BASIC STATISTICS

[1] Random Variable (RV)
* RV are usualy denoted by capital: X, Y, Z

* A gpecific possible value of X is denoted by low case: x.

EX:
X = #faced upwhenyoutossadie, x =1, 2, ..., 6.
Note that there isarule (probability) generating X.

Definition of RV:

RV isavariable which can take different values with some probability.

[2] SingleRV
1. Probability and Cumulative density functions (pdf, cdf):
(1) Discrete RV

X:aRV withx =a, &, ...., &, (n could be «.)

Definition:  Pdf: f(x) = Pr(X=x).
Cdf: F(x) = Pr(X < x).

Conditionsfor paf: 1) f(x) > Ofor any x.
2) Zf(x)=1
3) F(x) <1

EX: X =#faced up (adie) with pdf: f(x) = 1/6, wherex =1, ... , 6.

(2) Continuous RV
X: aRV with pdf, f(x), and cdf, F(x) where

F(x) = Pr(X < x) = fxf(v)dv :
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Conditionsfor pdf: 1) f(x) > O, for any x.
2) [of(v) dv = 1, where Q denotes the range of x.
3) F(x) < 1.

Computation of Pr(a< X < b): Pr@a< X < b) = f b1‘(v) dv .
a

Note: In caseswhere X is continuous, Pr(a < X) = Pr(a< X).

EX:  (Uniform distribution: Q)
Q:0<x<1f(x)=1
Pr(l/2<x<1) = [Lf(v)dv=[V]L,=1-12=1/2
Pr(1/2 < X < 1) = shaded areain the graph below.

f(x)

fix)=1
172 1 X

2. Expectations:
» General Definition of Expectation:

* g(X)isafunction of aRV, X.

* ElgM)] = Z,g()f(x) (or [¢ g(x)f(x) dx).
EX:  g(X) =X, (x-1)? In(x), etc.
Population Mean: K, = E(X) = Zxf(x) [or [ xf(X)dX].
Popul ation variance: of = var(x) = E[(X-i)7 = Z(X - L) (X) [or [ (X - L )*F(x)dX]
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Standard Deviation (Error): o, = /0, .

Question: What do , and o, mean?
[An answer]
» X =#faced up when you tossadie (f(x) =1/6,x =1, 2, ..., 6).
» Toss the die repeatedly billions and billions (b) times: x®, x@, ..., x® [apopulation].
 Mean of these = (JJb)Zjb:lx 0 =y, , almost surely (a.s.).
« Mesn dispersion of these = (Ub)%) ,(x ¥ -p)? = 0,2, as.
« Similarly, (1/b) Ejbzlg[x(j)] = E[g(x)], as.

Median:
Median of X =m,such Pr(X <m,) > /2and Pr(X > m,) > 1/2.
- Order x9, .., x®: 1 « x& o< xP

- m, = the middle point of this order, a.s.
Fact: If f(x) issymmetric around p,, W, = m,.

Some useful theorems:
X: RV; g, b, c: constants.
* E(ax+b) = aE(x) + b.
«var(x) = E(x) - pl.

e var(ax+b) = &var(x).

Definition:
Let s = E[(x-1)°]; and p, = E[(x-1L)].
Skewness coefficient (SC) = /0,2, Kurtosis coefficient (KC) = p,/o,” - 3.

Note:
» SC measures the asymmetry of the distribution of x around L.
o If f(x) is symmetrically distributed around p,, SC = 0.
* If SC> 0, the“longtail” isin the (x > ) direction.
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* KC measures the thickness of the tails of a distribution:
If X isnormally distributed, KC = 0.

Exercise for E(x), var(x) and E[g(X)]:
« X =1,0withf(x) = 1/2.
E(x) = Zxf(x) =0 x (1/2) + 1 x (1/2) = 1/2; var(x) = (0-1/2)* x (1/2) + (1-1/2)* x (1/2) = 1/4 .
o g(X) = (U2)x* + (L/2)x + 2.
E[g(X)] = [V2+1/2+2] x (1/2) + [0+0+2] x (1/2) = 5/2.
e Compute SC and KC. Do this by yourself.

A Digression for Fun
» X =#faced up whenyoutossadie (f(x) =1/6,x=1, 2, ..., 6).
» Consider arepeated game:
* You are astatistician hired by aMafia.
» Should forecast the outcome from the die: X = your forecast of x.
« Lose money whenever your forecast iswrong: s= (x -X)? [loss function].
» Should Repeat this game billions and billions times.
» Wish to choose X which minimizes your average |oss:
min E(s) = E[(x - X)7 .
~ Best choiceof X = p!!!
» Average loss from choosing [, = E[(X - ,)?] = var(x).
* Whatif s=|x- X|?~ Best choice=m,.

End of digression

3. Examples of pdf's:
(1) Poisson Distribution:

* EX: #of timesto visit doctors; # of job offers; # of patents.

o E(x)=var(x) = A.
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(2) Normal distribution
e X ~ N(u,,02), where E(x) = y, and var(x) = o2.

2
. Pdf: f(x) - —2t exp1(X )

o < X < oo,

/270

X

o f(x) issymmetric around X = L,.

Standard Normal Distribution: z ~ N(0O,1).

. 1 z2
e Pdf:  p@)-——exp(-L) , e <z< oo,
p 2

N

e Fact: X ~ N(W,, 02) - (X-u)/o, ~ N(0,1).

(3) x? (chi-square) distribution
e Z,,..,Z aeRVsiidwith N(0,1).
y = 2,22 ~ x4(K), y > 0, with degrees of freedom (df) = k.
« E(y)=k;var(y) =2k.

(4) Student t distribution
e Letz~N(0,1)andy ~ x*(k). Zand Y are sto. indep. Then,

t= 2 -tk .
STk

e E({)=0,k>1;var(t) =k/(k-2), k> 2.

e Ask - oo, var(t) ~1: Infact, t -~ z.

e Thepdf of tissimilar to that of z, but t has thicker tails.
o f(t) issymmetric around t = 0.

(5) F distribution.
o Lety, ~ x*(k,) andy,~ x?(k,) be sto. indep. Then,
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Y, /K,
Yo/ K,

- f(k, k) .

o f(1ko) =t(ky)”
o f (kg k) = Kif - (k) ask, - .

[3] Bivariate Distributions
Consider two RV, X, Y with joint pdf: f(x,y) = Pr(X=x,Y=y).

Marginal (unconditional) pdf:
f(x) = Z, f(x,y) = Pr(X=x) regardless of Y f (y) = Z, f(x,y) = Pr(Y=y) regardless of X.

Conditional pdf:
f(x]y) =Pr(X =x, givenY =y) = f(x,y)/fy(y).

Stochastic Independence:
« XandY aresto. indep. iff f(x,y) = f,(x)f (y), for al x,y.
Under this condition, f(x|y) = f(x,y)/f,(y) = [f,()f,(1/F,(y) = £(X).

» Tossing two coins, A and B.
e X =1if head fromA; = 0if taill from A.
Y = 1if head from B; = O if tail from B.
f(x,y) = Y4 forany x,y =0, 1. (4 possible cases)
e Margina pdf of x:
f,(0) = Pr(X=0) regardless of y = f(0,1) + f(0,0) = /4 + 1/4 = 1/2.
f, (1) = Pr(X=1) regardlessof y = (1,1) + f(1,0) = /4 + 1/4 = 1/2.
- f(X)=12,x=0, 1L
Similarly, f(y) =1/2,y =0, 1.

e Conditional pdf:
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f(x=1[y=1) = f(1,2)/f (1) = (V4)/(1/2) = U2; f(x=0|y=1) = f(0,1)/f (1) = L/2.
- f(x]y=1) =12,x=0, 1.

