful that ¢ is a vector from now on!]
b) E(¢) =0r,,, because E(¢g,)=E, [E(& |X,)]=E, (0)=0 forallt.
¢) E(egg')=E(ee')-E(e)E(g")=Cov(e) = o1, because cov(e,&,) =0 by
(SIC.4) and var(g,) = o by (SIC.5).
d) Under (SIC.8), E(X'e)= XE(¢)=0,,,.

2) Show that E() = 3, and Cov(f) = c2(XX)™".

Lemma D.1:
B=p+(XX)"X.
Proof:
y=XpB, +¢.

B=(XX)"XY=(XX)'(XB, +&)=p,+(XX)"'X's.

Theorem: (Unbiasedness)

E(B) =5,

Proof:

E(B)=E[B, +(XX) ' X'e]l= B, +(XX)'XE(e) = 5,.
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Theorem:
Cov(B) = o (XX)™.
Proof:
Cov(3)= Cov[f, +(XX)" X'g]
= CoV[(XX) "' X'e]=(XX)"' X Cov(&)[(XX)"'X'T
= (XX) "' X' (21X (XX) ! = c2(XX) " XL X (XX)™!
= 2(XX) XX (XX) "' =a2(XX)™".

3) Show E(s*)=o..

Lemma D.2:
SSE=e'e=yM(X)y=¢e'M(X)e.

Proof:

SSE = y'M(X)y = (XB+£)M(X)(XB + ) = (B'X'+&)M(X)e = e M(X)e.

Theorem:

E(SSE) = (T —k)o?.
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Digression to Matrix Algebra:
Definition: (trace of a matrix)

B = [bjj]nxn — tr(B) = Xi-;b; = sum of diagonals.

Lemma D.3:
For A, and B, tr(AB) = tr(BA).
Lemma D .4:

If B is an idempotent nxn matrix,

rank(B) = tr(B).

[Comment]
e For Lemma D.4, many econometrics books assume B to be also symmetric.
But the matrix B does not have to be.

¢ An idempotent matrix does not have to be symmetric: For example,
172 1) (1 a
1/4 1/2)10 0

The eigenvalues of an idempotent matrix, say B, are ones or zeros.

<Proof> A& = BE = B2E = BAE = A°¢.

e Theorem DA.1:
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e Theorem DA.2:
tr(B) = sum of the eigenvalues of B, where B is nxn.

<Proof> det(1l —B)=(A—4)..(A-1)
— (b, +b, +..+b A" =4, +...+ )"

e Theorem DA.3:

rank (B) = # of non-zero eigenvalues of B [See Greene.]

e Lemma D.4 is implied by Theorems DA.1-3.

Example:
Let A be Txk (T > k). Show that rank[I;-A(A’A)'A’1=T - k.
[Solution]
rank[Ir-A(A’A)"'A"]
= tr(I1 - A(A'A)'A)
= tr(Iy) - trf A(A’A)'A'] =T - tr[(A'A) 'A’A]
=T-tr(l)=T-k.

End of Digression.
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3) Show E(s*)=o0.:
E(SSE)=E(e'M(X)¢g) = E[tr{e' M (X)e}]=E[tr{M (X)ee'}]
=tr[M (X)E(e&")]=tr[M (X)o 1, 1= o tr[M(X)]
=otr[l; = X(XX) "' X'T=c(T -k)

— E(s?)=E(SSE AT —k)) = E(SSE) /(T —k) = [62(T —=K)]AT —k)=o2.

4) Show the normality of ,5’ :

Lemma D. 5:

Let zr.1 ~ N(Utx1, Qryr). Suppose that A is a kxT nonstochastic matrix. Then,
b+ Az ~N(b+ Au, AQA").

Theorem: ,3 ~ N(B,,02(XX)™)
Proof:
f=p,+(XX)"'X's
— B ~NPBHXX)'XE(e), (X'X)'X'Cov(e) X(X'X)™)
= N(f,,0,(XX)™).
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5) Show that ,@ and SSE are stochastically independent.

Lemma D.6:

Let Q be a TxT (nonstochastic) symmetric and idempotent matrix. Suppose
£~N(0;,,021,). Then,

fR8 ), 1= Q).

0

Proof: See Schmidt.

Lemma D.7:

Suppose that Q is a TxT (nonstochastic) symmetric and idempotent and B is a
mxT nonstochastic matrix. If £ ~N(0;,,0.1;), Be and £'Qg are

stochastically independent iff BQ = 0,,,.
Proof: See Schmidt.

Theorem:
T -k)s*> SSE
( 0_2) =— ~ (T =k).

And, ,@ and s” are stochastically independent.
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Proof:

1) Note that (T —k)s* /o’ =SSE/o. =M (X)e/ 0.
Since M(X) 1s idempotent and symmetric and tr(M(X)) = T-k, by Lemma D.7,
eM(X)e/ ol ~ x*(T —K).

2) Note that S — B, =(XX)" X'e (by Lemma D.1); (T-k)s* = SSE = e/ M(X)e.
Note that (X’X)'X'M(X) = O,r . Therefore, Lemma D.7 applies, i.e., SSE and

S are stochastically independent. So are s> and /3.

Theorem: var(s*) =20, /(T k).

Proof:
Since (T —k)s* /o, ~ y*(T —k), var[(T —k)s*/o2]=2(T —k) (since
var(y(r)) = 2r), and [(T —k)/o? ] var(s®) = 2(T —k) implies

var(s’) =202 (T —K).

Remark:
5 . o, (XX)™" 0,
Let0 = ( 2] and 0 = '6; . Then, Cov(6)= 20,
o S 01><k T Ok
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[6] Efficiency of B and s’
Question:

Are the OLS estimators, ,3 and s, the best estimators among the unbiased

estimators of B and 6°?

Theorem: (Gauss-Markov)
Under (SIC.1) — (SIC.5) (¢ may not be normal) and (SIC.8), ,3 is the best

linear unbiased estimator (BLUE) of .

Comment:

Suppose that 3 is an estimator which is linear in y; that is, there exists a Txk

matrix C such that S = C'y. Let us assume that E( ,5’ )= /f,. Then, the above

theorem means that Cov( 3) - Cov( ,3) is psd, for any ,5’ .
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Proof of Gauss-Markov (A Sketch):

Let S be an unbiased estimator linear in y: That is, there exists a Txk matrix C
such that # =C'y. Let C'=(X'X)'X'+ D'. Then,

E(E(B)=E[(XX)'Xy+DYy]=E(B+DYy)=p5,+E(DY).
Since £ is unbiased, it must be that:
E(D'y)=0 — E[D'(XB+te)]=0—> D'XB+D'E(e)=0
— D'XpB, = 0.
Since this result must hold whatever B, is, D'X = 0y,«. Then,
B =Cy=[(XX)'X"+Dly= [(XX)'X + DX, +#)
= B, + [(XX)'X'+D'Je
After some algebra, you can show that (do this by yourself):
Cov( ) = Cov( ,[;’ ) + 6,°D'D [using the fact that D'X = 0].
Then, you can show:

Cov( /) - Cov( B ) =0,°D'D is psd (by the theorem below)

Digression to Matrix Theory

Theorem:
Suppose A is pxq nonzero matrix. Then, A’A is psd. If rank(A) = q, then, A’A
is pd.

End of Digression
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Theorem:

Under (SIC.1) — (SIC.6) (¢ should be normal) and (SIC.8), ,3 and s” are the

most efficient estimators of B and o°. [(SIC.7) does not have to hold.]

Digression to Mathematical Statistics

(1) Cases in which 6 (unknown parameter) is scalar.

Definition: (Likelithood function)

e Let {xy, ..., X7} be a sample from a population.
e [t does not have to be a random sample.
e X, is a scalar.

o Let f(X;,Xy, ..., X1,0,) be the joint density function of xy, ... , Xt.
e The functional form of f is known, but not 6,,.

e Then, L1(0) = (x4, ..., X, 0) 1s called “likelihood function”.
e [1(0) is a function of O given xy, ... , Xt.

e The functional form of f is known, but not 6,.

Definition: (log-likelihood function)
11(0) = In[f(xy, ..., x7,0)].
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Example:

e {Xj, ..., Xr}: arandom sample from a population distributed with f(x,0,).
T
o f(xp,..,xn0)=]]_ f(x.6).
> L (0) = f(xp, ., x,0) = []_ f(x.6).

> 1y(0) = 1n(1_[f:1 f(xt,e)) =% In f(x,6).

Definition: (Maximum Likelihood Estimator (MLE))

MLE éMLE maximizes I+(0) given data points x, ... , Xr.

