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Abstract—Image restoration methods that exploit prior in-
formation about images to be estimated have been extensively
studied, typically using the Bayesian framework. In this paper,
we consider the role of prior knowledge of the object class inthe
form of a patch manifold to address the deconvolution problem.
Specifically, we incorporate unlabeled image data of the object
class, say natural images, in the form of a patch-manifold prior
for the object class. The manifold prior is implicitly estimated
from the given unlabeled data. We show how the patch manifold
prior effectively exploits the available sample class datafor
regularizing the deblurring problem. Furthermore, we deri ve
a generalized cross validation (GCV) function to automatically
determine the regularization parameter at each iteration without
explicitly knowing the noise variance. Extensive experiments
show that this method performs better than many competitive
image deconvolution methods.

Index Terms—Deconvolution, patch manifold, local manifold,
regularization, generalized cross validation.

I. I NTRODUCTION

Image deconvolution is a classical inverse problem where
we observe a two-dimensional imagey that consists of an
unknown desired imagex degraded by a point spread function
(PSF) h (often assumed to be known) and then corrupted
by zero-mean additive white Gaussian noise (AWGN)γ with
varianceσ2 (see Fig. 1). Assuming that the images are of size
M ×M , this model can be expressed as

y(n1, n2) = (x⊛ h)(n1, n2) + γ(n1, n2), (1)

where0 ≤ n1, n2 ≤M−1. Using matrix notation, this model
can be written as

y = Hx + γ, (2)

where y,x, and γ are M2 × 1 lexicographically ordered
column vectors representing the arraysy, x andγ, respectively
andH is theM2 ×M2 matrix that models the point spread
function. In the discrete Fourier transform (DFT) domain, we
have for (1)

Y (k1, k2) = H(k1, k2)X(k1, k2) + Γ(k1, k2), (3)
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whereY (k1, k2), H(k1, k2), X(k1, k2) and Γ(k1, k2) are the
2D DFTs of y, h, x, and γ, respectively, for−M/2 ≤
k1, k2 ≤ M/2 − 1. Given y and h, we seek to estimate
x. Such linear inverse problems often arise in many image
processing applications such as radiometry, satellite imaging,
optical systems, magnetic resonance imaging and seismic
processing.

Fig. 1. Model for the deconvolution problem.

It is well known that the deconvolution problem is ill-posed.
To find a unique and stable solution, regularization is often
used. A popular way to estimate the unknown imagex is to
use Tikhonov regularization [2] which consists of minimizing
the following term

JT (x) = ‖y − Hx‖2
2 + λE(x), (4)

whereE(x) = ‖Cx‖2
2 andC is anM2×M2 matrix operator,

known as the regularizing operator (e.g. Laplacian). The first
term in (4) expresses the fidelity to the datax, and the second
term expresses the desired smoothness of the restored image.
Here, λ is the regularization parameter that represents the
trade-off between fidelity to the data and the smoothness of
the recovered image. The solution to Tikhonov regularization
problem can be obtained directly in Fourier space

X̃(k1, k2) =
H∗(k1, k2)Y (k1, k2)

|H(k1, k2)|2 + λ|C(k1, k2)|2
. (5)

The Tikhonov method offers computational advantages. How-
ever, it often creates Gibbs oscillations in the neighborhood of
discontinuities in the image [3]. As a result, the visual quality
of the recovered image often degrades.

Recently, considerable effort has been spent on designing
alternative sparsity constraints which preserve such features.
Methods based on these sparsity constraints have been success-
fully used for image deconvolution (c.f. [4], [5], [6], [7],[8],
[9], [10], [11]). Transformations such as wavelets, curvelets
[12], contourlets [13], [14] and shearlets [15] are popularfor
image representation and are often used for image restoration.
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However, it has been shown that for image restoration, learning
representation from examples instead of using pre-specified
ones, usually leads to improved results [16], [17], [18], [19].

Another popular deconvolution method is based on total
variation [20], whereE(x) in (4) is set equal to‖Cx‖1, where
‖Cx‖1 is the ℓ1-norm of gradients ofx. Variations of this
method have also been proposed [21], [22]. A local polynomial
approximation method that uses intersecting confidence inter-
vals was proposed in [23]. In [24], a locally adaptive kernel
regression method was proposed to solve (4).