» Find f(y|x=0) by yourself.
» Stochastic independence:
f,(x) =f,(y) = Y2; f,()f (y) = /4 =f(x.y), for any x and y.

- xandy are stochastically independent.

EX:
The joint probability distribution of x and y is given by the following table: (e.g., f(4,9) = 0.)

x\y 1 3 9
2 1/8 1/24 112
4 14 14 0
6 1/8 1/24 112

(1) Find the marginal padf of y.
(2) Are x and y stochastically independent?
(3) Find the conditional pdf of y given that x = 2.

Expectation:  E[g(x,y)] = X, g(x.y)f(x.y) [or [ [ g(x.y) f(x.y)dxdy].

Covariance: o, = cov(X,y) = E[(X-L)(y-1,)].

Note: o,, = cov(x,y) >0 — positively linearly related; o,, = cov(x,y) < 0 — negatively linearly related;

0,y = COV(X,y) = 0= no linear relation.

Correlation Coefficient:
The correlation coefficient between x and y is defined by:
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o = cov(x,y) cov(x,y).
Y Navary) %y

Note: Oyy = Pxy0x0y-
Theorem: -1<p, <1.

Note: p,, ~ 1. highly positively linearly related; p,, ~-1; highly negatively linearly related;

Py, ~ O0: no linear relation.
Theorem: If X & Y are stoch. indep., cov(x,y) = 0. But not vice versa.

An exercise for computing E[g(x,y)]:
X,y =1, 0, withf(x,y) = 1/4.
E(xy) = Z,Z, xyf(x,y) = 0x0x(1/4) + 0x1x(1/4)+ 1x0x(1/4) + 1x1x(1/4) = 1/A.

Conditioning in a Bivariate Distribution:
X,Y: RVswith f(x,y). (Y = consumption, X = income)
Population of billions and billions: { (x®,y?), .... (x®,y®)}.
Average of y¥ = E(y).

For people earning a specific income x, what is the average of y?

Conditional Mean and Variance:
E(y[x) = E(y|X=x) = Z,yf(y|x).
var(y[x) = E[(y-E(y[x))?x] = Z(y-E(y|x))*(y|X).

Regression model:
e=y-E(y|x).
~y=y-E(y|x) + E(y|X) = E(y|X) + € (regression model).
- E(y|x) = explained part of y by x.
- € = unexplained part of y (called disturbance term).

- E(e|x) = 0 and var(e |x) = var(y|x).
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Note:
* E(y|x) may vary with x, i.e., E(y|x) isafunction of x.

» Thus, we can define E,[E(y|X)], where E,(.) is the expectation over x = Z,«f,(X) or [,f,(x)dX.

Theorem: (Law of Iterative Expectations)

E(y) [unconditional mean] = EJE(y|X)] .

Proof:
E(y) = ZZ,yf(x,y) = ZEZ Yy [X)f(X) = B2y (Y [X)]f(X).

Note: For discrete RV, X with x =X, ...,
E(y) = ZE(y[X)(X) = E(y [ x=x)f(x)) + E(Y[XZX)H(x=X,) + ...

Implication:

If you know conditional mean of y and marginal distribution of x, you can also find unconditional

mean of y too.

EX 1: Suppose E(y|x) =0, for al x. ~ E(y) = E[E(y|x)] = E,(0) = 0.
EX 20 E(y[x) =B, + B (linear regression line). - E(y) = E,(B,+B,X) = B, + B,E(X).

Question: When can E(y|x) belinear? Answered later.
Definition:  We say that y is homoskedastic if var(y|x) is constant.
EX: y=E(y|x) + e with var(e|x) = o* (constant).

- var(y|x) = o®

-y ishomoskedastic.

Graphical Interpretation of Conditional Means and Variances

» Consider the following population:
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E(y[x)=B,*+B,x

* E(y|x=x,) measuresthe average value of y for the group of x = x,.
» var(y|x=x,) measures the dispersion of y given x = X,.
o If var(y|x=x,) = var(y|x=x,) = ..., we say that y is homoskedastic.

* Law of iterative expectation:

E(y) = Z,E(Y|X)f(X) = E(Y|x=X)Pr(x=x,) + E(Y|Xx=X,)Pr(x=x,) + ... .

Question: It isworth finding E(y|x)?

Theorem: (Decomposition of Variance)

var(y) = var,[E(y|x)] + E[var(y[x)].
Implication: var,[E(y|X)] < var(y), since EJvar(y|x)] > O.

Coefficient of Determination:
R? = var,[E(y|x)]/var(y).
- measure of worthiness of knowing E(y|x).
~0<R?*< 1
Note:
* var(y) = total variation of y.
* var,[E(y|x)] -~ apart of variation in'y due to variation in E(y|x)
= variationiny explained by E(y|x).
e R*=vaiationiny explained by E(y|x)/total variation of y.

BS-10



 WishR?closeto 1.

Summarizing Exercise:

A population with X (income=%$10,000) and Y (consumption=%$10,000).

» Joint Pdf:
Y\X 4 8
1 1/2 0
2 v4 | 14
e Graph for this popuation:
Y
Regression
line
8 X
e Margina Pdf:
Y\X 4 8 f.(y)
1 12 0 1/2
2 v4 | 14 12
f(X) 34 | 14

e Meansof XandY:

o E(X) = p = 2 xf(X) = 4xf,(4) + 8xf (8) = 4%(3/4) + 8%(1/4) = 5.

« EWy) =i =2Zyf(y)=15
e Variancesof X and Y:

© var(x) =0,7=Z,(x-1)(X) = (4-5)%,(4) + (8-5)%(8) = 1x(3/4) + 9x(1/4) = 3.

« va(y) =o0/=14
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Covariance between X and Y

¢ COV(X,y) = E[(X'HX)(Y'Hy)] = E(Xy) - p'xp'y = z:xzyxy-f(x’y) - p’xp’y

= 4x1xf(4,1) + 4x2xf(4,2) + 8x1xf(8,1) + 8x2xf(8,2) - 5x1.5=0.5.

* Py = cov(x,y) = 0.5 ~ 0.58.

Y 0,0, \/—3 /14

Conditiona Probabilities

Y\X 4 | 8 ()
1 172 | 0 1/2
2 14 | va 1/2
f(X) 34 | V4
« flylx):

Y\X 4 | 8

1 23 | 0

2 U3 | 1

Conditional mean:
o E(y|x=4) = Zyf(y|x=4) = Ixf(y=1|x=4) + 2xf(y=2|x=4) = 1x(2/3) + 2x(1/3) = 4/3
* E(y|x=8) =2

Conditional variance of Y:
« var(y|x=4) = Z,[y-E(y|x=4))*(y|x=4) = 6/27.
* var(y|x=8) =0.
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» Law of iterative expectation:
« EJE(Y[X)] = ZE(Y[x)(X)
= E(y|x=4)f,(4) + E(y[x=8)f(8)
= (4/3)x(3/4) + 2x(1/4) = 1.5 = E(y)!!!

[4] Bivariate Normal Distribution
Definition: (Bivariate Normal Distribution)

-

1 J(xuxzszuxyuy+(yuy)2}

21-p9| o o0 o, o

2
o, PO,0,

Hy
uy

2
po,0, O,

1
fxy) = —————exp

2no,0y1-p?

Here, cov(X,y) = o,, = po,0,.

, X,YER.

Facts:
1) £, - N(ko0,2 and f,(y) - N(,,0,.
2) E(y|x) =B, + B,x and var(y|x) = o® (constant) [See Greene]
- E(y|x) islinear in x and y is homoskedastic.
3) If p=0(o,,=0),x andy are stochastically independent.