Theorem: (Minimum Variance Unbiased Estimator)

IfE(O,, ) = 0,, then 6, . is the MVUE. IfE(6,,:) # 0., but if there exists a

function g( éMLE) such that E[g( 9MLE )] = 0,, then, g( 9MLE) 1s the MVUE.

Example:

e {Xi,..., Xt} 1s a random sample from a population following a Poisson

distribution [i.e., f(x,0) = ¢ "0*/x! (suppressing subscript “o0” from 0)].

Note that E(x) = var(x) = 6, for Poisson distribution.
17(6) = Zdn[f(x,,0)] = -0T + (In(6)) X, - Zln(x,!)

FOC of maximization: 0/, /060 =T + éZtXt =0.

A )

Solving this, 6, = X

T

L=X.
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(2) Extension to the Cases with Multiple Parameters.
Definition:
e 0=1[0,,0, ...,0,]".
e L(0)=1(x,.., x,0) = f(xy, ... , X1, 01, ... , 0)).
e |1(0) =In[f(xy, ..., x1,0) = In[f(xy, ..., X1, 01, ..., Op)].
e X, could be a vector.

o If {xy, ..., X7} is arandom sample from a population with f(x,0,),

1(0) = 1n(1_[f:1 f (xt,e)) =%, In f(x,6).

Definition: (MLE)
MLE éMLE maximizes lt(0) given data (vector) points xy, ... , Xp. That is, éMLE

solves
_(%T (6)/06, i 0]

ol (8) |06:(0)/06,| |0
89 . .

100:(0)/06, | |0]
Theorem: (Minimum Variance Unbiased Estimator)

IfE(6,, ;) = 0,, then 6, . is the MVUE. IfE(6,,;) # 0., but if there exists a

function g( éMLE) such that E[g( éMLE )] = 0,, then, g( éMLE) 1s the MVUE.
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Comment:

Let @ be any unbiased estimator of 6,. The above theorem implies that

[Cov(0)—Cov(0,,)] is psd.

Example:
e Let {xy, ..., Xr} be a random sample from N(z, o).
e Since {Xj, ... , X} 1s a random sample, E(X,) = &, and var(X,) = of.

e Let=(wv), where v=o".

F(x,0)=

\/—exp{ (X, 2_V,U) } 2z) 2 (v) ™ exp{—(

In[ f (x,,6)] = —%ln(27r) —%m(v) - %

0.(0)= —%1n(27z) - gln(v) (g

2v
e MLE solves FOC:
) Doy ax - = E B o,
ou 2V Vv
2
(2) agT(Q):_l_th(Xt ZIU) ~0.
ov 2v 2v
e From (1):
. XX o
3) ZX-w=0->Zx-Tu=0-> = T =X.
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e Substituting (3) in to (2):

|
(4) -Tv+Z(x IuMLE) =0 > Ve = T =2 (X - X)

r X
O - Hue _|1 Sl
MLE Ve ?zt(xt —X)

R _ 1 1 1
e E(iye) =EX) = (T 2, tj T —XEX) = =2, = 4,

e Thus,

e Note that:

o E(Vy ()= TT 16 (by the fact that E{%Z (X — 7)2} =0.)

T

—Let g(V =
g( MLE) T—l

VMLE

> Clearly, E[g(V,y.¢)] = E[ﬁzxxt —7)2}03.

— Thus, g(V,, ) is MVUE of &°.
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(3) Extension to Conditional density

Definition:
« Conditional density of yi: f(y,,6,|X.), 0=1[61,0, ..., 6,]".
¢ LT(Q):Hthlf(ypé”Xt.)-
« 1:(0) =L, (0)= ZLI In(f(y,|6,X,)).

Example:

 Assume that (Y,,X;.) iidand f(y,/z,,V,|X.)~N(X.5,,V,).

lem exp(%(yt - x;.ﬂfj.
L (B.V) =, In f (Y, A.V] %)

T T 1 :
. = ——In(27)——Inv——23,(y, - X' B)
5 n(27) V- (Y =X F)

— —%1n(27z)—%111V—21—v(y— XB)(y—-XpB)

y f(yt,ﬂ,v | Xt.) =

End of Digression
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Return to Efficiency of OLS estimator

Proof:

We already know that E() = 8, and E(s*) = o?. Thus, it is sufficient to

show that ,3 and s> are MLE or some functions of MLE. Under (SIC.1) —

(SIC.6) and (SIC.),
€ ~ N(O1x1, Volr) = ¥ ~ N(XPBo,VolT), Where v, = 0'5 )

Therefore, we have the following likelihood function of y,

1 1
Lt(B,v) = ——(y—-XpBY I, Ty =X
(B,v) (27Z')T/2 ,—|V|T| eXp|: 5 (y B)(VI) (Y ,B):l

__ 1 Ly xaymyi(y -
_(27[)T/2VT/2eXp|: 2(y XB)Y(vly) " (y XIB)}

Then,
I1(B,v) =-(T/2)In(2x) -(T/2)In(v) - (y-XB)'(y-XB)/(2v)

= -(T/2)In(2x) -(T/2)In(v) - (1/2v)[y'y-2B'X'y+B'X'XB].

—  FOC: 0lt(B,v)/0B = -(1/2v)[-2X"y + 2X'XB] = Oy

Olr(B,v)/dv = -(T/2v) + (1/2v7)(y-XB)'(y-XPB) = 0
—  From (i), X'y - X'XB =01 = By = XX)'Xy= 2.
—  From (ii), ¥,, . = SSE/T — s’ is a function of ¥, ..

[s* = [TAT-K)] Vype]
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[7] Testing Linear Hypotheses
(1) Testing a single restriction on f3:

e H,: RB,-r=0,where R is 1xk and r 1s a scalar.

Example: y=xuB; + XoP> + XaPs + &.

e We would like to test Hy: B3, = 0.
e DefineR=[001]andr=0.
e Then, RB,-r=0— B;,=0.

® Ho:Poo-P3o=0(0rPao=Pso)
e DefineR=[01-1]andr=0.
® RB,-r=0—>Pr0-P3,=0

o H: 2By, +3Bs3, = 3.
e R=[023]andr=3.
e RB-r=0—-> H,.

Theorem: (T-Statistics Theorem)

Assume that (SIC.1)-(SIC.6) and (SIC.8) hold. Under H,: RB, - r =0,

ALY SRS
SR

where s, =+/R[S>(XX) 'R’
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Corollary:
Let se( ﬁ’ ;) = square root of the j’th diagonal of s*(X'X)". Then, under H,: B; =

%

B,

=BJ -8

t ~
se(4))

~t(T k).

Proof:
LetR=[00...1...0]; thatis, only the j'th entry of R equals 1. Letr= Bj*. Then,
t:Rﬁ—r: pi-B; _ pi-B; :Bi_'Bi*
s ARS(XX)'R Jvar(B)  se(f)

Comment:
e T-Statistics Theorem implies the following:
e Imagine that you collect billions and billions (b) of different samples.
e For each sample, compute the t statistic for the same hypothesis H,.
Denote the population of these t statistics by {t'"), t*, ..., t[b]}.

e The above theorem indicates that the population of t-statistics 1s

distributed as t(T-k).
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How to reject or accept H,
<Case 1> H,: RB,=rand H,: RB, #r.
e For simplicity, consider a case with T-k = 25.

e H,: Bi,=0andH,: B, #0.

Figure 4.4
5% rejection rule for the alternative Hy: g # 0 with 25 df.

Area = 025 Area = .025

rejection  _3 0g 206 rejection
region region

e [fyou choose a = 5% (significance level), the probability that your
t-statistic computed with a sample lies between —2.06 and 2.06 is 95%
(confidence level). Call 2.06 “critical value” (c).

e So, if the value of your t-statistic 1s outside of (-2.06, 2.06) [(-c, ¢)], you
could say, “My t-value is quite an unlikely number I can obtain, if H, 1s
indeed correct”. In this sense, you reject H,,.

e [f the value of your t-statistic 1s inside of (-2.06,2.06), you can say, “My
t-value 1s a possible number I can get if H, 1s correct.” In this sense, you

accept (do not reject) H,.
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e Another way to determine acceptance/rejection (P-value):
e Suppose you have t = 1.85 and T-k =40
e Find the probability that a t-random variable is outside of (-1.85, 1.85).

Figure 4.6
Obtaining the p-value against a two-sided alternative, when t = 1.85 and df = 40.

area = 9282

area = 0359 area = .0359
1

-1.85 0 1.85

e This probability is called p-value. This value is the minimum o value
with which you can reject H,. Thus, your choice of o > p-value, reject

H,. If your choice of a < p-value, do not reject H,.
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<Case 2> H,: RB, =rand H,: RB,>r.
o T-k=28, Hy: Bj,=0and Hy: B;,>0.