We take a different approach to the problem of image
deconvolution by exploiting extra information in the form of
prior knowledge of the object class to regularize the inverse
problem [25]. Specifically, we use image data of the object
class, as the available extra information. The proposed method
assumes that the set of all patches (e.g.3 × 3) from a given
class of images - say faces, or natural images - live on a
manifold. We shall define this in more precise terms as we
progress. First, let us motivate the role of the patch-manifold
in representing images. Images are formed by the interaction
of light with surfaces. Surface properties such as geometry
and reflectance give rise to varied appearances, which are
then imaged by a projective camera. To characterize the space
of images thus formed, one needs to have a clear model for
each of these factors. For example, under variations in lighting
conditions, with fixed viewing angle and pose, the set of face-
images obtained lives on a ‘cone’ [26]. However, it is difficult
to extend these results to more general classes of objects
and scenes. Alternately, vision researchers have exploredthe
tools of ‘manifold-learning’ in such cases when one may have
access to a large set of examples from each class. Manifold
learning algorithms such as Isomaps [27], LLE [28] etc, have
proven useful in many cases and have been used to estimate
the manifold of faces under pose variations. However, image
manifolds are extremely high dimensional in the general case,
since real images result from all of the above factors playing
out simultaneously instead of in isolation. The situation gets
much more complicated when several objects are present in
the scene, each with its own surface properties. Since the
number of samples needed to estimate even relatively low-
dimensional manifolds is quite high (c.f. [29]), this makes
estimating image-manifolds in a general unconstrained setting,
a difficult proposition.

On the other hand, assuming that small patches from a given
class lie on a manifold is a far weaker requirement. It can be
shown that even simple patch-manifold models give rise to
complex imagery. For example, by assuming that each patch
consists of small binary line-segments, one can span the setof
all ‘cartoon’-images. Similarly, the patch-manifold of locally
parallel textures gives rise to complex finger-print type images
[25]. Locally parallel textures can be analytically described
by 2D sinusoidal functions, whereas the global manifold of
images thus obtained is hard to describe in closed-form. For
the case, when one does not know an analytical form for the
patch manifold, patch-manifold learning is still far easier than
image-manifold learning. Since even a single image gives rise
to an abundance of patches, this affords the availability of
an extremely large set of samples on the patch manifold from

unlabeled data. Coupled with the fact that the space of patches
is far smaller than the space of images, this makes estimating
the patch-manifold far easier.

This paper makes the following contributions: 1) We show
how the patch manifold prior effectively exploits the avail-
able sample data for regularizing the deblurring problem. 2)
We present efficient parameterizations for learning and using
the patch-manifold. 3) We derive a closed-form generalized
cross validation function to automatically find a value of the
regularizerλ without explicitly calculating the noise variance.

A. Organization of the Paper

The rest of the paper is organized as follows. In section II,
we discuss the fundamentals of the patch-manifold and how
it is used for regularizing the deblurring problem. In section
III, we present parameterizations and efficient algorithmsfor
computing the parameters of the patch manifold. Then, we
derive a generalized cross-validation function for the proposed
method in section IV. In section V, we present experimental
results. Finally, discussions and concluding remarks are given
in section VI.

II. M ANIFOLD MODELING OF IMAGE CLASSES

In the following, we usex to denote the unknown image to
be solved for, andx as the vector representation of the image
x. We follow the theoretical foundations set forth in [25] for
modeling images using a patch-manifold. We briefly review
the required preliminaries before describing how we employ
it for the deblurring problem. Let us denote a patch extracted
from the imagex, at locationq ∈ [0, 1]2 of width τ > 0
by pq(x)(t) = x(q + t)∀t ∈ [−τ/2, τ/2]2. The imagex ∈
L2[0, 1]2, i.e. the set of 2-dimensional finite energy signals.
The class dependent image-ensemble is thenΘ ⊂ L2[0, 1]2.
The patch-manifold associated with this ensemble isM =
{pq(x)|q ∈ [0, 1]2, x ∈ Θ} ⊂ L2[−τ/2, τ/2]2. An imagex is
now represented as a surface traced on the manifoldM given
as

cx : q 7→ pq(x) ∈ M. (6)

