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Abstract

We investigate Bayesian methods and heuristics for man-
agement of a configurable sensor in a simple target local-
ization problem. A target is located in one of M cells. A
sensor, characterized by probabilities of correct detection
and false alarm, repeatedly chooses a cell to interrogate;
the resulting observations are used to update the posterior
probability distribution of target location. Interrogations
are repeated either a fixed number of times or until the prob-
ability of error drops below a pre-selected threshold. The
Bayes optimal solution is exponentially complex, motivat-
ing the use of heuristics. Four heuristic rules are charac-
terized using Monte Carlo simulation. Of these heuristics,
choosing the most probable cell minimizes the number of
observations, and the myopic Bayes optimal rule minimizes
the probability of error.

1 Introduction

The management of configurable sensors to optimize
overall system performance is an important issue in target
detection, localization, and tracking systems. Bayesian de-
cision theory provides a mathematical framework by which
the sensor management problem can be addressed. In this
paper, we apply Bayesian decision theory to the problem of
choosing a sequence of sensor controls for a steerable sen-
sor in a simple target localization problem. Our goal is to
find and characterize optimal and good sub-optimal rules
for steering the sensor.

We consider the following simple abstract scenario. A
target is known to be located in one of M cells. At each
time epoch, a sensor interrogates a single cell and returns
a binary-valued observation indicating whether the target
was detected in the cell. Our objective is to correctly locate
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the target from a sequence of observations collected by the
Sensor.

We represent this scenario as a sequential Bayesian deci-
sion problem. Initial knowledge about the target location is
represented by a prior probability distribution. The sensor is
characterized by a probability of target detection and a prob-
ability of false alarm; these probabilities are independent of
the cell that is interrogated. Observations are collected ei-
ther a fixed number of times or until a given probability of
error is reached. After each observation is obtained, the dis-
tribution of the target location is updated using Bayes theo-
rem. The interrogated cell at a given time thus depends on
previously collected observations.

We seek a decision rule that chooses which cell to inter-
rogate in order to optimize the system performance. A my-
opic optimal decision rule is one that optimally chooses the
cell given that a single observation will be collected. A se-
quential optimal decision rule is one that optimally chooses
cells for the collection of an entire sequence of observations.
We measure optimality by one of two criteria: probability
of error given a fixed number of observations, or number
of observations needed to guarantee a fixed probability of
error.

Sequential optimal decision rules can be derived for this
problem; unfortunately, their complexity increases expo-
nentially with the length of the observation sequence. Thus,
in this paper we develop myopic decision rules, but we eval-
uate the performance of these rules on sequences of obser-
vations.

This paper is structured as follows. Section 2 discusses
the theoretical background of this problem and introduces
related prior work. In Section 3, we give a mathematical
formulation of the problem, and in Section 4, we derive the
myopic optimal decision rule. We present several heuristics
in Section 5, and evaluate their performance through Monte
Carlo simulation in Section 6. We present conclusions and
areas for future work in Section 7.



2 Previous Work

The investigation of this simple sensor scheduling prob-
lem was motivated by a dual-mode sensor problem posed in
[4, 9, 8]. In this work, a myopic Bayesian optimal decision
rule to minimize an expected loss function was developed
for a dual-mode sensor that could either interrogate a single
cell or the entire search region. The decision rule was re-
peatedly applied until the probability of error was less than
0.05. The average number of observations needed to obtain
this probability of error was characterized through Monte
Carlo simulation for a few combinations of sensor perfor-
mance and loss function parameters.

This work raised several questions. One is how the
Bayesian myopic optimal decision rule, derived to mini-
mize the expected loss, performs in terms of the number of
observations needed to achieve a given probability of error.
Another is the relative performance of repeated application
of a myopic optimal decision rule compared to a sequential
optimal decision rule.

Finding an optimal fixed length sequence of interro-
gations to minimize the probability of error can be ap-
proached from several perspectives, including Partially
Observed Markov Decision Problems (POMDP)[2], dy-
namic programming[1], and discrete multistage decision
networks[5, Chapter 8]. Each of these approaches result
in solutions that are mathematically equivalent. Unfortu-
nately, the complexity of solutions generally increases ex-
ponentially with the length of the sequence of observations.

Some previous work applies directly to this problem of
minimizing the probability of error for a fixed number of
observations. Dynamic programming has been used to find
optimal observation sequences in the context of dynamic
search strategies[3] and fault diagnosis[7]. It is shown that
the myopic optimal strategy always chooses between the
most and second most probable cells. When the probability
of detection and false alarm are symmetric (i.e. the proba-
bilities of false alarm and missed detection are equal), the
myopic optimal strategy is to choose either the most or sec-
ond most probable cell, and the sequential optimal strategy
is to repeatedly apply the myopic optimal strategy[3].

Heuristic approaches to minimize the probability of error
have also been suggested. In [7], a greedy approach is intro-
duced, in which the myopic optimal strategy is repeatedly
applied. In [6], a cell is chosen to maximize a discrimina-
tion function that is essentially the Kulback-Liebler distance
between prior and posterior distributions.