Figure 4.2
5% rejection rule for the alternative H;: g; > 0 with 28 df.

Area = .05

7~

1.701  rejection
region

e Here, you strongly believe that 3; , cannot be negative. If so, you would
regard negative t-statistics as evidence for H,. So, your
acceptance/rejection decision depends on how positively large the value of
your t-statistic is.

e Choose a critical value (¢ = 1.701) as in the above graph at 5% significance

level. Then, reject H, in favor of H,, ift> ¢ (=1.701). Do not reject H,, if t

<cC.
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<Case 3> H,: RB,=rand H,: RB, <r.
e T-k=18, Hy: Bj,=0and H,: B;, <O.

Figure 4.3
5% rejection rule for the alternative H,: §; < 0 with 18 df.

Area = .05

%
7 e

€ 2
rejection  _q 734
region

e Here, you strongly believe that 3;, cannot be positive. If so, you would
regard a positive value of a t-statistic as evidence favoring H,. So, your
acceptance/rejection decision depends on how negatively large the value of
your t-statistic is.

e Choose a critical value (-c =-1.734) as in the above graph at a given
significance level. Then, reject H, in favor of H,, if t <-c (=-1.734). Do not

reject H,, if t > -c.
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Numerical Example:

Use 95% of confidence level.

y = B1 + BoXor T B3xs¢ + &

145 0 0 1.2
o SX(XX)'=| 0 7257 -101.60]; B=|—1|;T=10.
0 -101.60 145.14 2

Ho: Bo,o = P30 against Hy: B # Pso
—>  Hyi Boo-Bs0=0.
Ho: 1+Boo + (1) B3, = 0.
R=(0,1,-1) and r=0.
=-0.14
df=10-3=7 —>c=2.365

R

Since —2.365 (-¢) <t <2.365 (¢), do not reject H,.

hd Ho: B2,0 + ﬁS,o =1 5 Ha: B2,0 + B3,0 # 1
— t=0,c=2.365.
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[Proof of T-Statistics Theorem]
Digression to Probability Theory
1) Standard Normal Distribution: (z ~ N(0,1))

1 A
eXp| —— |, -0 <z<oo
Jox p( 2}

2) %* (Chi-Square) Distribution

e PAf ¢(z)=

o Letz, ...,z berandom variables iid with N(0,1).
e Then,y=2* 72> ~ (k).
e Here, y > 0, k = degrees of freedom.

e E(y)=k and var(y) = 2k.

3) Student t Distribution
e Letz~N(0,1)andy ~ y*(k). Assume that z and y are stochastically

independent.

e Then, t=

Z
~ t(k).
/K (k)
e E(t)=0,k>1; var(t) =k/(k-2), k> 2.
e Ask — oo, var(t) > 1. Infact,t - z.

e The pdf of t is similar to that of z, but t has ticker tails.

e f{(t) is symmetric around t = 0.
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4) F Distribution

Let y; ~ x°(k;) and y, ~ x°(k,) be stochastically independent.

Then, f =5 _ gk, ko).
Y, /K,

f(1,k2) = [t(ko)]".
If £~ f(k;.ky), kif = ¢*(k;) as k, > oo.

Gauss Exercise:
o z~N(0,1); t~t(4); y ~ x’(2); f ~ f(2,10).

e (Gauss program name: dismonte.prg

/*
** Monte Carlo Program for z, x-square, t and f distribution
*/

@ Data generation under Classical Linear Regression Assumptions @
new;
seed
iter

1;
10000; @ # of sets of different data points @

zeros(iter,l);
zeros(iter,1);
zeros(iter,l);
zeros(iter,l);

=h X m+ N

i = 1; do while 1 <= iter;

z[i,1] = rndns(1,1,seed);

t[i,1] = rndns(1,1,seed)./sqrt( sumc(rndns(4,1,seed)"2)/4 );

X[i,1] = sumc(rndns(2,1,seed)”2);

f[i,1] = ( sumc( rndns(2,1,seed)”2 )/2 )./ (sumc( rndns(10,1,seed)”2 )/10) ;

i =1+ 1; endo ;
@ Histograms @

library pgraph;

graphset;

ytics(0,6,0.1,0) ;

v = seqa(-8,0.1,220);

@ {al,a2,a3}=histp(z,v); @
@ {b1,b2,b3}=histp(t,v); @

library pgraph;
graphset;
ytics(0,10,0.1,0);

w = sega(0, 0.1, 330);
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@ {c1,c2,c3} histp(x,w); @

{d1,d2,d3} = histp(f,w);

GALSS Wed Jan 3G 17:22:44 2002

7. Frequency
0.0 0.4 Q8B 1.2 16 2.0 24 28 32 36 40 4.4
rrrrrrrrrrrrrrrrr T T T T T T T T T T T T T T T T T

2
Category

Wed Jan 3G 172323 2002

7. Frequency
0.0 0.4 08 1.2 16 2.0 24 2.8 3.7 36 40 4.4
rrrrrrrrrrrrrrrr T T T T T T T T T T T T T T T T T T T T

2
Category

t~t(4)
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f~ f(2,10)

End of Digression
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Lemma T.1:
Under (SIC.1)-(SIC.6) and (SIC.8), ,3 and s” are stochastically independent.

(See Schmidt.)

Lemma T.2:
Under (SIC.1)-(SIC.6) and (SIC.8),

RB-P) v
e t(T - k).

Proof:
Define o = \Jo’R(XX)'R’. Note that:

E{w}o; {M}l

Or OR

[Why?] Furthermore, since B 1s normal, so 1s R(,@ — )/ oy. Thatis,

qIE—R(ﬁ‘ﬁ)~N(o,1).
O

R

Note that

5. _ RS’(XX) 'R’ :\/32 :\/(T—k)sz ::\/;/(T—k)
o \/Rgoz(xx)—lR' o \(T-k)o? T-k

Note that q; and q, are stochastically independent because B and s” are

O

stochastically independent by Lemma T.1. Therefore, we have:

R(S-P) _ & _ N .1 ~t(T —K).
S, 0 73T =K)AT -k)
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Proof of T-Statistics Theorem:
Under H,,

t = Rﬁ_r: Rﬂ_Rﬂo — R(ﬂ_ﬂo)Nt(T_k)

SR SR SR

Then, the result immediately follows from Lemma T.2.

(2) Testing several restrictions

Assume that R 1s mxk and r is mx1 vector, and H,: R, =r.
Example:

e A modelis given: y; = X¢1B1,0 + XP2o T XiaBs0 T &

e Wish to test for Hy: B, =0and B, + B30 = 1.

S

e Define:

Then, H, &> RB, =r.

Theorem: (F-Statistics Theorem)
Assume that all of SIC holds. Under H,: R, =,

r=(R6- r)'[RSZ(X;]()_IR’]_I(Rﬂ— N F(M.T —k).
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Comment:
(RB-1)[R&(XX)'RT'(RA-T)
m
_R(B-DRXX)'RT'(RA-1)/m
- SSE /(T —k)

Comment:
F-Statistics Theorem implies the following:
e Imagine that you collect billions and billions (b) of different samples.
e For each sample, compute the F statistic for the same hypothesis H,. Denote
the population of these F statistics as {F'", F*, ... F"l},
e The above theorem indicates that the population of the F-statistics is

distributed as f(m,T-k).

How to reject or accept H,

e When you use the F-test, it is important to note that the hypothesis you
actually test is not H,: RB, =r. It is rather (with some exaggerations) the
hypothesis that:

Ho'": (RBo-) [REX'X)'R'T (RBor) = 0.
If so, your alternative hypothesis should be that
Ha': (RBo-1) [RCX'X) 'R (RBo-1) > 0,
because R(X'X)'R’ is pd. So, the F-test is a one-tail by nature.

Linear Regressions under Ideal Conditions-85



e Suppose m =3 and T-k = 60.

Figure 4.7
The 5% critical value and rejection region in an F; ¢, distribution.

area = .95

area = .05

W

0 N
7
276 rejection
3 region

e [fyou choose a = 5% (significance level), the probability that your
F-statistic computed with a sample is greater than 2.76 (confidence level).
Call 2.76 “critical value” (c).

e So, if the value of your F-statistic is greater (smaller) than c, reject (do not

reject) H,.
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An Alternative Representation of F-Statistic

Definition: (Restricted OLS)

Restricted OLS estimators 3 and & are defined as follows: £ minimizes
St(B) = (y-XB)'(y-XP) subject to the restriction RB =r. Given S, &’is

computed by (Y — X B)(y— X /T -k +m).