Given an image and the manifold representation, one can
now measure the goodness of fit between them. To do this,
first one needs a way to compute the closest point on the
manifold. This is done in two stages. First, patches from
an image are projected onto the patch-manifold. This step
is denoted byc(q) = ProjM(pq(x)), which assigns closest
patches from the manifold to the given image patches. Thus,
ProjM(p) = arg min

t∈M
‖p− t‖. The distance of a patch from

the manifold is then given byd(p,M) = ‖p− ProjM(p)‖.
Then, the goodness of fit of a given image is measured by
averaging the distance of each patch from the patch-manifold

EM(x) =

∫

[0,1]2
d(pq(x),M)2dq (7)

=

∫

[0,1]2
‖pq(x) − ProjM(pq(x))‖

2
dq. (8)
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An image x has low-energyEM(x) if it traces a curve
cx = {pq(x)} close to the manifold. This curve can be
projected onto the manifold by means of theProj operator.
The projected curve is thus represented as

c̃x(q) = ProjM(pq(x)) ∈ M. (9)

Now, from this projected curve one can compute the pro-
jection of the imagex onto the set of images generated by
the patch manifold. Reconstruction is achieved by means of
averaging overlapping patches. Specifically, the projection of
the imagex is represented byProjM(x) = Aver(c̃x), where,

Aver(cx) =
1

τ2

∫

‖q−z‖≤τ/2

pz(x − z)dz,with pz(c) = c(z).

(10)

A. Regularizing the deblurring problem with the manifold
prior

The optimization problem for deblurring is now recast by
introducing a new variablec∗ which is a manifold-valued
function. The optimization is rewritten as finding an optimal
x∗, given an observationy and the manifold prior as

(x∗, c∗) = E(x, c) (11)

= arg min
x,c

‖y − Hx‖
2
+ λ

∫

[0,1]2
‖pq(x) − c(q)‖

2
dq

(12)

whereλ controls the relative weightage between the data
and prior terms. A stationary point is obtained by means of
an iterative procedure that alternates between solving forx∗

and c∗. Given a current estimate of the imagex(k), c(k) is
obtained as

c(k+1) = ProjM(x(k)). (13)

Next, givenc(k+1), we solve forx as

x(k+1) = (HTH + λI)−1(HTy + λvec(Aver(c(k+1))),
(14)

whereAver(c) is as defined in (10), andvec() returns the
vectorized version of its argument. This procedure is repeated
till convergence. This procedure is summarized in Table I.

As (12) is non-convex, the algorithm in Table I may not
converge to the global minimizer. However, for a smooth
manifold M, the iterates(x(k), c(k)) of our algorithm will
converge to a stationary point(x∗,c∗) [25]. Note that the
matrix inversions involved in the optimization steps in Table I
are all implemented implicitly using the properties of the PSF
matrix H [30].

TABLE I
ALGORITHM FOR PATCH-MANIFOLD BASED REGULARIZATION FOR

DEBLURRING [25].

1. Setx(0) = HTy andk ← 0.

2. Update the manifold-valued function as

∀q ∈ [0, 1]2, c(k+1)(q) = ProjM(pq(x(k))).

3. Update the current estimate ofx as

x(k+1) = (HTH + λI)−1(HTy + λvec(Aver(c(k+1)))).

4. Repeat till convergence or till maximum iterations are reached.

III. SAMPLING AND LEARNING THE PATCH-MANIFOLD

In actual implementation, we do not have an analytical
characterization of the patch manifold. An analytical charac-
terization would lead to a closed-form version of theProj
operator. We instead learn the manifold using training exam-
ples of images from the class of images under consideration,
e.g. faces or natural images. TheProj operation then amounts
to searching for the closest point to a given patch in the learnt
manifold. We explore two ways to solve this problem - non-
parametric and parametric. We describe these next.

