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Abstract

The primary contribution of this paper is the application
of the CSVA, a recently developed algorithm for MAP state
sequence estimation, to the problem of tracking a target
constrained to two dimensional movement using detections
from a field of stationary, arbitrarily located, identical sen-
sors. Models for target motion and detector performance
are developed for this problem, providing a system model
to which the MAP estimator is applied to create a target
trajectory estimator. The performance of the MAP target
trajectory estimator is illustrated through simulation.

1. Introduction

In this paper, we address the following scenario: a target
that emits a signal moves through a field of stationary, ar-
bitrarily located sensors. The information provided by each
sensor to the tracking algorithm is a binary decision–target
detected or no target detected. The probability of a sensor
detecting the target at a given time is a decreasing function
of the distance from the sensor to the target; additionally,
the sensor position is known. Thus, detection of the target
by a sensor provides information about the target position
at a particular time. The target trajectory is estimated from
the time sequence of target detections.

The primary contribution of this paper is the application
of a recently developed Maximum A Posteriori (MAP) state
sequence estimator to this tracking problem[1]. This esti-
mator, which we call the continuous-state Viterbi Algorithm
(CSVA), is conceptually similar to the Viterbi Algorithm
(VA), in that state metrics and survivor sequences are com-
puted. Unlike the VA, this estimator is applied to a system
with a continuous state. In the CSVA, recursive compu-
tation of the metric and survivor functions is implemented
using polyhedral approximations. Simulation studies have
shown that the CSVA has much lower computational com-
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Figure 1. Line parameters for 1-D motion.

plexity and much better performance than a VA applied to
a continuous-state system with appropriate discretization of
the state space.

2. Target and Sensor Models

To estimate target position and velocity, we require prob-
abilistic models of the target motion and the sensor perfor-
mance. The target motion is modeled by a discrete-time lin-
ear system driven by white noise. The sensor performance
model is obtained by analysis of the probability of detection
given a particular target location.

2.1. Target Motion Model

The target is constrained to move along a line in two-
dimensional space. The line is defined in terms of two two-
dimensional vector parameters: l, a point on the line, and
m, a unit direction vector. (This model extends easily to
motion along a line in three-dimensional space.) Figure 1
illustrates these parameters. The target’s position along the
line at time k is denoted by r[k]. The target’s speed along
the line at time k is denoted by c[k].

The system state is the target position and velocity along
the line. We define the state by arranging r[k] and c[k] into
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Figure 2. Observation probability for non-zero
observation as a function of target-sensor
distance.

a vector denoted xk:

xk =

[

r[k]
c[k]

]

The discrete-time system represents snapshots of the target
position and velocity (which evolve continuously) at evenly
spaced times t0, t1, etc.; the difference between times is ∆.
The system dynamics are given by the following difference
equation:

xk+1 =

[

1 ∆
0 1

]

xk + wk

= Axk + wk (1)

where {wk} is a vector Gaussian white noise process with
constant covariance matrix Q.

2.2. Sensor Model

In our scenario, N sensors are at known locations. At
each time k, a sensor makes a decision about whether the
target is present on the basis of M samples of a received
signal. We assume that the time interval in which these
samples are gathered is short relative to ∆, the time between
estimates of the target state. The received signal at each sen-
sor is the sum of noise and the signal emitted by the target
(if present). The target signal is modeled as a discrete-time
white Gaussian process whose variance is inversely propor-
tional to the square of the distance between the target and
the sensor. The noise is modeled as a discrete-time white
Gaussian process that is independent of the target signal;
the noise at each sensor is independent.

The sensor finds the energy in its received signal and
compares this energy to a threshold to determine the pres-
ence or absence of the signal from the target. We omit a de-
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Figure 3. Logarithm of the observation prob-
ability.

tailed derivation of this decision rule and of the sensor per-
formance, providing only those expressions necessary for
the development of the target tracking algorithm. A detailed
derivation is given in [2].