[5] Multivariate Distributions
1. Mean vector and covariance matrix:
Definition: X, ..., X, : random variables.

Let X =[Xy, ..., X,]" (nx1 vector). Then,

E(x)] var(x)  COV(X(,X) COV(X,Xg) - COV(X ,X)]

E(x)) cov(X,,X,) var(x,) Cov(X,,X;) - COV(X,,X)

E(X) = ; Cov(X) =

E(x)] 00V(X,,X;)  COV(X, X)) COV(X,,Xg) - var(x,) |

- Cov(x) is symmetric.
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Note: In Greene, Cov(x) isdenoted by Var (x).

Definition: (Expectation of random matrix)
Suppose that B;; are RV's. Then,

_Bll BlZ Bln_ _E(Bll) E(Blz) E(Bln)_
B, B, -~ B E®B.,) EB,) -~ EB,)
B - 21 P22 2n =>E(B) _ 21 22. 2n
_Bnl Bn2 Bnn_ _E(Bnl) E(an) E(Bnn)_

Theorem: Cov(X) = E[(X-}L)(X-},) '] = E(XX") - b1,
Proof: See Greene.

EX: If xisscaar, Cov(x) = E[(x-1)7 = var(X).
EX: x=[xuXg] s E(X) = U= [y, Kol
- X W= [ Xy, X

X H (M) (g M%)
B T g A T e F

(Xl - ul)(xz - p'2) (Xz - “2)2

2 2

- E[(x-p)(x-p)'] = Cov(x).

2. Mean and Variance of alinear combination of RVs:

Definition:
Let X =[X4, ..., X, ] bearandom vector and let c = [c,, ..., C,]' be anx1 vector of fixed constants.
Then,

C'X=X'C=CX; +... + C X, = & CX (scalar).

Theorem:
(1) E(c'x) =Cc'E(x)
(2) var(c'x) = c’Cov(x)c.

Proof:
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(1) E(c'x) = E(Zcx) = EE(Cx; + ... + ¢.X,) = CE(Xy) + ... + ¢ E(X,) = Z,¢E(X)) = C'E(X).
(2) var(c'x)  =E[(c'x - E(c'x))’] = E[{c'x - ¢'E(x)}]] = E[{c’(x-E(x))}’]

= E[{ ¢’ (x-ECO)H ¢’ (x-EC))}H = El{ ¢’ (x-EC))H (x-E(x))c}]

= E[¢’ (X-E(X))(X-E(x))'c] = c'E[(x-E(X))(X-E(x))']c = c¢'Cov(X)c.

Remark:
(2) impliesthat Cov(x) is always positive semidefinite.
- ¢'Cov(x)c > 0 for any nonzero vector C.
Proof:

For any nonzero vector c, ¢c'Cov(x)c = var(c'x) > 0.

Remark:
*  Cov(x) issymmetric and positive semidefinite.

» Usually, Cov(x) is positive definite, that is, ¢'Cov(x)c > 0, for any nonzero vector c.

Digression to Definite Matrices
Definition:
Let B = [by],, be asymmetric matrix, and c = [c,, ..., ¢]". Then, the scalar, ¢'Bc, iscaled a

guadratic form of B.

Definition:
If ¢'Bc > (<) O for any nonzero vector c, B is called positive (negative) definite.

If ¢'Bc >(<) Ofor any nonzero c, B is called positive (negative) semidefinite.

Theorem:

Let B be a symmetric and square matrix given by:

-b11 b12 bln
B - b12 bzz b2n
_bln b2n bnn_
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Define the principal minors by:

b, b, b
| bll blz | bll blZ bl |
|Bl| = b111 |Bz| = ) |Bg| = M2 M2 Mg
b12 b22
bl3 b23 b3
B is positive definiteiff |B,|, |B,|, ..., |B,| areall positive. B is negative definiteiff |B,| <0, |B,|
>0, |By| <0, ....
EX:

Show that B is positive definite:

21
12

End of Digression

Theorem:
Let X be anx1 random vector and let A be amxn matrix of constants (Ax isamx1 random
vector). Then,
E(AX) = AE(X); Cov(Ax) = ACov(x)A".

[6] Multivariate Normal distribution
Definition:
X =[Xy, ..., X,]" isanormal vector, i.e., each of the x;'sis normal.
Let E(x) = =[Hy, ..., K] and Cov(X) = X =[0;] . Then,
X ~ N(y, ).

Pdf of x:

) =Xy, ., %) = (27)"2| 2| Vexpl-(U2) (x-p) T (x-W)] ,
where | Z| = det().
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Let X beasingle RV with N(u,,02). Then,

00 = (2 (o) Yexpl- (U2 i)(0D (x-1)] = ——exgl- S|
V2mo, 20>2(

EX:
Assumethat all the x; areiid with N(,,02). Then,
(1) p=EMX) = [ - 1"
(2) = = Cov(x) =diag(d? ..., 02) =02,
Using (1) and (2), we can show that f(x) = f(xy, ..., X,) = II7_,f(x;) , where,

X — )2
fx) = = —= exp - )
\/EOX 20)2(

1. Conditional normal distribution
[y, Xy, ..., X, ] iIsanormal vector. Then,
E(Y|XpeeenX) = Py + PXo + o + BX =X B
X" = (1, Xy .., X) @B = (By, ..., B)]
var(y|x’) = o®.
- Theregression of y on Xy, ..., X, islinear & homoskedatic.
Proof: See Greene.

2. Distributions of linear functions of a normal vector

anl - N(H’E)
y =Ax + b, where A, and b, are fixed.
-y~ N(Ap+b,AZA").

[7] Sample and Estimator
(1) A population (of billions and billions)
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* A unknown characteristic of the population is denoted by 6 € R.
(6 is called a unknown parameter of interest.)
(6 could be the population mean or population variance.)

*  Wishto estimate 6.

* {Xy, ..., X;}: asample of size T from the population.

« 0:anestimator of 6, which isafunction of the sample.
(eg 6 = x = (WUNZ %)

* A sampleisrandom, in the sense that there are many possible samples of size T.

Set of al possible samples Estimates
(Set of all possible samples)
SAM L: {x,1¥, ..., x/Y, ..., %%} - Gl
SAM 2: {x,, ..., x3, ..., x;} - 61
SAM b’ {x,®, .., xP, .., %P1 - GICY

Since{X,, ..., X;} israndom, sois 6. - Wecandefine E(8) and var(0).

(2) Meaning of “arandom sample (RS) from adistribution f(x)”
- Meansthat x,, ... , X; areiid.
- EX: {Xy, ..., X;} @RS from N(u,0%).
- X, ~ N(u,09) foranyt=1, ..., T.
-~ E(x) =pandvar(x) = o foranyt=1, ..., T.

Note:
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A sample need not beiid.

- Let x, be the height of the t'th person (cross-section data)
- Likely to be independent of others' height.
-~ Likely to be identically distributed.

- Let x, be US GNP at timet (time-series data)
- X, and x,, are likely to be correlated.

= Xy, .o, X @enot iid.

(3) Criteriafor a“good” estimator
1) Minimum Variance Unbiased Estimator
Definition:  E(6) =06 - 8 iscalled aunbiased estimator of 6.

Implication: 6™, ..., 61 - (1/b’)2jb:/lém =0, as.

EX:
{Xq, ... , X7} : RSfrom adist. with g and 62
X = (UT)ZLx; 82 = [U(T-D] By (x, -2,
- E(X) = pand E(s?) = 0%
- So, X and s, are unbiased estimators of [ and o2, respectively.

Definition:
Let 6 and 6 be unbiased estimators of 0.

var(0) > var(6) = 6 ismoreefficient than 0.