A. Non-parametric manifold learning

In the non-parametric case, we assume that we have a large
number of samples from the underlying patch-manifold. In
experiments we find that the assumption of a dense sampling
is infact very well justified given the easy availability of a
large number of patches. With this, theProj operation is
efficiently implemented using approximate nearest neighbor
search strategies. We choose locality sensitive hashing (LSH)
[31] for this task due to its sub-linear search efficiency. Given
a training set of images, patches centered at all pixel locations
are extracted from every image. The set of patches thus
obtained constitutes the sampling of the manifold. This set
is then indexed using LSH.

Here, we briefly review the basic concepts of LSH. LSH
attempts to solve a problem called the(r, ǫ)-NN problem. The
problem is described as follows: Given a database of points
D = {xi} in R

n, and a queryxq, if there exists a point
x ∈ D such thatd(x, xq) ≤ r, then with high-probability,
a point x′ ∈ D is retrieved such thatd(x′, xq) ≤ (1 + ǫ)r.
Now, LSH solves this problem by constructing a family of
hash-functionsF over R

n called locality-sensitive, if for any
u, v ∈ D

d(u, v) ≤ r ⇒ Pr(f(u) = f(v)) ≥ p1 (15)

d(u, v) ≥ (1 + ǫ)r ⇒ Pr(f(u) = f(v)) ≤ p2 (16)

Popular choices off include random projections i.e.f(v) =
sgn(v.r) wherer is a randomly chosen unit-vector, andsgn
is the signum function. In this case,f is binary valued taking
values in{+1,−1}. A generalization of this is termed random
projections using ‘p-stable’ distributions [32], wheref(v) =
⌊ v.r+b

w ⌋ wherer is a randomly chosen direction whose entries
are chosen independently from a stable distribution, andb is a
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Fig. 2. Locally-linear parametrization of a densely sampled manifold.

random number chosen between[0, w]. In this case, the hash
function takes on integer values. Ak−bit hash is constructed
by appendingk randomly chosen hash-functions

F (x) = [f1(x), f2(x), . . . fk(x)] (17)

Thus, F ∈ Fk. Then,L hash tables are constructed by
randomly choosingF1, F2 . . . FL ∈ Fk. All the training
examples (patches) are hashed into theL hash tables. For a
query pointxq, an exhaustive search is carried out among
the examples in the union of theL hash-buckets indexed by
q. Appropriate choices ofk andL ensure that the algorithm
succeeds in finding a(r, ǫ)-NN of the queryxq with a high
probability. In our work, we used random projections based
hashing i.e. the hash function isf(v) = sgn(v.r).

B. Parametric manifold learning

Even though a dense sampling of the patch-manifold ap-
pears to be a reasonable assumption, implementing theProj
operation involves significant computation for the entire im-
age, as we need to hash and search for every patch in the
given image. Also, theProj operator implemented in this
manner is susceptible to noise in the dataset. Further, if the
sampling density is reduced, the quality of reconstructions can
be significantly affected. To deal with these situations, we
explore a parametric way for modeling the patch manifold.
While several parameterizations of the patch-manifold are
possible, we choose the one that leads to computationally
efficient algorithms for implementing theProj operation.
Note that one could potentially use algorithms such as LLE
[28] and Isomaps [27] to estimate the manifold, but there are
a few considerations which make their use prohibitive in the
current setting. To begin with, these algorithms have a high
computational complexity for estimating the manifold when
number of samples is high. Further, out-of-sample extension
i.e. finding the parameters of a new patch which is not in the
training database, is a non-trivial task [33]. Here, we propose a
much simpler parametrization of the patch-manifold which is
computationally efficient to learn even when a dense sampling
of the patch-manifold is available, and has a graceful out-of-
sample extension even when the sampling density reduces.

We assume that the patch manifold can be decomposed into
a union of subspaces i.e.M =

⋃K
i=1 Si, where eachSi is a

d-dimensional affine subspace inRn, represented by its offset
µi and orthonormal basis vectorsVi (written in matrix form).