We believe that the problem of finding a sequence of cell
interrogations that minimizes the expected number of obser-
vation necessary to guarantee a given probability of correct
decision can be formulated using dynamic programming.
To our knowledge, it has not been solved.
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3 Problem Formulation

We now formulate the sensor control problem mathemat-
ically. A targetis located in one of M possible cells; the tar-
get location is a random variable denoted X € {1,..., M}.
Our knowledge of the initial target location is represented
by a prior probability distribution p x ().

At each time epoch, the sensor can choose to interrogate
one cell; the cell chosen is denoted d € {1,..., M}. This
interrogation results in a single observation consisting of a
detection or non-detection. The observation is denoted Y €
{0,1}; a value of 1 indicates that the target was detected,
while a value of 0 indicates that the target was not detected.
The sensor performance is known and characterized by a
probability of correct detection pp and false alarm pr. For
notational convenience, we define pp = 1 — pp and pr =
1 — pr. The probability distribution of Y conditioned on X
and d is

pp, y=landz=4d

) pp, y=0andz=d
pY|X,d(y|Iad) - pr, y=1landx 75 d M

Ppr, y=0andzx #d

The observed value y is used to compute the posterior prob-
ability distribution px|y,4(|y, d) of the target location via
Bayes theorem:

__ pyixalyle, dpx ()
> Py ix,d(yl2’, d)px (x7)

px|y,a(zly, d)

The process of choosing a cell, obtaining an observation
from this cell, and updating the probability distribution is
repeated either a fixed number of times or until the posterior
probability of the target being located in a particular cell
given all observations exceeds a threshold close to one. At
this point, the estimated target location is the cell whose
posterior probability is largest; this cell is denoted z.

4 The Myopic Optimal Rule

We derive the myopic optimal rule to choose the cell to
interrogate to minimize the probability of error; the optimal
cell is denoted dj. This derivation leads to a decision rule
that is mathematically equivalent to those obtained in [3, 7].
It can be easily extended to a more complex dual-mode sen-
sor problem similar to that in [9, 8]. This derivation may
also lead to significant reductions in the cost of computing
sequential optimal decision rules (although the growth in
their complexity with the sequence length is still exponen-
tial), which may lead to feasible Monte Carlo evaluation of
the sequential optimal rule for moderate sequence lengths
and small values of M.



To obtain a minimum probability of error decision rule,
we use an objective function I (z, ) that rewards correct de-
cisions and punishes errors equally:

1, z=2

z(m):{ ) ot @)

We obtained the following Bayes optimal myopic decision
rule using the decision network approach in [5, Chapter 8];
this rule could also be obtained from a straight-forward ap-
plication of basic Bayesian decision theory (c.f. [8]):

1 M
o = arginax Y max 3 pyix.alyle, Dpx @), )
y=0 =1

3)
This decision rule could be implemented directly to deter-
mine dp; however, when M is large, the number of compu-
tations is prohibitive.
We can significantly simplify (3). From the structure of
Iz, z),
1
do = argmax Y maxpyx.a(yl, dpx (2)  (4)
y=0
For notational convenience, we assume without loss of
generality that px (1) > px(2) > ... > px(M). We
first consider maximizing py|x 4(y|Z, d)px (&) over Z for
a given value of d and y = 0:

02, d)px (2) = 5
PYIX,d( |2, d)px (Z) { PFox(3), ##d &)
Since px (1) = px(2) = ... = px (M),

. AN p_FpX(2)7 d=
r;ligpwx,d(olm,d)px(z) —{ pr (), d£1 Q)

Combining (5) and (6) gives
m§XPY|X,d(O|§7a d)px (53)
_ { max [pr px(2),pp px(1)], d=1 ™
max [pr px (1),PD px(d)], d#1
When y = 1, a similar line of reasoning gives

In;lXpy|X,d(1|i‘, d)px (53)

B max [pr px(2),pp px(1)], d=1 ®
max [pr px(1),pp px(d)], d#1
Substituting (7) and (8) into (4) gives the following:
max [pr px(2),Pp px(1)] +
max [pr px(2),pp px(1)], d=1
dp = arg max
¢ | max[pr px(1),PD px(d)]+
max [pr px(1),pp px(d)], d#1
)

Consider the term in (9) for d # 1. Since px(2) > ... >
px (M), this term will always be maximized by d =
Note that this implies that dy will always be either 1 or 2;
the optimal cell to interrogate is always the most probable
or the second most probable. We can use this with (9) to get
the following decision rule.

Myopic Optimal Decision Rule: Choose dy = 2 if

max [pr px(1),P0 px(2)]
+ max [pr px(1),pp px(2)]
> max [pr px(2),Pp px(1)]
+ max [pr px(2),pp px(1)]

Otherwise, choose dy = 1

5 Application of Heuristics

The form of the myopic optimal decision rule suggests
the following three heuristics that could be applied to obtain
a cell to interrogate:

1. choose the most probable cell,
2. choose the second most probable cell,
3. choose the myopic optimal cell.