Implication:
6: 69, .., 67
6: 6, ..., 6w,

var(0) > var(8) - Dispersionof 8, ..., 81 > Dispersion of 6™, ..., 6"

- 0 isless sensitive to the chosen sample.

EX:  {Xy, .., X;}: RSfromadist. with p and o2
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X =X,
~ E(X) = E(x,) = 1 (unbiased).
- var(X) = var(x,) = 0%

-~ But, var(X) = 04T .

- X ismore efficient than X.

Definition:
0: aunbiased estimator.
6 isMVUE iff var(8) > var(8) for any unbiased estimator 6.
- Say that 6 isefficient.

2) Minimum Mean Square Error (MM SE) Estimator
Definition:
MSE(6) = E[(6-6)7.

Note: If E(8) =0, var(8) = E[(8-E(0))?] = E[(6-06)] = MSE(D).

Theorem:
Let Bias(8) = E(6-0). Then, MSE(6) = var(0) + Bias(0)2

Definition:
The MM SE estimator minimizes MSE(6).

Note:
1) MMSE estimator could be biased.
2) MMSE isusually afunction of 6.
- To get MM SE, need to know 0.
- If you know 6, why do you estimate?

- If we wish to test for some hypotheses regarding 6, MVUE is more meaningful.

(3) How to find MVUE
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Notational Change:
* From now on, we denote the true value of 6 as0,,.

« Then, view 0 asavariable.

Definition: (Likelihood function)
e joint pdf of Xy, ... , X = f(Xy, ... , X7,0,)-
o L(0)=1(xy, ..., X1,0) (likelihood function).

Remark:
* L.(0)isajoint pdf of x,, ..., X; replacing 6, by 0.

* View L.(0) asafunction of 6 given x,, ..., X;.

Definition: (log-likelihood function)
1+(0) = In[f(x, ..., X7, 0)].

{Xq, ..., X;}: RSfrom adist. with f(x,0,).
- X ~ f(x,0,).
~ Xy e, X Bo) = IL4F(x,,6,).
- (X e, Xp,0) =TI 4f(X,,6).
= IN[f(Xy, o s X0, 0)] = B IN[f(x,,0)].
= 15(0) = Z4In[f(x,,0)].

Definition: (Maximum Likelihood Estimator)

MLE 6 maximizes|(0) given data points x,, ... , Xr.

Theorem:
If  isMLEandE(6)=0,, § isan efficient estimator.

Theorem:
Let 6 be MLE. Suppose E(§) = 6,. Suppose 3 g(0) > E[g(6)] = 6,. Then, g(6) is efficient.
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EX:
{Xy, ..., X;}: RS from a Poisson dist., f(x,0) = €°0*/x! [Suppressing subscript “o” from 6].
[Note E(x) = var(x) = 6,.]
- 14(0) = ZUn[f(x,0)] = Z[-0+xIn(6)-In(x)]
- FOC (first order condition): dl(0)/06 = X[-1+x,/6] =0
- T+(UB)EZX,=0--TO+2x,=0- 0 = (UT)Zx, = X.
- E(0) = E(X) = 0.
~ B Efficient.

[8] Extention to the Estimation of Multiple Parameters
Definition:
0,=1[651, 052 .-, 6,,]": the unknown parameter vector.

6 =0, 6, .., 6] where 6 isafunction of {x,, ..., x;}.

Definition: (Unbiasedness)
0 isunbiased if E(6) = 0,

E@)| [6,,
. |E® 0
E®) - (. 2| 2 -0, .
E©G)|  [Oon

Definition: (Relative Efficiency)
0, 6: unbiased estimators.
c=[c,, ..., c)]" be any nonzero vector.
0 issaid to be efficient relative to 8 iff var(c’' 6) > var(c’ ).
- ¢'Cov(B)c-c'Cov(B)c=0
- ¢'[Cov(B) - Cov(B)]c=0
-+ [Cov(0) - Cov(é)] is positive semidefinite.

Note:
e Let6=(0,0,) andc=(c,c)’.
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* Suppose you wish to estimate c'0 = ¢,0, + ¢,0,.

«  Supposeyou have 6 = (6,,6,)' and 6 = (8,,6,)".

« If, for any ¢, var(c'8) = var(c, 0, +c,8,) > var(c, 0, +c,8,) = var(c' 6), we can say that 6 isa
better estimator.

EX: Let0=(0,0,)". Suppose:

15 1

.1
Cov(6) =
0 15

OC(é)
; Cov =
1

-~ var(8,) =1<15=var(d,); var(6,) = 1< 1.5 =var(8,).
But,

i . Jos 1
Cov(8) - Cov(6) =

0.5

|A,| =05; |A,| =(0.5)?-1=-0.75<0.
- Aisnot positive definite.
- Thus, 6 isnot necessarily more efficient than 6.
- For example, you wish to estimate 0, ,-6,,, = ¢'6, (¢’ = (1,-1)).
- var(c'6)=c'Cov(B)c=2
- var(c'8)=c'Cov(f)c=1
~ Thus, ¢’ 0 isabetter estimator of ¢'0.
- Depending on c, abetter estimator is determined.

- Can't claim that one estimator is always superior.

Question:
How about the following rule?
var(6)) < var(8,), foranyj=1,..., p.

In fact, this rule is weaker than our relative efficiency rule.

Theorem:
If 6 ismore efficient than 8, var(6,) < var(6,), foranyj=1,...,p.

But, the reverseis not true.
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Proof:
Let ¢’ =(1,0,...,0). Then, var(6,) =var(c') < var(c'8) =var(8,).

Definition: (MVUE)
0 : aunbiased estimator.
c=[c,, ..., c)]" be any nonzero vector.
6 issaid to be efficient iff var(c’6) > var(c’' ) for any unbiased 6.

Note:
var(c'0) > var(c'6) - c'Cov(B)c-c'Cov(B)c=0
~ ¢/[Cov(B) - Cov(B)]c=0
- [Cov(D) - Cov(é)] is positive semidefinite.

Definition: (MSE)
MSE(8) = E[(6-6,)(6-6,)'] (p % p).

Note: If E(§) = 0,, Cov(8) = MSE(H).
Theorem:

MSE(6) = Cov(8) +[6, - E(6)][6, - E(8)]",
where [0, - E(8)] is called the bias of 6.

Definition: (Likelihood function)
L+(0) = f(Xy, ..., X1,0) =F(Xy, ..y X1, 04, ..., 0)).
1+(0) = In[f(Xy, ..., X7,0)] = IN[f(Xy, ..., Xg, 64, ..., O]

Note: If {x,, ..., X{} isaRS,
1(6) = =7, In[f(x,0)] = 2L, In[f(x, Oy, ..., O)].

Definition: (MLE)
MLE 6 max. I+(0) given data points X, ... , X+
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al(6)/06,| o

al(0) la(Byae,| |0
ae - : : px1

0
BN

Theorem:

Let 6 be MLE. If E(6) =0,, it isefficient.

Theorem:

Let 6 be MLE. Suppose E(6) # 6,. Suppose3 g(6),., > E[g(8)] =6,. Then, g(8) isefficient.