We denote the energy per sample of the signal received
from the target as σ2

T (d). This energy is inversely propor-
tional to the square of the distance d between the target and
the sensor: σ2

T (d) = σ2
T0

/d2, where σ2
T0

is the energy per
sample of the target signal at a distance of 1 unit. The en-
ergy per sample of the noise at each sensor is σ2

N .
The probability of false alarm and correct target detec-

tion can be computed as follows:

PFA =
Γ

(

M
2

, β
2

)

Γ
(

M
2

) ,

where β is a parameter chosen to give a desired probability
of false alarm and Γ(·, ·) is the incomplete Gamma func-
tion. For a given β (and corresponding probability of false
alarm), the probability of detection can be expressed as

PD(d) =

Γ

(

M
2

, β
2

1

1+
SNR0

d2

)

Γ
(

M
2

) ,

where SNR0 =
σ2

T0

σ2

N

is the signal-to-noise ratio at a dis-
tance of one from the target.

The sensors may be located arbitrarily subject to the con-
straint that they are far enough apart that the probability of
multiple sensors detecting the target at a given time is neg-
ligible. This constraint could be eliminated without signifi-
cantly increasing the complexity of the tracking algorithm.
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2.3. Obtaining the Observation

The observation used by the target tracking algorithm at
time k is denoted zk; zk is zero if no sensor has detected the
target or n if sensor n has detected the target. In this sec-
tion, we describe the process by which the observation zk is
obtained and from this process determine an expression for
P (zk|xk).

Let sensor n be the sensor to which the target is closest;
we assume that this sensor is the only one that will have a
chance to detect the target. We denote the distance between
the target and this sensor as dn. The probability that sensor
n detects the target is PD(dn). If sensor n detects the target,
then zk = n. Otherwise, zk = 0.

This process is a significant over-simplification of the
process that one would expect in real life. In particular, it
does not address the issues of false detections and multiple
detections. However, when the probability of false alarm
is very small and the sensors are far enough apart that the
probability of multiple detections is also small, it is a rea-
sonable approximation.

This process leads to the following expression for
P (zk = n|xk) in terms of the distances d1 through dN ,
where dj is the distance between the target and sensor j;
clearly, d1 through dN depend on the target state xk. When
n 6= 0,

P (zk = n|xk) =







PD (dn) , n = argmin
j

dj

0, n 6= argmin
j

dj
(2)

When n = 0,

P (zk = 0|xk) = 1− PD

(

min
j

dj

)

Figure 2 shows P (zk = n|xk) for n 6= 0 as a function of
the distance dn.

2.4. Approximation of the Observation Probability

The implementation of the CSVA estimator requires that
the logarithm of the observation probability be approxi-
mated by a polyhedral function; a polyhedral function is
a concave function whose hypograph is a polyhedron. As
Figure 3 shows, a suitable approximation of log P (zk =
n|xk) can be obtained when n > 0. However, any rea-
sonably accurate polyhedral approximation of log P (zk =
0|xk) will not be concave. Thus, we cannot apply the CSVA
algorithm directly to this problem.

The model may be simplified to facilitate the CSVA.
Whenever the observation is zk = 0, the CSVA applies
the state dynamics model to the estimate but does not up-
date the estimate using the observation. Thus, when there
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Figure 4. Polyhedral approximation to the
state transition density.

is not a detection at a given time k, the position estimate is
updated using “dead reckoning”. A tracking algorithm that
includes this simplification will provide poorer performance
than one that uses P (zk = 0|xk), since “dead reckoning”
ignores the position information provided by a no-detection
observation.

3. The CSVA

In the CSVA, recursive computation of the metric and
survivor functions is implemented using polyhedral approx-
imations of conditional probability distributions. Thus, the
computational structure of the estimator is based on algo-
rithms associated with concave polyhedra; vertex enumera-
tion, addition of polyhedral functions, and solution of linear
programs play key roles.

3.1. Estimation Algorithm

The CSVA uses a probabilistic system model to estimate
the state sequence from an observation sequence of length
K. The state dynamics are described by the conditional
state transition density p(xk+1|xk), and the relationship be-
tween the observation and the state is described by the con-
ditional observation probability P (zk+1|xk+1). The CSVA
computes a metric function Lk+1 (xk+1) according to the
following equation[3, 1]:

Lk+1 (xk+1) = max
xk

[log p(xk+1|xk) + Lk (xk)]

+ log P (zk+1|xk+1) (3)
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Figure 5. A typical metric function.