Each patch on the manifold is then parameterized by the index
of the subspace on which it lies and the coefficients of its
projection on the appropriate subspace. i.e. the parametrization
of a patchp is given by

ψ(p) = (̂i, α̂) = argmin
i,α

‖p− µi − Viα‖ . (18)

Figure 2 presents a graphical illustration of the locally-linear
parametrization of the manifold. To learn this manifold from
the training data, we adopt a two stage approach. In the first
stage, given the training set of patchesD = {xi}, we cluster
all the patches intoK distinct clusters. Each cluster center is
associated with the offset of the subspacesµi. Within each
cluster, we then estimate optimal basis vectors using principal
component analysis (PCA). Given a new patch, the closest
patch on the manifold is estimated in two stages. In the first
stage, the closest cluster center is computed by comparing it
with all the cluster centers. Once the closest cluster center is
found, the patch is projected onto the subspace of that cluster.
i.e. given a new patchp

î = min
i

‖p− µi‖ , α̂ = VT
î
(p− µî) (19)

Then, theProj operation is easily implemented as

ProjM(p) = µî + Vîα̂, (20)

where (̂i, α̂) are as defined in (19).

IV. GENERALIZED CROSSVALIDATION (GCV)

Note that the deblurring cost function in (12) and thereby
the solution in (14) depends on the choice of the regular-
ized λ. The deblurred image depends greatly on the degree
of regularization which is determined by the regularization
parameter [30]. In this section, we describe a generalized
cross validation (GCV) function [34], [35] to compute the
regularization parameter automatically. The GCV method is
based on statistical considerations, namely, that a good value of
the regularization parameter should predict missing data values
[36]. One of the main advantages of this GCV method is that
it obtains the regularization parameter without knowing the
noise variance. It depends only on the data and automatically
adjusts the regularization parameter according to the data.

First, we define the singular value decomposition (SVD) of
the blur matrixH as H = UΣVT , whereU and VT are
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orthogonal matrices, satisfyingUT U = IM2 and VT V =
IM2 , andΣ = diag(σi) is a diagonal matrix. Letui andvi

be the columns ofU andV, respectively.
In the principle of minimizing the predictive mean-square

error, [36] defines the GCV function as

G(λ) =
‖Hx− y‖2

2

(trace(I − HH♯))2
(21)

where x is the restored image andH♯ is the regularized
inverse given by

H♯ = (HTH + λI)−1HT

= (VΣ2VT + λI)−1VΣUT

= V(Σ2 + λI)−1ΣUT .

(22)

Let φi =
σ2

i

σ2
i
+λ

, Φ = diag(φi), then (22) can be written as

H♯ = VΦΣ−1UT . (23)

Substituting (23) into (21), the GCV function becomes

G(λ) =
‖y − Hx‖2

2

(trace(I − HVΦΣ−1UT ))2
. (24)

By replacingx in (24) with the manifold-based solution, we
obtain the GCV function of our proposed algorithm.

We split the manifold solution into two parts:x = xλ + x̃,
wherexλ = (HTH + λI)−1HTy = H♯y = VΦΣ−1UT y,
x̃ = (HTH + λI)−1λvec(Aver(c(k))).
Hence,y − Hx = (y − Hxλ) − Hx̃, where

y − Hxλ = y − HVΦΣ−1UTy

= y − UΣVT VΦΣ−1UT y

= y − UΦUT y.

(25)

Also,

Hx̃ = H(HTH + λI)−1λvec(Aver(c(k)))

= UΣVT V(Σ2 + λI)−1VTλvec(Aver(c(k)))

= UΣ(Σ2 + λI)−1VTλvec(Aver(c(k)))

(26)

Since the 2-norm is invariant under orthogonal transforma-
tion, ‖y − Hx‖2

2 = ‖UT (y − Hx)‖2
2, so we can work in the

coordinates of the SVD. From (25) and (26), we have

‖y − Hx‖2
2

= ‖UT (y − Hxλ − Hx̃)‖2
2

= ‖UT (y − UΦUTy−

UΣ(Σ2 + λI)−1VTλvec(Aver(c(k))))‖2
2

= ‖(I− Φ)UT y − Σ(Σ2 + λI)−1VTλvec(Aver(c(k)))‖2
2

=
M2∑

i=1

(
λuT

i y − λσiv
T
i vec(Aver(c(k)))

σ2
i + λ

)2

.