EX:

Let x, beiid with N(u,0%) [suppressing subscript “o” from p and 6?]. Let 6 = (u, v)’ wherev = ¢%
Note that:

N2
fox,0) = L exp[_ (% 1)

- (Zn)ﬂz(V)ﬂzexp[— O w7

|

J/2nv 2v 2v
2
Inff(x,0)] = (~1/2)In(2x) - (U2)In(v) - * V“) .
Z4(% - )
1.(6) - —%In(Zn) - %Inv - % .
For MLE, solve:
Cdr U YT EtT:l(Xt_U) -
1) : ET Ezt:lz(xt W(-1) = —Y 0,
(2);8_”__l+M_0_
ov 2V 2v2
From (1):

(3) 1 Zy(X - ) =0~ Xx, - Tu=0
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- Py = (UT)Zx, = X.
Substituting (3) into (2):
TV + B (X Q) = 0~ Ve = (UT) (X fn)” = (UT) (X X)%
Thus,

Note:
o E(fy,) =E(X) =, - unbiased - efficient.
e E(Vy) ={(-1)/T}o? (by thefact that E[(1/(T-1)Z,(X-X)?] = 6,7
- biased.
o Letg(Vy) =[T/(T-1]V,, .
- E[g(Vy )] = 0,”
= g(¥, ) = [U(T-1)]2(x-X)* = s is efficient.

[9] Large-Sample Theories

(1) Motivation:
. éT: an estimator from asample of size T, {X,, ..., X;}
«  What would happento 8 if T - =?
e What do we wish?

[Wewish éT becomes closer to 0, as T increases.]

(2) Main Points:
* Rough Definition of Consistency:
Suppose that distribution of éT becomes condensed around 6, more and more as T increase.
Then, we say that éT Isaconsistent estimator. And we use the following notation:

plim;_.6, =6, (or 8, -, 6,).

* Relation between unbiasedness and consistency:
» Biased estimators could be consistent.
EX: Supposethat 6 isunbiased and consistent.
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Define = 6 + UT.
Clearly, E(6) = 6, + 1T = 6, (biased)
But, plim;_ .0 = plim;_ .8 = 0 (consistent)
A unbiased estimator 6 is consistent if var(6) - 0asT - .
EX: Supposethat {x,, ..., X;} isaRSfrom N(u,,0.9).
E(X) = Ho-
var(x) =0T~ 0asT - .

Thus, X isaconsistent estimator of ..

* Law of Large Numbers (LLN)
A. Caseof Scalar Random variables:
* Komogorov's Strong LLN:
Suppose that {x,, ..., X;} isaRS from a population with p, and o 2.
Then, plim x = ..
* Generalized Weak LLN (GWLLN):
* {Xq, ..., Xy} isasample (not necessarily RS)
» Define E(Xy) = Mgy, - » E(X7) = Mo
« Definevar(x,) = 0,,% ..., var(X;) = 0,1°
Assumethat o, ..., Oy1° < .

* Then, under suitable assumptions, plim X =lim %EIHOJ :

B. Case of Vector Random Variables:
e GWLLN
* X pX1random vector.
o {Xy, .., Xy} isasample.
¢ LelE(X) = Hog (pXD), ..., E(X7) = Hor.
» Assumethat Cov(x;) are well-defined and finite.
* Then, under suitable assumptions.

o1
plim X =1lim ?Etuovt.
e Central Limit Theorems (CLT)
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A. Case of Scalar Random Variables:
* Motivation:
e Supposethat {X,, ..., X;} isaRS from a population with p, and o~
* Weknow X - ,asT -~ «. But wecan never have an infinitely large sample!!!
e Forfinite T, x isstill arandom variable. What statistical distribution could approximate
the true distribution of x?
e Lindberg-Levy CLT:
e Supposethat {x, ..., X;} isaRS from apopulation with p, and o ”.
. Then, /T (X-.) -4 N(0,0.9), or equivalently, yT——r2 - N(0,1).
* Implication of CLT:
o JT(X-p) = N(0,0,), if Tislarge.
¢« ELVTR-p)] = yTIE) -ul =0 - E(X) = i,
o val/T(X-p )] = Tvar(x-p,) = Tvar(x) = o, - var(X) = o, T.
e X = N(y,,0.7T),if Tislarge.

[o]

B. Case of Random vectors:
e GCLT
* {yy ..., Y7} : asequence of px1 random vectors.
* For anyt, E(y,) = 0 and Cov(y,) iswell defined and finite.
* Under some suitable conditions (acceptabe for Econometricsl, 11),

1 . 1
—Z}T:lyt =4 N(O,IlmTW?Cov(EtT:lyt)).

T
* Note
o Cov(y, [var(y,) if y,isascaar] could differ across different t.
* They, could be correlated as long as lim,,._cov(y,.Y..,) = O (if they, are stationary.
o If E(Y|Yea, Yeor - » Y1) = O (Martingale Difference Sequence), they,’ s are linearly
uncorrelated. Then,

1 . 1
5 RS N(o,nmw?zt[ Cov(y) -

7

[Technical Details]
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(3) Convergency in probability
Definition:
When b and c are scalars, |b - ¢| = absolute value of (b-c).

Whenb=[b,, ...,b]" andc=|[c,, ..., c)]’ bep x 1 vectors,

lb—c| (norm) = y/(b, ~c)?+ (b, ~C,)% ... + (b, ~¢.)? .

Definition: (Convergency in probability, Weak Convergency)
6. convergesin probability to ¢ iff
lim;_ Pr[| 6, - ¢ | <e€] =1, for any small € > 0.
Or equivalently,
lim;__Pr[| 6, - c| > €] =0, for any small € > 0.

A

If so, we say plim;__6,; =c or 6; -, c.

p
EX 1 6, =0withpr=1-(UT); = Lwith pr = UT.
Choose0<e < 1:
Pr(| 6, - 0] >€)=Pr(| 6, >€)=Pr(6; >€) = UT
— lim.__Pr(| 6, -0 >€) =0
-6, -, 0.
EX 2: 6, =0withpr=1-(UT); = T with pr = UT.
Choose0O<e<1:
Pr(| 8, -0/ >€)=Pr(|6,| >e)=Pr(B; >e) = UT
= lim;._Pr(|6; -0/ >€)=0
-0, -, 0

Digression to other stronger convergency:
Definition: (Convergence in mean square)
éT converges in mean square to c iff lim,__E[| éT-c| 2l =0. For this case, we say

A

0. - ¢, ms.

T

Theorem: m.s. = p.

Proof:
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Chebychev’ sinequality (see Greene) says.
For any e > 0, Pr(| B,-c| > €) < E(| 6,-¢|?)/e2

— lim.__Pr(| 6;-c| > €) = lim;__E(| 6,-c|[?)/e? = 0.
Fact: p. does not necessarily imply m.s.

EX 1 8, =0withpr=1-(UT); =1withpr=UT: 6, -, O.
« ObserveE[| 6, - 0|1 =E[0,7 =0 x [1-(UT)] + 12x (UT) = LT
— lim;__E[| 6, - 0|7 =0.
= éT - 0ms..
EX 2: 6, =0withpr=1-(UT); = T with pr = UT.
- b, -0
« ObserveE[| 6, -0/1 =E[6,] =0 x [1-(UT)] + T2x (UT) =T
= lim;._E[| 8; - 0|7 = .

= not m.s.

Implication:
« InEX 1above, 6, ispand ms. Butin EX 2 above,8; isp., but not m.s.
e Tobep, Pr(éT deviates from c¢) should become increasingly small as T - «~. But thisis not
enough for m.s.. Tobem.s, for any possible value of 8., the size of | 6-c|should not grow
too fast as T - «. For example, if we assume Pr(6, = T¥) = UT instead, we can show that 6.

-~ C, ms.

Definition: (Almost sure convergency, Strong Convergency)
6, converges almost surely to ¢, iff Pr{lim;._8, = c] = 1. For this case, we say:

A

0. - c, as.

T

Theorem: as. = p. (SeeRao (1973).)

Fact: 1) p. doesnotimpliesas.

2) No clear relation between a.s. and m.s. with few exceptions.
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Theorem:
Supposelim__E(] 6,-c|) =0and =7 E(|6,-c|?) < . Then, 6. - c, as. (SeeRao (1973).)