An estimate of xk based on z1 through zk is

x̂k|k = arg max
xk

Lk(xk) (4)

An estimate of xk based on the entire observation sequence
z1 through zK is

x̂k|K = argmax
xk

[

log p(x̂k+1|K |xk) + Lk (xk)
]

(5)

Note that (3) is a recursion that proceeds forward in time,
while (5) proceeds backwards in time. Recursion (3) is ini-
tialized with L0(x0) = log p(x0). To compute the entire
MAP sequence estimate {x̂0|K , x̂1|K , . . . , x̂K|K}, a for-
ward pass implements (3) and then a backward pass imple-
ments (5). We call x̂k|k the forward estimate and x̂k|K the
smoothed (or backward) estimate.

Polyhedral functions provide the framework within
which (3), (4), and (5) are implemented by the CSVA. In the
CSVA, a polyhedral function is represented as the intersec-
tion of a set of half spaces defined by hyperplanes or, equiv-
alently, as a collection of vertices. The maximum transform
defined by [4] provides a straight-forward method of per-
forming the maximization in (3); computationally, imple-
menting the maximum transform requires vertex enumera-
tion and addition of polyhedral functions.

3.2. Approximation of Distributions

In order to apply the CSVA to the target track-
ing problem, we compute polyhedral approximations to
log p (xk+1|xk) and log P (zk|xk). For the system model
in (1),

log p(xk+1|xk) = log pw (xk+1 − Axk)
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Figure 6. Target position: line-true position,
*-forward estimate, O-backward estimate.

where pw is the density function of the system noise wk.
Since wk is Gaussian, log pw is a parabola; its approxima-
tion is shown in Figure 4.

The conditional probability of the observation zk given
the system state xk is given by (2). As shown in Figure 3, a
simple polyhedral function of three hyperplanes provides a
good approximation to this probability. The computation of
this approximation is detailed in [2].

An important component of the CSVA implementation,
both in terms of reducing the computational load and im-
proving the numerical stability of the algorithm, is the elim-
ination of redundant hyperplanes. One hyperplane in a pair
of (nearly) parallel hyperplanes can be eliminated with min-
imal effect on the accuracy of a polyhedral approximation.
Elimination of a hyperplane speeds the algorithm; elimina-
tion of nearly parallel hyperplanes reduces the likelihood of
numerical problems in the vertex enumeration process. In
our implementation, a single parameter controls how close
to parallel a pair of hyperplanes must be before one is elim-
inated.

4. Simulation Results

The performance of the CSVA estimator for a simple
scenario is demonstrated through simulation. The target and
sensors are located in a plane. The Cartesian coordinates of
the sensors are (50,0), (100,0), (175,0), and (225,0). The
target trajectory is constrained to the line coincident with
the sensor locations. The target moves from left to right
with varying velocity. The true target position and veloc-
ity along this line are plotted with the solid lines in Fig-
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Figure 7. Target velocity: line-true velocity,
*-forward estimate, O-backward estimate.

ures 6 and 7. The sensor parameters for this simulation are
M = 10, SNR0 = 1000, and β = 23.2 (giving a PFA of
10−2).

The CSVA is initialized with a uniform density on the
region 0 ≤ r[0] ≤ 200 and −10 ≤ c[0] ≤ 10. The metric
function is computed recursively using (3). A typical metric
function is shown in Figure 5; the location of the peak of the
metric function provides the estimate x̂k|k .

The position and velocity estimates obtained by the
CSVA estimator are also shown in Figures 6 and 7. The
true position and velocity are shown with the solid lines.
The estimates track the position; the coarse position infor-
mation provided by the sensors is insufficient to estimate the
velocity accurately. Figure 8 shows the number of facets in
the polyhedral approximations of the metric functions as a
function of time. The number of facets does not grow be-
yond a maximum value; this value depends on the number
of hyperplanes used in the approximation of log pw and on
the parameters used to determine when to combine nearly
parallel hyperplanes.

5. Conclusions

A CSVA target tracker has been implemented and a pre-
liminary evaluation of its performance has been conducted.
This implementation has brought several important issues:

• As currently implemented, the algorithm requires that
vertex enumeration be performed twice to compute the
maximum transform. Vertex enumeration is very sen-
sitive to numerical precision issues, which led to sig-
nificant difficulty in implementing the CSVA. It may
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Figure 8. Number of facets in metric

be possible to avoid these numerical problems and in-
crease the computational speed by computing the max-
imum in (3) directly.

• As currently implemented, the CSVA computational
complexity is very high, particularly in computing the
sums in (3). This computational complexity could be
significantly reduced.

Both of these issues are areas of current research. If these
issues can be resolved, a more realistic model for P (zk|xk)
should be investigated.
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