(27)

Further,

(trace(I − HVΦΣ−1UT ))2

= (trace(I − UΣVTVΦΣ−1UT ))2

= (trace(U(I − Φ)UT ))2

= (trace(I − Φ))2

=




M2∑

i=1

λ

λ+ σ2
i




2

.

(28)

Hence, substituting the expressions from (27) and (28) into
(24), we obtain the GCV function for our manifold-based
algorithm

G(k)(λ) =

∑M2

i=1

(
uT

i y−σiv
T
i vec(Aver(c(k)))

σ2
i
+λ

)2

(∑M2

i=1
1

σ2
i
+λ

)2 . (29)

Note that the GCV function changes with every iteration
and is thus indexed withk. This means that the optimal value
of λ changes with every iteration. Hence, at each iteration we
need to compute the bestλ by evaluating the GCV function
for various values ofλ and choosing one that minimizes the
GCV function. Thus,

λ
(k)
optimal = arg min

λ
G(k)(λ), (30)

whereG(k)(λ) is as given in (29).

V. EXPERIMENTAL RESULTS

In this section, we present the results of our algorithm and
compare them with various state-of-the-art methods: deconvo-
lution based on sparsity prior in wavelet domain [9], hyper-
Laplacian prior-based deconvolution [37], Fourier-Wavelet
Regularized deconvolution (ForWaRD) [6], Anisotropic non-
parametric image resotoration (LPA-ICI) [23] and Tikhonov
deconvolution [30]. The regularization parameters for these
methods are either chosen from a set of values within a
wide range or set to be the optimal value reported in the
corresponding papers. In the following experiments, we use
the improvement in signal-to-noise-ratio (ISNR) to compare
the different methods. The ISNR is defined as

ISNR = 10 log10

(
‖x− y‖2

2

‖x− x̂‖2
2

)
.

For an image of sizeM ×N , the BSNR is defined in decibels
as

BSNR = 10 log10

(
‖Hx− µ(Hx)‖2

2

MNσ2

)
,

whereµ(Hx) represents the mean ofHx.
Fig. 3 shows some of the images used to learn the patch

manifold for our algorithm. We randomly sample22, 500
patches of size4 × 4 from each image, so we have112, 500
patches in total to learn the patch manifold. In Fig. 4, we
display the test images used for different experiments in this
paper.

In the first set of experiments, aBarbara image, shown in
Fig. 4(a), is blurred by the following point spread function:
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Fig. 3. Some of the natural images used to learn the patch-manifold of
natural images.

(a) (b) (c)

(d) (e) (f)

Fig. 4. Images used in this paper for different experiments.(a) Barbara
image, (b)Tiger image, (c) aface image, (d)Koala image, (e)Flowers image
and (f) Boat image.

h(n1, n2) = (1 + n2
1 + n2

2)
−1, for n1, n2 = −7, ..., 7. The

AWGN variance,σ2, is chosen with a BSNR of 40 dB. The
ISNR values obtained by different methods are compared in
Table II under the Experiment 1 column. The parametric and
non-parametric manifold-based methods yield ISNR values of
7.98 dB and 7.95 dB, respectively which are better than the
values obtained by any of the other methods. A portion of the
image is zoomed in to reveal the visual detail of the results
obtained by the different methods, and are shown in Fig. 5(a)-
(f). As can be seen from the figure, our manifold-based method
recovers details better than the other methods.

In the second set of experiments, theTiger image, shown
in Fig. 4(b), is blurred by a real-world camera shake kernel
[38]. In this experiment, we choose the noise variance,σ2,
with a BSNR of 30 dB. The simulation results are reported
under the Experiment 2 column of Table II. The deblurred
image details obtained by the different methods are shown in
Fig. 6(a)-(f). The blur PSF used in this experiment is shown
in Fig. 6(g). The LPA-ICI method gives the ISNR value of
9.14 dB which is slightly better than our method. Note that
the LPA-ICI method obtains the initial estimate using a local

polynomial approximation method. To further enhance their
performance, a regularized Wiener filtering (RW) is appliedto
the initial estimate. Similarly, we can enhance the performance
of our algorithm by adapting RW filtering as a postprocessing
step as was done in [6] and [8].