EX 1 6, =0withpr=1-(UT); = Lwith pr = UT.
« 6, -,0and 6; - 0, ms.
» But, can't determine whether 6, - 0, as.
(Observethat 35_E(|6;-c|?) = I7_(UT) = «.)
EX 2. 8, =0with pr = 1-(UT?); = Lwith pr = UT2.
- 8, -0
« ObserveE[| 6, - 0|3 = E[6,7 = 0? x [1-(UT?)] + 12 x (UT?) = UTZ
. lim; _E[|6;-0/7=0.
= B E(|6;-c]?) = 27 (UT?) < =

- 8. - 0,as.

Implication:
EX L Pr(b, =1) = UT.
EX 2: Pr(6,; = 1) = UT2
= Tobeas, Pr(éT deviates from c) should decreaserapidly as T - <.

End of Digression

Definition:
6. an estimator of 6,
We say that 8 is consistent, iff plim;._6. = 6..

Question:

An example for a consistent estimator?

Theorem: (Generalized Weak Law of Large Numbers, GWLLN)
{Y1, .-, Y7} : @asequence of px1 random vectors.
For any t, E(y,) and Cov(y,) are well defined and finite.
Y = (]JT)Z}thlyt (mean of the sequence).
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Under some suitable conditions (acceptable for Econometricsl, 11),
Vr = WDELyY, -, lime (UT) S EQ).

Note:
1) Both E(y,) and Cov(y,) [var(y,) if y, isascaar] could differ across different t.
2) They, could be correlated aslong as lim,_..cov(Y,,Y,.,) = O.

EX:  {Xy, ..., X7}: RSfrom apopulation with E(x) = , and var(x) = 6,2
* ByKolmogorov'sSLLN, X = (UT)XX, - M, &S..

¢ X Hp p’O'

[Proof by GWLLN]
(UMZEX) = (UT)Zd, = (UT)TH, = 1,
= lime (UTZEX) = limHo = 1,
- By GWLLN, X -, W,

Theorem: (Slutzky)
plim;_.6, =6,
g(0): avector of continuous functions of 6.

- plim;_.g(6;) = g(6,)

EX: @isascaarand 0, -, 0,
plim;._6.2=6.2 plim;._1/6. = 1/6.

EX:  {Xy, ..., X;}: Random sample from a population with p, and ¢ 2.
plim X/s? = [plimx]/[plim s3] = p /0.2

EX:  plim (X + X2+ X8¢ +87) = Ho + Mo + MO0 + 052

Rules for Probability limits:
1) W;isan sguare matrix of random variables and plimW; isinvertible. Then,
plim [W,]™* = [plim W,]™.

2) X;and Y are conformable matrices of random variables Then,
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plim X;Y. = [plim X{][plim Y,].

(4) Convergency in distribution
Definition: (Convergency in distribution)
F(z): cdf of arandom vector z.
z;: arandom vector with cdf F(z;).
= We say z; convergesin distribution to z, iff lim;._F(z) = F(z) for a.

= ZT ~d Z.

Fact: d. differsfromp.

EX: TwodiceA and B.

Aisfarone f(z) =16,z=1.2, ..., 6.

B isunfair:

z; be a possible outcome from the T’ th trial with
fi(z;) = U6 + 1/(T+100) for z; = 1, 2, 3,
f1(z;) = 16 - Y(T+100) for z; =4, 5, 6.

AST - o, the unfairness of B decreases.
= Z; -4 Z

But arealized value of z; may not equal that of x at T'thtria, evenif T - <.

Theorem: (Mann and Wald)

Suppose g(2) is acontinuous function. Then,

(zr ~4 2 = (9(z1) ~a 9(2)).
Theorem:
A+ arandom matrix with plim A; = A.
z;: arandom vector -, z.
= Az -4 Az

EX: (Central Limit Theorem, CLT)
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{Xy, ..., X7} : RS from a population with p, and 0 .
= Lindberg-Levy CLT says
JTX-p) -, N(©O,0) .

Theorem: (Generalized CLT, GCLT)
{Y1, -, Y7} : @asequence of px1 random vectors.
For any t, E(y,) = 0 and Cov(y,) iswell defined and finite.
Under some suitable conditions (acceptabe for Econometricsl, 11),

1 . 1
—Z}thlyt =4 N(O,IlmTW?Cov(EtT:lyt)).

\/T
Note:
1) Cov(y,) [var(y, if y,isascalar] could differ across different t.

2) They, could be correlated aslong aslim,.._cov(y,,Y.,) = O.

EX: (Lindberg-Levy CLT)
{Xy, ... , X7} : RS from a population with p, and 6,2.
= Lety, =X - H
E(y) =E(X) - K, = 0;
var(y,) = var(x,) = 0,2
[UVTIZy, = [VVTIZxX, - Thd = VT (X-H)
(WT)var(Zy,) = (UT)var(Zx-Tu) = (UT)var(Zx,)
= (UT)Zyvar(x) = (UT)To, = 0,2
= lim (1/T)var(2tyt) =0l
= YT(X-H) -4 N(O,0;”

Corallary:
Assume the same things as GCLT.
Assumethat they,’s are linearly uncorrel ated.
Then,

1 . 1
—Z}tT:lyt ~4 N(O,IlmTw?ELCov(yt)).

7
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Proof:

Wheny, isascaar, var(2y,) = Zyvar(y,).

Lemma
Let E(Y;|Yea) Yeor - » Y1) = 0. [Martingale Difference Segquence]
Then, they, sare linearly uncorrelated.
Proof: [Assumey, isascaar.]
Consider the casein which y, isa scalar.
= By thelaw of iterative expectation, E(y,) = 0.
= By thelaw of iterative expectation,
EQei Yo Yer - VD = By |y [EG 1YYl = By
= COV(YuYuj) = E[(YeE(YD) Yer-EVei)] = E(VYe)
= B [E(y, 1Y)l = E [VEWY,;ly)] = E ) = 0.

©) =0.

+1""’yt+jfl

Theorem: (GCLT for martingal e difference sequences)
{Y1 -, Y7} : @asegquence of px1 random vectors.
EVe Yers 5 YD) =0,
Cov(y,) iswell defined and finite.
Under some suitable conditions (acceptabe for Econometricsl, 11),

1 . 1
5 RS N(o,nmw?zt[ Cov(y) -

7

[10] Large-Sample Propertiesof MLE
A Short Digression to Matrix Algebra

Definition:
1) 9(6) =9(6,, ..., 0,): ascalar function of 6.
g = dg/ab,.
ol
ag_(ee) - gf ; agée)) S CC A
9]
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2) w(0): amx1 vector:

ow(6) _
08’

3) g(0): ascaar function of 0
— where g; = 6°9(0)/96,06,.

a*9(6)
3096’

= Called Hessian matrix of g(0).

EX:

Let g(6) = 6,2+ 6.2+ 0,0,. Find 3g(6)/36.

- (20,+6,,20,46,)’

EX:

07+0,
Let w(6) = . Then, ow(8)/00’ =
0,+6;

EX:

20, 1
20|

9 9 -
g21 g22

_gpl gp2

1p

2p

er_rnXp

PXp

Let g(6) = 0,>+0,>+ 0,0,. Find the Hessian matrix of g(6).

21
12

Some useful results:

1) ¢': 1xp, 0: px1(c'0 isascaar)
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= 9(c'6)/06 =c; d(c'0)/00’ =c'.
2) R: mxp, 0: px1 (RO is mx1)
= Jd(RO)/06 =R
3) A: pxp symmetric, 6: px1 (0'A0)
= J(6'A0)/06 = 2A0.
= d(0'A0)/00" = 20'A
= J(6'A0)/0600" = 2A.