Theorem:

f=5-(XX)'RIR(XX)'RIRE-T).

Proof: See Greene.

Theorem:
Under H,: RB, - r =0,
E(B)=p,
Cov(B) =Cov(B)— a2 (XX)'RTR(XX)'R'IR(XX)™".
Proof:

Show it by yourself. Use the fact that for any pd matrix A, BAB' is a psd

matrix whatever nonzero conformable matrix B.

Theorem:

Assume that (SIC.1)-(SIC.6) and (SIC.8) hold (whether (SIC.7) holds or not).
If H, is correct, then, E 1s more efficient than ,[;’ :

Proof: Show it by yourself.
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Theorem

Let SSE =(y - X B)(y - XB); SSE, =(y— X ) (Y~ X 3). Then,

_ (SSE, —SSE)/m _ (SSE, —SSE)/m

F 2
s SSE /(T — k)

Proof: See Greene.

Remark:
e Consider a model: y, = X1 B + XpP2 + X33 + XuPs + €.
e Wish to test for Hy: B3, = Pao = 0.
e To find 3, do OLS on:
(*) ye=xuP1 * XeP2 + &.
e Denote the OLS estimates by ,El and ,52 . Then, the restricted OLS
estimate of B is given by = ,51 , ,52 ,0,0].
e Also, set SSE from (*) as SSE..
o TestHy: Brot B3o=1and B4, =0.
* yi=XuP1 T XoP2 + XaPs + xuPs + &
= ¥i = XuP1 T X2 T Xa(1-f2) + &
= ¥i- Xg = XaP1 + XeXe)P2 * & . (%)
e Do OLS on (**) and get ,51 and ﬁz. Set ,[73 =1- ,52 and ,54 =0. Set
SSE, = SSE from OLS on (**).
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Theorem
Let 5’1 be the OLS estimator 3, for a model y, = ; + &. Then, ﬁl =Y.

Proof: Do this by yourself.

Theorem: (Overall Significance F Test)
The model is given:
Yo = XaPr + XpPo + oo+ XaPr + & (%)
Assume that this model satisfies all of SIC (including SIC.7). Consider H,: B,
= ... = PBxo = 0. The F-statistic for this hypothesis is given by
F_ T-k R
k-11-R

where R? is from the original model (*).

_ ~ f(k-1,T-k),
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Example:
e Consider WAGE2.WF1

e Data: (WAGE2.WF1 or WAGE2.TXT — from Wooldridge’s website)
# of observations (T): 935

1. wage monthly earnings

2. hours average weekly hours

3.1Q IQ score

4. KWW knowledge of world work score
5. educ years of education

6. exper years of work experience

7. tenure years with current employer
8. age age in years

9. married =1 if married

10. black =1 if black

11. south =1 if live in south

12. urban =1 if live in SMSA

13. sibs number of siblings

14. brthord birth order

15. meduc mother's education

16. feduc father's education

17. lwage natural log of wage

e Estimate the Mincerian wage equation:

log(wage) = B; + B,Educ + p;Exper + psExper” + ¢
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e H,.:

Estimation Results by Eviews:

Dependent Variable: LWAGE

Method: Least Squares

Sample: 1 935

Included observations: 935

Variable Coefficient ~ Std. Error  t-Statistic Prob.

C 5.517432  0.124819  44.20360  0.0000

EDUC 0.077987  0.006624  11.77291  0.0000
EXPER 0.016256  0.013540  1.200595  0.2302
EXPER"2 0.000152  0.000567  0.268133  0.7887
R-squared 0.130926 Mean dependent var 6.779004
Adjusted R-squared 0.128126  S.D. dependent var 0.421144
S.E. of regression 0.393240  Akaike info criterion 0.975474
Sum squared resid 143.9675 Schwarz criterion 0.996183
Log likelihood -452.0343  F-statistic 46.75188
Durbin-Watson stat 1.788764  Prob(F-statistic) 0.000000

Ha:

Ho: Boo =0 Vs. Hy: Boo # 0.

Y

Education does not improve individuals’ productivity.

Education matters, but its effect could be either positive or negative.

t= Py _AO =11.77291; ¢ = 1.96 at 5% significance level.

se(B,)

— Sincet ¢ (-1.96, 1.96), reject Ho!

P-value for this t statistic = 0.0000; o = 0.05.
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e H,: Education does not improve individuals’ productivity.
H,: Education improves individuals’ productivity.

—  Hy: Bro=0Vs. Hy: B,,>0.

(=0 11.77291; ¢ = 1.645 at 5% significance level.
se(/,)

Since ¢ <t, reject H, in favor of H,.

e H,: Work experience does not improve individuals’ productivity.

- Ho: B3,0 - B4,o =0.

H.: Work experience matters.

—  H,: B3, # 0 and/or PB4, # 0.

Wald Test:
Equation: Untitled

Null C(3)=0
Hypothesis:
C@4)=0
F-statistic 17.94867 Probability 0.000000
Chi-square 35.89734 Probability 0.000000

—  F=17.94867; ¢ from f(2,931) = 2.6 (at o = 5%)).
—  Reject H,.
—  Or, p-val of F =0.0000 < 0.05 =a. So, reject H,.
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Example: (Cobb-Douglas production function)

Setup: L = labor; K = capital; Q = output.
The Cobb-Douglas production function is given:
Q, = ALK fe*,
where A is constant. Taking log for both sides, we have:
(%) 1og(Q) = A, + B, log(L,) + B, log(K,) + &,

where B = In(A).
Estimation: Do OLS on (*), and estimate [3’s.
Interpretation of B’s:

B, = 0log(Q,)/dlog(L,) = Elasticity of output with respect to labor.

B; = 0log(Q,)/dlog(K,) = Elasticity of output with respect to capital.

B, + B; = scale of economy (r)

[increasing returns to scale if r > 1]

Using F- or t-test methods, we can test Hy: B + B30 = 1.
A drawback of Cobb-Douglas

e When you use the Cobb-Douglas production function, you are assuming
that the elasticities are constant over different levels of L and L. In

reality, elasticities might change over different L and K.
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Example: (Translog Production Function)

e Setup:

ﬁl + :Bz log(Lt) + 163 10g(K )
log(Q,) = |
R ) “‘)g(;‘” LB D" 4 4. (log(L)(log(K ) + &,

e Testing Cobb-Douglas:

e Do aF-test for Hy: B,,=fs, =, =0

e Estimating elasticities:

Let log(L) and log(K) be chosen values of log(L,) and log(K).
[You may choose sample means. |
Observe that gL = 0log(Q)/dlog(L) = B, + Balog(L) + Belog(K).
Thus, a natural estimate of g 1s given:

oL = + Pilog(L) + Bilog(K) = R,
where R = (0,1,0,1og(L),0,log(K)).

var(fl,, ) = var(Rf) = RCov(B)R'.

Thus, $e(fig ) = yRCOV(A)R'.
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[Proofs of the theorems related with F-statistic]
Theorem:
Under H,: Rf, =T,

_(RB-1)IRIXX)'RT'(RA-r)/m
N SSE /(T —k)

= ~ f(m,T k).

Proof:
Letg= (RA-r)[R(XX)'RT'(RS~r)/0’;and leth= SSE /o, =
(T —k)s*/o’. Note that F = (g/m)/[h/(T-k)]. We already know that h ~
v*(T-k). Therefore, we can complete the proof by showing that (i) g is y¥*(m),
and that (i1) g and h are stochastically independent.
(1) Note that under H,,
RA-r=RB-RA=R(B-L)=R(XX)"'X's.
Therefore, we have:

o= X (XX)'RTR(XX)'RT'R(XX)"'X'e £Qe¢
_ _£Re

2
GO GO

We can see that Q is symmetric and idempotent with Rank(Q) = m. Since € ~
N(0,,,021;), g ~ ¥’ (m). [See Schmidt.]

(ii) h=SSE/s”* = ¢M(X)e/c” ~ x*(T-k). Note that M(X)Q = 0. Therefore, g
and h are stochastically independent. [See Schmidkt. ]
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Theorem:

Under H,: RB, -r=0,
E(B)=5,);
Cov(ﬁ) = Cov(ﬁ) — o (XX)'RTR(XX)'RT'R(XX)™.

Proof:
() B = A-(XX)"R[RXX)'R] (RE-1)
= B—(XX)‘IR’[R(XX)‘IR']_I(R,Bo+R(XX)‘IX’g—r)
= ﬁo+(x><)—1x'g—(x><)-1R'[R(x><)-lR']‘1 R(XX)'X'e
= ﬁo+[(x><)—1X'—(xx)—lR'[R(XX)—IR']‘1 R(XX)"'X"]e

—E(B)=4,.
(ii) Derive Cov(/3) by yourself.