In the third set of tests, afaceimage is blurred by a Gaussian
PSF defined as

h(i, j) = De
− i2+j2

2η2

for i, j = −5, ..., 5, where D is a normalizing constant
ensuring that the blur is of unit mass, andη2 is the variance
that determines the severity of the blur. Noise is added with
a BSNR of 40 dB. The results are summarized under the
Experiment 3 column of Table II. Again, our manifold-based
algorithm performs the best in terms of ISNR. A portion of
the deblurred images from different methods are shown in
Fig. 7(a)-(f).

In the fourth set of tests, the image ofKoala is blurred by
a separable filter [23] with weights[1, 4, 6, 4, 1]/16 in both
the horizontal and vertical directions and the AWGN is added
such that the BSNR equal to 30 dB. The simulation results
are reported under the Experiment 4 column of Table II.
Both wavelet domain sparsity-based method and parametric
manifold-based method perform approximately the same with
ISNR values of 3.25 dB and 3.21 dB respectively. In this
experiment, the non-parametric manifold-based algorithmper-
formed the best with an ISNR value of 3.48 dB.

In the fifth experiment, we apply a horizontal motion blur
kernel with length 7 on aFlowers image. For this experiment,
the BNSR value is set to be 25 dB. The deconvolution
results obtained by different methods are reported under the
Experiment 5 column of Table II. Both parametric and non-
parametric manifold-based methods perform the same yielding
ISNR values of 7.65 dB. This experiment shows that, even
in the case of low BSNR, our manifold-based method can
provide better reconstruction than some of the competitive
deconvolution methods.

In Fig. 8(a)-(c), we display a few of the GCV curves
obtained from Experiment 1, 4 and 5, respectively. The mini-
mizers of these GCV curves are chosen to be the regularization
parameters in each experiment. Hence, unlike some of the
other deconvolution algorithms such as [6], our method does
not require the explicit knowledge of noise variance and it
automatically determines the regularization parameter ateach
iteration.

In Fig. 9, we compare the ISNR performance of different
methods as a function of BSNR. For this experiment, we used
the Gaussian blur on theBarbara image. As can be seen from
the figure, manifold-based method decays slower as a function
of noise level given in terms of BSNR.

The stopping criterion for our method is usually that the
norm of the difference between two successive estimates falls
below a pre-specified threshold. That is, we stop when‖x(k)−
x(k+1)‖2

2 < 10−3. Empirical results show that our manifold-
based methods typically converge in about 3 to 5 iterations.In
Fig. 10, we plot 1

MN ‖y − Hx(k)‖2
2 vs. number of iterations

curves for the case when a Gaussian blur is applied on the
image shown in Fig. 4(c) with BSNR of 35 dB. As can be seen
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(a) (b) (c)

(d) (e) (f)

Fig. 5. Details of the image deconvolution experiment with aBarbara image. (a) Original image. (b) Noisy blurred image. (c) Hyper-Laplacian [37] estimate
(ISNR 5.19 dB). (d) Wavelet domain sparsity-based estimate[9] (ISNR 6.24 dB).(e)LPA-ICI [23] estimate (ISNR 7.88 dB) (f) Parametric manifold-based
estimate (ISNR 7.98 dB) suggested in this paper.

TABLE II
ISNR FOR DIFFERENT EXPERIMENTS. THE HIGHESTISNR FOR EACH EXPERIMENT IS SHOWN IN BOLD.

Experiments
Method 1. Barbara 2. Tiger 3. Face 4. Koala 5. Flowers

Non-parametric Manifold-based deconvolution 7.95 8.96 8.27 3.48 7.65
Parametric Manifold-based deconvolution 7.98 9.02 8.49 3.21 7.65

Anisotropic Nonparametric Image Restoration(LPA-ICI) 7.88 9.14 7.40 3.38 5.13
Fourier-Wavelet Regularized Deconvolution(ForWaRD) 7.6 9.02 7.74 3.04 7.4

Wavelet domain sparsity-based deconvolution 6.24 8.28 6.1 3.25 6.03
Hyper-laplacian prior-based deconvolution 5.19 8.14 5.16 2.74 5.39

Tikhonov deconvolution 3.04 4.26 4.39 1.02 4.64

from the figure, our method converges in about 3 iterations and
the difference between the two estimates after 3 iterationsis
very small.