End of Digression

Definition: (Hessian matrix of log-likelihood function)

&21(6)

d%InL
H.(0) = /
0006

:(i,j)th de. in H, = |—],
) T aeiaej]

Definition: (Information matrix)
1+(8,) = E[-H(8,)].

Note: To compute |(6,), compute H(6) first, then, H.(6,), and then, E(-H(6,)).

Theorem:
Let & be MLE. Then, under suitable regularity conditions,
0 is consistent, and
YT(© -6 ~¢ N, lim[(UT)I(6,)]%).
Further, 6 is asymptotically efficient.

Implication:
0 = N(O, [11(6]") = 6 = N(, , [1-(6)]).

EX:

{Xq, ooy X} Tid with N(U,,0,9).

0 =[u,v]’ andv =c?
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T T 1
l. = ——In(2n) - —Inv - — X (x. - )2 .
LGOI oy 2t )

The first derivatives;

The second derivatives:

82|T(6) ) 12 1) - _I ) 82|T(60) :_l% _ale(BO) :l
owop v RETETEA TS A
82|T(6) _ _Zt(xt_l“l) . 82|T(60) _ _Zt(xt_uo)
EIED NE GHOV vZ o
3?1-(6 2 (X, -
. El- )| EM = iE[Z(x—uo)] = iZ[E(x)—uo]=O.
o 2 2 2t
pHov A Vo Vo
3%1(6 2_
T( ) _ T +0X2V 1X4VZ(X _uzzi_iz(x_u)z
ovov  2y2 (v32 U vz yE
3%1(6 T 1
aJaVO) = ke
2VO VO
3%1(6 T 1
. E[ O g T Ly
avaov 2\/0 o
Tv
= - TZ"‘%ZtE[(Xt_uo)Z] = - T2+i3ztvo - T2+ 30 =
o VO 2\/0 Vo 2VO VO
Therefore,
o »
@ T
(o]
110, = RGO 4
0 20,
207 _O T
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Hence,

62
ML
- —= 0
R ML Ho T
6=, = N[, ,
OmL Oo 2(6ML)2
T

[Sketchical Technical Notes For MLE]
Definition:
For any function g(x,0) where x is arandon variable (or vector) with probability density f(x,0,),
E(9(x,0)) = [40(x,0)f(x,0,)dx (true expected value of g(x,0)) ;
Eo(9(x,0)) = [o0(x,0)f(x,0)dx (expected value of g(x,0) assuming f(x,0)),
where Q denote the range of x.
Assumption 1:
(i) Letxisarandom (vector or scalar) variable with pdf of aform f(x,0), where 6 isapx1 vector
of unknown parameters. Let 6, be the true value of 6. Then, 6, uniquely maximizes E[Inf(x,0)].
That is, E[Inf(x,0,)] > E[Inf(x,0)] forany 6 # 6,.
(i) {xy, ..., X7} isarandom sample from a population satifying (i).
Assumption 2:
The range of x does not depend on 6.
Lemma 1:
Define s(x,0) = alnf(x,0)/00. Then, under Assumption 2, E,(s(x,0)) =0, for all 6.
<Proof>
Since f(x,0) is aprobability density function, 1 = [,f(x,0)dx for any 6. Differentiate both side of
this equation with respect to 6. Then, we have:

: 3 fo(x,e)dx
o0

0

o of(x,0) . _ - alnf(x,0) _
= fg 0 dx = fQTf(x,O)dX— fgs(x,e)f(x,ﬁ)dx

= Ey(s(x,0)),
where Assumption 2 warrants the first equality, and the second equality results from the fact that
alnf(x,0)/00 = [of(x,0)/00)]/f(x,0).
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Corollary 1:
Under Assumption 2, E(s(x,0,)) = 0.
Lemma 2:

Under Assumption 2,

_ 9nf(x,0)

E,[s(x,0)s(x,8)] = E, gy

for all 0.
<Proof>

For ssimplicity, we only consider the caseswhere 0 isascalar. Lemmalimplies:
[ INfX,0) ¢ x 0ydx = o.
o 09

Differentiate both sides of this equation:

f -82| nf(x,ﬁ)f(x 0) + olnf(x,0) of(x,0)
Q

dx=0
0606 a6 a6
[ 2
) f Mf(x,@) , oInf(x,0) alnf(x,e)f(x’e) dx =0
o 3630 a6 99
[ 2
. g, |FANf(x,0) , Anf(x,0) AINf(x,0) | _ o for any 6
| 9606 a6 ad
Corollary 2:

Under Assumption 2,

E[s(x.6)s(x,6))] - E

o4 nf(x,0)
T | 0=0,|"

9606’
EX: A
12
¢ f(c0) = — exp[‘(x W) o= M 0,= °
21V 2v v v,

* Assumption 1 holds?
*  Inf(x,0) = (-1/2)In(2m) - (U2)In(v) - (x-W)7(2v) = (-1/2)In(27) - (1/2)In(v) - [(X-Ho)-(HoH)]7(2v)
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= (-1/2)In(2m) - (/2)In(v) - (X-Ho)7(2V) = 2(sH)(X-Ho)/(2V) - (H-Ho)(2v).
E[Inf(x,0)] = (-1/2)In(27) - (1/2)In(V) - V/(2V) - (U-H)% (2V).
= Clearly, E[Inf(x,0)] ismaximized at p = |,
- Also, E[Inf(x,0)] is maximized at v = v,, by FOC: oE[Inf(x,0)]/0v = - (1/2V) + v /(2v?)
=0=v=yv,.
* Assumption 2 holds?
* Yes, since-« <X < e,
Theorem 1:
Under Assumption 1, the MLE 6 is consistent under some suitable assumptions. [See Amemiya.]
<An Intuition>
Observe that TY,(0) = T*ZInf(x,,0). Since{x,, ..., X;} iaarandom sample, we can regard
{Inf(x,,0), ..., Inf(x1,0)} asarandom sample from a population of the random variable Inf(x,0).
Then, by LLN, T*(6) -, E[Inf(x,0)]. But Assumption 1impliesthat 6, uniquely maximize
E[Inf(x,0)] = plim T(0,). Thatis, 6, maximizes plim T*,(6). Notethat MLE 6 maximizes
TY,(6). But, when samplesize T islarge, searching for the maximizer 6 issimilar to searching

for 6,. Thisprovidesan intuition for the consistency of MLE.

Lemma 3:
Define 5(0) = s(x,,0) = dlnf(x,,0)/060. Under Assumptions 1-2 and other suitable assumptions,
1 dl(0) 1
———lg., ¢ N(O,lim= Cov[Es(6)]) .
/T 90 0 T
<Proof>
Note that:
1 9l(6) 1 > alnf(x,,0)

1
= = = —>.5(0).
ﬁ- ae e:eo \/T t ae ‘e:eo ﬁ- tt( 0)
By Lemmal, E[s(0,)] =0. Thus, by GWCLT, we obtain the desired result.

Lemma4:
Under Assumptions 1-2 and other suitable assumptions,

13,(0)

.1
Tw‘e:eo ”p ||m?|-|-(60)
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<proof>

A0 3nf(x.,0
Note that 2 o )‘e:e :'iztﬁ‘e:e .
T 5600’ ° T 0606’ ?
Then, by GWLLN,
1 34(0) 1. 94nf(x,0)
- = lo-o =~ =2————lo.0

o

Taose’ 7% T ' 5000/

3Anf(x.,0 (6
L tim Lglp IS, i 1) TLO)
T 3656’ ° T 0000’ °
Lemma5:
Under Assumptions 1-2, Cov[Etst(Oo)]: 1:(6,).
<proof>

Since{s,(0,), ..., s{(0,)} isaRS,

Cov[Etst(Bo)} = Z,Cov[s(0,)] = ZE[s(6,)s(6,)1-
where the last equality results from Lemmal. Note also that

d%nf(x,,0)
T, le=6_[

1.(0,) = Z.E
' ‘ opae’ %

Thus, it is enought to show that

E[s(6,)s(6,)] = E

d%nf(x,,0) |
0000’ °%|

But this equality holds by Lemma 2.
Corollary 3:

Under Assumptions 1-2 and other suitable assumptions,

11 31(6)
JT 00

Theorem 2:

-4 N(O, limZ1,(0,) .
T
Let 6 be MLE. Under Assumptions 1-2 and other suitable assumptions,
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JTG-6) -4 N, Iim[%lT(eo)]-l) .