Theorem (Overall Significance Test)
The model is given:
(*) ye=XuP1 X2 + ... + XgPi + &
The null hypothesis is given by Hy: B2, = ... = Pxo = 0. Assume that
(SIC.1)-(SIC.8) (including (SIC.7)) hold. Then, the F-statistic for H, is given
by:
F:T—k R
k-11-R

where R? is from the above-unrestricted model (*).

_ ~ f(k-1,T-k),
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Proof:

The restricted model is given by: y, = B; + €. Since ﬂ~1 =Y,
SSE. = (y = X A)(y = X B) = Z (¥, = X. f)’
=2.(Y, = B, = X By — . = X B
=2 (Y, = B) =Z(¥, - y)" = SST.

Observe that:
F =(SSEr—SSEu)/(k—l)zT—k SST — SSE
SSE, /(T —k) k-1 SSE
_T-k1-SSE/SST T -k R’
k-1 SSE/SST k—11-R?
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[8] Tests of Structural Changes
(1) Motivation:
Relationships among economic variables may change over time or across

different genders (Ch. 7.4 in Greene)

Example 1:
Oi1l shocks during 70’s may have changed firms’ production functions
permanently.

Example 2:
Effects of schooling on wages may be different over different regions. [Why?

Perhaps because of different industries across different regions. |

e Data: (WAGE2.WF1 or WAGE2.TXT — from Wooldridge’s website)
# of observations (T): 935

1. wage monthly earnings

2. hours average weekly hours

3.1Q IQ score

4. KWW knowledge of world work score
5. educ years of education

6. exper years of work experience

7. tenure years with current employer
8. age age in years

9. married =1 if married

10. black =1 if black

11. south =1 if live in south

12. urban =1 if live in SMSA

13. sibs number of siblings

14. brthord birth order

15. meduc mother's education

16. feduc father's education

17. lwage natural log of wage
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e Mincerian wage equation for people living in South (A):

Dependent Variable: LWAGE
Sample(adjusted): 28 935 IF SOUTH =1
Included observations: 319 after adjusting endpoints

Variable Coefficient Std. Error t-Statistic Prob.

C 4.860469 0.233695 20.79831 0.0000

EDUC 0.101053 0.012594 8.024086 0.0000
EXPER 0.053960 0.024386 2.212751 0.0276
EXPER"2 -0.001007 0.001009 -0.997829 0.3191
R-squared 0.179628 Mean dependent var 6.665056

Adjusted R-squared 0.171815 S.D. dependentvar 0.450349
S.E. of regression 0.409838 Akaike info criterion 1.066352
Sum squared resid  52.90976 Schwarz criterion 1.113565
Log likelihood -166.0832  F-statistic 22.99070
Durbin-Watson stat 1.755004  Prob(F-statistic) 0.000000

e Mincerian wage equation for people living in Non-South (B):

Dependent Variable: LWAGE
Sample(adjusted): 1 910 IF SOUTH =0
Included observations: 616 after adjusting endpoints

Variable Coefficient Std. Error  t-Statistic Prob.

C 5.893468 0.143314 41.12270 0.0000

EDUC 0.063453 0.007563 8.389865 0.0000
EXPER -0.002798 0.015758 -0.177542 0.8591
EXPER"2 0.000744 0.000664 1.120953 0.2627
R-squared 0.103200 Mean dependent var 6.838013

Adjusted R-squared 0.098804 S.D. dependentvar 0.392769
S.E. of regression 0.372861 Akaike info criterion 0.871250
Sum squared resid  85.08351 Schwarz criterion 0.899973
Log likelihood -264.3451  F-statistic 23.47553
Durbin-Watson stat 1.852473  Prob(F-statistic) 0.000000

Linear Regressions under Ideal Conditions-99



e Question:

* PBaro = BBlo» Pazo = P2.o> Pasoe = Br3o and Pas,e = Pra,?
e Ifso, we can pool all observations to estimate:

(C) lwage, =P, + Preduc, + Bsexper; + B4€Xpel't2 +g,t=1,..,T.

Dependent Variable: LWAGE
Method: Least Squares
Date: 02/05/02 Time: 13:57
Sample: 1 935

Included observations: 935

Variable Coefficient Std. Error t-Statistic Prob.

C 5.517432 0.124819 44.20360 0.0000

EDUC 0.077987 0.006624 11.77291 0.0000
EXPER 0.016256 0.013540 1.200595 0.2302
EXPER"2 0.000152 0.000567 0.268133 0.7887
R-squared 0.130926 Mean dependent var 6.779004

Adjusted R-squared 0.128126 S.D. dependentvar 0.421144
S.E. of regression 0.393240 Akaike info criterion 0.975474
Sum squared resid  143.9675 Schwarz criterion 0.996183

Log likelihood -452.0343  F-statistic 46.75188
Durbin-Watson stat 1.788764  Prob(F-statistic) 0.000000
e Question:

How can we test Hy: Bai.o = BB1.0» Ba2.o = BB2.0> Bas.o = Be3.o and Paso = Pra.o?
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(2) General Framework
Model For Group A:
(A) yar=Par T BacXan + ... + PaXan T €ar, t=1, ..., Ta.
Model For Group B:
(B)  yB:=PBpr1 T ProXp2 t .- T PoiXpek T €, t =1, ..., T.
Under Hy: Bajo = Bajo for any j =1, ..., k (k restrictions),
we can pool the data to estimate

(C) vi=Bi+PBxXpt+ .. +PBxut e, t=1,..., T (=Ta+Tp).

Assume that var(e,) = var(ep) = Jj .

(3) Chow-Test Procedure.
STEP 1: Do OLS on (C) and get SSEc.
STEP 2: Do OLS on (A) and (B); then get SSE, and SSEg.
STEP 3: Compute the Chow-Test statistic.
Under H,,

(SSE, — SSE, — SSE,) /k
(SSE, + SSE, ) /(T, + T, — 2k)

CHOW

~ f (K, T+ T, —2K).
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Example: Back to the Mincerian wage equation.

STEP 1:
STEP 2:

STEP 3:

OLS results from all (SSEc = 143.9675; To+Tg = 935).
OLS results from South (SSE, = 52.90976; T, = 319).
OLS results from Non-South (SSEg = 85.08351; Ty = 616).

Compute the Chow statistic:

_ (SSE. —SSE, —SSE;)/k

CHOW " (SSE,, + SSE, ) /(T + T, —2k)
~ (143.9675—85.08351 —52.90976) /4
~ (85.08351+52.90976) /(935 —8)
=10.033299

c from (4,927) = 2.37 at 5% significance level. Since F > c, we

reject H,. There is a structural difference between South and

Non-South.
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[Proof for Chow test]
e Assume €, and &g, are i1d N (O, Gj).
e Unrestricted Model: Merge Models (A) and (B):

Model A: yp = XaPa €A
Model B: YB = XBBB + &

X 0
—)(*) (yAJ: A Tk (ﬁA)‘l‘(gAj —)y:X*B*+8* .
yB OTBxk XB ﬂB 5B
(# of obs (T) = Tx+Tg; # of regressors = 2k)

—OLS on (*): B, =(X.X.) "X,y = [ﬂAJ

B

— SSE from this regression = SSE« = SSE, + SSEg [Why?].

e Restricted model:
Ba.o = Be.o (let us denote them by B): k restrictions.
— Merge model (A) and (B) with the restriction (Model C):

sy | YA | Xa &a =XB +
( )(VBJ_LXBJIB+(58]_)Y_ pre

—> OLS on this model (restricted OLS): B = (X'X)'X'y.
— SSE, = SSE..
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e F-test for Ba, = Pr.o:
F = [(SSE,-SSE,)/k]/[SSE./(T-2k)]
= [(SSEc-SSEA-SSER)/k]/[(SSEA+SSER)/(T-2k)].

e Chow test when var(e,,) # var(epy).

Under Ho: BA,O = BB,Oa
Wr (wald test) = (BA - IBB)'[SAz(XA,XA)_I + SBZ(X B’XB)_I]_l(BA - IBB)
2
= x (k).

e Alternative form of Chow test [Assuming var(e,,) = var(egy).]

e Define a dummy variable:

d=1ifteA;d,=0iftteB.

e Using all T observations, build up a model:

(*) yi = XuPr + oo+ XaBe T (dXo)Brrr + ..o+ (dixg)Bok + &
e Note that
Ve = X (B1Prs1) T ... T Xa(PetPox) + &, for te A,
Ve =XaP1 ... T xqPx T &, for teB.
e [fno difference between A and B, By = ... =By = 0.
F test for Hy: Bys10 = ... = Bako = 0 using OLS on (*) = Chow test!!!