A. Blind Deconvolution

In real applications, we do not have the form of the blur
kernel. Hence, this requires blind deconvolution methods.It
is stated in [38] that a robust blind deconvolution strategy
is to first use the maximum a-posterior (MAP) estimate to
recover the blur kernel, and then use the recovered kernel
to solve for the sharp image using non-blind deconvolution

algorithm. In this experiment, we employ this strategy and
test the robustness of our method to small errors in blur-kernel
estimation. We apply a5×5 box-car blur on an image, shown
in Fig. 4(f), with BSNR of 35 dB. Fig. 11 shows the details
of blind deconvolution result using the method proposed in
[39] and the deconvolution result using parametric manifold
method based on the blur kernel estimated by [39]. The ISNR
values are -0.19 dB and 1.59 dB, respectively. We observe that
our method can suppress the ringing artifacts and is robust
when the estimated kernel is not accurate enough.
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(a) (b) (c)

(d) (e) (f)

(g)

Fig. 6. Details of the image deconvolution experiment with aTiger image. (a) Original image. (b) Noisy blurred image. (c)Hyper-laplacian [37] estimate (ISNR
8.14 dB). (d) Wavelet domain sparsity-based estimate [9] estimate (ISNR 8.28 dB). (e) LPA-ICI [23] estimate (ISNR 9.14 dB) (f) Parametric manifold-based
estimate suggested in this paper (ISNR 9.02 dB). (g) Blur kernel.

B. Computational Complexity

In our deconvolution method, the most computationally
intensive part is to find the projection onto the manifold. Using
Matlab on a linux system with Intel Core 2.00 GHz/2.00 GB
processor, projecting one patch onto a manifold formed by
112,500 patches using non-parametric manifold learning takes
around 2.5e-2 seconds. Using parametric manifold learning
algorithm, projecting one patch onto the patch manifold of
the same size takes 5e-3 seconds. On average our algorithm
takes about 3 minutes to process an image of size 256×256.

Based on the experimental results, we observe that using
the parametric manifold gives similar performance as the non-
parametric case, while the former is much more computa-
tionally efficient. Further, the computation can be made more
efficient by making the sampling of the patch manifold more
compact.

VI. CONCLUSION

In this paper, we have presented a way of utilizing unla-
beled image data to regularize the deconvolution problem.
We formalized this via a patch-manifold prior for image
classes which was shown to work very well for a wide
variety of image content. This paves the way for interesting
new directions of work. For example, using image formation
models for specific cases, one could ask if there exist closed
form expressions for the patch manifold. Further, several
other inverse problems such as super-resolution, recoveryof
compressed signals, etc can be explored using example-driven
priors. Finally, it would be interesting to fuse the example
data with multi-view geometric constraints to better estimate
the patch manifold with fewer examples.
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(a) (b) (c)

(d) (e) (f)

Fig. 7. Details of the image deconvolution experiment with afaceimage. (a) Original image. (b) Noisy blurred image. (c) Hyper-Laplacian [37] estimate (ISNR
5.16 dB). (d) Wavelet domain sparsity-based estimate [9] estimate (ISNR 6.1 dB). (e) LPA-ICI estimate [23] (ISNR 7.4 dB)(f) Parametric manifold-based
estimate (ISNR 8.49 dB) suggested in this paper.
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Fig. 8. GCV function for regularization with manifold prior. (a) Barbara Experiment. (b)Koala Experiment. (c)flowersExperiment.
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(e)

Fig. 11. Details of the blind deconvolution experiment witha Boat image. (a) Original image. (b) Blurred noisy image. (c) Result obtained by applying a
blind deconvolution method in [39] (ISNR -0.19 dB). (d) Result obtained by applying parametric manifold deconvolutionmethod using blur kernel estimated
from [39] (ISNR 1.59 dB). (e) Estimated kernel.
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