<Proof>

Consider the first order condition for MLE:

3l.(6)

—g o670

Use Taylor's expansion around 6 ;

ol(0) . 10)

.. 05(0-0)) =0,
90 0% " g5g/ 100 o =

where 8 isavector between 6 and 6,. Since 6 is consistent and 6 isbetween 6 and 6., 6 isaso
consistent. That is,
19,0 1 °1(6)

‘9:9

o0 et T g /10700 =00,

where 0,(1) means "aterm asymptotically negligible". Thus, we have:

JT(6-0) = |-

3(0 Y14
13,(0) ] MO o

T 5600 [ a0

- JT(6-6,) = [lim= |T(60)] ‘/7 T( ) + 0y(1) (By Lemmad)

-~ T(6-6,) ~4 N(O, [|lmT 1+(6,)] 1|Im T(Oo)[llm T(ﬁo)] )
—N(O[Ilm 1(0)]D). (ByCoroIIary3)

[11] Testing Hypotheses Based on MLE
Let w(B) = [wy(0),w,(0), ..., w,,(0)]', wherew,(0) =w,(6,, 6, ..., 6,)) =af"of 6,, ..., 6,.

General form of hypotheses:
H,.  Thetrue® (0,) satisfy the m restrcitions, w(0) = 0,,, (m < p).

o
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Examples:
1) 6:ascadar
H;0=2 -H;:06-2=0 - H, w(0) =0, wherew(6) =6 - 2.
2) 6=[6,0, 0"
H;:0,°=6,+2and6,=6,+6,
- H, 6,-0,-2=0and 6,-6,-0,=0.
- Let w,(0) = 0,%-6,-2 and w,(0) = 0,-0,-6,.

w,(8)| [0i-0,-2| o
-~ H,: w(B) = = = .
w,(0)| |6,-6,-6,] O
3) linear restrictions
0=1[6,0,06,"
H,:0,=0,+2and0,=0,+0,
HHO el'ez'zzoand63'el'6220
- w,(©)] [6,-6,-2] o
H,: w(B) = = = .
WZ(O)_ 0,-6,-6, [0
19,
©) 1 -10 0 2 RO
- w(0) = - = -r.
-1 -1 1 62

Remark:
If al restrictions are linear in 0, H, takes the following form:

HO: RB = r = Ole’

where R and r are known mxp and mx1 matrices, respectively.

Definition:
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[ow,(6) Jw,(6) ow,(6) ]
00, e6, a6,
owy(0)  w,(6) dw(0)
we)y = 1756 58, T “ao
ow_(6) ow,(6) ow._(6)
06, 90, a6, o
Example:

Let 6 =[6,,0,,04" .
Hy 0,2-6,=0and 0, - 0,- 0.2=0.
67-0,
- w(0) - - W(6) =
6,-6,-65

20, -1 OL
1 -1 -20)

Example:
0=106,0,0,".
H;:0,=0and0,+06,=1

61_
0,+6,

ol

- W) - .

100
o=
011

— =

-w(0)=R0O -r.
- W(0)=R.

Definition: (Restricted MLE)

Let 6 betherestricted ML estimator which maximizes
1.(6) st. w(6) = 0.
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Wald Test:;
W, =w(0) TW(8)Cov(8)W(6)]*w(b)
= W =w(8) TW(B){1:(8)}*W(B) 1 w(b)

Note: Can be computed with any consistent estimator & and Cov(8).

Likelihood Ratio Test: (LR)
LR; = 2[11(6) - 1:(6)] .

Lagrangean Multiplier (LM) test
Define: s;(0) = 0l(6)/00.
LM+ =5(8)[1(6)]"s:(6).

Theorem:
Under H,: w(0) =0,
W, LRy, LM; ~, x%(m) .
Implication:
» Given confidence level (1-«) or significance level («), find acritical value such that
e Usualy, o =0.050r « =0.01.
* If W;>c, rgect H,. Otherwise, do not reject H,.

Comments:
1) Wald needsonly 6; LR needs both 6 and 6; and LM needs 6 only.
2) Ingeneral, W; > LR; > LM;.
3) W isnot invariant to how to write restrictions. That is, W+ for H,: 6, = 6, may not be equal to
W, forH,: 6,/6, = 1.

Example:
Q) {xyq, ..., X7} RSfrom N(u,,v,) with v, known. So, 6 = .
H,:u=0.
sw(u) =H
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* (W) = -(T/2)In(2m) - (T/2)In(v) - { V(2v)} Z(x-p)*
* Sr(W) = (IV)Z(x- 1)
* 1+(1o) = E[-0%7(H)/op* | =00l =TIV,

[Wald Test]

Unrestricted MLE:
* FOC: ol(u)/op = (Uv)Z(x-1) =0
=X

W) =1-W(p)=1

() =Thv,

[LR Test]

Restricted MLE: i =0
I.(1) = -(T/2)In(2x) - (T/2)In(v,) - { 1/(2v,)} Z,(X-X)?
I.(f1) = -(T/2)In(27) - (T/2)In(v,)- {1/ (2v )} Zx?

[LM Test]
Si() = (W) Ex, = (T X5 17(f1) = Thv,

With this information, can show:
W =LR=LM = (Tx?)/v,.

(2) Both p and v unknown: 6 = (u,v)".
H,:n=0.
= w(0)=p
= W(0) = ow(0)/30" = [op/dp, oplov] =[1, O]
= 14(0) = -(T/2)In(2x) - (T/2)In(V) - {1/ (2V)} Z,(X,-1)?
= 5¢(0) = [(IV)Z((xH),-T/(2v) + (L/(2v) Z(X-1)°]’
- 1,(8,) = diag[T/v,, T/(2v )] .
— Unrest. MLE: {1 = X and V = (UT)Z,(X-X)?
= Restricted MLE: [i =0, but need to compute ¥
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= I+(fi,v) = -(T/2)In(2m) - (T/2)In(v) - { V(2v)} Zy(x- 1)
— 1:(0v) = «(T/2)In(2r) - (T/2)In(v) - { L(2v)} Ex2

— FOC: dl+(0,v)/ov = -T/(2v) + (U(2v?))/Exz2=0

— ¥ = (UT)ExX2

[Wald Test]
w(0) =1 =X; W(8) =[1,0] ; 1(8) = diag(T/V, T/(29?)).
= W =w(0) [W(B){1:(6)}*W(8)]'w(8) =Tx% V.

[LR Test]
1.(8) = -(T/2)In(2r) - (T/2)In(V) - { V(29)} Z,(x-X)?
1.(8) = <(T/2)In(2r) - (T/2In(¥) - { V(27)} Zx2

[LM Test]
s(0) = [(UV)Zx, -T/2V) + (U2V2)2x]’ = [TX/V, - TI(2V)+T/(2%)] = [TX/¥, 0]’
1(0) = diag(T/¥, T/(2¥?))
= LMy =5:(8)[1+(6)]"s(8) = TX?/¥.
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