A fourth heuristic has been suggested to address a sim-
ilar sensor allocation problem[6]. In this heuristic, the cell
is chosen to maximize an expected discrimination gain be-
tween the posterior and prior distributions on target loca-
tion. The expected discrimination gain AD(d) is defined
as

AD(d) = Ey {D [pX|Y,d(x|Y7 d%px(l‘)} }

where D [pxly)d(ID/, d),px (:c)} is the Kulbach-Liebler
distance between px () and px|y,q(z|Y, d).

Note that all of these heuristics are myopic-they choose
only the next cell to interrogate. We apply them to the prob-
lem of choosing a sequence of cells by repeatedly using the
myopic heuristic to choose a cell, obtaining the observation
from that cell, and then computing the posterior distribution
of the target position.

6 Simulation Results

The performance of these four heuristics has been eval-
uated using Monte Carlo simulations. In these simulations,
we investigated a number of combinations of pr and pp.
The relative performance of the different heuristics over the
range of investigated pp values is similar; thus, we only
present simulation results for values of pp = 0.9. We also
investigated several different prior distributions for X. The
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Figure 1. Average probability of error as a
function of p forpp = 0.9, M = 10, and fifteen
observations (1000 simulation runs).

results shown below are for distributions in which the prob-
ability of the target being in cell  was proportional to x;
again, the relative performance of the heuristics for other
initial distributions is similar. Finally, we also investigated
the effect of the number of cells on the relative performance
of heuristics, and found no difference between small prob-
lems (M = 10 cells) and large problems (M = 100 cells).

Figure 1 shows the average error rate for the four heuris-
tics as a function of prp with pp = 0.9, M = 10, and
fifteen observations. This error rate is averaged over 1000
Monte Carlo simulation runs. Note that the discrimination
gain heuristic has a higher error rate than the other heuris-
tics. The relative performance of the other heuristics cannot
be determined from these results due to the small number of
Monte Carlo runs; the differences in performance between
the three heuristics is smaller than the 95% confidence in-
terval for these values.

To more accurately characterize the performance of the
three better performing heuristics, we repeated the Monte
Carlo simulations with 500,000 trials for the most proba-
ble, second most probable, and myopic optimal heuristics.
We did not continue investigating the discrimination gain
heuristic because of its poorer initial performance and its
computational complexity. Figure 2 shows the simulation
results obtained. Note that the myopic optimal rule gives
the lowest probability of error for all values of pr. Choos-
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Figure 2. Average probability of error as a
function of py for pp = 0.9, M = 10, and fifteen
observations (500,000 simulation runs).

ing the most probable cell performs as well as the myopic
optimal rule for values of pr > 1 — pp. This is because the
myopic optimal rule usually chooses the most probable cell
when prp > 1 — pp. Similarly, choosing the second most
probable cell performs about as well as the myopic opti-
mal for values of pr < 1 — pp, since the myopic optimal
rule usually chooses the second most probable cell when
pr < 1 — pp. Choosing the most probable or second most
probable cell is computationally less complex than choos-
ing the myopic optimal cell.

We also ran Monte Carlo simulations to determine which
heuristic required fewer observations to achieve a probabil-
ity of error less than 0.05. Figure 3 shows the number of
observations averaged over 1000 Monte Carlo runs for the
four heuristics. In these simulations, we capped the num-
ber of observations at 30; thus, this plot gives an optimistic
assessment of the heuristics’ performance. The discrimina-
tion gain is not the best performing heuristic; because of its
computational complexity, it was not considered further.

Figure 4 shows the number of observations averaged
over 500,000 Monte Carlo runs for the three heuristics. In
this simulation, we did not cap the number of observations.
From the graph, it is clear that choosing the most proba-
ble cell is the best heuristic. Again, the myopic optimal
rule performs as well as choosing the most probable cell
when pr > 1 — pp because both rules have essentially the
same behavior for these values of pr. Since choosing the
most probable cell has a lower computational cost and gives
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Figure 3. Average number of observations
needed to achieve a probability of error less
than 0.05 as a function of p for pp = 0.9 and
M =10 (1000 simulation runs).

the best performance, it is clearly the best heuristic for this
problem.

7 Conclusions

We have formulated a simple sensor control problem
and investigated the performance of several myopic control
strategies. We have found that the myopic optimal rule re-
sults in the lowest average error rate, and that choosing the
most probable cell results in the lowest average number of
observations.

One important unanswered question is the performance
penalty (in terms of probability of error or number of
needed observations) incurred by a myopic algorithm com-
pared to an optimal sequential algorithm. For the problem
of a fixed number of observations, we conjecture that the
performance penalty is not large, particularly when pp is
close in value to pr. This is an area of on-going research.
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