Linear Regressions under Ideal Conditions-104



Dependent Variable: LWAGE
Method: Least Squares
Date: 02/05/02 Time: 16:01
Sample: 1 935

Included observations: 935

Example: Return to South V.S. Non-South

Variable Coefficient Std. Error  t-Statistic Prob.
C 5.893468 0.148297 39.74107 0.0000
EDUC 0.063453 0.007826 8.107984 0.0000
EXPER -0.002798 0.016306 -0.171577 0.8638
EXPER"2 0.000744 0.000687 1.083291 0.2790
SOUTH -1.032999 0.265316 -3.893462 0.0001
SOUTH*EDUC 0.037600 0.014206 2.646802 0.0083
SOUTH*EXPER  0.056757 0.028159 2.015637 0.0441
SOUTH*EXPER”2 -0.001751 0.001172 -1.493727 0.1356
R-squared 0.166990 Mean dependent var 6.779004
Adjusted R-squared 0.160700 S.D. dependentvar 0.421144
S.E. of regression 0.385824  Akaike info criterion 0.941648
Sum squared resid  137.9933 Schwarz criterion 0.983064
Log likelihood -432.2203  F-statistic 26.54749
Durbin-Watson stat  1.825679  Prob(F-statistic) 0.000000
Wald Test:
Equation: Untitled
Null Hypo.: C(5)=0
C(6)=0
C(7)=0
C(8)=0
F-statistic 10.03332 Probability 0.000000
Chi-square 40.13328 Probability 0.000000
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(4) Whatif Tg <k?
e (Can’t estimate 3 for Group B.
e Alternative test procedure (Chow predictive test):
STEP 1: Do OLS on (C) and get SSEc.
STEP 2: Do OLS on (A); then get SSE,4.

STEP 3: Compute an alternative Chow-test statistic. Under H,,
_ (SSE. -SSE,)/T,

= ~ f(T,,T, —Kk).
ACHOW (SSEA)/(TA _ k) ( B> A )
e What is this?
ya=X,L+¢, forGroup A
Y = XgB+ 1 y+¢& for Group B,
where y = (717"'77/TB) :
Ve, Xg,, 1 0 .. 0] g £,
| Ve | Xgo. 0 1 .. 0O 7 | oo
Yo, XB,TB-, 00 .. 1/t €pT1,
B
[yA] XTAXk OTAXTB 7/1 (‘C"A}
[ J = +
yB XTBxk ITB><TB : gB
V1,

SSE, = SSE from regression of the above model.

Facnow = F for Hy: y, =... =71, =0.

Linear Regressions under Ideal Conditions-106



[9] Forecasting

e Model: y; = Bixu + Baxpp + ... + Pixu T &
e Wish to predict y, given Xg1, Xg2, --- » Xok-
! !
® Yo =X+ 85, X = (Xopseees Xoie) -

e §, =X/ (point forecast of yy).

Theorem:

Under (SIC.1)~(SIC.6) and (SIC.8), (Y, — ¥,) ~ N(0,c [1+ X, (XX)™"x,]).
Proof:

Jo = X0 = X[, + (XX) ' X'e]= X, B, + X, (XX) ' X's.

Yo =X B, + & -
= YoV =& — X (XX) X'e.
—  Since g and € are normal, so is (Y, —Y,).
-  E(y,-Y,)=0.
— var(y,—Y,) = var(g,— X (XX) "' X's)

= var(g,) + var[ X, (XX )™ X'e]
= 52 + X5 (XX) " X Cov(e)[x(XX)"' X'T

=02 + o X (XX)'X,.
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Theorem:

Under (SIC.1)~(SIC.6) and (SIC.8), ] Yo~ Yo ~t(T —K).
S*(1+ X, (XX)"'x,)

Implication:
Let c be a critical value for two-tail t-test given a significance level (say, 5%):

Pr[—c < yO;9°< cj =0.95,
se(Y,—Y,)

wherese(y, - Y,) = \/82(1 +X, (XX)™"'x,). This implies that:

Pr(y,-cxse<y,<y,+cxse)=0.95.

Forecasting Procedure:

STEP 1:  Let X; =Xy, Xg25-++» Xox ) -

STEP 2: Compute Y, = X('),BA :

STEP 3: Compute se(y,—Y,) = \/82(1 + XO'(X X)X, -
STEP 4: From given df = T-k and confidence level, find c.
STEP 5: Compute Pr(§,—Ccxse<y,<y,+Cxse)=0.95.
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Numerical Example:

0.1 0 0 1.2
(XX)'=| 0 5 —7|;8=|-1[T=10;5>=14.514.
0 -7 10 2

And X0 = 1 and X03 = l.

STEP 1:  Let X; = (1, Xy, X,;) = (L, L1).

1.2
STEP2: Compute §,=x,5=(1 1 1)| -1|=22.
2

STEP 3: Compute se = \/52(1+ XO'(XX)_IXO) = \/14.514><(1+1.1) =35.52.

STEP 4: From given df = 10-3 =7 and o = 5%, ¢ = 2.365.
STEP S5:  §,-cxse=2.2-2.365x5.52 =-10.855.

¥,tcxse = 2.2 +2.365%x5.52 = 15.255.
Pr(-10.855 <y, < 15.255)=0.95.
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“Dynamic” and “Static” Forecasts in Eviews

e For the analysis of cross-section data, they are the same.

e For the analysis of time-series data, they could be different.

e When aregression model uses lagged dependent variables as regressors, it is
called a dynamic model.
e Consider a simple dynamic model y, = B; + Boyi1 + &
e “Dynamic” Forecast [Multiple Period Forecast]: Suppose you estimate

’s using observations up to t = 100. Using the estimates, you would like

to forecast yo; and y,¢,. For this case, if you use “dynamic forecast”,

Eviews will compute point forecasts of y;o; and y;¢, by
Yioo =B+ 5o Yiew =B+ BaVion -
e “Static” Forecast [One Period Forecast]: If you choose “static forecast”,
Eviews will compute point forecasts of y;o; and y;¢, by
Yior = ﬂl + ﬂz Yioos Yoz = 131 + 132 Yior-
Observe that “static forecast” use yj¢; instead of ¥,,, to forecast y,.

o If you have data points up to t = 100, and if you would like to forecast y at
t=101 and t = 102, you’d better to use “dynamic forecast.”

o The formula of forecasting standard errors taught in the class can be used
for static forecasts. But the standard errors for dynamic forecasts are

much more complicated.
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[Exercise for Static Forecast]
e Use ECN2002.wfl (data from 1959:1 to 1995:12).
e For the definitions of the variables, see ECN2002.XLS.

e Forecasting ldpi = log(DPI) using regression results from 1959:1 to
1995:12.

Dependent Variable: LDPI

Method: Least Squares

Date: 02/07/02 Time: 11:31

Sample(adjusted): 1959:07 1995:12

Included observations: 438 after adjusting endpoints

Variable Coefficient Std. Error  t-Statistic Prob.

C 0.008851 0.003062 2.890236 0.0040

LDPI(-1) 0.802184 0.047680 16.82446 0.0000
LDPI(-2) 0.130495 0.061254 2.130386 0.0337
LDPI(-3) 0.086545 0.061535 1.406419 0.1603
LDPI(-4) 0.045344 0.061534 0.736894 0.4616
LDPI(-5) 0.078119 0.061248 1.275461 0.2028
LDPI(-6) -0.143010 0.047695 -2.998423 0.0029
R-squared 0.999933 Mean dependent var 7.280527
Adjusted R-squared 0.999932 S.D. dependentvar 0.889422
S.E. of regression 0.007340 Akaike info criterion -6.97510
Sum squared resid  0.023220 Schwarz criterion -6.90986
Log likelihood 1534.547 F-statistic 1069361.
Durbin-Watson stat  2.014603  Prob(F-statistic) 0.000000
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9.0

8.6

Forecast: LDPIFS
Actual: LDPI

Included observations: 71

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

Forecast sample: 1996:01 2001:12

0.005262
0.003230
0.036666
0.000300
0.106970
0.005447
0.887582

1996 1997

IR A
1998 1999 2000 2001

9.00
8.95 -

8.90 -

8.85

8.80 -

8.75

8.70

8.65

8.60

A
1996 1997 1998

R
1999 2000 2001

— — LDPI ———- UPPERBS
______ LDPIFS —-— LOWERBS
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[Exercise for Dynamic Forecast]

9.2

9.1

9.0

8.9 1

8.8

8.7 1

8.6

Forecast: LDPIFD
Actual: LDPI

Forecast sample: 1996:01 2001:12

Included observations: 71

Root Mean Squared Error
Mean Absolute Error
Mean Abs. Percent Error
Theil Inequality Coefficient
Bias Proportion
Variance Proportion
Covariance Proportion

0.057155
0.049899
0.565546
0.003247
0.762216
0.221227
0.016557

8.6

1996 1997

IR A
1998 1999 2000 2001

— LDPIFD

1996

I i

1997

1998

i i

1999

2000

i

2001

—— LDPI ———- UPPERBD
______ LDPIFD —-— LOWERBD
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[10] Nonnormal € and Stochastic Regressors

(1) Motivation
e [f the regressors x,. are stochastic, all t and F tests are wrong (bad news).

e The t and F tests require the OLS estimator /4 to be unbiased.

e Recall how we have shown the unbiasedness of B under (SIC.8):

B =B +(XX)"'X's

> E(f)=p+ E[(XX)_IX’g]iﬂ+(XX)‘1XE(3).
e Unbiasedness of ,g’ does not require nonstochastic regressors. It only
requires:
E(& | Xuses X, ) =0, for all t. (*)
Or E(¢|X)=0,,.
Under this assumption,
E(f)=E (E(B1X)) = Ex (E(B+(XX)"X's| X))
=Ex (B+(XX)" XE(e[ X)) =Ex(B) = 5.
e But, for some cases, condition (*) does not hold. For example, X.. =y.;. In
this case, E(e1]y.1) # 0. For this case, we can no longer say that ,/b\’ is an

unbiased estimator.
e An example for models with lagged dependent variables as regressors:

Vi = BiXa + BaXp + B3yer T & . = Bo/(1-B3) = long-run effect of xy,.
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e If the ¢ are not normally distributed, all t and F tests are wrong (bad news).
e Can we use them if T is large?

e Recall that the t and F statistics follow t and f distributions, respectively,

only if ,5’ 1s normally distributed. But if the g are not normally distributed,

S 1s no longer normal.

Digression to Mathematical Statistics
Large-Sample Theories

1. Motivation:

e ¢, : An estimator from a sample of size T, {xi, ..., Xt}.

[ use subscript “T”” to emphasize the fact that an estimator is a function of

sample size T.
o What would be the statistic properties of 9T when T is infinitely large?
e What do we wish?
[We wish the distribution of 6. would become more condensed around

0, as T increases. |
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2. Main Points:

Rough Definition of Consistency

e Suppose that the distribution of éT becomes more and more condensed

around 0, as T increases. Then, we say that 6, is a consistent estimator.
And we use the following notation:
plimr_,..0, =8, (or 8, —, 0,).
e The law of large numbers (LLN) says that a sample mean X; (X from a

sample size equal to T) is a consistent estimator of ,. What does it mean?

e Gauss Exercise:
e A population with N(1,9).
e 1000 different random samples of T = 10 to compute X,,.

e 1000 different random samples of T = 100 to compute X, .

e 1000 different random samples of T =5000 to compute X,
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e conmonte.prg

/*
** Monte Carlo Program to Demonstrate Efficiency of Sample Mean
*/

@ Data generation from N(1,9) @

seed = 1;

ttl 10; @ # of observations @

T2 100; @ # of observations @

tt3 = 1500; @ # of observations @

iter = 1000; @ # of sets of different data @

storx10 = zeros(iter,l) ;
storx100 = zeros(iter,l) ;
storx5000 = zeros(iter,l);
i =1; do while i <= iter;

@ compute sample mean for each sample @

x10 = 1 + 3*rndns(ttl,1,seed);
x100 = 1 + 3*rndns(tt2,1,seed);
x5000 = 1 + 3*rndns(tt3,1,seed);
storx10[i,1] = meanc(x10);

storx100[i,1] = meanc(x100);
storx5000[i,1] = meanc(x5000);

i =i+ 1; endo;
@ Reporting Monte Carlo results @

library pgraph;
graphset;

v = seqa(-2, .05, 120);

ytics(0,25,0.1,0);

@ {al,a2,a3}=histp(storx10,v); @

@ {bl,b2,b3}=histp(storx100,v); @
{b1,b2,b3}=histp(storx5000,v);
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100

5000
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e Relation between unbiasedness and consistency:

e Biased estimators could be consistent.

Example: Suppose that <9~T is unbiased and consistent.
Define 0, = 0, + 1/T.
Clearly, E(6. ) =0, + 1/T # 0, (biased).
But, plimr_,.. éT = plimr_,.. 0~T = 0, (consistent).
e A unbiased estimator @, is consistent if var(6, ) — 0 as T — 4.
Example: Suppose that {x, ..., X7} is a random sample from N(z ,07).
E(Xr) = Ko
var(X;) =0, /T — 0as T — o.

Thus, X; 1s a consistent estimator of L.
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Law of Large Numbers (LLN)

Case of scalar random variables

e Komogorov's Strong LLN:
Suppose that {xy, ..., Xt} is a random sample from a population with

finite p and 6°. Then, plimr_, .. X: = Uo.

e Generalized Weak LLN (GWLLN):
e {Xq, ..., Xt} 1s a sample (not necessarily a random sample)
* Define E(X;) = [0, --- » E(XT) = T,
» The variances of the x; (t =1, ..., T) are finite and may be different over
different t.

. . . . 1
* Then, under suitable assumptions, plimr_,.. X; = hmT_)oo?Zt Hy -

Case of Vector Random Variables

e GWLLN

* X. px1 random vector.

* {Xy,...,Xr} 1s a sample.

* Let E(x1) = pio (pX1), ... s E(X1) = Ut

* Assume that Cov(x;) are well-defined and finite.

: : : o 1
 Then, under suitable assumptions. plimr_,.. X; = limr_,. ?Et Hy -
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Central Limit Theorems (CLT) —Asymptotic Normality

Case of scalar random variables

e Motivation:

Suppose that {xy, ..., Xt} is a random sample from a population with
finite p and o°.

We know X; — p, as T — oo. But we can never have an infinitely large
sample!!!

For finite T, X; is still a random variable. What statistical distribution

could approximate the true distribution of X; ?

Lindberg-Levy CLT:
» Suppose that {xi, ..., X1} 1s a random sample from a population with

finite p and o°.

« Then, VT (% — 1) —, N(0,52) and</T T #o 5 N(0,1).
Oo

Implication of CLT:
. ﬁ(YT — 1)~ N(0,02),if T is large.

¢ VT (% =) [=VTIE(R) - 4,170 > B(E(X) ~ 4.
. Var[\/'IT(YT —,uo)]:T evar(X, — 1) =T evar(X; ) = o,
— var(X. )~ o, /T.

« X, #N(u,0./T),ifTis large.
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Case of random vectors

« GCLT

* {y1, ..., yr}: asequence of px1 random vectors.
« For any t, E(y;) = 0, and Cov(yy) is well defined and finite.

» Under some suitable conditions (acceptable for Econometrics I, 11),
1 : 1
thyt 4 N (OpxlﬁhmT—mo ?COV(Etyt)j

* Note:
* Cov(yy) [var(yy) if y; is a scalar] could differ across different t.
* The y, could be correlated as long as lim,,_,..cov(y,yun) = 0 (ergodic).

o If ECY, |V} Y. y,---) =0 (Martingale Difference Sequence), the y;’s

are linearly uncorrelated. Then,

1 - 1
thyt —4 N (Opxl’hmT—mo ?ZtCOV( yt)j'

End of Digression
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(2) Weak Ideal Conditions (WIC)

Consider the following linear regression model:

Yi = Xt,.ﬂ T &= thﬂl + thﬂz +..t th:Bk + &

(WIC.1) The conditional mean of y, (dependent variable) given x;., X,., ... , X,
€1, ... , and g.; 1s linear in X..:

Ve = E(Y, [ Xiareoos Xiosr Epseens &y ) + & = X Py + &+

Comment:
« Implies E(& | X, Xp0see0s X0 E5E5een 1) = 0.
* No autocorrelation in the g: cov(g,,&,) =0 forall t #s.

» Regressors are weakly exogenous and need not be strictly exogenous.

« E(X.&)=0,, forallt=>s, but could be that E(X,.&,) # 0 for some s > t.

(WIC.2) B, isunique.

(WIC.3) The series {X.} are covariance-stationary and ergodic.

Comment:
« (WIC.2)-(WIC.3) implies that

plim,  T'XX = plim,__ T 'Z.x.x, =Q, is finite and pd.

T

. Q, =lim, T 'SE(x.X.) [By GWLLN].

T—oo

» Rules out perfect multicollinearity among regressors.
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(WIC.4) The data need not be a random sample.

(WIC.5)  var(g, | X, Xpureeer Xeus Epseenn &y ) = O, for all t.

(No-Heteroskedasticity Assumption).

(WIC.6) The error terms g, are normally distributed conditionally on x;., ..., X,

o P S I

(WIC.7) xy=1,forallt=1,...,T.

Comment;:

SIC — WIC.
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(3) Statistical Properties of the OLS estimator under WIC:
Theorem (Consistency/Asymptotic Normality Theorem):

Under (WIC.1)-(WIC.5),

plim;_, /S =/, (consistent).

plim,__s* =0, (consistent).

ﬁ(ﬂA - 5,) =>4 N (kaijQo_l)-

Implication:
B~N(B,.0,5(TQ,) ") > B~N(B,.5°(XX)™),

if T 1s reasonably large.

Implication:
1) t test for Hy: RB, - r=0 (R: 1xk, 1: scalar) is valid if T is large.
Use z-table to find critical value.
2) For Hy: RB, - r =0 (R: mxk, r: mx1),
use Wt = mF which is asymptotically y*(m) distributed. [Why?]

o« Wy = (Rﬁ—r)'[RCov([})R'T(Rﬁ—r)

- (R,@—r)’[Rsz(XX)‘IR']_l(R,@—r)= mF.

Theorem (Efficiency Theorem):
Under (WIC.1)-(WIC.6), the OLS estimators are efficient asymptotically.
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(4) Testing Nonlinear restrictions:
General form of hypotheses:
o Let w(0) = [w;(0),w2(0), ... , wn(0)]', where w;(0) = wi(0;, 0,, ... ,0,) = a
function of 0y, ..., 0,,.

e H,: The true 6 (0,) satisfies the m restrictions, w(0) = 0,,,; (m <p).

Examples:
1) 6: a scalar
Hy:0,=2—>H,:0,-2=0 — H,: w(0) =0, where w(0) =0 - 2.
2) 0=(0y, 6,, 63)".
Hy:0,,°=0,,+2and 05,=0,,+ 6,
— Hy: 0,4°-0,,-2 =0 and 05 -0, ,-0,, = 0.

ol w(O) - w,(0)) (6°-6,-2) (0
> w©)) \6,-6-6,] \0)

3) linear restrictions
0= [ela 929 63],'
Ho: e1,0 = e2,0 +2and e3,0 = e1,0 + 62,0

—)HW(Q)— Wl(go) . 91,0_92,0_2 _ 0
v o WZ(HO) - ‘93,0_01,0_92,0 - 0 .

0
1 -1 0) " 2
—H,: W(b,) = I 6, |- . =R, —r.
030
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Remark:

If all restrictions are linear in 0, H, takes the following form:
HOZ ROO -r= Omxla

where R and r are known mxp and mx1 matrices, respectively.

Definition:
ow,(0) ow,(0) ow, (0)
06, 06, 00,
w(0) W, (0) w,(@)  w,(0)
W (0) = Y 00, 00, 00,
oW, () ow,(0) ow, (6)
06, 06, 00, -

Example: (Nonlinear restrictions)
Let0 = [61,02,93]'.
HOZ 61’02 - 62’0 = (0 and 01,0 - 02’0 - 03,02 = 0.

> 20 -1 0
%W(e):{e 919 Hzezj;ww):( - 29)
1~ YT Y A
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Example: (Linear restrictions)
0= [61992903]’
HOZ 91,0 =0 and 92,0 + 63’0 =1.

o, 0) (0 1 00 % 0) (0
i P B M AR P LSS Bt
2 3 8
which 1s of form w(@)=R& —r.

Theorem:

Under (WIC.1)-(WIC.5),
T (WOB) = W(B,)) =4 N (0, W (B,)0°Q, W (5,)).

Proof:

Taylor’s expansion around [3,:
W(B) = W(B) +W (BB~ 5,).

where £ is between 3 and f,. Since ,/B\ is consistent, so is 4. Thus,

T (w(B) - W(B,)) =W (BINT (B-B,)
—4 N(0,.,.W(8,)5"Q, W (A,)).

Implication:

(WOB)~W(B,)) = N (0,0 W (B)S* (X X)W (BY ).
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Theorem:

Under (WIC.1)-(WIC.5) and H,: w(B,) =0,

W, =w(B) [W(B)CoV(BW (B | w(B)=> 7*(m).
Proof:

Under H,: w(B,) =0,

W(A) % N (0, W (B)COV(BW (BY ).

For a normal random vector h,,.; ~ N(Opnx1,2mxm)s hQ'h ~ xz(m). Thus, we

obtain the desired result.

Question: What does “Wald test” mean?

A test based on the unrestricted estimator only.
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(5) When the WIC are violated:
CASE 1: Simple dynamic model, y; = By.; + €.
« SIC 1s violated. But WIC hold, if the g 1.1.d. N (O,Gj) and -1 <fB,<1.

If B, =1, WIC is also violated. For this case, the OLS is consistent, but not

normally distributed.

For simplicity, set y, = 0.

* Y = Ztszlgs — var(yy) = E(ytz) = tooz.

plim (1/T)Zx.x.'= plim (1/T)Zy.,> = lim (I/T)ZE(y.;) (by GWLLN)
= lim (1/T)Z(t-1)o,” = lim (1/T)[T(T-1)/2]o,’

= lim [(T-1)/2]o,> = o (WIC.3 violated.)

CASE 2: Deterministic trend model, y, = Bt + €.

e plim (I/T)Zxex.. = plim (UT)EE = TlT(T + 1)6(2T 1) N

« WIC.3 is violated. But OLS estimator is consistent and asymptotically

normal.

CASE 3: Simultaneous Equations models.

* (@) =Pt Proyites(b) cti=y
(@) = (0): yi=Pro+ Pooye T & i
Yt = [Bro/(1-P2,0)] + 1 1/(1-B2,0)] + &/(1-P2,o)-

* vy, is correlated with g in (a).

OLS i1s inconsistent.
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CASE 4: Measurement errors:
e y,=BoxX; + & (true model).
* But we can observe x; = Xt* + v; (v measurement error).
» If we use x, for xt*,
Vi = X0 + [&-PoVi] (Model we estimate).
* X, and (&-B,Vv;) correlated.

QLS is inconsistent.

© vy, =Box, + & (true model).
* But we can observe y, = yt* + vi.
« Ifweusey fory,,
yi = X + [e+V] (model we estimate)
X; and (g+v;) uncorrelated.

* OLS is consistent.
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[Proofs of Consistency and Asymptotic Normality Theorems]
(1) Show plimf=4,.
B=B,+(XX)" X'e= B, +(T'ZxX.)T T X8
plim,_, T 'Z.x.x, =Q, (by WIC.3)
plim,  T'Ex.& =lim,_ % .E(x.&)[by GWLLN]
= lim T"'Z,0 [by WIC.1] =0.

—  plim plim, ,, #=24,+(Q,)'0=2,.

(2) Show plim s* = 6,°.
plim s> = plim SSE/T.
SSE/T =&M(X)e/T=g'e/T —&'X(XX) "' X'e/T
=T7'2.& = (T XY T'XX) (T 'X"%)
=726 —(T ' Zex )T ZTXX) (T 'ZX.8).
plim, T 'S& =lim, T 'TE()=lim, T 'To =0,.
plim, . T 'Tx.&=0.

— plim,__ s°=0.-0(Q,)'0=0_.
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(3) Show NT(B-B)—4 N(0,,,02Q,™).
ﬁA =p, + (T _lztxtoxt’o )T _lztxtogt

— (ﬁA - ﬁ) - (T _lzt XtoXt,o )T _lztxtogt

- ﬁ(ﬁ - ﬂ) = [T _IZtXtoXt,o ]_1 (% tht.gtj .

— By GCLT with martingale difference,

L5 x5 54 N(O, lim T'S,Cov(xue)

N
Cov(x.5) =E(X.&6X.) = E(&%.X.)
= E, [E(&%.X. | %.)] (by LIE)
= E, [E(&” [ %)X X.]= E, (0o %.X) = 0 E(X.X0).

lim, T 'Cov(x.&.) =0 lim,_ T 'SE(X.X.)=0Q,.

1
thtogt _>d N (kal’ O-(?QO) :

BN
= NT(B-B,) =4 N(Q) '0,,,,(Q) '02Q,(Q,) ) = N(0,.,,62(Q) ™)
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